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Introduction


I do not claim to be a brilliant mathematician. As George Bernard Shaw said, ‘He who can, does. He who cannot, teaches.’


However, I was an enthusiastic teacher of mathematics for thirty-six years and, more importantly, I was a teacher of teenagers, many of whom were not avidly keen on the subject and needed to be cajoled, diverted and entertained. Maths teachers particularly hate the dreaded last twenty minutes on a Friday afternoon when teenage brains have shut down for the weekend and the curriculum subject for the week is trigonometric identities. That is the time to forget about the heavy stuff, the quadratic equations and the compound interest and indulge, just for a short while, in the magic of numbers.


This book is only about numbers – that is, whole numbers – whole numbers and nothing but whole numbers. The whole numbers start 0, 1, 2, 3, 4 … and go on and on forever (see the Glossary for the distinction between whole numbers, natural numbers and integers). Mathematicians love them and the nineteenth-century German scholar Leopold Kronecker was so enamoured that he wrote, ‘God himself made the whole numbers. Everything else is the work of man.’


Negative numbers, mixed numbers, complex numbers, rational numbers, irrational numbers, real numbers and − God forbid! – imaginary numbers will never be mentioned. There will be no algebra, geometry or trigonometry. Fractions and decimals will also be taboo – well, most of the time.


The Interesting Numbers Paradox states that there are no uninteresting whole numbers. If one mathematician remarks that, for example, 74 is a rather dull number, another mathematician will immediately be very interested to find out why and therefore 74 becomes an interesting number. (And it is, as you will find out later!) Having proved in a tongue-in-cheek way that all numbers are interesting, there are, of course, some numbers that are more interesting than others and these are the ones you will see in this book.


So, Numbers are Forever is not for mathematical geniuses or fanatical number nerds but it is for everyone to enjoy, whatever their age or education.




The Very Beginning Starts with Zero


Once upon a time, there were no zeros.


The Greeks, who gave us Euclidean geometry and the Theorem of Pythagoras, had no concept that nothing or emptiness could be expressed as a number. Numbers, as far as they were concerned, started at 1.


The Romans had no need for a ‘nothing’ symbol either. They had the letters M, D, C, L, X, V and I. So, 1003 was written MIII and 365 was written CCCLXV.


The next big advance (and it was a huge advance) came in the sixth century in India. Mathematicians there created a different symbol for every number from 1 to 9, which curiously became known as Arabic numbers. And then they created an entirely new number for ‘nothing’, which was later called zero.


Once zero was invented, it transformed counting in a way that would change the world. The concept of nothing or emptiness now had a number.


The zero, on its own, wasn’t necessarily all that special. The magic happened when it was paired with other numbers to make them larger or smaller. It also made calculation much easier.


By the twelfth century, Arabic numbers had found their way to North Africa. From there, they were introduced into Europe, thanks to the brilliant son of the chief magistrate from Pisa who administered Italian trading in Algeria.


Leonardo of Pisa (later in this book called by his other name, Fibonacci), who previously had used Roman numerals back home in Italy, was enthralled with this new number system. On his return in 1202, he produced a book called Liber Abaci (The Book of Counting) that extolled the Arabic number system and, slowly but surely, the numbers, led by zero, spread throughout Europe. The rest is history.


In maths, the symbol 0 is always called zero. We don’t call it ‘nothing’, ‘nought’, ‘oh’, ‘nil’ or ‘zilch’. The zero is vitally important for keeping the other numbers in the correct place.


Early in school, we learned the headings:






	Thousands


	Hundreds


	Tens


	Units







	       1


	      0


	   0


	   3








The difference between 13 and 1003 is only a matter of 2 zeros but they are very important zeros because they keep the digits in their proper place.


When zeros are at the end of a number, it is important to get them correct.


For instance, a yellowing piece of paper was found in the desk of deceased Aunt Beatrice, on which she had written, ‘I, Beatrice Mills, being of sound mind, do hereby bequeath to my dearest niece and nephew the following sums of money: Victoria Mills £500000, Hugh Mills £50000.’


Now, did Aunt Beatrice accidentally miss out a zero in Hugh’s bequest? Or had she never forgiven him for forgetting her 80th birthday?


To avoid confusion, it is customary to add commas to numbers with 5 (sometimes 4) or more digits. Aunt Beatrice should have grouped the zeros in batches of 3, starting from the right − £500,000 or £50,000. As it was, Hugh got £450,000 less than his sister.


In this book, however, commas will occasionally be omitted, even in very large numbers, in order to emphasize number patterns.


Adding, Subtracting, Multiplying and Dividing by Zero


2 + 0 = 2


2 – 0 = 2


2 × 0 = 0


2 ÷ 0 = ?


Something seems terribly wrong here. The calculator shouts ‘ERROR’. This is because the little machine just can’t do this calculation. Nor can a super computer.


A number divided by a large number gives a small answer. A number divided by a small number gives a large answer. So if a number is divided by a very small number like 0.000001, you get a very large answer. A number divided by the smallest number of all, which is 0, will give the largest possible answer – but of course there is no ‘largest number’ as numbers go on forever. This is where maths breaks down because 2, or any other number, just cannot be divided by 0. By convention, we use ‘infinity’ as the answer but ‘infinity’ is not the very largest number because no such number exists. Some mathematicians prefer to take the easy way out and say that any number divided by zero is undefined.


Albert Einstein, the most influential physicist of the twentieth century, was the first to say that black holes were a result of God dividing the universe by zero.


00



What about 00? Well, that’s easy, isn’t it? In the Glossary, it states that any number to the power of 0 is 1. Ah, but with one exception, and that exception is 00. Definitely correct are: 11 = 1, 10 = 1, 01 = 0. But what is the correct answer for 00? Again, mathematicians prefer to say that 00 is undefined but that is the same as saying ‘nobody knows’.


Natural Numbers


The natural numbers originate in the words used from time immemorial to count things like 2 dinosaurs or 3 hairy mammoths or perhaps 1 fat dodo for the family dinner. Zero, at that time, was never needed. So the natural numbers are: 1, 2, 3, 4 … and they go on for ever.


To demonstrate straight away just how amazing numbers are, write out a string of them:


1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30 …


Now arrange them into groups of 1 digit, then 2 digits, 3 digits and so on:


1   2, 3   4, 5, 6   7, 8, 9, 10   11, 12, 13, 14, 15 16, 17, 18, 19, 20, 21   22, 23, 24, 25, 26, 27, 28 …


and immediately cross out the 2nd, 4th, 6th and all other even-numbered groups. So you are left with:


1 4, 5, 6 11, 12, 13, 14, 15 22, 23, 24, 25, 26, 27, 28 …


Now add the groups as follows:






	Sum of one group


	
= 1


= 14


    (all will become clearer in a moment!)








	Sum of 2 groups


	
= 1 + 4 + 5 + 6


= 16


= 2 × 2 × 2 × 2


= 24








	Sum of 3 groups


	
= (16) + 11 + 12 + 13 + 14 + 15


= 81


= 3 × 3 × 3 × 3


= 34








	Sum of 4 groups


	
= (81) + 22 + 23 + 24 + 25 + 26 + 27 + 28


= 256


= 4 × 4 × 4 × 4


= 44









Now try out 5 groups for yourself (and any more if you are really keen) and if you don’t get 54 and 64, your adding is disgraceful!


Nicomachus


There is no person more annoying than a numbers geek who holds on to you like the Ancient Mariner who waylaid the Wedding Guest and wouldn’t let him go until he had told his tale about shooting the albatross. However, the numbers geek starts his tale by saying, ‘Think of a number between 1 and 100 but don’t tell me what it is …’


The mathematician Nicomachus of Gerasa (now Jerash in Jordan) lived in the first century AD. Although Pythagoras was around a few centuries earlier, Nicomachus was an ardent Pythagorean and took his subject equally seriously. He liked to share his knowledge with his fellow citizens.


Although he was a numbers fanatic, Nicomachus was their numbers fanatic. The locals were always happy to cooperate with their eccentric pet mathematician when he said, ‘Think of a number between 1 and 100 …’ so just this once, we’ll go along with it too.


Having chosen your secret number, say 66, divide it by 3 and say only what the remainder is. Then divide 66 by 5 and state what the remainder is. Once again, do the same for 7. So, you have 3 remainders, 0, 1 and 3. Nicomachus multiplied the 0 by 70, the 1 by 21 and the 3 by 15, getting 0 + 21 + 45 = 66.


However, if you had chosen, say, 37, your remainders would have been 1, 2 and 2, and (1 × 70) + (2 × 21) + (2 × 15) = 142, which is obviously not between 1 and 100. However, that didn’t bother Nicomachus. He merely subtracted 105 and got 37.


Sometimes, if a number like 89 is chosen, and the remainders are 2, 4 and 5, giving (2 × 70) + (4 × 21) + (5 × 15) = 299, subtracting 105 wasn’t enough, but that was no problem, Nicomachus just subtracted another 105 getting 299 – 105 – 105 = (thank goodness!) 89.


His numeracy skill was prodigious but his reputation for mind-reading powers was quite undeserved.


No Need for Zero


All these sums use only the digits 1 to 9, once each:


243 + 675 = 918


341 + 586 = 927


154 + 782 = 936


317 + 628 = 945


216 + 738 = 954


215 + 748 = 963


318 + 654 = 972


235 + 746 = 981


The 8 totals are consecutive multiples of 9.





Prime Numbers


This is a book about whole numbers and nothing but whole numbers. So why introduce prime numbers now? Don’t panic! Prime numbers are a special subsection of whole numbers and, like the parent company, they go on for ever.


A prime number is a number that is only divisible by itself and 1. The mathematics police won’t allow 1 to be a prime number so 2 is the first prime number and the only one to be even. It is followed by 3, 5 and 7.
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In the table, we have not inserted any more even numbers or numbers divisible by 3 or 5 or 7 and we are left with the 25 prime numbers from 1 to 100.


This process is called the Sieve of Eratosthenes. This great third-century BC mathematician, poet, athlete, astronomer and geographer, despite all his achievements, was nicknamed ‘Beta’, the second letter in the Greek alphabet. The ‘Alpha’ mathematician, of course, was his older friend and mentor, Archimedes, who after 23 centuries is still considered to be one of the greatest mathematicians of all time.


Now, in italics, we have inserted all the 6 times table numbers. Sit back and study the table. You can see that every bold prime number (except 2 and 3) is sitting before or after an italic multiple of 6.


You have discovered that all prime numbers (excluding 2 and 3) are of the form:


6n ± 1


That is, a number in the 6 times table with 1 added or 1 subtracted.


If only it were that simple! Suppose 91 had been left in the above table by mistake, the 6n ± 1 formula would have still worked but 91 divides by 7 so it is not prime. So all prime numbers are of the form 6n ± 1, but not all numbers of this form are necessarily prime numbers. It’s like saying, ‘All strawberries are red berries but red berries are not necessarily strawberries.’


Remember, there are infinitely more prime numbers beyond 100. There are another 143 of them between 100 and 1000 for a start, and beyond that they go on and on forever.


So, for a quick test of whether a number might be prime, first of all write it down with the number before it and after it and test for divisibility by 6. For example, is 981 prime?


980  981  982


Neither 980 nor 982 divide by 6 so 981 is definitely not prime. In fact, 3 is an obvious factor.


817 has a prime number look about it so let’s see:


816  817  818


816 divides by 6 but does that mean that 817 is definitely prime? Unfortunately, no. All we can say is that it might be prime. A closer inspection of the sneaky number reveals that 19 and 43 are divisors so 817 is not prime.


What about 743?


742  743  744


742 does not divide by 6 but 744 does. But 743 may be another cunning pretender like 817. However, a laborious lot of dividing by 3, 7, 11, 13, 17, 19, 23 and 29 shows that it is a bona fide prime. (No need to go any further than necessary! 292 is bigger than 743 so any number with a divisor higher than 29 will already have been found.)


The formulae 4n + 1 and 4n + 3 also produce prime numbers that go on and on but both have failures very early: 4 × 1 + 1 = 5 (prime) but 4 × 2 + 1 = 9 (not prime); 4 × 1 + 3 = 7, 4 × 2 + 3 = 11 (prime) but 4 × 3 + 3 = 15 (not prime). These formulae go on and on producing primes but they are also riddled with failures.


However, in a letter dated 25 December 1640 to his friend and fellow mathematician, Marin Mersenne, Pierre de Fermat stated that the primes that are produced by 4n + 1, when n = 1, 3, 4, 7, 9. 10, 13, 15 … can all be written as the sum of 2 squares. For example, when n = 15, 4n + 1 = 61 = 52 + 62 and when n = 18, 4n + 1 = 73 = 32 + 82. This neat bit of maths became known as Fermat’s Christmas Theorem. Like his Last Theorem, Fermat probably never proved it but it was proved later by several mathematicians including Leonhard Euler, one of the greatest mathematical geniuses of all time.


There are endless other simple formulae that can create countless prime numbers. For example, 8n + 7 provides 7, 23, 31 and 47 but it fails when n = 6 because 8 × 6 + 7 = 55, which is not prime.


The great German early nineteenth-century mathematician with the fine-sounding name, Johann Peter Gustav Lejeune Dirichlet, proved in the theorem named after him that the above simple formulae and other similar ones go on producing prime numbers ad infinitum although, of course, they do not work for every value of n along the number line. However, the proof is so challenging that in their classic 1938 text, An Introduction to the Theory of Numbers, the usually explicit mathematicians G. H. Hardy and E. M. Wright wrote ‘This theorem is too difficult for insertion in this book.’ Well, if it is too demanding for them, it is impossible for mere mortals. So all we need to know is that, even within arithmetic progressions like 8n+7 or 4n + 3, prime numbers definitely go on and on for ever and ever. OK?
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