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Introduction


Welcome to How to Pass Higher Maths for CfE



The intention of this book is to help you to achieve your aims in Higher Maths, whether simply to pass the exam or to achieve a top grade. The fact that you are reading this book is a very encouraging sign as it shows that you really want to do well and are prepared to do extra work in order to fulfil your ambition.


In this book you will find the following information about Higher Mathematics:





•  an outline of the course and assessment



•  worked examples on the type of questions likely to appear in your assessments



•  helpful hints and tips on how to tackle questions



•  information on how to avoid common errors



•  a revision chapter on some of the key information from National 5 Mathematics



•  suggestions for revising and studying effectively



•  examples for you to practise at the end of each topic



•  specimen examination papers with worked solutions.





The Higher Mathematics course


There are three units in the Higher Mathematics course – Expressions and Functions, Relationships and Calculus, and Applications. All three units will be tested in your examination.


As you work through the course you will study algebra, geometry, trigonometry and calculus. More details of the content of the units are given below. All the topics will be covered in detail as you work through the book.


Expressions and Functions


Factorising polynomials


The laws of logarithms


Trigonometric expressions


Functions and their graphs


Completing the square


Composite and inverse functions


Vectors


Relationships and Calculus


Solving polynomial equations


The discriminant


Solving logarithmic and exponential equations


Intersection (of a straight line and a curve)


Trigonometric equations


Differentiation and its uses (e.g. to sketch curves)


Integration and its uses (e.g. definite integrals)


Applications


The equation of a straight line


The circle


Recurrence relations


Applying differential calculus (e.g. optimisation problems)


More integration (e.g. calculating areas)


Reasoning skills


Throughout the course, you will be expected to use reasoning skills to interpret a situation where mathematics can be used and to identify a valid strategy. You will be expected to explain the solution to a problem in context.


Prior learning


Students studying Higher Mathematics are expected to have already attained the required skills to pass National 5 Mathematics or equivalent.


Higher Mathematics assessment


In order to achieve an award for the Higher Mathematics course you must pass all three units as well as the final examination.


The units are assessed internally at your centre on a pass/fail basis. You may be given the opportunity to re-sit a unit test if necessary. You should expect the final examination to be more demanding. The examination is set by the Scottish Qualifications Authority (SQA) and is an external examination.


In the external examination there are two question papers. Paper 1 is a non-calculator paper. It lasts 70 minutes and is worth 60 marks. Paper 2 lasts 90 minutes and is worth 70 marks. Students may use a calculator in Paper 2.


More information about the course and the assessment is available on the SQA website – www.sqa.org.uk


The list of formulae


When you sit your assessments you will be provided with a list of formulae. This is invaluable. Check the list below to make sure you know what formulae are on it as you will need to memorise any other formulae required. During assessments you should refer to the list regularly. Even if you think you know all the formulae check the list to ensure you are accurate. Also take great care when copying formulae from the list as it is easy to make a transcription error.


Circle:


The equation x2 + y2 + 2gx + 2fy + c = 0 represents a circle centre (−g, −f) and radius [image: ].


The equation (x − a)2 + (y − b)2 = r2 represents a circle centre (a, b) and radius r.






	Scalar Product:

	
a.b =|a||b| cos θ, where θ is the angle between a and b.






	or

	
a.b = a1b1 + a2b2 + a3b3 where [image: ]












	Trigonometric formulae:

	sin(A ± B)


	= sin A cos B ± cos A sin B







	 

	cos(A ± B)


	= cos A cos B ∓ sin A sin B







	 

	sin 2A


	= 2 sin A cos A







	 

	cos 2A


	= cos2 A sin2 A







	 

	 

	= 2 cos2 A − 1






	 

	 

	= 1 − 2 sin2 A








Table of standard derivatives:






	
f(x)

	
f’(x)






	sin ax

cos ax


	
a cos ax

−a sin ax








Table of standard integrals:






	
f(x)

	∫ f(x)dx







	sin ax

cos ax


	[image: ]







The order of topics in this book


Centres in different regions may teach the course content in different orders and assess the three units in different ways. However, all the course content necessary for your assessments is included in this book and has been arranged in a logical order.


The content has been divided into four parts:






	Algebra

	Polynomials, Functions, Quadratic theory, Recurrence relations, Logarithms






	Geometry

	The straight line, The circle, Vectors






	Trigonometry 

	Basic trigonometry, Addition and double-angle formulae, The wave function






	Calculus

	Differentiation, Integration, Further calculus







Some advice on studying


The fact that you are studying Higher Mathematics means that you are probably already experienced in studying and sitting examinations. Even so, many students could study in a more effective way. A good way to study mathematics is to practise examples having paper, pencil and calculator at hand. As you start to use this book, you should try the examples before looking at the solutions. If you can do the examples, that is great because they are all of a standard that could appear in an examination or assessment. If you are unsure about an example, check the solution carefully then practise some similar examples from a textbook until you are confident. If you are still unsure, seek advice and help from your teacher or another student.


Confidence is important when you are doing mathematics. You often hear sportsmen and women talking about how confident they are that they will do well in a competition. Well, confidence comes through success. If you start to get questions correct in mathematics it breeds confidence and belief, whereas if you regularly fail to get questions correct it can lead to negative thoughts. So concentrate on positive aspects of your work while trying to work on areas where there is room for improvement. And don’t be too hard on yourself. Remember that you could pass the examination with a score of 50% so you are allowed to make mistakes. In fact, you do not need to be a brilliant mathematician to pass Higher Mathematics. It is invariably the students who work hardest who do best at examination time.


Of course a key to success is preparation. The most difficult part of your assessment will be the external examination at the end of the session. This is because it covers the work from all the units and is an unknown quantity. However, you can prepare by finding out what types of questions are most likely to come up in the examination. Check out specimen papers and past papers. Ask your teacher who will be able to tell you the most important areas to focus on. I hope that you prepare well enough so that you can go into examination situations with confidence ready to show all you have learned. You are bound to be nervous at examination time, but if you have prepared properly you will be excited too, so good luck.




Chapter 1


Revision


As mentioned in the introduction, students studying Higher Mathematics are expected to have already attained the required skills to pass National 5 Mathematics or equivalent. However, the fact that you have passed an exam at this level does not guarantee that you are expert in every part of the course. Yet it is a fact that expertise in certain areas of the National 5 course is a requirement for success in Higher Mathematics. This is not the place to re-study the National 5 course in detail. Some key parts of the course, for example the straight line, completing the square, the discriminant, basic trigonometry and vectors will continue into the Higher Mathematics course and will be revised in the appropriate chapters. A list of some other important topics is given below.


[image: ]






What you should know


You should know:





[image: ] how to expand brackets and simplify algebraic expressions



[image: ] how to factorise quadratic expressions



[image: ] how to solve quadratic equations



[image: ] how to solve simultaneous equations



[image: ] how to add, subtract, multiply and divide algebraic fractions



[image: ] the laws of indices



[image: ] how to simplify expressions involving surds



[image: ] the properties of similar shapes.








[image: ]





The above list shows some of the topics which you will have to use frequently as you work on the Higher Mathematics course. Three of the topics on the list – surds, indices and similar shapes – cause particular difficulty for many students at National 5, yet are important in the Higher Mathematics course.


Surds


You should be able to simplify expressions involving surds and to express a fraction with a rational denominator.


[image: ]






Example





1  Simplify [image: ].





Solution


[image: ]





2  Express [image: ] with a rational denominator.





Solution


[image: ]
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Indices


The topic of indices will crop up often in the calculus part of the Higher Mathematics course. Make sure you know, and can use, the laws of indices.


[image: ]






Key points


The laws of indices






	    Rule


	    Illustration







	


1  ap × aq = ap + q






	
a4 × a8 = a4 + 8 = a12







	


2  ap ÷ aq = ap − q






	
b10 ÷ b7 = b10 − 7 = b3







	


3  (ap)q = apq






	(c5)2 = c5 × 2 = c10







	


4  (ab)n = anbn






	(de3)4 = d4(e3)4 = d4e3 × 4 = d4e12







	


5  a0 = 1





	70 = 1






	


6  [image: ]






	[image: ]






	


7  [image: ]
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Example





1  Simplify [image: ]






Solution


[image: ]





2  Evaluate [image: ]






Solution


[image: ]
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Similar shapes


Occasionally a problem involving similar shapes may arise within a problem in Higher Mathematics.


Two shapes are similar if:





•  their corresponding sides are in the same ratio



•  they are equiangular.





In the case of triangles, if one of these conditions is true, then the other will also be true.


[image: ]






Example


The shaded rectangle in the diagram below is drawn with one vertex at the origin and the opposite vertex lying at E on the line CD, where C is the point (0, 6) and D is the point (18, 0).


The other two vertices of the rectangle are the points P (0, p) and D (q, 0).




[image: ]




Show that [image: ] and hence show that the area, A(q), of the shaded rectangle is [image: ].


Solution


Triangles OCD and QED are similar (because they are equiangular).


[image: ]





[image: ]





It is worth noting that you should by now have memorised the formulae on the list of formulae in National 5 Mathematics. While these may not appear to be needed in your examination at Higher Mathematics, it is as well to have them at your fingertips just in case.


[image: ]






Key points





1  The roots of ax2 + bx + c = 0 are [image: ] (the quadratic formula)



2  Sine rule: [image: ]




3  Cosine rule: a2 = b2 + c2 − 2bc cos A    or    [image: ]




4  Area of a triangle: [image: ]









[image: ]





The following section will allow you to practise some of the revision topics mentioned above. If you find you have difficulty with any of the following questions it would be best if you try to fix the problem either by asking a teacher or friend or by reference to a book on the National 5 Mathematics course.


[image: ]






For practice





1  Expand the brackets and simplify (x + 2)(x2 − 3x + 2).



2  Factorise 3x2 − 6x − 24.



3  Find the roots of the equation 3x2 − 10x − 8 = 0.



4  Solve the equation x2 − 4x − 2 = 0, giving the roots correct to one decimal place.



5  Express [image: ], x ≠ −3, x ≠ 0, as a single fraction in its simplest form.


 



6  Express [image: ] as a surd in its simplest form.



7  Evaluate [image: ].
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Part 1 Algebra




Chapter 2


Polynomials


[image: ]






What you should know


You should know:





[image: ] how to evaluate a polynomial expression



[image: ] the remainder theorem



[image: ] how to factorise a polynomial expression



[image: ] how to solve a polynomial equation.








[image: ]





Examples of polynomial expressions are f(x) = x3 + 4x2 − 5x + 2 and g(x) = 1 − 8x + 6x3 − 2x4.


The polynomial f(x) = x3 + 4x2 − 5x + 2 is written in descending order. The degree of the polynomial f (x) is 3 as this is the highest power. A polynomial of degree 3 is called a cubic polynomial.


The polynomial g(x) = 1 − 8x + 6x3 − 2x4 is written in ascending order. The degree of the polynomial g(x) is 4 as this is the highest power. A polynomial of degree 4 is called a quartic polynomial.


Evaluating polynomials


[image: ]






Example


Evaluate f(2) where f(x) = x3 + 4x2 − 5x + 2.


Solution


Either use substitution leading to f(2) = 23 + 4 × 22 − 5 × 2 + 2 = 8 + 16 − 10 + 2 = 16 or use the method of synthetic division in which the coefficients of the polynomial must be listed in descending order.




[image: ]







[image: ]





[image: ]






Hints & tips


It is vital that you can carry out synthetic divisions accurately so make sure that you practise the technique until you are confident. Remember to write the coefficients in descending order and to include a zero if a power is missing, for example if you were carrying out a synthetic division involving the polynomial g(x) = 1 − 8x + 6x3 − 2x4, the top line in the synthetic division would be −2    6    0    −8    1.





[image: ]





The remainder theorem





1  The remainder theorem states that the remainder on dividing f(x) by (x − h) is f(h).





[image: ]






Example





1  Find the remainder on dividing 1 − 8x + 6x3 − 2x4 by (x + 3).





Solution


Using the remainder theorem, the remainder is f(−3). Now use synthetic division.




[image: ]




You may be asked to find the numerical value of a coefficient in a polynomial. This is more difficult involving reasoning skills.





2  Find the value of k if the remainder on dividing x3 + 2x2 + kx − 9 by (x − 2) is 15.





Solution


Using the remainder theorem, the remainder is f(2). Now use synthetic division.




[image: ]







[image: ]





[image: ]






Hints & tips


Note that the example above could be solved by inserting the remainder 15 in the final place in the synthetic division and using a combination of working from both ends towards the value of k. Try doing the example this way. It is also a good idea to check if the solution k = 4 is correct by evaluating f(2) for the polynomial x3 + 2x2 + 4x − 9 to ensure that the remainder is 15.





[image: ]








2  The remainder theorem can be used to show that the remainder on dividing f(x) by (ax − b) is [image: ].





[image: ]






Example


Find the remainder on dividing 2x3 − 5x2 + 6x − 3 by (2x − 1).


Solution


Using the remainder theorem, the remainder is [image: ]. Now use synthetic division.




[image: ]







[image: ]





The factor theorem


When a number or expression is divided by a factor, there is no remainder because a factor divides into a number or expression exactly. This leads to an extension of the remainder theorem called the factor theorem.


The factor theorem states that if (x − a) is a factor of a polynomial f(x) then f(a) = 0.


The theorem can be written the other way round, namely if f(a) = 0, then (x − a) is a factor of a polynomial f(x).


[image: ]






Example


Show that (x − 3) is a factor of the polynomial x3 − 4x2 + x + 6.


Solution


Let f(x) = x3 − 4x2
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