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      Préface
     
     
      La
     
     
      théorie
     
     
      des
     
     
      ©-modules
     
     
      représente
     
     
      une
     
     
      généralisation
     
     
      de
     
     
      la
     
     
      théorie
     
     
      classique
     
     
      des
     
     
      équations
     
     
      différentielles linéaires
     
     
      algébriques
     
     
      d
     
     
      ’
     
     
      une
     
     
      variable
     
     
      (par
     
     
      exemple
     
     
      l
     
     
      ’
     
     
      équa
     
     
      ɐ
     
     
      tion
     
     
      hypergéométrique
     
     
      ou
     
     
      l
     
     
      ’
     
     
      équation
     
     
      différentielle
     
     
      de
     
     
      Legendre 
     
     
      vue
     
     
      comme
     
     
      connexion
     
     
      de
     
     
      Gauss-Manin).
     
     
      Elle
     
     
      en
     
     
      développe
     
     
      les
     
     
      aspects
     
     
      géométriques
     
     
      (monodromie,
     
     
      singu
     
     
      ɐ
     
     
      larités)
     
     
      et
     
     
      algébriques.
     
     
      Ainsi,
     
     
      aussi
     
     
      bien
     
     
      par
     
     
      sa
     
     
      nature
     
     
      que
     
     
      par
     
     
      ses
     
     
      applications,
     
     
      la
     
     
      théorie
     
     
      des
     
     
      ©-modules
     
     
      est
     
     
      aujourd
     
     
      ’
     
     
      hui
     
     
      un
     
     
      chapitre
     
     
      fondamental
     
     
      des
     
     
      éléments
     
     
      de
     
     
      la
     
     
      géométrie
     
     
      algébrique.
     
     
      Cette
     
     
      théorie
     
     
      intéresse
     
     
      bien
     
     
      d
     
     
      ’
     
     
      autres
     
     
      domaines
     
     
      :
     
     
      théorie
     
     
      des
     
     
      singularités,
     
     
      cohomologie
     
     
      d
     
     
      ’
     
     
      intersection
     
     
      et
     
     
      perversité,
     
     
      groupes
     
     
      de
     
     
      Lie,
     
     
      géométrie
     
     
      analytique
     
     
      rigide.
     
     
      Les
     
     
      deux
     
     
      volumes
     
     
      “
     
     
      Eléments
     
     
      de
     
     
      la
     
     
      théorie
     
     
      des
     
     
      systèmes
     
     
      différentiels
     
     
      ”
     
     
      regroupent
     
     
      les
     
     
      textes
     
     
      des
     
     
      cours
     
     
      qui
     
     
      ont
     
     
      été
     
     
      donnés
     
     
      durant
     
     
      l
     
     
      ’
     
     
      école
     
     
      d
     
     
      ’
     
     
      été
     
     
      du
     
     
      C1MPA
     
     
      en
     
     
      août
     
     
      et
     
     
      septembre
     
     
      1990.
     
     
      Le
     
     
      premier
     
     
      volume
     
     
      contient
     
     
      les
     
     
      “
     
     
      cours
     
     
      fondamentaux
     
     
      ”
     
     
      donnés
     
     
      durant
     
     
      les
     
     
      deux
     
     
      premières
     
     
      semaines
     
     
      de
     
     
      l
     
     
      ’
     
     
      école.
     
     
      Ils
     
     
      nécessitent
     
     
      très
     
     
      peu
     
     
      de
     
     
      connaissances
     
     
      préalables.
     
     
      Le
     
     
      texte
     
     
      de
     
     
      Claude
     
     
      Sabbah
     
     
      est
     
     
      une
     
     
      introduction
     
     
      à
     
     
      la
     
     
      théorie
     
     
      classique
     
     
      des
     
     
      équa
     
     
      ɐ
     
     
      tions
     
     
      différentielles
     
     
      linéaires
     
     
      d
     
     
      ’
     
     
      une
     
     
      variable
     
     
      dans
     
     
      le
     
     
      champ
     
     
      complexe.
     
     
      Le
     
     
      texte
     
     
      de 
     
     
      Michel
     
     
      Merle
     
     
      consiste
     
     
      en
     
     
      une
     
     
      introduction
     
     
      rapide
     
     
      à
     
     
      la
     
     
      géométrie
     
     
      analytique
     
     
      com
     
     
      ɐ
     
     
      plexe
     
     
      et
     
     
      aux
     
     
      stratifications
     
     
      de
     
     
      Whitney;
     
     
      le
     
     
      lecteur
     
     
      pourra
     
     
      consulter
     
     
      les
     
     
      références
     
     
      pour
     
     
      l
     
     
      ’
     
     
      approfondir.
     
     
      Le
     
     
      texte
     
     
      de
     
     
      Michel
     
     
      Granger
     
     
      et
     
     
      Philippe
     
     
      Maisonobe
     
     
      est
     
     
      une
     
     
      in
     
     
      ɐ
     
     
      troduction
     
     
      à
     
     
      la
     
     
      théorie
     
     
      des
     
     
      ©-modules
     
     
      en
     
     
      toutes
     
     
      dimensions
     
     
      et
     
     
      utilise
     
     
      les
     
     
      notions
     
     
      de
     
     
      géométrie
     
     
      analytique
     
     
      introduites
     
     
      avant.
     
     
      Le
     
     
      deuxième
     
     
      volume
     
     
      contient
     
     
      des
     
     
      résulats
     
     
      plus
     
     
      difficiles
     
     
      de
     
     
      la
     
     
      théorie.
     
     
      Le
     
     
      texte
     
     
      de
     
     
      Bernard
     
     
      Malgrange
     
     
      explique
     
     
      la
     
     
      notion
     
     
      d
     
     
      ’
     
     
      image
     
     
      directe
     
     
      d
     
     
      ’
     
     
      un
     
     
      ©-module
     
     
      et
     
     
      donne
     
     
      une
     
     
      démonstration
     
     
      du
     
     
      théorème
     
     
      de
     
     
      Kashiwara
     
     
      concernant
     
     
      l
     
     
      ’
     
     
      estimation
     
     
      de
     
     
      la
     
     
      variété
     
     
      caractéristique
     
     
      de
     
     
      cette
     
     
      image
     
     
      directe.
     
     
      Ce
     
     
      texte
     
     
      est
     
     
      utilement
     
     
      complété
     
     
      par
     
     
      celui
     
     
      de
     
     
      Francisco
     
     
      Castro
     
     
      où
     
     
      l
     
     
      ’
     
     
      on
     
     
      trouvera
     
     
      des
     
     
      exemples
     
     
      détaillés
     
     
      de
     
     
      ces
     
     
      notions.
     
     
      Le
     
     
      texte
     
     
      de
     
     
      Zoghman
     
     
      Mebkhout
     
     
      et
     
     
      Luis
     
     
      Narvaez
     
     
      aborde
     
     
      la
     
     
      théorie
     
     
      des
     
     
      faisceaux
     
     
      constructibles
     
     
      et
     
     
      des
     
     
      catégories
     
     
      dérivées
     
     
      ;
     
     
      on
     
     
      y
     
     
      trouvera
     
     
      une
     
     
      démonstration
     
     
      géométrique
     
     
      élégante
     
     
      du
     
     
      théorème
     
     
      de 
     
     
      constructibilité
     
     
      des
     
     
      solutions
     
     
      d
     
     
      ’
     
     
      un
     
     
      ©-module
     
     
      holonome, dû
     
     
      à
     
     
      Kashiwara.
     
     
      Enfin,
     
     
      le
     
     
      texte
     
     
      d
     
     
      ’
     
     
      Yves
     
     
      Benoist
     
     
      permettra
     
     
      au
     
     
      lecteur
     
     
      de
     
     
      se
     
     
      faire
     
     
      une
     
     
      idée
     
     
      très
     
     
      pré
     
     
      ɐ
     
     
      cise
     
     
      des
     
     
      applications
     
     
      à
     
     
      la
     
     
      théorie
     
     
      des
     
     
      représentations
     
     
      des
     
     
      groupes
     
     
      de
     
     
      Lie
     
     
      réductifs
     
     
      (Beilinson
     
     
      et
     
     
      Bernstein).
     
     
      Le
     
     
      contenu
     
     
      de
     
     
      ces
     
     
      deux
     
     
      volumes
     
     
      ne
     
     
      couvre
     
     
      pas
     
     
      complètement
     
     
      tous
     
     
      les
     
     
      aspects
     
     
      de
     
     
      la
     
     
      théorie
     
     
      :
     
     
      l
     
     
      ’
     
     
      aspect
     
     
      microdifférentiel
     
     
      par
     
     
      exemple
     
     
      est
     
     
      à
     
     
      peine
     
     
      abordé
     
     
      (appendice
     
     
      du
     
     
      texte 
     
     
      de
     
     
      M.
     
     
      Granger
     
     
      et
     
     
      Ph.
     
     
      Maisonobe) 
     
     
      ;
     
     
      le
     
     
      lecteur
     
     
      trouvera
     
     
      dans
     
     
      la
     
     
      bibliographie
     
     
      de
     
     
      chaque
     
     
      article
     
     
      des
     
     
      références
     
     
      utiles
     
     
      pour
     
     
      remédier
     
     
      à
     
     
      ce
     
     
      défaut.
     
     
    
   
  

 
  
   
    
    
     
      
     
    
    
     
      La
     
     
      collaboration
     
     
      des
     
     
      chercheurs
     
     
      français
     
     
      et
     
     
      espagnols
     
     
      durant
     
     
      la
     
     
      préparation
     
     
      de 
     
     
      cette
     
     
      école
     
     
      et
     
     
      la
     
     
      période
     
     
      d
     
     
      ’
     
     
      élaboration
     
     
      des
     
     
      textes
     
     
      a
     
     
      été
     
     
      rendue
     
     
      possible
     
     
      notamment
     
     
      grâce
     
     
      à
     
     
      une
     
     
      Action
     
     
      Intégrée
     
     
      Franco-Espagnole
     
     
      dirigée
     
     
      par
     
     
      Lê
     
     
      Dùng
     
     
      Tràng
     
     
      (Université
     
     
      de
     
     
      Paris
     
     
      VII).
     
     
      Philippe
     
     
      Maisonobe
     
     
      et
     
     
      Claude
     
     
      Sabbah
     
     
    
   
  

 
  
   
    
    
     
      
     
    
    
     
      Introduction
     
     
      to
     
     
      algebraic
     
     
      theory
     
     
      of
     
     
      linear
     
     
      systems
     
     
      of
     
     
      differential
     
     
      equations
     
     
      C
     
     
      laude
     
     
      S
     
     
      abbah
     
     
      Introduction
     
     
      In
     
     
      this
     
     
      set
     
     
      of
     
     
      notes
     
     
      we
     
     
      shall
     
     
      study
     
     
      properties
     
     
      of
     
     
      linear
     
     
      differential
     
     
      equations
     
     
      of
     
     
      a
     
     
      complex
     
     
      variable
     
     
      with
     
     
      coefficients
     
     
      in
     
     
      either
     
     
      the
     
     
      ring
     
     
      convergent
     
     
      (or
     
     
      formal)
     
     
      power
     
     
      series
     
     
      or
     
     
      in
     
     
      the
     
     
      polynomial
     
     
      ring.
     
     
      The
     
     
      point
     
     
      of
     
     
      view
     
     
      that
     
     
      we
     
     
      have
     
     
      chosen
     
     
      is
     
     
      intentionally
     
     
      algebraic.
     
     
      This
     
     
      explains
     
     
      why
     
     
      we
     
     
      shall
     
     
      consider
     
     
      the
     
     
      ©-module
     
     
      associated
     
     
      with
     
     
      such
     
     
      equations.
     
     
      In
     
     
      order
     
     
      to
     
     
      solve
     
     
      an
     
     
      equation
     
     
      (or
     
     
      a
     
     
      system)
     
     
      we
     
     
      shall
     
     
      begin
     
     
      by
     
     
      finding
     
     
      a
     
     
      “
     
     
      normal
     
     
      form
     
     
      ”
     
     
      for
     
     
      the
     
     
      corresponding
     
     
      ©-module,
     
     
      that
     
     
      is
     
     
      by
     
     
      expressing
     
     
      it
     
     
      as
     
     
      a
     
     
      direct
     
     
      sum
     
     
      of
     
     
      elementary
     
     
      ©-modules.
     
     
      It
     
     
      is
     
     
      then
     
     
      easy
     
     
      to
     
     
      solve
     
     
      the
     
     
      corresponding
     
     
      equation
     
     
      (in
     
     
      a
     
     
      similar
     
     
      way,
     
     
      one
     
     
      can
     
     
      solve
     
     
      a
     
     
      system
     
     
      of
     
     
      linear
     
     
      equations
     
     
      on
     
     
      a
     
     
      vector
     
     
      space
     
     
      by
     
     
      first
     
     
      putting
     
     
      the
     
     
      matrix
     
     
      in
     
     
      a
     
     
      simple
     
     
      form,
     
     
      e.g.
     
     
      triangular
     
     
      form
     
     
      or
     
     
      (better)
     
     
      Jordan
     
     
      canonical
     
     
      form).
     
     
      This
     
     
      lecture
     
     
      is
     
     
      supposed
     
     
      to
     
     
      be
     
     
      an
     
     
      introduction
     
     
      to
     
     
      ©-module
     
     
      theory.
     
     
      That
     
     
      is
     
     
      why
     
     
      we
     
     
      have
     
     
      tried
     
     
      to
     
     
      set
     
     
      out
     
     
      this
     
     
      classical
     
     
      subject
     
     
      in
     
     
      a
     
     
      way
     
     
      that
     
     
      can
     
     
      be
     
     
      generalized
     
     
      in
     
     
      the
     
     
      case
     
     
      of
     
     
      many
     
     
      variables.
     
     
      For
     
     
      instance
     
     
      we
     
     
      have
     
     
      introduced
     
     
      the
     
     
      notion
     
     
      of
     
     
      holonomy
     
     
      (which
     
     
      is
     
     
      not
     
     
      difficult 
     
     
      in
     
     
      dimension
     
     
      one),
     
     
      we
     
     
      have
     
     
      emphazised
     
     
      the
     
     
      connection
     
     
      between
     
     
      ©-modules
     
     
      and
     
     
      meromorphic
     
     
      connections.
     
     
      Because
     
     
      the
     
     
      notion
     
     
      of
     
     
      a
     
     
      normal
     
     
      form
     
     
      does
     
     
      not
     
     
      extend
     
     
      easily
     
     
      in
     
     
      higher
     
     
      dimension,
     
     
      we
     
     
      have
     
     
      also
     
     
      stressed
     
     
      upon
     
     
      the
     
     
      notions
     
     
      of
     
     
      nearby
     
     
      and
     
     
      vanishing
     
     
      cycles.
     
     
      The
     
     
      first
     
     
      chapter
     
     
      consists
     
     
      of
     
     
      a
     
     
      local
     
     
      algebraic
     
     
      study
     
     
      of
     
     
      ©-modules.
     
     
      The
     
     
      coefficient 
     
     
      ring
     
     
      is
     
     
      either
     
     
      C{x}
     
     
      (convergent
     
     
      power
     
     
      series)
     
     
      or
     
     
      C[xJ
     
     
      (formal
     
     
      power
     
     
      series).
     
     
      The
     
     
      main
     
     
      results
     
     
      concern
     
     
      however
     
     
      the
     
     
      latter
     
     
      case.
     
     
      The
     
     
      second
     
     
      chapter
     
     
      deals
     
     
      with
     
     
      the
     
     
      extension
     
     
      of
     
     
      these
     
     
      results
     
     
      to
     
     
      the
     
     
      former
     
     
      case.
     
     
      Many
     
     
      analytic
     
     
      results
     
     
      will
     
     
      then
     
     
      be
     
     
      necessary.
     
     
      The
     
     
      most
     
     
      difficult one
     
     
      will
     
     
      not
     
     
      be
     
     
      proved
     
     
      here
     
     
      and
     
     
      concerns
     
     
      the
     
     
      resolution
     
     
      of
     
     
      some
     
     
      non
     
     
      linear
     
     
      equation.
     
     
      Finally,
     
     
      the
     
     
      third
     
     
      chapter
     
     
      deals
     
     
      with
     
     
      the
     
     
      global
     
     
      study
     
     
      of
     
     
      linear
     
     
      differential
     
     
      equations
     
     
      on
     
     
      the
     
     
      Riemann
     
     
      sphere.
     
     
      The
     
     
      results
     
     
      contained
     
     
      in
     
     
      these
     
     
      notes
     
     
      may
     
     
      all
     
     
      be
     
     
      found
     
     
      (at
     
     
      least
     
     
      in
     
     
      some
     
     
      form)
     
     
      in
     
     
      the
     
     
      literature
     
     
      on
     
     
      the
     
     
      subject,
     
     
      given
     
     
      in
     
     
      the
     
     
      bibliography.
     
     
      We
     
     
      have
     
     
      tried
     
     
      to
     
     
      make
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      these
     
     
      notes
     
     
      self-contained
     
     
      and
     
     
      readable
     
     
      without
     
     
      (or
     
     
      with
     
     
      very 
     
     
      few)
     
     
      prerequisites.
     
     
      We
     
     
      have
     
     
      given
     
     
      references
     
     
      for
     
     
      the
     
     
      statements
     
     
      (with
     
     
      some
     
     
      comments)
     
     
      in
     
     
      a
     
     
      special
     
     
      chapter.
     
     
      Let
     
     
      us
     
     
      only
     
     
      mention
     
     
      here
     
     
      that
     
     
      we
     
     
      have
     
     
      greatly
     
     
      benefitted
     
     
      of
     
     
      handwritten
     
     
      notes
     
     
      of
     
     
      a
     
     
      future
     
     
      book
     
     
      by
     
     
      Bernard
     
     
      Malgrange
     
     
      [33]
     
     
      (see
     
     
      now
     
     
      [35]).
     
     
      Chapter
     
     
      I
     
     
      Algebraic
     
     
      methods
     
     
      1.
     
     
      The
     
     
      algebra
     
     
      V
     
     
      1.1.
     
     
      Some
     
     
      results
     
     
      of
     
     
      commutative
     
     
      algebra
     
     
      General
     
     
      references
     
     
      are
     
     
      [1,
     
     
      2,
     
     
      3,
     
     
      4].
     
     
      We
     
     
      shall
     
     
      consider
     
     
      differential
     
     
      operators
     
     
      in
     
     
      one
     
     
      variable
     
     
      with
     
     
      coefficient
     
     
      in
     
     
      one
     
     
      of
     
     
      the
     
     
      following
     
     
      three
     
     
      rings:
     
     
      C[x]
     
     
      (polynomials
     
     
      in
     
     
      one
     
     
      variable),
     
     
      C{x}
     
     
      (convergent
     
     
      power
     
     
      series),
     
     
      C[x]
     
     
      (formal
     
     
      power
     
     
      series),
     
     
      which 
     
     
      satisfy
     
     
      the
     
     
      following
     
     
      elementary
     
     
      properties:
     
     
      1.
     
     
      C[x]
     
     
      is
     
     
      graded
     
     
      by
     
     
      the
     
     
      degree
     
     
      of
     
     
      polynomials,
     
     
      and
     
     
      this
     
     
      graduation
     
     
      induces
     
     
      an
     
     
      increasing
     
     
      filtration.
     
     
      It
     
     
      is
     
     
      a
     
     
      noetherian
     
     
      ring,
     
     
      all
     
     
      the
     
     
      ideals
     
     
      of
     
     
      which
     
     
      are
     
     
      of
     
     
      the
     
     
      type
     
     
      (
     
     
      x
     
     
      —
     
     
      a)C[x],
     
     
      a
     
     
      €
     
     
      C.
     
     
      2.
     
     
      If
     
     
      m
     
     
      is
     
     
      the
     
     
      maximal
     
     
      ideal
     
     
      of
     
     
      C[x]
     
     
      generated
     
     
      by
     
     
      x,
     
     
      one
     
     
      has
     
     
      C[x]
     
     
      =
     
     
      limC[x]/m
     
     
      fc
     
     
      .
     
     
      k
     
     
      The
     
     
      ring
     
     
      C[x]
     
     
      is
     
     
      a
     
     
      noetherian
     
     
      local
     
     
      ring:
     
     
      every
     
     
      power
     
     
      series
     
     
      with
     
     
      a
     
     
      nonzero
     
     
      constant
     
     
      term
     
     
      is
     
     
      invertible.
     
     
      This
     
     
      ring
     
     
      is
     
     
      also
     
     
      a
     
     
      discrete
     
     
      valuation
     
     
      ring.
     
     
      The
     
     
      filtration
     
     
      by
     
     
      powers
     
     
      of
     
     
      the
     
     
      maximal
     
     
      ideal
     
     
      (also
     
     
      called
     
     
      the
     
     
      m-adic
     
     
      filtration)
     
     
      is
     
     
      the
     
     
      filtration
     
     
      m
     
     
      k
     
     
      =
     
     
      {f
     
     
      £
     
     
      CfxJ
     
     
      |u(/)
     
     
      >
     
     
      k}.
     
     
      One
     
     
      has
     
     
      gr
     
     
      m
     
     
      (C[x])
     
     
      =
     
     
      C[x],
     
     
      3.
     
     
      C{x}
     
     
      C
     
     
      C[x]
     
     
      is
     
     
      the
     
     
      subring
     
     
      of
     
     
      power
     
     
      series
     
     
      whose
     
     
      radius
     
     
      of
     
     
      convergence
     
     
      is
     
     
      strictly 
     
     
      positive.
     
     
      Except
     
     
      the
     
     
      definition
     
     
      by
     
     
      projective
     
     
      limit,
     
     
      it
     
     
      satisfies
     
     
      the
     
     
      same
     
     
      properties
     
     
      as
     
     
      C[x].
     
     
      4.
     
     
      One
     
     
      can
     
     
      also
     
     
      consider
     
     
      intermediate
     
     
      rings
     
     
      between
     
     
      C{x}
     
     
      and
     
     
      C[x]
     
     
      (formal
     
     
      power
     
     
      series
     
     
      with
     
     
      Gevrey
     
     
      type
     
     
      conditions).
     
     
      1.2.
     
     
      Definition
     
     
      of
     
     
      V
     
     
      1.2.1.
     
     
      —
     
     
      The
     
     
      rings
     
     
      considered
     
     
      previously
     
     
      come
     
     
      equipped
     
     
      with
     
     
      a
     
     
      derivation
     
     
      operator
     
     
      d/dx.
     
     
      Let
     
     
      /
     
     
      £
     
     
      C[x]
     
     
      (
     
     
      resp.
     
     
      C{x},
     
     
      resp.
     
     
      C[x]).
     
     
      One
     
     
      has
     
     
      the
     
     
      following 
     
     
      commutation
     
     
      relation
     
     
      between
     
     
      the
     
     
      derivation
     
     
      operator
     
     
      d
     
     
      /
     
     
      dx
     
     
      and
     
     
      the
     
     
      multiplication
     
     
      operator 
     
     
      f
     
     
      :
     
     
      (
     
     
      1
     
     
      .
     
     
      2
     
     
      .
     
     
      2
     
     
      )
     
     
      d_
     
     
      1
     
     
      df
     
     
      dx'
     
     
      1
     
     
      dx
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      where
     
     
      the
     
     
      R.H.S.
     
     
      is
     
     
      the
     
     
      multiplication
     
     
      operator
     
     
      by
     
     
      df
     
     
      /dx\
     
     
      this
     
     
      means
     
     
      that
     
     
      for
     
     
      all
     
     
      j
     
     
      E
     
     
      C[i]
     
     
      one
     
     
      has:
     
     
      d_
     
     
      ,]
     
     
      dfg
     
     
      _
     
     
      dg_
     
     
      =
     
     
      dj_
     
     
      dx'
     
     
      Q
     
     
      dx
     
     
      dx
     
     
      dx
     
     
      ^
     
     
      One
     
     
      defines
     
     
      the
     
     
      Weyl
     
     
      algebra
     
     
      Aj(C)
     
     
      (
     
     
      resp.
     
     
      the
     
     
      algebra
     
     
      V
     
     
      of
     
     
      linear
     
     
      differential
     
     
      operators
     
     
      with
     
     
      coefficients
     
     
      in
     
     
      C{x},
     
     
      resp.
     
     
      the
     
     
      algebra
     
     
      V
     
     
      (coefficients
     
     
      in
     
     
      C[x]))
     
     
      as
     
     
      the
     
     
      quotient
     
     
      algebra
     
     
      of
     
     
      the
     
     
      free
     
     
      algebra
     
     
      generated
     
     
      by
     
     
      the
     
     
      coefficient
     
     
      ring
     
     
      and
     
     
      an
     
     
      element
     
     
      denoted
     
     
      by
     
     
      d
     
     
      x
     
     
      ,
     
     
      quotient
     
     
      by
     
     
      the
     
     
      relations
     
     
      (1.2.2)
     
     
      for
     
     
      all
     
     
      /
     
     
      in
     
     
      the
     
     
      ring
     
     
      of
     
     
      coefficients.
     
     
      We
     
     
      shall
     
     
      use
     
     
      the
     
     
      following
     
     
      notation:
     
     
      A,(C)
     
     
      =
     
     
      C[x]{<9
     
     
      r
     
     
      )
     
     
      ...
     
     
      Remark.
     
     
      —
     
     
      .4,(0)
     
     
      is
     
     
      a
     
     
      non
     
     
      commutative
     
     
      algebra.
     
     
      By
     
     
      definition,
     
     
      C[x]
     
     
      is
     
     
      a
     
     
      left
     
     
      module
     
     
      on
     
     
      A,(C):
     
     
      d
     
     
      x
     
     
      operates
     
     
      as
     
     
      d/dx,
     
     
      and
     
     
      /
     
     
      £
     
     
      C[x]
     
     
      operates
     
     
      as
     
     
      mutliplication
     
     
      by
     
     
      /,
     
     
      the
     
     
      product
     
     
      in
     
     
      A^C)
     
     
      is
     
     
      then
     
     
      induced
     
     
      by
     
     
      the
     
     
      composition
     
     
      law
     
     
      of
     
     
      operators.
     
     
      PROPOSITION
     
     
      1.2.3.
     
     
      —
     
     
      Every
     
     
      element
     
     
      in
     
     
      A,(C)
     
     
      (resp.
     
     
      V,
     
     
      V)
     
     
      can
     
     
      be
     
     
      written
     
     
      in
     
     
      a
     
     
      unique
     
     
      way
     
     
      as
     
     
      o
     
     
      a
     
     
      i{
     
     
      x
     
     
      )d'x>
     
     
      where
     
     
      for
     
     
      all
     
     
      i,
     
     
      a
     
     
      ;
     
     
      (x)
     
     
      £
     
     
      C[x]
     
     
      (resp.
     
     
      ...).
     
     
      Proof.
     
     
      —
     
     
      Every
     
     
      element
     
     
      in
     
     
      A,(C)
     
     
      is
     
     
      a
     
     
      sum
     
     
      of
     
     
      “
     
     
      monomials
     
     
      ”
     
     
      which
     
     
      are
     
     
      products
     
     
      of
     
     
      powers
     
     
      of
     
     
      d
     
     
      x
     
     
      and
     
     
      elements
     
     
      of
     
     
      C[x],
     
     
      Such
     
     
      a
     
     
      monomial
     
     
      can
     
     
      be
     
     
      written
     
     
      a,
     
     
      {x)d'
     
     
      x
     
     
      ■
     
     
      ■
     
     
      ■
     
     
      a
     
     
      k
     
     
      (x)d'
     
     
      x
     
     
      .
     
     
      One
     
     
      uses
     
     
      the
     
     
      commutation
     
     
      relations
     
     
      (1.2.2)
     
     
      in
     
     
      order
     
     
      to
     
     
      write
     
     
      it
     
     
      in
     
     
      the
     
     
      expected
     
     
      form.
     
     
      One
     
     
      has
     
     
      to
     
     
      show
     
     
      now
     
     
      that
     
     
      an
     
     
      element
     
     
      P
     
     
      =
     
     
      a
     
     
      i
     
     
      {x)d'
     
     
      x
     
     
      is
     
     
      not
     
     
      zero 
     
     
      in
     
     
      A,(C)
     
     
      if
     
     
      and
     
     
      only
     
     
      if
     
     
      one
     
     
      of
     
     
      the
     
     
      coefficients
     
     
      a
     
     
      {
     
     
      is
     
     
      not
     
     
      zero.
     
     
      In
     
     
      order
     
     
      to
     
     
      do
     
     
      that,
     
     
      it
     
     
      suffices
     
     
      to
     
     
      let
     
     
      A
     
     
      X
     
     
      (C)
     
     
      act
     
     
      on
     
     
      C[z]
     
     
      (on
     
     
      the
     
     
      left)
     
     
      in
     
     
      the
     
     
      way
     
     
      explained
     
     
      before
     
     
      and
     
     
      to
     
     
      find
     
     
      a
     
     
      nonzero
     
     
      /
     
     
      €
     
     
      C[x]
     
     
      such
     
     
      that
     
     
      P(f)
     
     
      /
     
     
      0
     
     
      (left
     
     
      as
     
     
      an
     
     
      exercise).
     
     
      □
     
     
      1.2.4.
     
     
      Some
     
     
      formulae.
     
     
      —
     
     
      The
     
     
      following
     
     
      (easy
     
     
      to
     
     
      prove)
     
     
      formulae
     
     
      may
     
     
      be
     
     
      useful:
     
     
      [d
     
     
      x
     
     
      ,
     
     
      x
     
     
      fc
     
     
      ]
     
     
      =
     
     
      kx
     
     
      k
     
     
      ~
     
     
      l
     
     
      [di,x\
     
     
      =
     
     
      jdi-
     
     
      1
     
     
      \di,x
     
     
      k
     
     
      \
     
     
      =
     
     
      £
     
     
      *(*
     
     
      -1
     
     
      )
     
     
      ■
     
     
      •
     
     
      ■
     
     
      (
     
     
      fc
     
     
      -
     
     
      »
     
     
      +
     
     
      ^
     
     
      -1)
     
     
      •
     
     
      •
     
     
      •
     
     
      Q-
     
     
      -
     
     
      »
     
     
      +
     
     
      t>l
     
     
      *•
     
     
      where
     
     
      by
     
     
      convention
     
     
      negative
     
     
      powers
     
     
      are
     
     
      zero
     
     
      and
     
     
      zero
     
     
      powers
     
     
      equal
     
     
      1.
     
     
      1.3.
     
     
      Some
     
     
      properties
     
     
      1.3.1.
     
     
      —
     
     
      Denote
     
     
      now
     
     
      by
     
     
      A
     
     
      one
     
     
      of
     
     
      the
     
     
      three
     
     
      rings
     
     
      of
     
     
      coefficients
     
     
      considered
     
     
      above.
     
     
      The
     
     
      ring
     
     
      A(d
     
     
      x
     
     
      )
     
     
      comes
     
     
      equipped
     
     
      with
     
     
      an
     
     
      increasing
     
     
      filtration
     
     
      denoted
     
     
      by
     
     
      F
     
     
      (A(d
     
     
      x
     
     
      )):
     
     
      an
     
     
      operator
     
     
      P
     
     
      is
     
     
      in
     
     
      F
     
     
      k
     
     
      if
     
     
      the
     
     
      maximal
     
     
      total
     
     
      power
     
     
      of
     
     
      d
     
     
      x
     
     
      that
     
     
      appears
     
     
      in
     
     
      a
     
     
      monomial
     
     
      of
     
     
      P
     
     
      is
     
     
      less
     
     
      than
     
     
      or
     
     
      equal
     
     
      to
     
     
      k.
     
     
      The
     
     
      degree
     
     
      of
     
     
      P
     
     
      (denoted
     
     
      by
     
     
      deg
     
     
      P)
     
     
      with
     
     
      respect
     
     
      to
     
     
      FA(d
     
     
      x
     
     
      )
     
     
      is
     
     
      the
     
     
      unique
     
     
      integer
     
     
      k
     
     
      such
     
     
      that
     
     
      P
     
     
      £
     
     
      F
     
     
      k
     
     
      A(d
     
     
      x
     
     
      )
     
     
      —
     
     
      F
     
     
      k
     
     
      _^A{d
     
     
      x
     
     
      ).
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      This
     
     
      does
     
     
      not
     
     
      depend
     
     
      on
     
     
      the
     
     
      way
     
     
      one
     
     
      writes
     
     
      P.
     
     
      One
     
     
      has
     
     
      F
     
     
      k
     
     
      A(d
     
     
      x
     
     
      )
     
     
      =
     
     
      {0}
     
     
      for
     
     
      k
     
     
      <
     
     
      0
     
     
      and
     
     
      F
     
     
      0
     
     
      A(d
     
     
      x
     
     
      )
     
     
      =
     
     
      A.
     
     
      Moreover,
     
     
      for
     
     
      all
     
     
      i
     
     
      and
     
     
      j
     
     
      one
     
     
      has
     
     
      F
     
     
      t
     
     
      A(d
     
     
      x
     
     
      )
     
     
      ■
     
     
      FJ
     
     
      A(d
     
     
      x
     
     
      )
     
     
      =
     
     
      F
     
     
      t+]
     
     
      A(d
     
     
      x
     
     
      ).
     
     
      LEMMA
     
     
      1.3.2.
     
     
      —
     
     
      If
     
     
      deg
     
     
      P
     
     
      =
     
     
      k,
     
     
      deg
     
     
      Q
     
     
      =
     
     
      I,
     
     
      then
     
     
      the
     
     
      commutator
     
     
      [P,Q\
     
     
      has
     
     
      degree
     
     
      less
     
     
      than
     
     
      or
     
     
      equal
     
     
      to
     
     
      k
     
     
      +
     
     
      t
     
     
      —
     
     
      1.
     
     
      □
     
     
      PROPOSITION
     
     
      1.3.3.
     
     
      —
     
     
      The
     
     
      ring
     
     
      A(d
     
     
      x
     
     
      )
     
     
      is
     
     
      simple
     
     
      (it
     
     
      does
     
     
      not
     
     
      contain
     
     
      any
     
     
      proper
     
     
      two-sided
     
     
      ideal).
     
     
      Proof.
     
     
      —
     
     
      Let
     
     
      /
     
     
      be
     
     
      a
     
     
      nonzero
     
     
      two-sided
     
     
      ideal
     
     
      of
     
     
      A(d
     
     
      x
     
     
      )
     
     
      and
     
     
      P
     
     
      €
     
     
      /
     
     
      —
     
     
      {0}.
     
     
      One
     
     
      may
     
     
      write
     
     
      P
     
     
      =
     
     
      £
     
     
      ”
     
     
      =1
     
     
      a
     
     
      i
     
     
      (x)d'
     
     
      x
     
     
      with
     
     
      a
     
     
      n
     
     
      ±
     
     
      0.
     
     
      Then
     
     
      Q
     
     
      d
     
     
      =
     
     
      [P,
     
     
      x]
     
     
      belongs
     
     
      to
     
     
      I
     
     
      and
     
     
      Q
     
     
      =
     
     
      5Zr=o*
     
     
      a
     
     
      i(
     
     
      x
     
     
      )^i
     
     
      -1
     
     
      '
     
     
      Hence,
     
     
      if
     
     
      n
     
     
      >
     
     
      1,
     
     
      there
     
     
      exists
     
     
      Q
     
     
      in
     
     
      I
     
     
      of
     
     
      degree
     
     
      n
     
     
      —
     
     
      1.
     
     
      Continuing
     
     
      this
     
     
      process,
     
     
      one
     
     
      proves
     
     
      that
     
     
      I
     
     
      contains
     
     
      a
     
     
      nonzero
     
     
      element
     
     
      R
     
     
      of
     
     
      A.
     
     
      Assume
     
     
      that
     
     
      A
     
     
      —
     
     
      C[a:].
     
     
      One
     
     
      then
     
     
      considers
     
     
      commutators
     
     
      with
     
     
      d
     
     
      x
     
     
      to
     
     
      prove
     
     
      that
     
     
      /
     
     
      contains
     
     
      a
     
     
      nonzero
     
     
      constant,
     
     
      hence
     
     
      I
     
     
      —
     
     
      A(d
     
     
      x
     
     
      ).
     
     
      If
     
     
      A
     
     
      —
     
     
      C{a;}
     
     
      or
     
     
      A
     
     
      —
     
     
      C[x]
     
     
      one
     
     
      can
     
     
      argue
     
     
      as
     
     
      follows:
     
     
      if
     
     
      k
     
     
      =
     
     
      v(R)
     
     
      (the
     
     
      valuation
     
     
      of
     
     
      R),
     
     
      then
     
     
      /
     
     
      contains
     
     
      x
     
     
      k
     
     
      (by
     
     
      dividing
     
     
      R
     
     
      by
     
     
      a
     
     
      unit)
     
     
      then
     
     
      one
     
     
      commutes
     
     
      k
     
     
      times
     
     
      with
     
     
      d
     
     
      x
     
     
      to
     
     
      show
     
     
      that
     
     
      I
     
     
      contains
     
     
      a
     
     
      constant.
     
     
      Û
     
     
      PROPOSITION
     
     
      1.3.4.
     
     
      —
     
     
      The
     
     
      graded
     
     
      ring
     
     
      oo
     
     
      gr
     
     
      *A(d
     
     
      x
     
     
      )*®F
     
     
      k
     
     
      A(d
     
     
      x
     
     
      )IF
     
     
      k
     
     
      _
     
     
      1
     
     
      A(d,)
     
     
      k
     
     
      =
     
     
      0
     
     
      is
     
     
      isomorphic
     
     
      (as
     
     
      a
     
     
      graded
     
     
      ring)
     
     
      to
     
     
      the
     
     
      ring
     
     
      of
     
     
      polynomials
     
     
      in
     
     
      one
     
     
      variable
     
     
      £
     
     
      on
     
     
      A
     
     
      (with
     
     
      the
     
     
      graduation
     
     
      given
     
     
      by
     
     
      the
     
     
      degree
     
     
      in
     
     
      (),
     
     
      the
     
     
      variable
     
     
      £
     
     
      being
     
     
      the
     
     
      class
     
     
      of
     
     
      d
     
     
      x
     
     
      .
     
     
      Proof.
     
     
      —
     
     
      Immediate
     
     
      consequence
     
     
      of
     
     
      the
     
     
      previous
     
     
      lemma.
     
     
      □
     
     
      COROLLARY
     
     
      1.3.5.
     
     
      —
     
     
      A(d
     
     
      x
     
     
      )
     
     
      is
     
     
      a
     
     
      left
     
     
      and
     
     
      right
     
     
      noetherian
     
     
      ring.
     
     
      Proof
     
     
      —
     
     
      One
     
     
      has
     
     
      to
     
     
      show
     
     
      that
     
     
      every
     
     
      left
     
     
      (or
     
     
      right)
     
     
      ideal
     
     
      I
     
     
      in
     
     
      A(d
     
     
      x
     
     
      )
     
     
      admits
     
     
      a
     
     
      finite
     
     
      number
     
     
      of
     
     
      generators.
     
     
      Consider
     
     
      the
     
     
      filtration
     
     
      of
     
     
      I
     
     
      induced
     
     
      by
     
     
      FA{d
     
     
      x
     
     
      ):
     
     
      F
     
     
      k
     
     
      (I)
     
     
      =
     
     
      Fk
     
     
      A{d
     
     
      x
     
     
      )
     
     
      (1
     
     
      /.
     
     
      Then
     
     
      gr
     
     
      F
     
     
      (7)
     
     
      is
     
     
      an
     
     
      ideal
     
     
      of
     
     
      gr
     
     
      F
     
     
      A(d
     
     
      x
     
     
      )
     
     
      =
     
     
      A[£]
     
     
      and
     
     
      admits
     
     
      a
     
     
      finite
     
     
      number
     
     
      of
     
     
      generators
     
     
      p
     
     
      t
     
     
      (i
     
     
      =
     
     
      1,...,
     
     
      r).
     
     
      One
     
     
      may
     
     
      assume
     
     
      that
     
     
      each
     
     
      generator
     
     
      p
     
     
      {
     
     
      is
     
     
      homogeneous
     
     
      with
     
     
      respect
     
     
      to
     
     
      F
     
     
      (simply
     
     
      replace
     
     
      the
     
     
      set
     
     
      of
     
     
      generators
     
     
      by
     
     
      the
     
     
      set
     
     
      of
     
     
      their
     
     
      homogeneous
     
     
      components).
     
     
      For
     
     
      each
     
     
      i,
     
     
      let
     
     
      P
     
     
      {
     
     
      £
     
     
      I
     
     
      an
     
     
      element
     
     
      with
     
     
      principal
     
     
      symbol
     
     
      equal
     
     
      to
     
     
      p
     
     
      t
     
     
      .
     
     
      Then
     
     
      I
     
     
      is
     
     
      generated
     
     
      by
     
     
      the
     
     
      set
     
     
      {P,\i
     
     
      =
     
     
      1,...,
     
     
      r}:
     
     
      by
     
     
      induction
     
     
      on
     
     
      j
     
     
      one
     
     
      proves
     
     
      that
     
     
      Fj(I)
     
     
      is
     
     
      contained
     
     
      in
     
     
      the
     
     
      left
     
     
      ideal
     
     
      generated
     
     
      by
     
     
      this
     
     
      set.
     
     
      In
     
     
      fact,
     
     
      let
     
     
      P
     
     
      £
     
     
      Fj(I)
     
     
      -
     
     
      Fj_i{I)
     
     
      and
     
     
      let
     
     
      (r
     
     
      }
     
     
      {P)
     
     
      €
     
     
      gr
     
     
      F
     
     
      its
     
     
      principal
     
     
      symbol.
     
     
      One
     
     
      has
     
     
      a
     
     
      homogeneous
     
     
      relation:
     
     
      °:(P)
     
     
      =
     
     
      with
     
     
      a,
     
     
      €
     
     
      gr_,_degPi
     
     
      (A(ô
     
     
      x
     
     
      )).
     
     
      Therefore
     
     
      P
     
     
      -
     
     
      £a,.P,
     
     
      €
     
     
      Fj-i(I),
     
     
      so
     
     
      one
     
     
      gets
     
     
      the
     
     
      result.
     
     
      □
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      2.
     
     
      The
     
     
      structure
     
     
      of
     
     
      left
     
     
      ideals
     
     
      of
     
     
      V
     
     
      In
     
     
      this
     
     
      section,
     
     
      we
     
     
      shall
     
     
      consider
     
     
      only
     
     
      a
     
     
      local
     
     
      situation.
     
     
      The
     
     
      ring
     
     
      of
     
     
      coefficients 
     
     
      will
     
     
      then
     
     
      be
     
     
      either
     
     
      C{x}
     
     
      or
     
     
      C[x].
     
     
      We
     
     
      shall
     
     
      only
     
     
      consider
     
     
      the
     
     
      case
     
     
      of
     
     
      convergent
     
     
      coefficients,
     
     
      the
     
     
      case
     
     
      of
     
     
      formal
     
     
      coefficients
     
     
      being
     
     
      completely
     
     
      analogous.
     
     
      2.1.
     
     
      Division
     
     
      by
     
     
      an
     
     
      operator
     
     
      Let
     
     
      P
     
     
      E
     
     
      V
     
     
      written
     
     
      as
     
     
      P
     
     
      =
     
     
      ad{x)d
     
     
      x
     
     
      H
     
     
      ------
     
     
      f
     
     
      ao(x),
     
     
      with
     
     
      ad
     
     
      i
     
     
      1
     
     
      0.
     
     
      By
     
     
      definition,
     
     
      the
     
     
      exponent
     
     
      of
     
     
      P
     
     
      is
     
     
      the
     
     
      pair
     
     
      of
     
     
      integers
     
     
      exp(P)
     
     
      =
     
     
      (v(aj),d)
     
     
      E
     
     
      N
     
     
      2
     
     
      where
     
     
      d
     
     
      =
     
     
      deg
     
     
      P
     
     
      and
     
     
      v(ad)
     
     
      is
     
     
      the
     
     
      valuation
     
     
      of
     
     
      a,*.
     
     
      This
     
     
      exponent
     
     
      is
     
     
      additive
     
     
      under
     
     
      product:
     
     
      exp(PQ)
     
     
      =
     
     
      exp(P)
     
     
      +
     
     
      exp(Q)
     
     
      (sum
     
     
      in
     
     
      N
     
     
      2
     
     
      ).
     
     
      In
     
     
      fact,
     
     
      if
     
     
      Q
     
     
      =
     
     
      b
     
     
      e
     
     
      {x)d
     
     
      e
     
     
      x
     
     
      H
     
     
      ------
     
     
      V
     
     
      &o(x),
     
     
      one
     
     
      can
     
     
      write
     
     
      PQ
     
     
      =
     
     
      adb
     
     
      e
     
     
      d
     
     
      x
     
     
      +e
     
     
      +
     
     
      R
     
     
      with
     
     
      degP
     
     
      <
     
     
      d
     
     
      +
     
     
      e.
     
     
      One
     
     
      deduces
     
     
      of
     
     
      this
     
     
      a
     
     
      “
     
     
      division
     
     
      statement
     
     
      ”
     
     
      :
     
     
      P
     
     
      roposition
     
     
      2.1.1.
     
     
      —
     
     
      Let
     
     
      A
     
     
      E
     
     
      V
     
     
      and
     
     
      P
     
     
      E
     
     
      V
     
     
      with,
     
     
      exp(P)
     
     
      =
     
     
      (v,d).
     
     
      There
     
     
      exists
     
     
      a
     
     
      unique
     
     
      pair
     
     
      (
     
     
      Q
     
     
      ,
     
     
      R)
     
     
      of
     
     
      elements
     
     
      of
     
     
      V
     
     
      such
     
     
      that
     
     
      1.
     
     
      A^PQ
     
     
      +
     
     
      R
     
     
      2.
     
     
      R
     
     
      =
     
     
      fflZo
     
     
      Yli=d
     
     
      A
     
     
      u
     
     
      k,t(
     
     
      x
     
     
      )
     
     
      xk
     
     
      d'x
     
     
      +
     
     
      S
     
     
      with
     
     
      deg 
     
     
      S
     
     
      <
     
     
      d
     
     
      and
     
     
      u
     
     
      ki
     
     
      is
     
     
      a
     
     
      unit.
     
     
      Remark.
     
     
      —
     
     
      One
     
     
      has
     
     
      an
     
     
      analogous
     
     
      statement
     
     
      (division
     
     
      on
     
     
      the
     
     
      right):
     
     
      A
     
     
      =
     
     
      PQ'
     
     
      +
     
     
      R'.
     
     
      Proof.
     
     
      —
     
     
      The
     
     
      proof
     
     
      of
     
     
      the
     
     
      proposition
     
     
      is
     
     
      elementary
     
     
      (induction
     
     
      on
     
     
      deg
     
     
      A).
     
     
      The
     
     
      pairs
     
     
      (fc,
     
     
      £)
     
     
      which
     
     
      appear
     
     
      in
     
     
      the
     
     
      expansion
     
     
      of
     
     
      R
     
     
      are
     
     
      contained
     
     
      in
     
     
      the
     
     
      dotted
     
     
      part
     
     
      of
     
     
      fid
     
     
      ■
     
     
      1-
     
     
      2.2.
     
     
      Division
     
     
      basis
     
     
      Given
     
     
      an
     
     
      ideal
     
     
      I,
     
     
      the
     
     
      set
     
     
      Exp
     
     
      (I)
     
     
      is
     
     
      defined
     
     
      as
     
     
      the
     
     
      subset
     
     
      of
     
     
      N
     
     
      2
     
     
      consisting
     
     
      of
     
     
      all 
     
     
      exp(P)
     
     
      for
     
     
      P
     
     
      E
     
     
      I.
     
     
      One
     
     
      has
     
     
      Exp
     
     
      (/)
     
     
      +
     
     
      N
     
     
      2
     
     
      =
     
     
      Exp
     
     
      (I)
     
     
      because
     
     
      I
     
     
      is
     
     
      an
     
     
      ideal
     
     
      of
     
     
      V.
     
     
      Such
     
     
      a
     
     
      set
     
     
      has
     
     
      the
     
     
      form
     
     
      indicated
     
     
      in
     
     
      fig.
     
     
      2.
     
     
      The
     
     
      dotted
     
     
      part
     
     
      of
     
     
      the
     
     
      boundary
     
     
      of
     
     
      Exp
     
     
      (I)
     
     
      is
     
     
      denoted
     
     
      by
     
     
      ES
     
     
      (I)
     
     
      and
     
     
      will
     
     
      be
     
     
      called
     
     
      the
     
     
      stairs
     
     
      of 
     
     
      7.
     
     
      We
     
     
      shall
     
     
      use
     
     
      the
     
     
      following
     
     
      notation:
     
     
      ES
     
     
      (7)
     
     
      =
     
     
      {(a
     
     
      p
     
     
      ,p),(a
     
     
      p+1
     
     
      ,p+
     
     
      1
     
     
      ),...,(
     
     
      q
     
     
      ,,9)}
     
     
    
   
  

 
  
   
    
    
     
      
     
    
    
     
      6
     
     
      Claude
     
     
      Sabbah
     
     
      Figure
     
     
      1
     
     
      v
     
     
      Figure
     
     
      2
     
     
      where
     
     
      p
     
     
      is
     
     
      the
     
     
      minimal
     
     
      degree
     
     
      of
     
     
      elements
     
     
      in
     
     
      I
     
     
      and
     
     
      in
     
     
      general
     
     
      a
     
     
      ■
     
     
      is
     
     
      the
     
     
      minimal
     
     
      valuation
     
     
      of
     
     
      the
     
     
      elements
     
     
      of
     
     
      /
     
     
      which
     
     
      have
     
     
      degree
     
     
      j.
     
     
      These
     
     
      assertions
     
     
      are
     
     
      easily
     
     
      deduced
     
     
      from
     
     
      the
     
     
      division
     
     
      statement
     
     
      above.
     
     
      One
     
     
      then
     
     
      has
     
     
      (as
     
     
      can
     
     
      be
     
     
      seen
     
     
      on
     
     
      the
     
     
      picture)
     
     
      Exp
     
     
      (/)
     
     
      =
     
     
      U
     
     
      {(a
     
     
      j
     
     
      ,i)
     
     
      +
     
     
      Nx{0}}ü{(a„?)
     
     
      +
     
     
      N
     
     
      2
     
     
      }
     
     
      p<;'<?
     
     
      DEFINITION
     
     
      2.2.1.
     
     
      —
     
     
      A
     
     
      division
     
     
      basis
     
     
      of
     
     
      the
     
     
      ideal
     
     
      I
     
     
      consists
     
     
      of
     
     
      the
     
     
      data
     
     
      for
     
     
      all
     
     
      (
     
     
      ctj,j
     
     
      )
     
     
      £
     
     
      ES
     
     
      (7)
     
     
      of
     
     
      an
     
     
      element
     
     
      Pj
     
     
      of
     
     
      I
     
     
      with
     
     
      exp
     
     
      (Pj)
     
     
      =
     
     
      (a^,j).
     
     
      Remark.
     
     
      —
     
     
      Take
     
     
      a
     
     
      minimal
     
     
      system
     
     
      (c^
     
     
      ,j
     
     
      j),
     
     
      ...,
     
     
      (a
     
     
      }
     
     
      ,j
     
     
      r
     
     
      )
     
     
      of
     
     
      elements
     
     
      of
     
     
      ES
     
     
      (I)
     
     
      such
     
     
      that
     
     
      Exp
     
     
      (/)
     
     
      =
     
     
      (J(
     
     
      =1
     
     
      {(
     
     
      a
     
     
      j
     
     
      k
     
     
      ijk)
     
     
      +
     
     
      N
     
     
      2
     
     
      }
     
     
      (these
     
     
      are
     
     
      the
     
     
      vertices
     
     
      of
     
     
      the
     
     
      stairs
     
     
      where
     
     
      the
     
     
      angle
     
     
      is
     
     
      directed
     
     
      toward
     
     
      the
     
     
      origin).
     
     
      It
     
     
      is
     
     
      then
     
     
      easy
     
     
      to
     
     
      construct
     
     
      a
     
     
      division
     
     
      basis
     
     
      P
     
     
      p
     
     
      ,...,P
     
     
      q
     
     
      knowing
     
     
      only
     
     
      Pj
     
     
      ,...,
     
     
      P
     
     
      Jr
     
     
      (of
     
     
      course
     
     
      one
     
     
      must
     
     
      have
     
     
      j
     
     
      1
     
     
      =
     
     
      p
     
     
      and
     
     
      j
     
     
      r
     
     
      =
     
     
      q).
     
     
      The
     
     
      previous
     
     
      terminology
     
     
      comes
     
     
      from
     
     
      the
     
     
      following
     
     
      proposition:
     
     
      PROPOSITION
     
     
      2.2.2.
     
     
      —
     
     
      Let
     
     
      I
     
     
      be
     
     
      a
     
     
      proper
     
     
      ideal
     
     
      of
     
     
      V
     
     
      and
     
     
      let
     
     
      Pp
     
     
      ,...,P
     
     
      q
     
     
      be
     
     
      a
     
     
      division
     
     
      basis
     
     
      of
     
     
      I.
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      1.
     
     
      For
     
     
      all
     
     
      A
     
     
      É
     
     
      D
     
     
      there
     
     
      exist
     
     
      unique
     
     
      elements
     
     
      Q
     
     
      p
     
     
      ,
     
     
      Q
     
     
      p+
     
     
      j,
     
     
      ...,
     
     
      Q
     
     
      q
     
     
      _
     
     
      1
     
     
      €
     
     
      C
     
     
      {x}
     
     
      ;
     
     
      Q
     
     
      q
     
     
      €
     
     
      V
     
     
      and
     
     
      R
     
     
      €
     
     
      V
     
     
      such
     
     
      that
     
     
      A
     
     
      =
     
     
      Q
     
     
      p
     
     
      P
     
     
      p
     
     
      +
     
     
      ---
     
     
      +
     
     
      Q
     
     
      q
     
     
      P
     
     
      q
     
     
      +
     
     
      R
     
     
      with
     
     
      and
     
     
      deg
     
     
      S
     
     
      <
     
     
      p.
     
     
      77
     
     
      =
     
     
      deg
     
     
      A
     
     
      a
     
     
      i~
     
     
      1
     
     
      l=p
     
     
      k=0
     
     
      2.
     
     
      With
     
     
      these
     
     
      notations,
     
     
      one
     
     
      has
     
     
      A
     
     
      £
     
     
      I
     
     
      if
     
     
      and
     
     
      only
     
     
      if
     
     
      R
     
     
      =
     
     
      0.
     
     
      Consequently,
     
     
      all
     
     
      monomials
     
     
      appearing
     
     
      in
     
     
      R
     
     
      are
     
     
      essentially
     
     
      under
     
     
      the
     
     
      stairs
     
     
      of
     
     
      7
     
     
      (up
     
     
      to
     
     
      units
     
     
      u
     
     
      ke
     
     
      ).
     
     
      Remark
     
     
      that
     
     
      one
     
     
      can
     
     
      give
     
     
      an
     
     
      analogous
     
     
      statement
     
     
      using
     
     
      only
     
     
      the
     
     
      minimal
     
     
      system
     
     
      P^,...,
     
     
      P
     
     
      ^
     
     
      ,
     
     
      but
     
     
      in
     
     
      that
     
     
      case
     
     
      the
     
     
      operators
     
     
      Q
     
     
      h
     
     
      ,...,
     
     
      Qj
     
     
      r
     
     
      are
     
     
      in
     
     
      V.
     
     
      Proof.
     
     
      —
     
     
      The
     
     
      existence
     
     
      of
     
     
      such
     
     
      a
     
     
      division
     
     
      comes
     
     
      from
     
     
      ’
     
     
      the
     
     
      division
     
     
      statement
     
     
      2.1.1:
     
     
      one
     
     
      divides
     
     
      first
     
     
      A
     
     
      by
     
     
      P
     
     
      q
     
     
      ,
     
     
      then
     
     
      one
     
     
      divides
     
     
      the
     
     
      part
     
     
      of
     
     
      the
     
     
      remainder
     
     
      which
     
     
      is
     
     
      of
     
     
      degree
     
     
      less
     
     
      than
     
     
      q
     
     
      by
     
     
      P
     
     
      q
     
     
      _
     
     
      x
     
     
      ,
     
     
      and
     
     
      so
     
     
      on.
     
     
      Moreover
     
     
      one
     
     
      gets
     
     
      that
     
     
      A
     
     
      E
     
     
      I
     
     
      if
     
     
      and
     
     
      only
     
     
      if
     
     
      R
     
     
      €
     
     
      7.
     
     
      But
     
     
      if
     
     
      R
     
     
      0
     
     
      one
     
     
      has
     
     
      exp(7?)
     
     
      (f
     
     
      Exp
     
     
      (/),
     
     
      hence
     
     
      R
     
     
      £
     
     
      7
     
     
      if
     
     
      and
     
     
      only
     
     
      if
     
     
      R.
     
     
      —
     
     
      0.
     
     
      This
     
     
      gives
     
     
      the
     
     
      second
     
     
      part
     
     
      of
     
     
      the
     
     
      proposition
     
     
      and
     
     
      also
     
     
      the
     
     
      uniqueness
     
     
      of
     
     
      R.
     
     
      In
     
     
      order
     
     
      to
     
     
      show
     
     
      the
     
     
      uniqueness
     
     
      of
     
     
      Q
     
     
      p
     
     
      ,
     
     
      ...
     
     
      ,
     
     
      Q
     
     
      q
     
     
      it
     
     
      is
     
     
      sufficient
     
     
      to
     
     
      prove
     
     
      that
     
     
      if
     
     
      QpPp
     
     
      +
     
     
      -----
     
     
      b
     
     
      QqPq
     
     
      =
     
     
      0
     
     
      with
     
     
      Q
     
     
      p
     
     
      ,
     
     
      ...,
     
     
      Q
     
     
      q
     
     
      _i
     
     
      €
     
     
      C{x}
     
     
      and
     
     
      Q
     
     
      q
     
     
      €
     
     
      T)
     
     
      then
     
     
      all
     
     
      these
     
     
      operators
     
     
      are
     
     
      zero.
     
     
      This
     
     
      can
     
     
      be
     
     
      easily
     
     
      proved
     
     
      by
     
     
      considering
     
     
      the
     
     
      highest
     
     
      degree
     
     
      term
     
     
      of
     
     
      such
     
     
      a
     
     
      sum.
     
     
      □
     
     
      C
     
     
      orollary
     
     
      2.2.3.
     
     
      —
     
     
      Let
     
     
      V
     
     
      c
     
     
      /
     
     
      be
     
     
      two
     
     
      ideals
     
     
      of
     
     
      T>
     
     
      with
     
     
      ES
     
     
      (/')
     
     
      =
     
     
      ES(/).
     
     
      Then
     
     
      one
     
     
      has
     
     
      I'
     
     
      —
     
     
      I
     
     
      .
     
     
      Proof.
     
     
      —
     
     
      A
     
     
      division
     
     
      basis
     
     
      P
     
     
      p
     
     
      ,
     
     
      ...,
     
     
      P
     
     
      q
     
     
      for
     
     
      7'
     
     
      is
     
     
      also
     
     
      one
     
     
      for
     
     
      I.
     
     
      The
     
     
      criterion
     
     
      for
     
     
      an
     
     
      operator
     
     
      to
     
     
      belong
     
     
      to
     
     
      I'
     
     
      is
     
     
      then
     
     
      the 
     
     
      same
     
     
      as
     
     
      the
     
     
      one
     
     
      for
     
     
      7,
     
     
      because
     
     
      of
     
     
      the
     
     
      previous
     
     
      proposition.
     
     
      □
     
     
      2.3.
     
     
      An
     
     
      ideal
     
     
      is
     
     
      generated
     
     
      by
     
     
      two
     
     
      elements
     
     
      A
     
     
      division
     
     
      basis
     
     
      is
     
     
      then
     
     
      a
     
     
      system
     
     
      of
     
     
      generators
     
     
      of
     
     
      7,
     
     
      which 
     
     
      is
     
     
      sufficiently
     
     
      redundant
     
     
      in
     
     
      order
     
     
      that
     
     
      the
     
     
      previous
     
     
      proposition
     
     
      is
     
     
      true.
     
     
      However
     
     
      let
     
     
      us
     
     
      now
     
     
      prove
     
     
      PROPOSITION
     
     
      2.3.1.
     
     
      —
     
     
      If
     
     
      P
     
     
      p
     
     
      ,
     
     
      ...,
     
     
      P
     
     
      q
     
     
      is
     
     
      a
     
     
      division
     
     
      basis
     
     
      for
     
     
      I
     
     
      then
     
     
      I
     
     
      is
     
     
      gener
     
     
      ɐ
     
     
      ated
     
     
      by
     
     
      only
     
     
      P
     
     
      p
     
     
      and
     
     
      P
     
     
      q
     
     
      .
     
     
    
   
  

 
  
   
    
    
     
      
     
    
    
     
      8
     
     
      Claude
     
     
      Sabbah
     
     
      Proof.
     
     
      —
     
     
      Let
     
     
      J
     
     
      =
     
     
      D
     
     
      ■
     
     
      P
     
     
      p
     
     
      +
     
     
      D
     
     
      ■
     
     
      P
     
     
      q
     
     
      C
     
     
      I
     
     
      and
     
     
      consider
     
     
      the
     
     
      left
     
     
      P-module
     
     
      I
     
     
      /
     
     
      J
     
     
      .
     
     
      This
     
     
      is
     
     
      a
     
     
      finite
     
     
      type
     
     
      module
     
     
      over
     
     
      D
     
     
      but
     
     
      also
     
     
      over
     
     
      C{x):
     
     
      it
     
     
      is
     
     
      actually
     
     
      generated
     
     
      over
     
     
      C{x}
     
     
      by
     
     
      the
     
     
      classes
     
     
      of
     
     
      Pp+n
     
     
      ■
     
     
      ■
     
     
      ■
     
     
      ■>
     
     
      Pq-\
     
     
      due
     
     
      to
     
     
      2.2.2.
     
     
      The
     
     
      following
     
     
      lemma
     
     
      will
     
     
      be
     
     
      useful:
     
     
      L
     
     
      emma
     
     
      2.3.2.
     
     
      —
     
     
      The
     
     
      left
     
     
      D-module
     
     
      I
     
     
      I'D
     
     
      ■
     
     
      P
     
     
      p
     
     
      is
     
     
      a
     
     
      torsion
     
     
      module,
     
     
      i.e.
     
     
      for
     
     
      every
     
     
      A
     
     
      E
     
     
      I
     
     
      there
     
     
      exits
     
     
      k
     
     
      such
     
     
      that
     
     
      x
     
     
      k
     
     
      A
     
     
      £
     
     
      D 
     
     
      ■
     
     
      P
     
     
      p
     
     
      .
     
     
      In
     
     
      order
     
     
      to
     
     
      prove
     
     
      this
     
     
      lemma,
     
     
      one
     
     
      remarks
     
     
      that
     
     
      in
     
     
      the
     
     
      elementary
     
     
      division
     
     
      of
     
     
      A
     
     
      by
     
     
      P,
     
     
      if
     
     
      one
     
     
      has
     
     
      exp(A)
     
     
      €
     
     
      exp(P)
     
     
      +
     
     
      N
     
     
      2
     
     
      then
     
     
      the
     
     
      remainder
     
     
      R
     
     
      has
     
     
      degree
     
     
      less
     
     
      than
     
     
      degÆ
     
     
      Choose
     
     
      ni
     
     
      such
     
     
      that
     
     
      exp(x"M)
     
     
      €
     
     
      exp(P
     
     
      p
     
     
      )
     
     
      -f
     
     
      N
     
     
      2
     
     
      .
     
     
      One
     
     
      has
     
     
      x
     
     
      ni
     
     
      A
     
     
      =
     
     
      B,P
     
     
      p
     
     
      +
     
     
      R
     
     
      1
     
     
      deg
     
     
      R
     
     
      l
     
     
      <
     
     
      deg 
     
     
      A
     
     
      and
     
     
      by
     
     
      induction
     
     
      one
     
     
      finds
     
     
      n
     
     
      such
     
     
      that
     
     
      x
     
     
      n
     
     
      A
     
     
      =
     
     
      BP
     
     
      p
     
     
      +
     
     
      R
     
     
      with
     
     
      deg
     
     
      R
     
     
      <
     
     
      deg
     
     
      P
     
     
      p
     
     
      =
     
     
      p.
     
     
      But
     
     
      R
     
     
      belongs
     
     
      to
     
     
      /
     
     
      so
     
     
      R
     
     
      =
     
     
      0.
     
     
      □
     
     
      One
     
     
      concludes
     
     
      from
     
     
      this
     
     
      lemma
     
     
      that
     
     
      I
     
     
      /
     
     
      J
     
     
      is
     
     
      also
     
     
      a
     
     
      torsion
     
     
      module.
     
     
      In
     
     
      order
     
     
      to
     
     
      prove
     
     
      that
     
     
      7/J
     
     
      =
     
     
      {0},
     
     
      one
     
     
      uses
     
     
      the
     
     
      following
     
     
      lemma:
     
     
      LEMMA
     
     
      2.3.3.
     
     
      —
     
     
      Let
     
     
      A4
     
     
      be
     
     
      a
     
     
      left
     
     
      D-module
     
     
      of
     
     
      finite
     
     
      type,
     
     
      which
     
     
      is
     
     
      also
     
     
      of
     
     
      finite
     
     
      type
     
     
      over
     
     
      C{x}.
     
     
      Then
     
     
      A4
     
     
      is
     
     
      a
     
     
      free
     
     
      C{x}-module.
     
     
      Indeed,
     
     
      if
     
     
      A4
     
     
      is
     
     
      of
     
     
      finite
     
     
      type
     
     
      over
     
     
      C{x},
     
     
      the
     
     
      C-vector
     
     
      space
     
     
      M/xM
     
     
      has
     
     
      finite
     
     
      dimension.
     
     
      Let
     
     
      be
     
     
      a
     
     
      basis
     
     
      of
     
     
      this
     
     
      vector
     
     
      space
     
     
      and
     
     
      e
     
     
      1
     
     
      ,...,e
     
     
      n
     
     
      a
     
     
      set
     
     
      of
     
     
      representatives
     
     
      in
     
     
      A4.
     
     
      Nakayama
     
     
      ’
     
     
      s
     
     
      lemma
     
     
      shows
     
     
      that
     
     
      this
     
     
      set
     
     
      is
     
     
      a
     
     
      set
     
     
      of
     
     
      generators
     
     
      of
     
     
      A4
     
     
      over
     
     
      C{x}.
     
     
      Hence
     
     
      one
     
     
      gets
     
     
      a
     
     
      surjective
     
     
      mapping
     
     
      C{x}"
     
     
      —
     
     
      >
     
     
      A4
     
     
      —
     
     
      ►
     
     
      0
     
     
      which
     
     
      induces
     
     
      an
     
     
      isomorphism
     
     
      modulo
     
     
      the
     
     
      maximal
     
     
      ideal.
     
     
      Let
     
     
      K
     
     
      be
     
     
      the
     
     
      kernel
     
     
      of
     
     
      this
     
     
      mapping.
     
     
      We
     
     
      shall
     
     
      prove
     
     
      that
     
     
      K
     
     
      =
     
     
      0.
     
     
      An
     
     
      element
     
     
      in
     
     
      K
     
     
      can
     
     
      be
     
     
      written
     
     
      with
     
     
      ai
     
     
      Ç
     
     
      C{x}
     
     
      and
     
     
      (e
     
     
      t
     
     
      )
     
     
      t=1
     
     
      ...
     
     
      n
     
     
      is
     
     
      the
     
     
      canonical
     
     
      basis
     
     
      of
     
     
      C{x}".
     
     
      One
     
     
      then
     
     
      has
     
     
      53
     
     
      a
     
     
      i
     
     
      'C;
     
     
      =
     
     
      0
     
     
      in
     
     
      A4.
     
     
      Hence,
     
     
      because
     
     
      A4
     
     
      is
     
     
      also
     
     
      a
     
     
      left
     
     
      D-
     
     
      module,
     
     
      one
     
     
      has
     
     
      d
     
     
      x
     
     
      (Yl
     
     
      a
     
     
      ie
     
     
      i)
     
     
      =
     
     
      0.
     
     
      Put
     
     
      d
     
     
      x
     
     
      ej
     
     
      =
     
     
      53
     
     
      Then
     
     
      for
     
     
      all
     
     
      i
     
     
      one
     
     
      gets
     
     
      53,
     
     
      (da^dx
     
     
      +
     
     
      53y
     
     
      e
     
     
      ;
     
     
      =
     
     
      0
     
     
      and
     
     
      so
     
     
      53;
     
     
      (da,/dx
     
     
      +
     
     
      53
     
     
      j
     
     
      a
     
     
      jbji)
     
     
      €
     
     
      K.
     
     
      Continuing
     
     
      this
     
     
      process
     
     
      one
     
     
      is
     
     
      led
     
     
      to
     
     
      the
     
     
      case
     
     
      where
     
     
      there
     
     
      exists
     
     
      i
     
     
      such
     
     
      that
     
     
      u(o,)
     
     
      —
     
     
      0
     
     
      (i.e.
     
     
      a,-
     
     
      is
     
     
      a
     
     
      unit).
     
     
      Considering
     
     
      now
     
     
      the
     
     
      class 
     
     
      modulo
     
     
      the
     
     
      maximal
     
     
      ideal
     
     
      one
     
     
      obtains
     
     
      a
     
     
      contradiction
     
     
      if
     
     
      K
     
     
      ^ 
     
     
      0.
     
     
      This
     
     
      concludes
     
     
      the
     
     
      proof
     
     
      of
     
     
      the
     
     
      lemma
     
     
      and
     
     
      consequently
     
     
      the
     
     
      proof
     
     
      of
     
     
      the
     
     
      proposition.
     
     
      □
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      As
     
     
      an
     
     
      easy
     
     
      consequence
     
     
      one
     
     
      gets
     
     
      COROLLARY
     
     
      2.3.4.
     
     
      —
     
     
      If
     
     
      M
     
     
      is
     
     
      a
     
     
      left
     
     
      V-module
     
     
      of
     
     
      finite
     
     
      type
     
     
      which
     
     
      is
     
     
      also
     
     
      a
     
     
      finite
     
     
      dimensional
     
     
      vector
     
     
      space,
     
     
      then
     
     
      A4
     
     
      =
     
     
      {0}.
     
     
      □
     
     
      This
     
     
      is
     
     
      a
     
     
      way
     
     
      to
     
     
      express
     
     
      Bernstein
     
     
      inequality.
     
     
      One
     
     
      can
     
     
      give
     
     
      an
     
     
      easy
     
     
      direct
     
     
      proof
     
     
      of
     
     
      this:
     
     
      one
     
     
      considers
     
     
      the
     
     
      trace
     
     
      of
     
     
      the
     
     
      commutator
     
     
      [
     
     
      d
     
     
      x
     
     
      ,x
     
     
      ]
     
     
      on
     
     
      A4.
     
     
      It
     
     
      must
     
     
      be
     
     
      zero 
     
     
      because
     
     
      A4
     
     
      is
     
     
      a
     
     
      finite
     
     
      dimensional
     
     
      vector
     
     
      space
     
     
      and
     
     
      dim
     
     
      A4
     
     
      because
     
     
      A4
     
     
      is
     
     
      a
     
     
      left 
     
     
      ©-module.
     
     
      Hence
     
     
      A4
     
     
      =
     
     
      {0}.
     
     
      2.3.5.
     
     
      Exercises.
     
     
      1.
     
     
      Show
     
     
      that
     
     
      if
     
     
      a
     
     
      left
     
     
      ideal
     
     
      I
     
     
      of
     
     
      ©
     
     
      is
     
     
      generated
     
     
      by
     
     
      one
     
     
      element
     
     
      P
     
     
      then
     
     
      P
     
     
      is
     
     
      a
     
     
      division
     
     
      basis
     
     
      for
     
     
      7.
     
     
      2.
     
     
      Let
     
     
      P
     
     
      =
     
     
      x
     
     
      4
     
     
      (l
     
     
      +
     
     
      x)dl
     
     
      +
     
     
      x
     
     
      3
     
     
      (l
     
     
      +
     
     
      x
     
     
      2
     
     
      )d
     
     
      3
     
     
      +
     
     
      1.
     
     
      Divide
     
     
      P
     
     
      by
     
     
      xd
     
     
      x
     
     
      + 
     
     
      3
     
     
      and
     
     
      also
     
     
      by
     
     
      x
     
     
      2
     
     
      d
     
     
      3
     
     
      +
     
     
      1.
     
     
      3.
     
     
      Let
     
     
      I
     
     
      be
     
     
      a
     
     
      left
     
     
      ideal
     
     
      of
     
     
      V
     
     
      given
     
     
      by
     
     
      a
     
     
      set
     
     
      of
     
     
      generators
     
     
      (Pi
     
     
      ,
     
     
      ...,
     
     
      P
     
     
      r
     
     
      ).
     
     
      Imagine
     
     
      a
     
     
      simple
     
     
      algorithm
     
     
      in
     
     
      order
     
     
      to
     
     
      construct
     
     
      a
     
     
      division
     
     
      basis
     
     
      for
     
     
      7.
     
     
      3.
     
     
      Holonomie
     
     
      ©-modules
     
     
      3.1.
     
     
      Differential
     
     
      systems,
     
     
      solutions
     
     
      3.1.1.
     
     
      —
     
     
      Let
     
     
      P
     
     
      be
     
     
      a
     
     
      linear
     
     
      differential
     
     
      operator
     
     
      with
     
     
      coefficients
     
     
      in
     
     
      C{x},
     
     
      written
     
     
      as
     
     
      P
     
     
      =
     
     
      Yli=i
     
     
      a
     
     
      i(
     
     
      x
     
     
      )d
     
     
      x
     
     
      ,
     
     
      with
     
     
      a,
     
     
      G
     
     
      C{x}.
     
     
      One
     
     
      says
     
     
      that
     
     
      0
     
     
      is
     
     
      a
     
     
      singular
     
     
      point
     
     
      for
     
     
      P
     
     
      if
     
     
      a
     
     
      d
     
     
      (0)
     
     
      =0.
     
     
      If
     
     
      0
     
     
      is
     
     
      not
     
     
      singular
     
     
      then
     
     
      P
     
     
      admits
     
     
      d
     
     
      solutions
     
     
      in
     
     
      C{x}
     
     
      and
     
     
      these
     
     
      are
     
     
      independant
     
     
      over
     
     
      C.
     
     
      Generally
     
     
      speaking,
     
     
      if
     
     
      u
     
     
      is
     
     
      a
     
     
      solution
     
     
      for
     
     
      P
     
     
      in
     
     
      some
     
     
      functional
     
     
      space
     
     
      then
     
     
      u
     
     
      is
     
     
      also
     
     
      a
     
     
      solution
     
     
      for
     
     
      any
     
     
      operator
     
     
      of
     
     
      the
     
     
      form
     
     
      Q
     
     
      ■
     
     
      P
     
     
      with
     
     
      Q
     
     
      G
     
     
      ©.
     
     
      Hence
     
     
      the
     
     
      solutions
     
     
      depend
     
     
      only
     
     
      on
     
     
      the
     
     
      left
     
     
      ideal
     
     
      7
     
     
      of
     
     
      ©
     
     
      generated
     
     
      by
     
     
      P.
     
     
      More
     
     
      precisely,
     
     
      let
     
     
      T
     
     
      be
     
     
      a
     
     
      function
     
     
      space
     
     
      acted
     
     
      on
     
     
      by
     
     
      differential
     
     
      operators.
     
     
      A
     
     
      solution
     
     
      u
     
     
      of
     
     
      P
     
     
      in
     
     
      T
     
     
      defines
     
     
      a
     
     
      left
     
     
      ©-linear
     
     
      morphism
     
     
      ©/7
     
     
      —
     
     
      »
     
     
      T
     
     
      given
     
     
      by
     
     
      Q
     
     
      i
     
     
      —
     
     
      ►
     
     
      Q(u).
     
     
      The
     
     
      space
     
     
      of
     
     
      solutions
     
     
      (which
     
     
      is
     
     
      a
     
     
      C-vector
     
     
      space)
     
     
      depends
     
     
      only 
     
     
      on
     
     
      the 
     
     
      left
     
     
      ©-module
     
     
      ©/7.
     
     
      We
     
     
      are
     
     
      therefore
     
     
      led
     
     
      to
     
     
      the
     
     
      following
     
     
      definition:
     
     
      DEFINITION
     
     
      3.1.2.
     
     
      —
     
     
      A
     
     
      linear
     
     
      differential
     
     
      system
     
     
      is
     
     
      a
     
     
      left
     
     
      T>-module
     
     
      of
     
     
      finite
     
     
      type.
     
     
      Because
     
     
      ©
     
     
      is
     
     
      left
     
     
      noetherian,
     
     
      one
     
     
      verifies
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      3.1.3.
     
     
      —
     
     
      A
     
     
      differential
     
     
      system
     
     
      A4
     
     
      is
     
     
      of
     
     
      finite
     
     
      presentation,
     
     
      i.e.
     
     
      there
     
     
      exists
     
     
      an
     
     
      exact
     
     
      sequence
     
     
      V
     
     
      -
     
     
      ^
     
     
      P
     
     
      p
     
     
      —
     
     
      »
     
     
      A4
     
     
      —
     
     
      >0
     
     
      where
     
     
      ip
     
     
      is
     
     
      given
     
     
      by
     
     
      the
     
     
      right
     
     
      multiplication
     
     
      by
     
     
      some
     
     
      matrix
     
     
      $
     
     
      with
     
     
      coefficients
     
     
      in
     
     
      V.
     
     
      □
     
     
      3.1.4.
     
     
      Some
     
     
      function
     
     
      spaces.
     
     
      1.
     
     
      C{x},
     
     
      C[x]
     
     
      2.
     
     
      K
     
     
      =
     
     
      C{z}
     
     
      [*-»],
     
     
      K
     
     
      d
     
     
      4
     
     
      f
     
     
      C[x]
     
     
      [x-
     
     
      1
     
     
      ]
     
     
      3.
     
     
      Af
     
     
      op
     
     
      =
     
     
      f
     
     
      V/V
     
     
      ■
     
     
      (
     
     
      xd
     
     
      x
     
     
      —
     
     
      a)
     
     
      p+1
     
     
      ,
     
     
      with
     
     
      a
     
     
      g
     
     
      C
     
     
      and
     
     
      p
     
     
      E
     
     
      N.
     
     
      This
     
     
      P-module
     
     
      is
     
     
      the
     
     
      set
     
     
      of
     
     
      Nilsson
     
     
      class
     
     
      functions
     
     
      isomorphic
     
     
      as
     
     
      a
     
     
      C{z}-module
     
     
      to
     
     
      ®
     
     
      p
     
     
      _
     
     
      0
     
     
      K
     
     
      ®
     
     
      x
     
     
      “
     
     
      (log
     
     
      x)
     
     
      k
     
     
      /k\.
     
     
      These
     
     
      are
     
     
      germs
     
     
      of
     
     
      multi-valued
     
     
      functions
     
     
      of
     
     
      the
     
     
      variable
     
     
      x.
     
     
      4.
     
     
      O
     
     
      is
     
     
      the
     
     
      space
     
     
      of
     
     
      germs
     
     
      of
     
     
      all
     
     
      multi-valued
     
     
      functions.
     
     
      3.2.
     
     
      Good
     
     
      filtrations,
     
     
      characteristic
     
     
      variety
     
     
      Let
     
     
      A4
     
     
      be
     
     
      a
     
     
      differential
     
     
      system.
     
     
      If
     
     
      A4
     
     
      =
     
     
      V/V-
     
     
      P,
     
     
      one
     
     
      may
     
     
      associate
     
     
      with
     
     
      A4
     
     
      the
     
     
      graded
     
     
      gr
     
     
      F
     
     
      P-module
     
     
      gr
     
     
      F
     
     
      V/gr
     
     
      F
     
     
      V
     
     
      ■
     
     
      <r(P).
     
     
      We
     
     
      want
     
     
      now
     
     
      to
     
     
      associate
     
     
      such
     
     
      a
     
     
      graded
     
     
      module
     
     
      to
     
     
      each
     
     
      differential
     
     
      system.
     
     
      DEFINITION
     
     
      3.2.1.
     
     
      —
     
     
      Let
     
     
      FM
     
     
      be
     
     
      an
     
     
      increasing
     
     
      filtration
     
     
      of
     
     
      A4
     
     
      indexed
     
     
      by
     
     
      Z.
     
     
      1.
     
     
      We
     
     
      say
     
     
      that
     
     
      (A4,
     
     
      F
     
     
      A4)
     
     
      is
     
     
      a
     
     
      filtered
     
     
      module
     
     
      over
     
     
      the
     
     
      filtered
     
     
      ring
     
     
      (V,FV)
     
     
      if
     
     
      A4
     
     
      =
     
     
      (J
     
     
      F
     
     
      k
     
     
      A4
     
     
      and
     
     
      there
     
     
      exists
     
     
      i
     
     
      such
     
     
      that
     
     
      F
     
     
      kA4
     
     
      =
     
     
      0
     
     
      for
     
     
      k
     
     
      <
     
     
      i.
     
     
      Moreover
     
     
      one
     
     
      asks
     
     
      that
     
     
      for
     
     
      all
     
     
      k
     
     
      and
     
     
      (.
     
     
      FfD
     
     
      ■
     
     
      F
     
     
      k
     
     
      A4
     
     
      C
     
     
      F
     
     
      k
     
     
      +e
     
     
      A4.
     
     
      2.
     
     
      We
     
     
      say
     
     
      that
     
     
      the
     
     
      filtered
     
     
      module
     
     
      is
     
     
      good
     
     
      (or
     
     
      that
     
     
      the
     
     
      filtration
     
     
      F
     
     
      A4
     
     
      is
     
     
      good)
     
     
      if
     
     
      moreover
     
     
      one
     
     
      has
     
     
      the
     
     
      following
     
     
      two
     
     
      properties:
     
     
      F
     
     
      k
     
     
      A4
     
     
      is
     
     
      a
     
     
      C{x}
     
     
      module
     
     
      of
     
     
      finite
     
     
      type
     
     
      for
     
     
      all
     
     
      k
     
     
      and
     
     
      there
     
     
      exists
     
     
      ko
     
     
      such
     
     
      that
     
     
      for
     
     
      all
     
     
      k
     
     
      >
     
     
      ko
     
     
      and
     
     
      for
     
     
      all
     
     
      t
     
     
      one
     
     
      has
     
     
      F(D
     
     
      ■
     
     
      F
     
     
      k
     
     
      A4
     
     
      =
     
     
      Fk+e
     
     
      A4.
     
     
      Remark
     
     
      that
     
     
      if
     
     
      (A4,
     
     
      F
     
     
      A4)
     
     
      is
     
     
      a
     
     
      filtered
     
     
      module,
     
     
      then
     
     
      the
     
     
      associated
     
     
      graded
     
     
      module
     
     
      gr
     
     
      F
     
     
      A4
     
     
      =
     
     
      ©grf
     
     
      A4
     
     
      d
     
     
      ^
     
     
      f
     
     
      0
     
     
      FkM/F^M
     
     
      ke
     
     
      z
     
     
      kez
     
     
      is
     
     
      naturally
     
     
      equipped
     
     
      with
     
     
      a
     
     
      structure
     
     
      of
     
     
      module
     
     
      over
     
     
      gv
     
     
      F
     
     
      V.
     
     
      One
     
     
      has
     
     
      the
     
     
      following 
     
     
      caracterization
     
     
      of
     
     
      a
     
     
      good
     
     
      filtration:
     
     
      PROPOSITION
     
     
      3.2.2.
     
     
      —
     
     
      Let
     
     
      (
     
     
      M,FA4
     
     
      )
     
     
      be
     
     
      a
     
     
      filtered
     
     
      left
     
     
      V-module.
     
     
      Then
     
     
      the
     
     
      following
     
     
      conditions
     
     
      are
     
     
      equivalent:
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      1.
     
     
      F
     
     
      Ad.
     
     
      is
     
     
      a
     
     
      good
     
     
      filtration
     
     
      of
     
     
      Ai
     
     
      (relatively
     
     
      to
     
     
      FT>).
     
     
      2.
     
     
      gr
     
     
      F
     
     
      Ai
     
     
      is
     
     
      a
     
     
      gr
     
     
      F
     
     
      l^-module
     
     
      of
     
     
      finite
     
     
      type.
     
     
      3.
     
     
      There
     
     
      exists
     
     
      a
     
     
      surjective
     
     
      morphism
     
     
      V
     
     
      p
     
     
      —
     
     
      >
     
     
      A4
     
     
      —
     
     
      *
     
     
      0,
     
     
      a
     
     
      decomposition
     
     
      p
     
     
      =
     
     
      Pi
     
     
      (and
     
     
      T>
     
     
      p
     
     
      =
     
     
      ©,
     
     
      T>
     
     
      p
     
     
      '
     
     
      )
     
     
      and
     
     
      integers
     
     
      n,
     
     
      such
     
     
      that
     
     
      F
     
     
      Ai
     
     
      is
     
     
      the
     
     
      filtration
     
     
      of
     
     
      Ai
     
     
      induced
     
     
      by
     
     
      (Bi
     
     
      FV
     
     
      Pi
     
     
      [ni\,
     
     
      where
     
     
      one
     
     
      denotes
     
     
      by
     
     
      F[n]
     
     
      the
     
     
      filtration
     
     
      defined
     
     
      by
     
     
      F[n]
     
     
      k
     
     
      =
     
     
      Moreover,
     
     
      if
     
     
      Ai
     
     
      admits
     
     
      a
     
     
      good
     
     
      filtration
     
     
      then
     
     
      Ai
     
     
      is
     
     
      of
     
     
      finite
     
     
      type
     
     
      overV.
     
     
      Proof.
     
     
      —
     
     
      We
     
     
      shall
     
     
      just
     
     
      give
     
     
      a
     
     
      sketch
     
     
      of
     
     
      proof,
     
     
      the 
     
     
      details
     
     
      are
     
     
      left
     
     
      as
     
     
      an
     
     
      exercise. 
     
     
      First,
     
     
      given
     
     
      some
     
     
      filtered
     
     
      X>-module
     
     
      (A4, 
     
     
      F
     
     
      Ai),
     
     
      any
     
     
      submodule
     
     
      A4
     
     
      1
     
     
      and
     
     
      any
     
     
      quo
     
     
      ɐ
     
     
      tient
     
     
      A4"
     
     
      come
     
     
      equipped
     
     
      with
     
     
      a
     
     
      structure
     
     
      of
     
     
      filtered
     
     
      module:
     
     
      just
     
     
      use
     
     
      the
     
     
      naturally
     
     
      induced
     
     
      filtration
     
     
      F
     
     
      k
     
     
      A4'
     
     
      =
     
     
      F
     
     
      k
     
     
      A4
     
     
      fl
     
     
      A4'
     
     
      and
     
     
      F
     
     
      k
     
     
      A4"
     
     
      =
     
     
      Im
     
     
      (F
     
     
      k
     
     
      A4
     
     
      —
     
     
      >
     
     
      Ai").
     
     
      One
     
     
      shows
     
     
      easily
     
     
      that
     
     
      a
     
     
      good
     
     
      filtration
     
     
      of
     
     
      A4
     
     
      induces
     
     
      a
     
     
      good
     
     
      filtration
     
     
      on
     
     
      a
     
     
      quotient
     
     
      module.
     
     
      So
     
     
      the
     
     
      third
     
     
      property
     
     
      implies
     
     
      the
     
     
      first.
     
     
      The
     
     
      converse
     
     
      is
     
     
      proven
     
     
      by
     
     
      taking
     
     
      generators
     
     
      of
     
     
      A4
     
     
      wich
     
     
      are
     
     
      adapted
     
     
      to
     
     
      the
     
     
      filtration
     
     
      (take
     
     
      generators
     
     
      of
     
     
      each
     
     
      FkA4
     
     
      over
     
     
      C{æ}
     
     
      for
     
     
      k
     
     
      <
     
     
      k
     
     
      0).
     
     
      The
     
     
      third
     
     
      property
     
     
      implies
     
     
      the
     
     
      second
     
     
      one,
     
     
      just
     
     
      by
     
     
      grading
     
     
      the
     
     
      morphism
     
     
      1
     
     
      F
     
     
      —
     
     
      y
     
     
      A4.
     
     
      The
     
     
      converse
     
     
      is
     
     
      proven
     
     
      in
     
     
      the
     
     
      same
     
     
      way
     
     
      as
     
     
      in
     
     
      1.3.5.
     
     
      □
     
     
      Remark
     
     
      however
     
     
      that
     
     
      condition
     
     
      2
     
     
      holds
     
     
      because
     
     
      one
     
     
      knows
     
     
      that
     
     
      FkA4
     
     
      =
     
     
      0
     
     
      for
     
     
      k
     
     
      <
     
     
      C
     
     
      0.
     
     
      Remark
     
     
      also
     
     
      that
     
     
      a
     
     
      differential
     
     
      system
     
     
      admits
     
     
      many
     
     
      good
     
     
      filtrations
     
     
      (so
     
     
      at
     
     
      least
     
     
      one).
     
     
      P
     
     
      roposition
     
     
      3.2.3.
     
     
      —
     
     
      Let
     
     
      F
     
     
      A4
     
     
      and
     
     
      F'
     
     
      A4
     
     
      be
     
     
      two
     
     
      good
     
     
      filtrations
     
     
      of
     
     
      A4.
     
     
      Then
     
     
      there
     
     
      exists
     
     
      f
     
     
      0
     
     
      such
     
     
      that
     
     
      for
     
     
      all
     
     
      k
     
     
      one
     
     
      has
     
     
      F
     
     
      k-c
     
     
      0
     
     
      C
     
     
      Fl
     
     
      C
     
     
      F
     
     
      k+(o
     
     
      .
     
     
      Proof.
     
     
      —
     
     
      Let
     
     
      k'
     
     
      0
     
     
      such
     
     
      that
     
     
      F
     
     
      f
     
     
      V
     
     
      ■
     
     
      F'
     
     
      k
     
     
      A4
     
     
      =
     
     
      F'
     
     
      k+
     
     
      ?M
     
     
      for
     
     
      all
     
     
      i
     
     
      and
     
     
      all
     
     
      k
     
     
      >
     
     
      k'
     
     
      0
     
     
      .
     
     
      There
     
     
      exists
     
     
      i
     
     
      0
     
     
      such
     
     
      that
     
     
      F'
     
     
      k,^A4
     
     
      C
     
     
      F
     
     
      (
     
     
      q
     
     
      A4:
     
     
      indeed
     
     
      for
     
     
      all
     
     
      k,
     
     
      F
     
     
      e
     
     
      A4
     
     
      fl
     
     
      Ff
     
     
      A4
     
     
      is
     
     
      a
     
     
      sub-Cjx}-
     
     
      module
     
     
      of
     
     
      finite
     
     
      type
     
     
      of
     
     
      F!,
     
     
      A4
     
     
      and
     
     
      one
     
     
      has
     
     
      *0
     
     
      U
     
     
      [F
     
     
      e
     
     
      A4nF(,A4]
     
     
      e
     
     
      hence
     
     
      this
     
     
      sequence
     
     
      (indexed
     
     
      by
     
     
      i)
     
     
      is
     
     
      stationary.
     
     
      Therefore
     
     
      one
     
     
      concludes
     
     
      that
     
     
      for 
     
     
      all
     
     
      k
     
     
      <
     
     
      k'
     
     
      0
     
     
      one
     
     
      has
     
     
      F'
     
     
      k
     
     
      A4
     
     
      C
     
     
      F
     
     
      k+
     
     
      i
     
     
      0
     
     
      A4
     
     
      and
     
     
      for
     
     
      k
     
     
      >
     
     
      k'
     
     
      0
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Algebraic theory of differential equations 3

where the R.H.S. is the multiplication operator by 8f/dz; this means that for all
g € C[z] one has:

a _9fg 099 _Of

a'f] 9= f9: "% "
One defines the Weyl algebra A,(C) (resp. the algebra D of linear differential
operators with coefficients in C{z}, resp. the algebra D (coefficients in C[z])) as
the quotient algebra of the free algebra generated by the coefficient ring and an

element denoted by d;, quotient by the relations (1.2.2) for all f in the ring of
coefficients. We shall use the following notation: A,(C) = C[z](0:) ...

Remark. — A,(C) is a non commutative algebra. By definition, C[z] is a left
module on A,(C): 8; operates as 3/dz, and f € C[z] operates as mutliplication by
f, the product in A,(C) is then induced by the composition law of operators.

PROPOSITION 1.2.3. — Every element in A,(C) (resp. D, D) can be written
in a unique way as 0o a;()d:, where for all i, a,(z) € C[z] (resp. ...).

Proof. — Every element in A,(C) is a sum of “monomials” which are products
of powers of 9. and elements of C[z]. Such a monomial can be written a,(z)d2 -+
a,(z)d*. One uses the commutation relations (1.2.2) in order to write it in the
expected form. One has to show now that an element P = Y a,(z)d: is not zero
in A,(C) if and only if one of the coefficients a; is not zero. In order to do that, it
suffices to let A,(C) act on C[z] (on the left) in the way explained before and to
find a nonzero f € C[z] such that P(f) # 0 (left as an exercise). O

1.2.4. Some formulae. —  The following (easy to prove) formulae may be
useful:
[a,,zk] = kzk-1
[0i,2) = joit
[61‘,1'"] A Zk(k— - (k—it 1)"](] -1--(G-i+ l)zk-iai-i

1
> 1!

where by convention negative powers are zero and zero powers equal 1.

1.3. Some properties

1.3.1. — Denote now by A one of the three rings of coefficients considered
above. The ring A(d) comes equipped with an increasing filtration denoted by
F (A(0:)): an operator P is in F} if the maximal total power of 3, that appears in
a monomial of P is less than or equal to k. The degree of P (denoted by deg P)
with respect to F'A(d.) is the unique integer k such that P € F,A(d;) — F,_,A(d.).
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//var addEvent = (function () {

//  return function (el, type, fn) {

//    if (el && el.nodeName || el === window) {

//      el.addEventListener(type, fn, false);

//    } else if (el && el.length) {

//      for (var i = 0; i < el.length; i++) {
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//      }
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//var prevent = function(event) {   

//  event.preventDefault();

//};



//function isEventSupported(eventName) {

//  var el = document.createElement('div');

//  eventName = 'on' + eventName;

//  var isSupported = (eventName in el);

//  if (!isSupported) {

//    el.setAttribute(eventName, 'return;');

//    isSupported = typeof el[eventName] == 'function';

//  }

//  el = null;

//  return isSupported;

//}



var isPad = (navigator.userAgent.match(/iPad/i))

        || (navigator.userAgent.match(/iPhone/i))

        || (navigator.userAgent.match(/iPod/i));





function addLoadEvent(fn) {

	window.addEventListener('load', fn, false);

}



function addClickEvent(id, fn) {

	var box = el3(id);

	// preventDefaultTouch(box);

	if (isPad) {

		box.addEventListener("touchend", fn, false);

	} else {

		box.addEventListener('click', fn, false);

		box.addEventListener('mouseover', (function() {

			box.style.cursor = 'pointer';
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	}
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function el3(id) {

	return document.getElementById(id);

}



function style3(id) {

	return document.getElementById(id).style;

}



function show3(id) {

	style3(id).visibility = "visible";

}



function hide3(id) {

	style3(id).visibility = "hidden";

}



function replaceAll(text, find, replace) {

	while (text.indexOf(find) > -1) {

		text = text.replace(find, replace);

	}

	return text;

}



function htmlize(html) {

	html = replaceAll(html, "[[", "<");

	html = replaceAll(html, "]]", ">");

	return html;

}



var closeAudioIDHandler = function(event) {

	event.preventDefault();

	closeAudioID();

};



var closeVideoIDHandler = function(event) {

	event.preventDefault();

	closeVideoID();

};



function closeAudioID() {

	var audio = el3("audioID");

	if (audio != null) {

		audio.pause();

		audio.parentElement.style.visibility = "hidden";

		audio.parentElement.innerHTML = null;

	}

}



function closeVideoID() {

	var video = el3("videoID");

	if (video != null) {

		video.pause();

		video.parentElement.style.visibility = "hidden";

		video.parentElement.innerHTML = null;

	}

}



function addAudioID(boxID, html) {

	closeAudioID();

	var box = el3(boxID);

	box.innerHTML = null;

	box.innerHTML = htmlize(html);

	box.style.visibility = "visible";

	var audio = el3("audioID");

	if (audio != null) {

		// audio.setAttributeNS("http://apple.com/ibooks/html-extensions",

		// "pause-readaloud", "true");

		audio.load();

		audio.play();

	}

	addClickEvent("audioCloseID", closeAudioIDHandler);

}



function addVideoID(boxID, html) {
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	box.style.visibility = "visible";

	var video = el3("videoID");
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	}

	addClickEvent("videoCloseID", closeVideoIDHandler);

}



function clickPlayAudio(clickID, boxID, html) {

	addClickEvent(clickID, function(event) {

		event.preventDefault();

		addAudioID(boxID, html);

	});

}



function clickPlayVideo(clickID, boxID, html) {

	// preventDefaultTouch(el3(clickID));

	addClickEvent(clickID, function(event) {

		event.preventDefault();

		addVideoID(boxID, html);

	});

}



function clickModal(clickID, modalID) {

	// preventDefaultTouch(el3(clickID));

	addClickEvent(clickID, function(event) {

		event.preventDefault();

		Popup.showModal(modalID, null, null, {

			'screenColor' : '#99ff99',

			'screenOpacity' : .6

		});

		return false;

	});

}



function clickShow(clickID, showID) {

    addClickEvent(clickID, function(event) {

        event.preventDefault();

        show3(showID);

    });

}



function clickHide(clickID, hideID) {

    addClickEvent(clickID, function(event) {

        event.preventDefault();

        hide3(hideID);

    });

}



function clickPlay(clickID, mediaID) {

    addClickEvent(clickID, function(event) {

        event.preventDefault();

        var media = el3(mediaID);

        if (media != null) {          

          media.play();

        }

    });
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function clickPause(clickID, mediaID) {

    addClickEvent(clickID, function(event) {

        event.preventDefault();

        var media = el3(mediaID);

        if (media != null) {          

          media.pause();

        }

    });

}



function browserVersion(elID) {

    var box = el3(elID);

    box.innerHTML = null;

    box.innerHTML = navigator.userAgent;

}



function initJS() {



}



window.addEventListener("DOMContentLoaded", initJS, false);
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where p is the minimal degree of elements in / and in general a; is the minimal
valuation of the elements of I which have degree j. These assertions are easily
deduced from the division statement above. One then has (as can be seen on the
picture)
Exp()= U {(eju) + N x {0}} U{(en0) + N}
P<i<q

DEFINITION 2.2.1. — A division basis of the ideal I consists of the data for

all (a;,7) € ES(I) of an element P; of I with exp(P;) = (a;,j)-

Remark. — Take a minimal system (ah,jl), -y (@;,,J,) of elements of ES (1)

such that Exp (I') = Ui, {(uj‘,j,,) + N7} (these are the vertices of the stairs where
the angle is directed toward the origin). It is then easy to construct a division basis

P,, ..., P, knowing only Piyees P;_(of course one must have j; = p and j, = q).

The previous terminology comes from the following proposition:

PROPOSITION 2.2.2. — Let I be a proper ideal of D and let P,,...,F, be a
division basis of I.
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Algebraic theory of differential equations 5

2. The structure of left ideals of D

In this section, we shall consider only a local situation. The ring of coefficients
will then be either C{z} or C[z]. We shall only consider the case of convergent
coefficients, the case of formal coefficients being completely analogous.

2.1. Division by an operator
Let P € D written as P = ag(z)d? + - - - + ao(z), with ag # 0. By definition, the
exponent of P is the pair of integers

exp(P) = (v(ag),d) € N?

where d = deg P and v(ag) is the valuation of ag. This exponent is additive under
product:

exp(PQ) = exp(P) + exp(Q)
(sum in N?). In fact, if Q@ = b.(2)d%+ - - - + bo(z), one can write PQ = azb 03+ + R
with deg R < d + e. One deduces of this a “division statement”:

PROPOSITION 2.1.1. — Let A € D and P € D with exp(P) = (v,d). There
exists a unique pair (Q, R) of elements of D such that

1. A=PQ+R
2. R= Yy} Sit" u, o (2)2*0L + S with deg S < d and uy,, is a unit.

Remark. — One has an analogous statement (division on the right): A =
PQ'+R.
Proof. — The proof of the proposition is elementary (induction on deg A). The

pairs (k,£) which appear in the expansion of R are contained in the dotted part of

fig. 1.

2.2. Division basis

Given an ideal 1, the set Exp (I) is defined as the subset of N? consisting of all
exp(P) for P € I. One has

Exp (1) + N? = Exp (/)
because I is an ideal of D. Such a set has the form indicated in fig. 2. The dotted

part of the boundary of Exp (1) is denoted by ES (1) and will be called the stairs of
I. We shall use the following notation:

ES (1) = {(ey), (aps1op + 1), (2, 0)}
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1. FM is a good filtration of M (relatively to FD).
2. gr M is a gr" D-module of finite type.

3. There ezists a surjective morphism DP — M — 0, a decomposition p = 3_; p;
(and D* = @, D" ) and integers n; such that F M is the filtration of M induced
by @; FD¥[n;], where one denotes by F[n] the filtration defined by F[n]x =
Fu+k~

Moreover, if M admits a good filtration then M is of finite type over D.

Proof. — We shall just give a sketch of proof, the details are left as an exercise.
First, given some filtered D-module (M, FM), any submodule M’ and any quo-
tient M” come equipped with a structure of filtered module: just use the naturally
induced filtration FxM' = LM N M’ and FyM" = Im (FxM — M"). One shows
easily that a good filtration of M induces a good filtration on a quotient module.
So the third property implies the first. The converse is proven by taking generators
of M wich are adapted to the filtration (take generators of each FxM over C{z} for
k < ko). The third property implies the second one, just by grading the morphism
DP — M. The converse is proven in the same way as in 1.3.5. O

Remark however that condition 2 holds because one knows that FyM = 0 for
k < 0. Remark also that a differential system admits many good filtrations (so at
least one).

PROPOSITION 3.2.3. — Let FM and F'M be two good filtrations of M. Then
there exists by such that for all k one has

Figy C F C Fiyqy-

Proof. — Let kf such that F;D- F{M = F|,,M for all £ and all k > k. There
exists £y such that F’.M C F,M: indeed for all k, FMN F’ Mis a snb C{z}-
module of finite type of Fan and one has

L ) t

% v v

hence this sequence (indexed by £) is stationary. Therefore one concludes that for
all k < kg one has F{M C Fy,;, M and for k > kj

FiM = FyuM = F,_,D-F,M

NN
;q k>
":I
2
&
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Proof. — Let J =D-P,+D-P, C I and consider the left D-module I/J.
This is a finite type module over D but also over C{z}: it is actually generated
over C{z} by the classes of P,,,,...,P,_; due to 2.2.2. The following lemma will
be useful:

LEMMA 2.3.2. — The left D-module 1/D - P, is a torsion module, i.c. for
every A € I there ezits k such that *A€ D - P,

In order to prove this lemma, one remarks that in the elementary division of A
by P, if one has exp(A) € exp(P) + N? then the remainder R has degree less than
deg A. Choose n, such that exp(z™ A) € exp(P,) + N2. One has

z"A=B,F,+R, deg R, < deg A
and by induction one finds n such that
z"A=BP,+R

with deg R < deg P, = p. But R belongs to [ so R=0. O

One concludes from this lemma that I/J is also a torsion module. In order to
prove that I/J = {0}, one uses the following lemma:

LEMMA 2.3.3. — Let M be a left D-module of finite type, which is also of
finite type over C{z}. Then M is a free C{z}-module.

Indeed, if M is of finite type over C{z}, the C-vector space M/zM has finite
dimension. Let €j,...,€, be a basis of this vector space and e,,...,e, a set of
representatives in M. Nakayama’s lemma shows that this set is a set of generators
of M over C{z}. Hence one gets a surjective mapping

Cl{z}" — M —0

which induces an isomorphism modulo the maximal ideal. Let K be the kernel
of this mapping. We shall prove that K = 0. An element in K can be written
T a;e; with a; € C{z} and (;);=,, _, is the canonical basis of C{z}". One then has
Y a;e; = 0in M. Hence, because M is also a left D-module, one has 3.(3 a;e;) = 0.
Put dze; = L bj;e;. Then for all i one gets 3, (Ba;/@zi» ; a,-bj'v) e; = 0 and so
po (3a;/61 +X; a,-bl-,-) &; € K. Continuing this process one is led to the case where
there exists ¢ such that v(a;) = 0 (i.e. a; is a unit). Considering now the class
modulo the maximal ideal one obtains a contradiction if K # 0. This concludes the
proof of the lemma and consequently the proof of the proposition. O
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LEMMA 3.1.3. — A differential system M is of finite presentation, i.e. there

ezists an ezact sequence
DPED S M—0

where ¢ is given by the right multiplication by some matriz ® with coefficients in
D. 0O

3.1.4.  Some function spaces.
1. C{z}, Cl[z]
2. K ¥ C{z} =], K ¥ Cz] =)

3. N,, ¥ D/D - (20, — a)"*', with a € C and p € N. This D-module is
the set of Nilsson class functions isomorphic as a C{z}-module to @}_, K ®
z°(log z)*/k!. These are germs of multi-valued functions of the variable z.

4. O is the space of germs of all multi-valued functions.

3.2. Good filtrations, characteristic variety
Let M be a differential system. If M = D/D- P, one may associate with M the

graded grD-module grfD/grFD - o(P). We want now to associate such a graded
module to each differential system.

DEFINITION 3.2.1. — Let FM be an increasing filtration of M indezed by Z.

1. We say that (M,FM) is a filtered module over the filtered ring (D, FD) if
M = FiM and there ezxists { such that FxM =0 for k < {. Moreover one
asks that for all k and € FyD - M C Fiy M.

2. We say that the filtered module is good (or that the filtration FM is good)
if moreover one has the following two properties: FxM is a C{z} module of
finite type for all k and there ezists ko such that for all k > ko and for all £
one has

F,D-FM = Fi M.
Remark that if (M, F M) is a filtered module, then the associated graded module

g M=@DefME @ AM/F_M
keZ keZ

is naturally equipped with a structure of module over gr”D. One has the following
caracterization of a good filtration:

PROPOSITION 3.2.2. — Let (M, FM) be a filtered left D-module. Then the
following conditions are equivalent:






































































OEBPS/images/1870x2830-v728r8wh5pxa-s642.jpg
O PN D e 8 e

B b b S LA DD W W W W W W W WwWwrNNNNNNN
SHRENSS88NFREBREEBBNEERENNEesssnRoREs

Collection Travaux en cours
Fondée par Jean Dieudonné et dirigée par Lé Dung Trdng

Vaillant. Equations aux dérivées partielles hyperboliques et holomorphes

Maossino. Inégalités isopérimétriques et applications en physique

Benabdallah. Opérateurs différentiels invariants

Beauzamy, Lapresté. Modgles étalés des espaces de Banach

Dazord, Desolneux-Moulis. Géométrie symplectique et de contact

Dazord, Desolneux-Moulis. Feuilletages et quantification géométrique

Dazord, Desolneux-Moulis. Autour du théoréme de Poincaré-Birkhoff

Bernstein, Deligne, Kazhdan, Vigneras. Représentation des groupes réductifs sur un corps local
Albert, Molino. Pseudogroupes de Lie transitifs [

Zamansky. Analyse harmonique et approximation

Vaillant. Propagation des singularités et opérateurs différentiels

Dufour. Géométrie symplectique et de contact

Dufour. Singularités, feuilletages et mécanique hamiltonienne

Avanissian. Cellule d'harmonicité et prolongement analytique complexe

Zamansky. Approximation des fonctions

Pajor. Sous-espaces /," des espaces de Banach

Mauclaire. Intégration et théorie des nombres

Ekedhal. Diagonal complexes and F-gauge structures

Albert, Molino. Pseudogroupes de Lie transitifs II

Audin. Cobordismes d'immersions lagrangiennes et legendriennes

Choquet-Bruhat, Coll, Kerner, Lichnerowicz. Géométrie et physique

Aroca, Sanchez-Giralda, Vicente. Géométrie et calcul algébrique

Aroca, Sanchez-Giralda, Vicente. Singularités et géométrie complexe

Aroca, Sanchez-Giralda, Vicente. Géométrie réelle. Systémes différentiels et théorie de Hodge
Dazord, Desolneux-Moulis, Morvan. Aspects dynamiques ot topologiques des groupes infinis
Dazord, Desolneux-Moulis, Morvan. Feuilletages riemanniens

Dazord, Desolneux-Moulis, Morvan. Actions hamiltoniennes de groupes. Troisieme théoréme de Lie
Ghidaglia, Saut. Equations aux dérivées partielles non linéaires dissipatives et syst¢mes dynamiques
Vaillant. Calcul d'opérateurs et fronts d'ondes

Kastler. Cyclic cohomology within the differential envelope

Ceremade. Analyse non-linéaire en économie et contrble

Bernard, Choquet-Bruhat. Physique quantique et géométrie

Bernard, Choquet-Bruhat. Géométrie différentielle

Lé Dung Trang. Introduction a la théorie algébrique des systémes différentiels

Mebkhout. Le formalisme des six opérations de Grothendieck pour les Dy-modules

Lé Dung Trang. Singularités et monodromie

L& Dung Tréing. Méthodes algébriques et géométriques

Angéniol, Lejeune-Jalabert. Calcul différentiel et classes caractéristiques en géométrie algébrique
Schwartz M.-H. . Champs radiaux sur une stratification analytique

Mortajine. Classification des espaces préhomogtnes de type parabolique réguliers

Haydon, Levy, Raynaud. Randomly Normed Spaces

Shih. Solutions analyt. de quelques équations aux dérivées partielles en mécanique des fluides
Roos, Vigué. Systémes triples de Jordan et Domaines symétriques

Rubenthaler. Algébres de Lie et espaces préhomogénes

Maisonobe, Sabbah. D-modules cohérents et holonomes

Maisonobe, Sabbah. Images directes et constructibilité

































OEBPS/images/1870x2830-036mycxbp95k1k-s642.jpg
Algebraic theory of differential equations 9

As an easy consequence one gets

COROLLARY 2.3.4. — If M is a left D-module of finite type which is also a
finite dimensional vector space, then M = {0}. O

This is a way to express Bernstein inequality. One can give an easy direct proof
of this: one considers the trace of the commutator [d;,z] on M. It must be zero
because M is a finite dimensional vector space and dim M because M is a left
D-module. Hence M = {0}.

2.3.5. Exercises.

1. Show that if a left ideal I of D is generated by one element P then P is a
division basis for I.

2. Let
P=a'(1+2)3+2%1+2%)3 +1.
Divide P by 28, + 3 and also by 2282 + 1.

3. Let I be a left ideal of D given by a set of generators (Py,...,P,). Imagine a
simple algorithm in order to construct a division basis for 1.

3. Holonomic D-modules

3.1. Differential systems, solutions

3.1.1. — Let P be a linear differential operator with coefficients in C{z},
written as P = Y%, a;(x)d%, with a; € C{z}. One says that 0 is a singular point
for P if ay(0) = 0. If 0 is not singular then P admits d solutions in C{z} and these
are independant over C.

Generally speaking, if u is a solution for P in some functional space then u is
also a solution for any operator of the form Q - P with Q € D. Hence the solutions
depend only on the left ideal I of D generated by P.

More precisely, let F be a function space acted on by differential operators. A
solution u of P in F defines a left D-linear morphism D/I — F given by Q ~ Q(u).
The space of solutions (which is a C-vector space) depends only on the left D-module
D/I. We are therefore led to the following definition:

DEFINITION 3.1.2. — A linear differential system is a left D-module of finite
type.

Because D is left noetherian, one verifies
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Préface

La théorie des D-modules représente une généralisation de la théorie classique
des équations différentielles linéaires algébriques d’une variable (par exemple I'équa-
tion hypergéométrique ou ’équation différentielle de Legendre vue comme connexion
de Gauss-Manin). Elle en développe les aspects géométriques (monodromie, singu-
larités) et algébriques. Ainsi, aussi bien par sa nature que par ses applications, la
théorie des D-modules est aujourd’hui un chapitre fondamental des éléments de
la géométrie algébrique. Cette théorie intéresse bien d’autres domaines : théorie
des singularités, cohomologie d’intersection et perversité, groupes de Lie, géométrie
analytique rigide.

Les deux volumes “Eléments de la théorie des systemes différentiels” regroupent
les textes des cours qui ont été donnés durant I'école d’été du CIMPA en aoiit et
septembre 1990.

Le premier volume contient les “cours fondamentaux” donnés durant les deux
premieres semaines de 1’école. Ils nécessitent trés peu de connaissances préalables.
Le texte de Claude Sabbah est une introduction a la théorie classique des équa-
tions différentielles linéaires d'une variable dans le champ complexe. Le texte de
Michel Merle consiste en une introduction rapide a la géométrie analytique com-
plexe et aux stratifications de Whitney; le lecteur pourra consulter les références
pour I'approfondir. Le texte de Michel Granger et Philippe Maisonobe est une in-
troduction a la théorie des D-modules en toutes dimensions et utilise les notions de
géométrie analytique introduites avant.

Le deuxieme volume contient des résulats plus difficiles de la théorie. Le texte
de Bernard Malgrange explique la notion d’image directe d’un D-module et donne
une démonstration du théoreme de Kashiwara concernant I’estimation de la variété
caractéristique de cette image directe. Ce texte est utilement complété par celui de
Francisco Castro o 'on trouvera des exemples détaillés de ces notions. Le texte de
Zoghman Mebkhout et Luis Narvaez aborde la théorie des faisceaux constructibles
et des catégories dérivées; on y trouvera une démonstration géométrique élégante du
théoréme de constructibilité des solutions d’un D-module holonome, dii & Kashiwara.
Enfin, le texte d’Yves Benoist permettra au lecteur de se faire une idée tres pré-
cise des applications a la théorie des représentations des groupes de Lie réductifs
(Beilinson et Bernstein).

Le contenu de ces deux volumes ne couvre pas completement tous les aspects de
la théorie : I'aspect microdifférentiel par exemple est a peine abordé (appendice du
texte de M. Granger et Ph. Maisonobe); le lecteur trouvera dans la bibliographie de
chaque article des références utiles pour remédier a ce défaut.
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Algebraic theory of differential equations 7

1. For all A € D there exist unique elements Q,, Qy41,---, Qg1 €C {z},Q, €D
and R € D such that

A=Q,P,+--+QF,+R

with
deg A ap—1
R=3Y ¥ wa'+$
t=p k=0
and deg S < p.

2. With these notations, one has A € I if and only if R = 0.

Consequently, all monomials appearing in R are essentially under the stairs of I
(up to units u, ;). Remark that one can give an analogous statement using only the
minimal system le y«-+» P , but in that case the operators th,. .+, Q;, arein D.

Proof. — The existence of such a division comes from’ the division statement
2.1.1: one divides first A by P,, then one divides the part of the remainder which is
of degree less than ¢ by P,_,, and so on.

Moreover one gets that A € I if and only if R € I. But if R # 0 one has
exp(R) ¢ Exp (I), hence R € I if and only if R = 0. This gives the second part of
the proposition and also the uniqueness of R.

In order to show the uniqueness of @, ...,Q, it is sufficient to prove that if
Qfp+-+ QP =0

with @,,...,Q,_, € C{z} and @, € D then all these operators are zero. This can
be easily proved by considering the highest degree term of such a sum. O

COROLLARY 2.2.3. — Let I' C I be two ideals of D with ES (I') = ES(I).
Then one has I' = I.

Proof. — A division basis P,,..., P, for I is also one for I. The criterion for
an operator to belong to I’ is then the same as the one for I, because of the previous
proposition. O

2.3. An ideal is generated by two elements

A division basis is then a system of generators of I, which is sufficiently redundant
in order that the previous proposition is true. However let us now prove

PROPOSITION 2.3.1. — If P,,..., P, is a division basis for I then I is gener-
ated by only P, and P,.
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Introduction to algebraic theory
of linear systems
of differential equations

CLAUDE SABBAH

Introduction

In this set of notes we shall study properties of linear differential equations
of a complex variable with coefficients in either the ring convergent (or formal)
power series or in the polynomial ring. The point of view that we have chosen is
intentionally algebraic. This explains why we shall consider the D-module associated
with such equations. In order to solve an equation (or a system) we shall begin by
finding a “normal form” for the corresponding D-module, that is by expressing it as
a direct sum of elementary D-modules. It is then easy to solve the corresponding
equation (in a similar way, one can solve a system of linear equations on a vector
space by first putting the matrix in a simple form, e.g. triangular form or (better)
Jordan canonical form).

This lecture is supposed to be an introduction to D-module theory. That is why
we have tried to set out this classical subject in a way that can be generalized in
the case of many variables. For instance we have introduced the notion of holonomy
(which is not difficult in dimension one), we have emphazised the connection between
D-modules and meromorphic connections. Because the notion of a normal form
does not extend easily in higher dimension, we have also stressed upon the notions
of nearby and vanishing cycles.

The first chapter consists of a local algebraic study of D-modules. The coefficient
ring is either C{z} (convergent power series) or C[z] (formal power series). The
main results concern however the latter case. The second chapter deals with the
extension of these results to the former case. Many analytic results will then be
necessary. The most difficult one will not be proved here and concerns the resolution
of some non linear equation. Finally, the third chapter deals with the global study
of linear differential equations on the Riemann sphere.

The results contained in these notes may all be found (at least in some form)
in the literature on the subject, given in the bibliography. We have tried to make







OEBPS/images/1870x2830-07ya0b2g6s4h5k-s642.jpg
2 Claude Sabbah

these notes self-contained and readable without (or with very few) prerequisites. We
have given references for the statements (with some comments) in a special chapter.
Let us only mention here that we have greatly benefitted of handwritten notes of a
future book by Bernard Malgrange [33] (see now [35]).

Chapter I
Algebraic methods

1. The algebra D

1.1. Some results of commutative algebra

General references are [1, 2, 3, 4]. We shall consider differential operators in one
variable with coefficient in one of the following three rings: C[z] (polynomials in
one variable), C{z} (convergent power series), C[z] (formal power series), which
satisfy the following elementary properties:

1. Cl[z] is graded by the degree of polynomials, and this graduation induces an
increasing filtration. It is a noetherian ring, all the ideals of which are of the
type (z — a)Clz],a € C.

2. If m is the maximal ideal of C[z] generated by z, one has

C[z] = lim C[z]/m*.
k

The ring C[z] is a noetherian local ring: every power series with a nonzero
constant term is invertible. This ring is also a discrete valuation ring. The
filtration by powers of the maximal ideal (also called the m-adic filtration) is
the filtration m* = {f € C[z]|v(f) > k}. One has gr,(C[z]) = Cl[z].

3. C{z} C C|z] is the subring of power series whose radius of convergence is
strictly positive. Except the definition by projective limit, it satisfies the same
properties as C[z].

4. One can also consider intermediate rings between C{z} and C[z] (formal
power series with Gevrey type conditions).

1.2. Definition of D

1.2.1. — The rings considered previously come equipped with a derivation
operator 8/0z. Let f € C[z] (resp. C{z}, resp. C[z]). One has the following
commutation relation between the derivation operator 3/dz and the multiplication
operator f:

(12:2) [Z%* ] - g—ﬁ
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De Rham Complex and Direct Images of D-Modules
Bernard Malgrange

General notations
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4 Claude Sabbah

This does not depend on the way one writes P. One has FyA(d;) = {0} for k < 0
and FyA(0;) = A. Moreover, for all i and j one has F;A(d;) - F;A(d:) = F;,;A(0).

LEMMA 1.3.2. — IfdegP = k, degQ = ¢, then the commutator [P,Q) has
degree less than or equal to k+£—1. O

PROPOSITION 1.3.3. — The ring A(d,) is simple (it does not contain any
proper two-sided ideal).

Proof. — Let I be a nonzero two-sided ideal of A(d;) and P € I — {0}.
One may write P = ", a,(z)d: with a, # 0. Then Q & [P, z] belongs to I and
Q = Yioia;(z)di". Hence,if n > 1, there exists Q in I of degree n—1. Continuing
this process, one proves that I contains a nonzero element R of A. Assume that
A = Clz]. One then considers commutators with , to prove that I contains a
nonzero constant, hence I = A(d;). If A = C{z} or A = C[z] one can argue as
follows: if k = v(R) (the valuation of R), then I contains z* (by dividing R by a
unit) then one commutes k times with @ to show that I contains a constant. O

PROPOSITION 1.3.4. — The graded ring

o0
" A0:) ¥ D FLAWD.)/Fi AD2)
k=0
is isomorphic (as a graded ring) to the ring of polynomials in one variable £ on A
(with the graduation given by the degree in £), the variable £ being the class of 0.

Proof. — Immediate consequence of the previous lemma. O

COROLLARY 1.3.5. — A(0:) is a left and right noetherian ring.

Proof. — One has to show that every left (or right) ideal I in A(d;) admits
a finite number of generators. Consider the filtration of I induced by FA(d:):
F(I) = F,A(0;) N I. Then gt¥(I) is an ideal of gr”A(9;) = A[¢] and admits a
finite number of generators p; (i = 1,...,r). One may assume that each generator
p; is homogeneous with respect to F (simply replace the set of generators by the set
of their homogeneous components). For each i, let P; € I an element with principal
symbol equal to p;. Then I is generated by the set {P,|i = 1,...,r}: by induction
on j one proves that Fj(I) is contained in the left ideal generated by this set. In
fact, let P € F;(I) = F;_,(I) and let 0;(P) € grf its principal symbol. One has a
homogeneous relation:

o;(P) = Z";P.-

with a; € gr,-_d,"_(A(a,)). Therefore P — ¥ a,;P; € F;_;(I), so one gets the result.
o
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