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      Préface
     
     
      En
     
     
      1998,
     
     
      nous
     
     
      avons
     
     
      organisé
     
     
      un
     
     
      colloque
     
     
      de
     
     
      Géométrie
     
     
      complexe
     
     
      consacré
     
     
      à
     
     
      la 
     
     
      géomé
     
     
      ɐ
     
     
      trie
     
     
      intégrale,
     
     
      la
     
     
      classification
     
     
      des
     
     
      variétés,
     
     
      les
     
     
      opérateurs
     
     
      différentiels
     
     
      et
     
     
      aux
     
     
      applications
     
     
      de
     
     
      ces
     
     
      théories
     
     
      à
     
     
      la
     
     
      physique
     
     
      théorique.
     
     
      Nous
     
     
      avons
     
     
      décidé
     
     
      de
     
     
      réunir
     
     
      dans
     
     
      un
     
     
      volume
     
     
      des
     
     
      articles
     
     
      des
     
     
      participants,
     
     
      couvrant
     
     
      l
     
     
      ’
     
     
      ensemble
     
     
      des
     
     
      sujets
     
     
      abordés
     
     
      au
     
     
      cours
     
     
      de
     
     
      cette
     
     
      rencontre.
     
     
      Ce
     
     
      livre
     
     
      fait
     
     
      suite
     
     
      à
     
     
      une
     
     
      première
     
     
      publication
     
     
      Géométrie
     
     
      complexe
     
     
      en
     
     
      1996
     
     
      dans
     
     
      cette
     
     
      même
     
     
      collection.
     
     
      Nous
     
     
      remercions
     
     
      les
     
     
      membres
     
     
      du
     
     
      Comité
     
     
      de
     
     
      Rédaction,
     
     
      qui
     
     
      se
     
     
      sont
     
     
      chargés
     
     
      de
     
     
      la
     
     
      relec
     
     
      ɐ
     
     
      ture
     
     
      et
     
     
      de
     
     
      l
     
     
      ’
     
     
      évaluation
     
     
      des
     
     
      articles
     
     
      contenus
     
     
      dans
     
     
      ce
     
     
      volume
     
     
      :
     
     
      Carlos
     
     
      Berenstein,
     
     
      Jean-Pierre
     
     
      Demailly,
     
     
      Yakov
     
     
      Eliashberg,
     
     
      Christian
     
     
      Houzel,
     
     
      Stanislaw
     
     
      Lojasiewicz,
     
     
      Christophe
     
     
      Soulé
     
     
      et 
     
     
      Raymond
     
     
      Stora.
     
     
      Tous
     
     
      les
     
     
      articles
     
     
      sont
     
     
      originaux
     
     
      et
     
     
      non
     
     
      publiés
     
     
      ailleurs.
     
     
    
   
  

 
  
   
    
    
     
      
     
    
    
     
      Residues
     
     
      and
     
     
      mixed
     
     
      Hodge
     
     
      structures
     
     
      on
     
     
      open
     
     
      algebraic
     
     
      varieties
     
     
      Vincenzo
     
     
      Ancona
     
     
      and
     
     
      Bernard
     
     
      Gaveau
     
     
      A
     
     
      bstract
     
     
      .
     
     
      In
     
     
      the
     
     
      case
     
     
      of
     
     
      (smooth
     
     
      or
     
     
      singular)
     
     
      open
     
     
      algebraic
     
     
      varieties,
     
     
      we
     
     
      give
     
     
      proofs
     
     
      of
     
     
      the
     
     
      main
     
     
      results
     
     
      of
     
     
      Hodge-Deligne
     
     
      theory
     
     
      which
     
     
      require
     
     
      only
     
     
      the
     
     
      knowledge
     
     
      of
     
     
      the
     
     
      classical
     
     
      Hodge
     
     
      theory,
     
     
      the
     
     
      general
     
     
      theory
     
     
      of
     
     
      complex
     
     
      spaces
     
     
      (including
     
     
      the
     
     
      existence
     
     
      of
     
     
      desingular-
     
     
      izations)
     
     
      and
     
     
      some
     
     
      linear
     
     
      algebra
     
     
      (including
     
     
      spectral
     
     
      sequences).
     
     
      In
     
     
      the
     
     
      singular
     
     
      case,
     
     
      details
     
     
      will
     
     
      appear
     
     
      elsewhere.
     
     
      1.
     
     
      Introduction
     
     
      By
     
     
      a
     
     
      complex
     
     
      space
     
     
      we
     
     
      mean
     
     
      a
     
     
      reduced,
     
     
      not
     
     
      necessarily
     
     
      irreducible,
     
     
      complex
     
     
      analytic
     
     
      space.
     
     
      Let
     
     
      X
     
     
      be
     
     
      a
     
     
      complex
     
     
      space.
     
     
      We
     
     
      denote
     
     
      by
     
     
      Cx
     
     
      the
     
     
      constant
     
     
      sheaf
     
     
      on
     
     
      X.
     
     
      When
     
     
      X
     
     
      is
     
     
      smooth
     
     
      we
     
     
      denote
     
     
      by
     
     
      £'
     
     
      x
     
     
      the
     
     
      De
     
     
      Rham
     
     
      complex
     
     
      of
     
     
      differential
     
     
      forms
     
     
      on
     
     
      X.
     
     
      The
     
     
      theory
     
     
      of
     
     
      mixed
     
     
      Hodge
     
     
      structures
     
     
      of
     
     
      Deligne
     
     
      [D]
     
     
      has
     
     
      been
     
     
      dealt
     
     
      with
     
     
      by
     
     
      several
     
     
      authors
     
     
      (see
     
     
      for
     
     
      example
     
     
      [A],
     
     
      [Gl],
     
     
      [G2],
     
     
      [E]),
     
     
      with
     
     
      different
     
     
      approaches.
     
     
      Nevertheless,
     
     
      the
     
     
      full
     
     
      proofs
     
     
      in
     
     
      the
     
     
      theory
     
     
      remain
     
     
      very
     
     
      difficult
     
     
      to
     
     
      understand,
     
     
      because
     
     
      they
     
     
      require
     
     
      a
     
     
      deep
     
     
      knowledge
     
     
      of
     
     
      many
     
     
      ingredients,
     
     
      like
     
     
      cohomological
     
     
      descent
     
     
      theory
     
     
      and
     
     
      derived
     
     
      categories.
     
     
      In
     
     
      [AG]
     
     
      and
     
     
      in
     
     
      the
     
     
      present
     
     
      paper
     
     
      we
     
     
      give
     
     
      proofs
     
     
      of 
     
     
      the
     
     
      main
     
     
      results
     
     
      of 
     
     
      Hodge-Deligne
     
     
      theory
     
     
      which
     
     
      we
     
     
      could
     
     
      call
     
     
      ’
     
     
      ’
     
     
      elementary
     
     
      ”
     
     
      in
     
     
      the
     
     
      sense
     
     
      that
     
     
      they
     
     
      require
     
     
      essentially
     
     
      only
     
     
      the
     
     
      knowledge
     
     
      of
     
     
      the
     
     
      classical
     
     
      Hodge
     
     
      theory, the 
     
     
      general
     
     
      theory
     
     
      of
     
     
      complex
     
     
      spaces
     
     
      (including
     
     
      the
     
     
      existence
     
     
      of
     
     
      desingularizations)
     
     
      and
     
     
      some
     
     
      linear
     
     
      algebra
     
     
      (including
     
     
      spectral
     
     
      sequences).
     
     
      In
     
     
      [AG]
     
     
      we
     
     
      propose
     
     
      a
     
     
      definition
     
     
      of
     
     
      differential
     
     
      forms
     
     
      on
     
     
      a
     
     
      complex
     
     
      space,
     
     
      to
     
     
      obtain
     
     
      a
     
     
      resolution
     
     
      of
     
     
      Cx
     
     
      by
     
     
      means
     
     
      of
     
     
      forms.
     
     
      In
     
     
      order
     
     
      to
     
     
      obtain
     
     
      all
     
     
      the
     
     
      properties
     
     
      of
     
     
      the
     
     
      classical
     
     
      forms,
     
     
      including
     
     
      the
     
     
      existence
     
     
      of
     
     
      the
     
     
      pullback
     
     
      and
     
     
      the
     
     
      functoriality,
     
     
      it
     
     
      is
     
     
      necessary
     
     
      to
     
     
      define
     
     
      for
     
     
      any
     
     
      space
     
     
      X
     
     
      a
     
     
      family
     
     
      of
     
     
      complexes,
     
     
      instead
     
     
      of
     
     
      a
     
     
      single
     
     
      one.
     
     
      The
     
     
      forms
     
     
      we
     
     
      introduce
     
     
      can
     
     
      fully
     
     
      describe
     
     
      the
     
     
      mixed
     
     
      Hodge
     
     
      structure
     
     
      of 
     
     
      Deligne
     
     
      on
     
     
      a
     
     
      compact
     
     
      algebraic
     
     
      variety
     
     
      X.
     
     
      In
     
     
      [AG]
     
     
      we
     
     
      also
     
     
      sketch
     
     
      the
     
     
      definition
     
     
      of
     
     
      logarithmic
     
     
      differential
     
     
      forms
     
     
      on
     
     
      an
     
     
      open
     
     
      singu
     
     
      ɐ
     
     
      lar
     
     
      space,
     
     
      in
     
     
      the
     
     
      spirit
     
     
      of 
     
     
      [D]
     
     
      and
     
     
      [GS].
     
     
      The
     
     
      aim
     
     
      of
     
     
      the
     
     
      present
     
     
      paper
     
     
      is
     
     
      to
     
     
      apply
     
     
      them
     
     
      to
     
     
      the
     
     
      description
     
     
      of
     
     
      Hodge-Deligne
     
     
      theory
     
     
      of
     
     
      singular
     
     
      open
     
     
      algebraic
     
     
      varieties.
     
     
      1991
     
     
      Mathematics
     
     
      Subject
     
     
      Classification.
     
     
      32C15,
     
     
      32S35.
     
     
      The
     
     
      first
     
     
      author
     
     
      was
     
     
      supported
     
     
      by
     
     
      the
     
     
      italian
     
     
      MIUR
     
     
      and
     
     
      GNSAGA-INdAM..
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      Hodge
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      on
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      algebraic
     
     
      varieties
     
     
      5
     
     
      In
     
     
      sections
     
     
      2-4
     
     
      we
     
     
      review
     
     
      the
     
     
      case
     
     
      of 
     
     
      open
     
     
      algebraic
     
     
      manifolds,
     
     
      which
     
     
      is
     
     
      very
     
     
      impor
     
     
      ɐ
     
     
      tant
     
     
      because
     
     
      our
     
     
      proof
     
     
      in
     
     
      the
     
     
      singular
     
     
      case
     
     
      follows
     
     
      closely
     
     
      the
     
     
      smooth
     
     
      case.
     
     
      This
     
     
      case
     
     
      was 
     
     
      treated
     
     
      by
     
     
      Deligne
     
     
      [D],
     
     
      and
     
     
      in
     
     
      a
     
     
      more
     
     
      readable
     
     
      way
     
     
      by
     
     
      Griffiths-Schmidt
     
     
      [GS].
     
     
      The
     
     
      weight
     
     
      filtration
     
     
      on
     
     
      the
     
     
      complex
     
     
      of
     
     
      differential
     
     
      forms
     
     
      with
     
     
      logarithmic
     
     
      poles
     
     
      is
     
     
      given
     
     
      by
     
     
      the
     
     
      order
     
     
      of
     
     
      poles.
     
     
      It
     
     
      generates
     
     
      a
     
     
      spectral
     
     
      sequence
     
     
      whose
     
     
      first
     
     
      term
     
     
      is
     
     
      the
     
     
      cohomology
     
     
      of
     
     
      the
     
     
      divisor
     
     
      or
     
     
      of
     
     
      its
     
     
      intersections,
     
     
      and
     
     
      carries
     
     
      a
     
     
      pure
     
     
      Hodge
     
     
      structure.
     
     
      One
     
     
      result
     
     
      of 
     
     
      [DJ
     
     
      is
     
     
      that
     
     
      this
     
     
      spectral
     
     
      sequence
     
     
      degenerates
     
     
      at
     
     
      the
     
     
      second
     
     
      term.
     
     
      We
     
     
      note
     
     
      that
     
     
      the
     
     
      proof
     
     
      of
     
     
      this
     
     
      fact
     
     
      given
     
     
      in
     
     
      [GS]
     
     
      is
     
     
      not
     
     
      complete.
     
     
      In
     
     
      the
     
     
      next
     
     
      sections
     
     
      5-6,
     
     
      we
     
     
      recall
     
     
      the
     
     
      definition
     
     
      of
     
     
      forms
     
     
      with
     
     
      logarithmic
     
     
      poles
     
     
      on
     
     
      an
     
     
      open
     
     
      analytic
     
     
      space,
     
     
      given
     
     
      in
     
     
      [AG],
     
     
      We
     
     
      define
     
     
      a
     
     
      filtration
     
     
      which
     
     
      combines
     
     
      the
     
     
      order
     
     
      of
     
     
      poles
     
     
      together
     
     
      with
     
     
      the
     
     
      rank
     
     
      of
     
     
      the
     
     
      space
     
     
      in
     
     
      the
     
     
      hypercovering
     
     
      of
     
     
      the
     
     
      complex.
     
     
      The
     
     
      first
     
     
      term
     
     
      of
     
     
      the
     
     
      spectral
     
     
      sequence
     
     
      appears
     
     
      to
     
     
      be
     
     
      the
     
     
      cohomology
     
     
      of 
     
     
      another
     
     
      complex,
     
     
      the
     
     
      residue
     
     
      complex,
     
     
      and
     
     
      carries
     
     
      a
     
     
      natural
     
     
      pure
     
     
      Hodge
     
     
      structure
     
     
      induced
     
     
      by
     
     
      Hodge
     
     
      filtration
     
     
      on
     
     
      the
     
     
      complex
     
     
      of
     
     
      forms.
     
     
      Again
     
     
      this
     
     
      spectral
     
     
      sequence
     
     
      degenerates
     
     
      at
     
     
      the
     
     
      second
     
     
      term.
     
     
      The
     
     
      detailed
     
     
      proof
     
     
      of
     
     
      this
     
     
      fact
     
     
      will
     
     
      appear
     
     
      elsewhere
     
     
      [AG2],
     
     
      2.
     
     
      The
     
     
      standard
     
     
      logarithmic
     
     
      De
     
     
      Rham
     
     
      complex.
     
     
      Smooth
     
     
      case
     
     
      In
     
     
      this
     
     
      section,
     
     
      X
     
     
      is
     
     
      a
     
     
      complex
     
     
      analytic
     
     
      manifold
     
     
      and
     
     
      D
     
     
      =
     
     
      Dill-
     
     
      ■
     
     
      UD^
     
     
      isa
     
     
      divisor
     
     
      with
     
     
      normal
     
     
      crossing,
     
     
      so
     
     
      that
     
     
      each
     
     
      Di
     
     
      is
     
     
      a
     
     
      smooth
     
     
      hypersurface
     
     
      of
     
     
      X,
     
     
      and
     
     
      at
     
     
      each
     
     
      point
     
     
      x
     
     
      £
     
     
      X,
     
     
      there
     
     
      are
     
     
      at
     
     
      most
     
     
      n
     
     
      =
     
     
      dime
     
     
      X
     
     
      divisors
     
     
      Dj
     
     
      passing
     
     
      through
     
     
      x
     
     
      and
     
     
      which
     
     
      are
     
     
      transversal.
     
     
      In 
     
     
      particular,
     
     
      given
     
     
      x,
     
     
      one
     
     
      can
     
     
      find
     
     
      complex
     
     
      analytic
     
     
      coordinates
     
     
      (zi
     
     
      ,
     
     
      •
     
     
      •
     
     
      •
     
     
      ,
     
     
      z
     
     
      n
     
     
      )
     
     
      in
     
     
      a
     
     
      neighborhood
     
     
      U
     
     
      of
     
     
      x,
     
     
      such
     
     
      that
     
     
      the
     
     
      local
     
     
      equation
     
     
      of
     
     
      D
     
     
      n
     
     
      U
     
     
      in
     
     
      U
     
     
      is
     
     
      z\
     
     
      ■
     
     
      ■
     
     
      ■
     
     
      z
     
     
      s
     
     
      =
     
     
      0,
     
     
      s
     
     
      depending
     
     
      on
     
     
      x.
     
     
      2.1.
     
     
      Definition
     
     
      of
     
     
      E'
     
     
      x
     
     
      (log
     
     
      D)
     
     
      If
     
     
      a;
     
     
      is
     
     
      a 
     
     
      point
     
     
      in
     
     
      X 
     
     
      \
     
     
      D,
     
     
      we
     
     
      define
     
     
      £*,
     
     
      x
     
     
      (log£>>
     
     
      =
     
     
      £3,
     
     
      i.e.
     
     
      the
     
     
      usual
     
     
      De
     
     
      Rham
     
     
      complex
     
     
      of
     
     
      differential
     
     
      forms
     
     
      on
     
     
      X
     
     
      at
     
     
      x.
     
     
      Let
     
     
      x
     
     
      be
     
     
      a
     
     
      point
     
     
      in
     
     
      D
     
     
      and
     
     
      U
     
     
      a
     
     
      neighborhood
     
     
      of
     
     
      x
     
     
      in
     
     
      X,
     
     
      such
     
     
      that
     
     
      the
     
     
      local
     
     
      equation
     
     
      of 
     
     
      D
     
     
      n
     
     
      U
     
     
      in
     
     
      U
     
     
      is
     
     
      z\
     
     
      ■
     
     
      ■
     
     
      ■
     
     
      z
     
     
      s
     
     
      =
     
     
      0.
     
     
      We
     
     
      define
     
     
      £x,x(log
     
     
      D)
     
     
      =
     
     
      £
     
     
      2.1
     
     
      i.e.
     
     
      the
     
     
      £\-
     
     
      x-module
     
     
      generated
     
     
      by
     
     
      the
     
     
      logarithmic
     
     
      differentials
     
     
      •
     
     
      •
     
     
      ■
     
     
      ,
     
     
      ^
     
     
      of
     
     
      the 
     
     
      equations
     
     
      of
     
     
      the
     
     
      components
     
     
      of
     
     
      D
     
     
      through
     
     
      x.
     
     
      The
     
     
      differential
     
     
      d
     
     
      is
     
     
      defined
     
     
      as
     
     
      usual.
     
     
      In
     
     
      particular,
     
     
      the 
     
     
      complex
     
     
      (£
     
     
      x
     
     
      x
     
     
      (logD),d)
     
     
      induces
     
     
      a
     
     
      subcomplex
     
     
      of
     
     
      the
     
     
      De
     
     
      Rham
     
     
      complex
     
     
      of
     
     
      A
     
     
      \
     
     
      D.
     
     
      One
     
     
      has
     
     
      an
     
     
      injection
     
     
      :
     
     
      (
     
     
      £
     
     
      x,*<
     
     
      lo
     
     
      g
     
     
      D),d)
     
     
      (,
     
     
      j*Z'x\
     
     
      D
     
     
      ,d
     
     
      )
     
     
      2.2
     
     
      where
     
     
      j
     
     
      :
     
     
      X
     
     
      \
     
     
      D
     
     
      <-y
     
     
      X
     
     
      is
     
     
      the
     
     
      natural
     
     
      map.
     
     
      2.2. 
     
     
      The
     
     
      cohomology
     
     
      of
     
     
      X
     
     
      \
     
     
      D
     
     
      Let
     
     
      W
     
     
      be
     
     
      any
     
     
      open
     
     
      set
     
     
      of 
     
     
      X
     
     
      ,
     
     
      in
     
     
      particular
     
     
      X
     
     
      itself.
     
     
      Then
     
     
      (£'
     
     
      x
     
     
      ,
     
     
      D
     
     
      ,d)
     
     
      can
     
     
      be
     
     
      used
     
     
      to
     
     
      calculate
     
     
      the
     
     
      cohomology
     
     
      of
     
     
      W
     
     
      \
     
     
      D,
     
     
      by
     
     
      the
     
     
      standard
     
     
      De
     
     
      Rham
     
     
      theorem.
     
     
      Theorem
     
     
      1
     
     
      —
     
     
      One
     
     
      has
     
     
      a
     
     
      natural
     
     
      isomorphism
     
     
      induced
     
     
      by
     
     
      the
     
     
      morphism
     
     
      of
     
     
      inclusion
     
     
      H
     
     
      k
     
     
      {W,Z'
     
     
      x
     
     
      (\ogD))
     
     
      ~
     
     
      H
     
     
      k
     
     
      (W,j
     
     
      t
     
     
      Z
     
     
      WXD
     
     
      )
     
     
      ~
     
     
      H
     
     
      k
     
     
      (W
     
     
      \
     
     
      D,C)
     
     
      2.3
     
     
     
     
    
   
  

 
  
   
    
    
     
      
     
    
    
     
      6
     
     
      Vincenzo
     
     
      Ancona
     
     
      and
     
     
      Bernard
     
     
      Gaveau
     
     
      or
     
     
      in
     
     
      other
     
     
      words
     
     
      the
     
     
      cohomology
     
     
      ofW\D
     
     
      can
     
     
      be
     
     
      calculated
     
     
      as
     
     
      the
     
     
      cohomology
     
     
      of
     
     
      the
     
     
      complex
     
     
      of
     
     
      sections
     
     
      (T(W
     
     
      7
     
     
      ,
     
     
      r
     
     
      x
     
     
      (log
     
     
      D)),d)
     
     
      of
     
     
      r
     
     
      x
     
     
      (log
     
     
      D).
     
     
      2.3. 
     
     
      Filtration
     
     
      by
     
     
      the
     
     
      order
     
     
      of
     
     
      poles
     
     
      If
     
     
      U
     
     
      is
     
     
      a
     
     
      small
     
     
      neighborhood
     
     
      of
     
     
      a
     
     
      point
     
     
      x
     
     
      £
     
     
      D
     
     
      with
     
     
      coordinates
     
     
      (z\,
     
     
      ■
     
     
      ■
     
     
      •
     
     
      ,
     
     
      z
     
     
      n
     
     
      )
     
     
      such
     
     
      that
     
     
      the
     
     
      local
     
     
      equation
     
     
      of
     
     
      D
     
     
      fl
     
     
      U
     
     
      in
     
     
      U
     
     
      is
     
     
      z\
     
     
      ■
     
     
      ■
     
     
      ■
     
     
      z
     
     
      s
     
     
      =
     
     
      0,
     
     
      we
     
     
      shall
     
     
      denote
     
     
      /
     
     
      dz
     
     
      dzi
     
     
      A
     
     
      •
     
     
      •
     
     
      •
     
     
      A
     
     
      dzi,
     
     
      Zi,
     
     
      2.7
     
     
      where
     
     
      I
     
     
      =
     
     
      (ii,if)
     
     
      is
     
     
      an
     
     
      ordered
     
     
      multiindex
     
     
      contained
     
     
      in
     
     
      (1,
     
     
      •
     
     
      ■
     
     
      ■
     
     
      ,
     
     
      s).
     
     
      These
     
     
      coordinates
     
     
      are
     
     
      called
     
     
      adapted
     
     
      coordinates
     
     
      for
     
     
      (
     
     
      X
     
     
      ,
     
     
      D)
     
     
      in
     
     
      U.
     
     
      We
     
     
      know
     
     
      that
     
     
      £
     
     
      x
     
     
      x
     
     
      (log
     
     
      D)
     
     
      is
     
     
      generated
     
     
      by
     
     
      the
     
     
      l
     
     
      f
     
     
      )
     
     
      7
     
     
      over
     
     
      the
     
     
      module
     
     
      £
     
     
      x
     
     
      x
     
     
      for
     
     
      |/|
     
     
      ^
     
     
      s
     
     
      (s
     
     
      depends
     
     
      on
     
     
      x).
     
     
      We
     
     
      shall
     
     
      now
     
     
      define
     
     
      an
     
     
      increasing
     
     
      filtration
     
     
      on
     
     
      £
     
     
      Y
     
     
      (log
     
     
      D),
     
     
      called
     
     
      the
     
     
      weight
     
     
      filtration,
     
     
      in
     
     
      the
     
     
      following
     
     
      way
     
     
      Wtr
     
     
      x
     
     
      (log
     
     
      D)
     
     
      =0
     
     
      (l
     
     
      <0)
     
     
      2.8
     
     
      W
     
     
      0
     
     
      f
     
     
      x
     
     
      (logD)
     
     
      =
     
     
      f
     
     
      x
     
     
      2.9
     
     
      while
     
     
      for
     
     
      l
     
     
      >
     
     
      0
     
     
      {W
     
     
      l
     
     
      f'
     
     
      x
     
     
      {\ogD))
     
     
      x
     
     
      =
     
     
      f^
     
     
      x
     
     
      \(^)
     
     
      1
     
     
      ],
     
     
      \I\^l
     
     
      (l
     
     
      >
     
     
      0)
     
     
      2.10
     
     
      is
     
     
      the
     
     
      £
     
     
      x
     
     
      x
     
     
      -submodule
     
     
      generated
     
     
      by
     
     
      the
     
     
      l
     
     
      f
     
     
      )
     
     
      1
     
     
      for
     
     
      |/|
     
     
      ^
     
     
      l.
     
     
      So
     
     
      l
     
     
      ^
     
     
      X
     
     
      x
     
     
      ,
     
     
      d
     
     
      >
     
     
      where
     
     
      X
     
     
      x
     
     
      ,
     
     
      d
     
     
      is
     
     
      defined
     
     
      as
     
     
      follows.
     
     
      If
     
     
      we
     
     
      denote
     
     
      by
     
     
      s(x)
     
     
      the
     
     
      number
     
     
      s
     
     
      so
     
     
      that
     
     
      D
     
     
      c
     
     
      U(x)
     
     
      is
     
     
      given
     
     
      by
     
     
      z\
     
     
      ■
     
     
      ■
     
     
      ■
     
     
      z
     
     
      s
     
     
      —
     
     
      0,
     
     
      we
     
     
      define
     
     
      X
     
     
      x
     
     
      ,
     
     
      d
     
     
      =
     
     
      ma
     
     
      ^
     
     
      «(*)
     
     
      2.
     
     
      H
     
     
      xEX
     
     
      Up
     
     
      to
     
     
      a
     
     
      renumbering,
     
     
      the
     
     
      filtration
     
     
      Wi
     
     
      given
     
     
      above,
     
     
      coincides
     
     
      with
     
     
      the
     
     
      filtration
     
     
      given
     
     
      by
     
     
      [GS].
     
     
      It
     
     
      is
     
     
      clear
     
     
      that
     
     
      d(Wi£
     
     
      x
     
     
      (log
     
     
      D))
     
     
      C
     
     
      Wiü'
     
     
      x
     
     
      (log
     
     
      D)
     
     
      2.12
     
     
      hence
     
     
      the
     
     
      above
     
     
      filtration
     
     
      gives
     
     
      a
     
     
      filtration
     
     
      in
     
     
      cohomology:
     
     
      WiH
     
     
      k
     
     
      (V,
     
     
      £'
     
     
      x
     
     
      (log
     
     
      D))
     
     
      and,
     
     
      using
     
     
      the
     
     
      natural
     
     
      isomorphism
     
     
      of
     
     
      theorem
     
     
      1,
     
     
      it
     
     
      induces
     
     
      a
     
     
      filtration
     
     
      WiH
     
     
      k(V
     
     
      \
     
     
      D,
     
     
      C)
     
     
      for
     
     
      any
     
     
      open
     
     
      set
     
     
      V
     
     
      C
     
     
      X.
     
     
      As
     
     
      usual,
     
     
      there
     
     
      is
     
     
      a
     
     
      spectral
     
     
      sequence
     
     
      denoted
     
     
      by
     
     
      E'
     
     
      r
     
     
      :
     
     
      k
     
     
      with
     
     
      first
     
     
      term
     
     
      r
     
     
      i,k
     
     
      TTk
     
     
      (
     
     
      y
     
     
      W^logD)
     
     
      \
     
     
      E
     
     
      ‘
     
     
      -
     
     
      H
     
     
      U
     
     
      ’
     
     
      w',-,£i(iog
     
     
      m)
     
     
      2.13
     
     
      which
     
     
      is
     
     
      the
     
     
      cohomology
     
     
      of
     
     
      the
     
     
      graded
     
     
      complex
     
     
      and
     
     
      the
     
     
      spectral
     
     
      sequence
     
     
      converges
     
     
      to
     
     
      the
     
     
      graded
     
     
      cohomology
     
     
      (log
     
     
      D))
     
     
      W,-
     
     
      1
     
     
      H
     
     
      k
     
     
      (V,£'
     
     
      x
     
     
      (logD))
     
     
      One
     
     
      can
     
     
      calculate
     
     
      the
     
     
      differential
     
     
      d\
     
     
      2.14
     
     
      di
     
     
      :
     
     
      E[
     
     
      ’
     
     
      k
     
     
      E[~
     
     
      hk+1
     
     
      First,
     
     
      we
     
     
      consider
     
     
      the
     
     
      differential
     
     
      do
     
     
      of
     
     
      the
     
     
      graded
     
     
      complex
     
     
      2.15
     
     
      T^W^jlogD))
     
     
      )
     
     
      r(V,
     
     
      Wi£.
     
     
      k
     
     
      x
     
     
      '
     
     
      (log
     
     
      D))
     
     
      ■
     
     
      r(U,
     
     
      Wi-i£
     
     
      x
     
     
      (log
     
     
      D))
     
     
      nvw-xt*
     
     
      1
     
     
      (log
     
     
      D))
     
     
    
   
  

 
  
   
    
    
     
      
     
    
    
     
      Residues
     
     
      and
     
     
      mixed
     
     
      Hodge
     
     
      structures
     
     
      on
     
     
      open
     
     
      algebraic
     
     
      varieties
     
     
      7
     
     
      Using
     
     
      2.13,
     
     
      E[
     
     
      ’
     
     
      k
     
     
      appears
     
     
      as
     
     
      the 
     
     
      cohomology
     
     
      of
     
     
      this 
     
     
      complex.
     
     
      We
     
     
      take
     
     
      an 
     
     
      element
     
     
      [[7r]]
     
     
      G
     
     
      E
     
     
      l
     
     
      {
     
     
      k
     
     
      .
     
     
      It
     
     
      corresponds
     
     
      to
     
     
      an
     
     
      element
     
     
      7r
     
     
      G
     
     
      T
     
     
      (V,Wi£
     
     
      k
     
     
      x
     
     
      (log
     
     
      D))
     
     
      suchthatcfor
     
     
      G
     
     
      Wi-i£
     
     
      x
     
     
      (logH).
     
     
      Moreover
     
     
      the
     
     
      d
     
     
      0
     
     
      of
     
     
      the
     
     
      class
     
     
      of
     
     
      dn
     
     
      is
     
     
      obviously
     
     
      0,
     
     
      so
     
     
      it
     
     
      gives
     
     
      a
     
     
      cohomology
     
     
      class
     
     
      which
     
     
      is
     
     
      an 
     
     
      element
     
     
      of
     
     
      E[~
     
     
      1,k+1
     
     
      which
     
     
      depends
     
     
      only
     
     
      on
     
     
      [[7r]]
     
     
      and
     
     
      not
     
     
      on
     
     
      the
     
     
      other
     
     
      choices.
     
     
      2.4. 
     
     
      The
     
     
      De
     
     
      Rham
     
     
      complex
     
     
      of
     
     
      a
     
     
      divisor
     
     
      We
     
     
      consider
     
     
      again
     
     
      X
     
     
      smooth,
     
     
      D
     
     
      =
     
     
      Di
     
     
      \J
     
     
      ■
     
     
      ■
     
     
      ■
     
     
      li
     
     
      a
     
     
      divisor
     
     
      with
     
     
      normal
     
     
      crossing
     
     
      and
     
     
      we
     
     
      define
     
     
      for
     
     
      any
     
     
      ordered
     
     
      multiindex
     
     
      I
     
     
      =
     
     
      (ii
     
     
      ,
     
     
      •
     
     
      •
     
     
      •
     
     
      ,
     
     
      i
     
     
      q
     
     
      )
     
     
      in
     
     
      (1,...,
     
     
      N)
     
     
      D!
     
     
      =
     
     
      D
     
     
      h
     
     
      n 
     
     
      ■
     
     
      •
     
     
      •
     
     
      n
     
     
      D
     
     
      iq
     
     
      2.16
     
     
      and
     
     
      DW
     
     
      =
     
     
      U|/|
     
     
      =
     
     
      ,D/,
     
     
      D
     
     
      [0]
     
     
      =
     
     
      X
     
     
      2.17
     
     
      where
     
     
      the
     
     
      sign
     
     
      II
     
     
      denotes
     
     
      the
     
     
      disjoint
     
     
      union.
     
     
      Then
     
     
      the
     
     
      D
     
     
      ^
     
     
      are
     
     
      manifolds
     
     
      (not
     
     
      connected
     
     
      in
     
     
      general).
     
     
      We
     
     
      define
     
     
      a
     
     
      double
     
     
      complex
     
     
      with
     
     
      two
     
     
      differentials
     
     
      c
     
     
      p,q
     
     
      _
     
     
      c
     
     
      p
     
     
      c
     
     
      p
     
     
      '°
     
     
      _
     
     
      c
     
     
      p
     
     
      ^X,D
     
     
      —
     
     
      c-X.D
     
     
      —
     
     
      L
     
     
      X
     
     
      d:
     
     
      £,
     
     
      J
     
     
      X,D
     
     
      ~
     
     
      7
     
     
      '
     
     
      ^X,D
     
     
      which
     
     
      is
     
     
      the
     
     
      De
     
     
      Rham
     
     
      differential
     
     
      on
     
     
      or
     
     
      £
     
     
      P
     
     
      X
     
     
      ,
     
     
      and
     
     
      a
     
     
      differential
     
     
      ^P.9+1
     
     
      'X,D
     
     
      such
     
     
      that
     
     
      if
     
     
      0
     
     
      G
     
     
      £
     
     
      P
     
     
      X
     
     
      D
     
     
      ,
     
     
      so
     
     
      that
     
     
      cj>
     
     
      —
     
     
      (
     
     
      <j>i)\i\
     
     
      =q
     
     
      and
     
     
      <j>i
     
     
      is
     
     
      ap-form
     
     
      on
     
     
      D/,
     
     
      then
     
     
      2.18
     
     
      2.19
     
     
      2.20
     
     
      ,j,+1
     
     
      ^
     
     
      dq
     
     
      +
     
     
      l)
     
     
      1=1
     
     
      and
     
     
      if
     
     
      q
     
     
      =
     
     
      0,
     
     
      tj>
     
     
      is
     
     
      ap-form
     
     
      on
     
     
      X
     
     
      and
     
     
      8(<j))i
     
     
      =
     
     
      4>\Di.
     
     
      We
     
     
      define
     
     
      then
     
     
      the
     
     
      diagonal
     
     
      complex
     
     
      F
     
     
      P
     
     
      '
     
     
      q
     
     
      C
     
     
      X,D
     
     
      p+q=k+l,q>0
     
     
      2.21
     
     
      2.22
     
     
      with
     
     
      the
     
     
      differential
     
     
      do
     
     
      =
     
     
      d
     
     
      +
     
     
      (
     
     
      —
     
     
      l)
     
     
      fc
     
     
      <5.
     
     
      Lemma
     
     
      1
     
     
      —
     
     
      The
     
     
      complex
     
     
      (iV
     
     
      D
     
     
      .do)
     
     
      defines
     
     
      a
     
     
      fine
     
     
      resolution
     
     
      of
     
     
      the
     
     
      constant
     
     
      sheaf
     
     
      Cp
     
     
      and
     
     
      thus
     
     
      H
     
     
      k
     
     
      (D,
     
     
      \'
     
     
      D
     
     
      )
     
     
      ~
     
     
      H
     
     
      k
     
     
      (D,
     
     
      C).
     
     
      Proof
     
     
      :
     
     
      see
     
     
      [GS].
     
     
      We
     
     
      define
     
     
      also
     
     
      a
     
     
      complex
     
     
      A
     
     
      ’
     
     
      x
     
     
      D
     
     
      by
     
     
      »
     
     
      k
     
     
      c
     
     
      k
     
     
      AX,D
     
     
      —
     
     
      £
     
     
      X
     
     
      k
     
     
      -
     
     
      1
     
     
      k
     
     
      fc-1
     
     
      1
     
     
      =
     
     
      ©
     
     
      £,D[1]
     
     
      'D
     
     
      [
     
     
      m
     
     
      l
     
     
      ,*-x
     
     
      ~
     
     
      j
     
     
      DM
     
     
      2.23
     
     
      where
     
     
      \
     
     
      —
     
     
      X
     
     
      x
     
     
      ,
     
     
      d
     
     
      h
     
     
      as
     
     
      been
     
     
      defined
     
     
      in
     
     
      2.11.
     
     
      The
     
     
      differential
     
     
      d
     
     
      x
     
     
      .n
     
     
      is
     
     
      given
     
     
      by
     
     
      do
     
     
      when
     
     
      fc_
     
     
      i
     
     
      fg
     
     
      restricted
     
     
      to
     
     
      A
     
     
      u
     
     
      and
     
     
      by
     
     
      d
     
     
      +
     
     
      (
     
     
      —
     
     
      1)*
     
     
      ^
     
     
      when
     
     
      restricted
     
     
      to
     
     
      £
     
     
      x
     
     
      .
     
     
      It
     
     
      is
     
     
      natural
     
     
      to
     
     
      define
     
     
      a
     
     
      filtration
     
     
      Wi
     
     
      D
     
     
      by
     
     
      W[A
     
     
      x
     
     
      d
     
     
      =
     
     
      Wi£
     
     
      x
     
     
      ®
     
     
      Wi
     
     
      +
     
     
      \£
     
     
      D
     
     
      [!]
     
     
      ®
     
     
      ■
     
     
      ■
     
     
      ■
     
     
      ®
     
     
      Wi
     
     
      +m
     
     
      £
     
     
      D
     
     
      [m]
     
     
      ®
     
     
      •
     
     
      •
     
     
      •
     
     
      2.24
     
     
     
    
   
  

 
  
   
    
    
     
      
     
    
    
     
      8
     
     
      Vincenzo
     
     
      Ancona
     
     
      and
     
     
      Bernard
     
     
      Gaveau
     
     
      k
     
     
      where
     
     
      W
     
     
      i
     
     
      E
     
     
      m
     
     
      for
     
     
      a
     
     
      complex
     
     
      manifold
     
     
      M
     
     
      is
     
     
      the
     
     
      trivial
     
     
      filtration
     
     
      WiZ
     
     
      M
     
     
      =
     
     
      £
     
     
      M
     
     
      for
     
     
      l
     
     
      ^
     
     
      0
     
     
      W/£
     
     
      m
     
     
      =
     
     
      0
     
     
      for
     
     
      l
     
     
      <
     
     
      0
     
     
      It
     
     
      is
     
     
      clear
     
     
      that
     
     
      the
     
     
      differential
     
     
      d
     
     
      x
     
     
      ,D
     
     
      respects
     
     
      the
     
     
      above
     
     
      filtration.
     
     
      3.
     
     
      Residues
     
     
      :
     
     
      smooth
     
     
      case
     
     
      Definition
     
     
      1
     
     
      —
     
     
      We
     
     
      define
     
     
      for
     
     
      l
     
     
      >
     
     
      0
     
     
      itesf
     
     
      :
     
     
      Wt£
     
     
      r
     
     
      x
     
     
      (log
     
     
      D)
     
     
      £
     
     
      p-i
     
     
      £>['
     
     
      l
     
     
      3.1
     
     
      in
     
     
      the
     
     
      following
     
     
      way.
     
     
      Let
     
     
      ui
     
     
      be
     
     
      a
     
     
      section
     
     
      ofWi
     
     
      E
     
     
      ’
     
     
      x
     
     
      (log
     
     
      D)
     
     
      and
     
     
      let
     
     
      (zi
     
     
      ,
     
     
      ■
     
     
      ■
     
     
      ■
     
     
      ,z
     
     
      n
     
     
      )
     
     
      be
     
     
      an
     
     
      adapted
     
     
      coordinate
     
     
      system
     
     
      for
     
     
      (X, 
     
     
      D
     
     
      )
     
     
      so
     
     
      that
     
     
      in
     
     
      this
     
     
      coordinate
     
     
      system
     
     
      cj
     
     
      =
     
     
      ^
     
     
      ctj
     
     
      A
     
     
      vtei
     
     
      ?)'
     
     
      (
     
     
      remember
     
     
      the
     
     
      definition
     
     
      2.10).
     
     
      We
     
     
      define
     
     
      Res^u\
     
     
      Dl
     
     
      =
     
     
      ai\
     
     
      Dj
     
     
      for
     
     
      |/|
     
     
      =
     
     
      l
     
     
      In
     
     
      other
     
     
      words,
     
     
      Res
     
     
      f
     
     
      (ai
     
     
      A
     
     
      (
     
     
      —
     
     
      )
     
     
      )
     
     
      \Dj
     
     
      =
     
     
      {
     
     
      forJ
     
     
      =
     
     
      l
     
     
      0
     
     
      forJ 
     
     
      f
     
     
      I
     
     
      3.2
     
     
      3.3
     
     
      3.4
     
     
      It
     
     
      is
     
     
      easy
     
     
      to
     
     
      see
     
     
      that
     
     
      the
     
     
      definition
     
     
      3.4
     
     
      is
     
     
      invariant
     
     
      by
     
     
      change
     
     
      of
     
     
      local
     
     
      adapted
     
     
      coordinates.
     
     
      In
     
     
      particular,
     
     
      for
     
     
      any
     
     
      open
     
     
      set
     
     
      V
     
     
      C
     
     
      X,
     
     
      the
     
     
      morphisms
     
     
      i?esf
     
     
      induce
     
     
      morphisms
     
     
      of
     
     
      global
     
     
      sections
     
     
      on
     
     
      V
     
     
      Res\
     
     
      :
     
     
      r(V,Wi£^(logD))
     
     
      -*
     
     
      T(V
     
     
      n
     
     
      Z?[,]
     
     
      ,
     
     
      ££„,)
     
     
      Lemma
     
     
      2
     
     
      —
     
     
      R.esf
     
     
      commutes
     
     
      with
     
     
      the
     
     
      differentials
     
     
      d,
     
     
      d,
     
     
      and
     
     
      d.
     
     
      and
     
     
      Res*(Wt^Ex
     
     
      (log
     
     
      D))
     
     
      =0
     
     
      so
     
     
      that
     
     
      one
     
     
      has
     
     
      an
     
     
      induced
     
     
      map
     
     
      W^xdogD)
     
     
      1
     
     
      '
     
     
      Wi-^x(log
     
     
      D)
     
     
      p-l
     
     
      £)[*]
     
     
      3.5
     
     
      3.6
     
     
      3.7
     
     
      which
     
     
      can
     
     
      be
     
     
      rewritten
     
     
      as
     
     
      Res
     
     
      *
     
     
      :
     
     
      W-,A
     
     
      -»
     
     
      l^X.D
     
     
      WiL
     
     
      x
     
     
      (log
     
     
      D)
     
     
      W^E'x(logD)
     
     
      '
     
     
      W-
     
     
      t
     
     
      -iA
     
     
      r
     
     
      x
     
     
      ,D
     
     
      3.8
     
     
    
   
  

 
  
   
    
    
     
      
     
    
    
     
      Residues
     
     
      and
     
     
      mixed
     
     
      Hodge
     
     
      structures
     
     
      on
     
     
      open
     
     
      algebraic
     
     
      varieties
     
     
      9
     
     
      3.1.
     
     
      The
     
     
      residues
     
     
      in
     
     
      local
     
     
      cohomology
     
     
      Lemma
     
     
      3
     
     
      —
     
     
      Res
     
     
      p
     
     
      induces
     
     
      an
     
     
      isomorphism
     
     
      of
     
     
      the
     
     
      cohomology
     
     
      sheaves
     
     
      Res
     
     
      f
     
     
      :
     
     
      (
     
     
      W,E\(logD)
     
     
      \
     
     
      \Wt-iE\QagD))
     
     
      K
     
     
      p
     
     
      ~
     
     
      l
     
     
      £\
     
     
      dim
     
     
      3.9
     
     
      As
     
     
      an
     
     
      immediate
     
     
      consequence
     
     
      of
     
     
      lemma
     
     
      3,
     
     
      we
     
     
      obtain
     
     
      Theorem
     
     
      2
     
     
      —
     
     
      For
     
     
      fixed
     
     
      l,
     
     
      the
     
     
      morphism
     
     
      Res
     
     
      p
     
     
      induce
     
     
      natural
     
     
      isomorphisms,
     
     
      for 
     
     
      any
     
     
      open
     
     
      set
     
     
      V 
     
     
      of
     
     
      X
     
     
      P
     
     
      ...
     
     
      „,
     
     
      (r
     
     
      W-
     
     
      x
     
     
      (\ogD)
     
     
      \
     
     
      ***
     
     
      H
     
     
      <
     
     
      ’
     
     
      V,£V<Iog
     
     
      D)
     
     
      H
     
     
      p
     
     
      -
     
     
      l
     
     
      {VnD®,Z-
     
     
      D
     
     
      m)
     
     
      3.14
     
     
      4.
     
     
      Residues
     
     
      and
     
     
      mixed
     
     
      Hodge
     
     
      structures.
     
     
      The
     
     
      smooth
     
     
      case
     
     
      4.1. 
     
     
      The
     
     
      filtration
     
     
      F
     
     
      p
     
     
      ,
     
     
      F
     
     
      q
     
     
      on
     
     
      a
     
     
      complex
     
     
      manifold
     
     
      If
     
     
      M
     
     
      is
     
     
      a
     
     
      complex
     
     
      manifold,
     
     
      one
     
     
      can
     
     
      write
     
     
      any
     
     
      differential
     
     
      form
     
     
      7r
     
     
      of
     
     
      degree
     
     
      k
     
     
      using
     
     
      complex
     
     
      coordinates
     
     
      as
     
     
      7T
     
     
      =
     
     
      ^
     
     
      ttijdz
     
     
      1
     
     
      A
     
     
      dz
     
     
      J
     
     
      4.1
     
     
      \i\+\J\=k
     
     
      k
     
     
      We
     
     
      say
     
     
      that
     
     
      it
     
     
      has
     
     
      has
     
     
      type
     
     
      ^
     
     
      p,
     
     
      if
     
     
      one
     
     
      has
     
     
      |ij
     
     
      ^
     
     
      p
     
     
      in
     
     
      the
     
     
      sum
     
     
      4.1
     
     
      and
     
     
      we
     
     
      define
     
     
      F
     
     
      P
     
     
      E
     
     
      M
     
     
      as
     
     
      the
     
     
      space
     
     
      of
     
     
      fc-forms
     
     
      of
     
     
      type
     
     
      ^
     
     
      p.
     
     
      This
     
     
      defines 
     
     
      a
     
     
      decreasing
     
     
      filtration
     
     
      (called
     
     
      the
     
     
      Hodge
     
     
      filtration
     
     
      )
     
     
      —
     
     
      k
     
     
      and
     
     
      d
     
     
      respects
     
     
      this
     
     
      filtration.
     
     
      The
     
     
      conjugate
     
     
      filtration
     
     
      is
     
     
      defined
     
     
      by
     
     
      saying
     
     
      that
     
     
      7r
     
     
      6
     
     
      F
     
     
      q
     
     
      £
     
     
      M
     
     
      if
     
     
      \J\
     
     
      ^
     
     
      q
     
     
      in
     
     
      the
     
     
      sum
     
     
      4.1
     
     
      or
     
     
      in
     
     
      other
     
     
      words
     
     
      F
     
     
      q
     
     
      e.
     
     
      h
     
     
      M
     
     
      =
     
     
      F<;
     
     
      We
     
     
      shall
     
     
      now
     
     
      adapt
     
     
      these
     
     
      definitions
     
     
      to
     
     
      the
     
     
      case
     
     
      of 
     
     
      the
     
     
      De
     
     
      Rham
     
     
      complexes
     
     
      of
     
     
      forms
     
     
      with
     
     
      logarithmic
     
     
      poles
     
     
      and
     
     
      the
     
     
      De
     
     
      Rham
     
     
      complex
     
     
      on
     
     
      a
     
     
      divisor
     
     
      in
     
     
      order
     
     
      that
     
     
      the
     
     
      residues
     
     
      become
     
     
      morphisms
     
     
      of
     
     
      filtered
     
     
      spaces.
     
     
      4.2. 
     
     
      Hodge
     
     
      filtrations
     
     
      and
     
     
      residues
     
     
      In
     
     
      order
     
     
      to
     
     
      define
     
     
      Hodge
     
     
      filtrations
     
     
      compatible
     
     
      with
     
     
      the
     
     
      residues,
     
     
      we
     
     
      must
     
     
      consider
     
     
      the
     
     
      residues
     
     
      as
     
     
      morphisms
     
     
      of
     
     
      complexes
     
     
      which
     
     
      preserve
     
     
      the
     
     
      degrees
     
     
      of
     
     
      the
     
     
      complexes.
     
     
      This
     
     
      forces
     
     
      us
     
     
      to
     
     
      repeatedly
     
     
      use
     
     
      shifted
     
     
      complexes
     
     
      :
     
     
      if
     
     
      (C*
     
     
      ,
     
     
      d)
     
     
      is
     
     
      a
     
     
      complex,
     
     
      the
     
     
      r-shifted
     
     
      complex
     
     
      C*(r)
     
     
      is
     
     
      (C'(r))
     
     
      k
     
     
      =
     
     
      C
     
     
      k+r
     
     
      4.2
     
     
      with
     
     
      the
     
     
      same
     
     
      differential.
     
     
      We
     
     
      see
     
     
      that
     
     
      the
     
     
      morphisms
     
     
      of
     
     
      residues
     
     
      defined
     
     
      as
     
     
      in
     
     
      3.1
     
     
      and
     
     
      3.7 
     
     
      become
     
     
      morphisms
     
     
      of
     
     
      complexes
     
     
      Res
     
     
      p
     
     
      :W
     
     
      l
     
     
      E,
     
     
      x
     
     
      <}ogD)^E
     
     
      ,
     
     
      Dm
     
     
      (-l),
     
     
      Res
     
     
      p
     
     
      :
     
     
      Wjg^(IogD)
     
     
      Wt^ilogD)
     
     
      £r>[']
     
     
      (~
     
     
      0
     
     
      4.3
     
     
      and
     
     
      preserve
     
     
      the
     
     
      degrees
     
     
      of
     
     
      the
     
     
      complexes.
     
     
    
   
  

 
  
   
    
    
     
      
     
    
    
     
      10
     
     
      Vincenzo
     
     
      Ancona
     
     
      and
     
     
      Bernard
     
     
      Gaveau
     
     
      Let
     
     
      (A*,
     
     
      d)
     
     
      be
     
     
      a
     
     
      filtered
     
     
      complex
     
     
      with
     
     
      a
     
     
      certain
     
     
      filtration
     
     
      <I>.
     
     
      We
     
     
      define
     
     
      the
     
     
      shifted
     
     
      filtra
     
     
      ɐ
     
     
      tion
     
     
      on
     
     
      the
     
     
      shifted
     
     
      complex
     
     
      C'(n)
     
     
      by
     
     
      (")$P(7
     
     
      fc
     
     
      (
     
     
      n
     
     
      )
     
     
      -
     
     
      ÿP+nçk+n
     
     
      4_4
     
     
      In
     
     
      our
     
     
      case,
     
     
      we
     
     
      define
     
     
      on
     
     
      the
     
     
      De
     
     
      Rham
     
     
      complexes
     
     
      of
     
     
      the
     
     
      manifolds
     
     
      D^r
     
     
      \
     
     
      the
     
     
      usual
     
     
      Hodge
     
     
      filtration
     
     
      W
     
     
      dm
     
     
      so
     
     
      that
     
     
      we
     
     
      induce
     
     
      a
     
     
      shifted
     
     
      filtration
     
     
      on
     
     
      the
     
     
      shifted
     
     
      complex
     
     
      :
     
     
      ^F^
     
     
      k
     
     
      Dlr]
     
     
      (~r)
     
     
      =
     
     
      FP~
     
     
      r
     
     
      E
     
     
      k
     
     
      Di
     
     
      ;
     
     
      ]
     
     
      4.5
     
     
      and
     
     
      we
     
     
      define 
     
     
      the
     
     
      conjugate
     
     
      filtration
     
     
      ^F«8.
     
     
      k
     
     
      Dlr]
     
     
      (-r)
     
     
      =
     
     
      F«-
     
     
      r
     
     
      E
     
     
      k
     
     
      Di
     
     
      ;
     
     
      ]
     
     
      4.6
     
     
      If
     
     
      X
     
     
      is
     
     
      a
     
     
      Kàhler
     
     
      compact
     
     
      manifold,
     
     
      each
     
     
      is
     
     
      also
     
     
      compact
     
     
      Kàhler
     
     
      and
     
     
      the
     
     
      Hodge
     
     
      filtration
     
     
      of
     
     
      the
     
     
      De
     
     
      Rham
     
     
      complex
     
     
      induces
     
     
      a
     
     
      pure
     
     
      Hodge
     
     
      structure
     
     
      on
     
     
      the
     
     
      cohomology
     
     
      of
     
     
      IfM.
     
     
      Indeed,
     
     
      one
     
     
      has
     
     
      H
     
     
      k
     
     
      (D^,C)
     
     
      =
     
     
      0
     
     
      F
     
     
      a
     
     
      F
     
     
      b
     
     
      H
     
     
      k
     
     
      (D^
     
     
      r
     
     
      \
     
     
      C)
     
     
      4.7
     
     
      a-{-b=k
     
     
      This
     
     
      means
     
     
      that
     
     
      the
     
     
      shifted
     
     
      filtrations
     
     
      of 
     
     
      4.5,
     
     
      4.6
     
     
      induce
     
     
      also
     
     
      a
     
     
      pure
     
     
      Hodge
     
     
      structure,
     
     
      namely
     
     
      4.7
     
     
      can
     
     
      be
     
     
      rewritten
     
     
      as
     
     
      H
     
     
      k
     
     
      {D
     
     
      [r
     
     
      \
     
     
      C)
     
     
      =
     
     
      0
     
     
      (~
     
     
      r
     
     
      '>F
     
     
      a+r
     
     
      (~
     
     
      r)
     
     
      F
     
     
      b+r
     
     
      H
     
     
      k
     
     
      {D
     
     
      [r]
     
     
      ,
     
     
      C)
     
     
      a-\-b=k
     
     
      Renaming
     
     
      the
     
     
      indices,
     
     
      we
     
     
      obtain
     
     
      H
     
     
      k
     
     
      ~
     
     
      r
     
     
      (D
     
     
      [
     
     
      r],<C)
     
     
      =
     
     
      0
     
     
      F
     
     
      a
     
     
      (
     
     
      ~
     
     
      r)
     
     
      F
     
     
      b
     
     
      H
     
     
      k
     
     
      ~
     
     
      r
     
     
      {D
     
     
      [r
     
     
      \€)
     
     
      4.8
     
     
      a+b=k+r
     
     
      where
     
     
      we
     
     
      notice
     
     
      that
     
     
      the
     
     
      direct
     
     
      sum
     
     
      of
     
     
      4.8
     
     
      is
     
     
      taken
     
     
      over
     
     
      pairs
     
     
      (a,
     
     
      6)
     
     
      with 
     
     
      a
     
     
      +
     
     
      6
     
     
      =
     
     
      k
     
     
      +
     
     
      r
     
     
      (instead
     
     
      of
     
     
      k
     
     
      —
     
     
      r
     
     
      as
     
     
      usual).
     
     
      We
     
     
      also
     
     
      define
     
     
      filtrations
     
     
      on
     
     
      E'
     
     
      x
     
     
      (log
     
     
      D)
     
     
      by
     
     
      (-r)
     
     
      F
     
     
      “
     
     
      r
     
     
      x
     
     
      (log
     
     
      D)=F
     
     
      a
     
     
      r
     
     
      x
     
     
      (log
     
     
      D)
     
     
      (-
     
     
      r
     
     
      '>F
     
     
      b
     
     
      £
     
     
      x
     
     
      (logD)
     
     
      =
     
     
      F
     
     
      b
     
     
      ~
     
     
      r
     
     
      r
     
     
      x
     
     
      (logD)
     
     
      As
     
     
      usual
     
     
      in
     
     
      the
     
     
      second
     
     
      members
     
     
      of
     
     
      4.9
     
     
      F
     
     
      a
     
     
      ,
     
     
      F
     
     
      b
     
     
      denote
     
     
      the
     
     
      standard
     
     
      Hodge
     
     
      filtrations.
     
     
      Remark
     
     
      1
     
     
      —
     
     
      The
     
     
      filtrations
     
     
      defined
     
     
      in
     
     
      4.9
     
     
      are
     
     
      not
     
     
      conjugate.
     
     
      With
     
     
      the
     
     
      above
     
     
      notations,
     
     
      we
     
     
      deduce
     
     
      immediately
     
     
      Lemma
     
     
      4
     
     
      —
     
     
      For
     
     
      any
     
     
      l
     
     
      ,
     
     
      the
     
     
      residues
     
     
      induce
     
     
      morphisms
     
     
      of
     
     
      filtered
     
     
      spaces
     
     
      for
     
     
      the
     
     
      shifted
     
     
      filtrations
     
     
      Res(-
     
     
      ‘
     
     
      )FPW
     
     
      t
     
     
      r
     
     
      x
     
     
      (log
     
     
      D)
     
     
      ->
     
     
      ^F
     
     
      p
     
     
      E'
     
     
      Dll]
     
     
      (-l)
     
     
      Res',
     
     
      -
     
     
      (~
     
     
      f
     
     
      )
     
     
      F
     
     
      p
     
     
      (
     
     
      w
     
     
      i?xp*
     
     
      D
     
     
      )\
     
     
      (-
     
     
      1
     
     
      )
     
     
      f
     
     
      p
     
     
      £.
     
     
      ‘
     
     
      neb
     
     
      l
     
     
      ■
     
     
      r
     
     
      ^ 
     
     
      W,-
     
     
      1
     
     
      £.'
     
     
      x
     
     
      {\ozD)
     
     
      )
     
     
      ^
     
     
      r
     
     
      and
     
     
      also
     
     
      for
     
     
      the
     
     
      F
     
     
      filtrations
     
     
      Res
     
     
      •:
     
     
      (-O^WiC^logD)
     
     
      ->
     
     
      W
     
     
      Res
     
     
      ■
     
     
      (~i)m
     
     
      (
     
     
      Wl
     
     
      £
     
     
      x<
     
     
      l<J
     
     
      g
     
     
      °)
     
     
      (-0
     
     
      FT
     
     
      ,n(-l)
     
     
      nes
     
     
      i
     
     
      •
     
     
      r
     
     
      Vtv,_i£^<iogr>)
     
     
      )
     
     
      ^
     
     
      C
     
     
      £)[']V
     
     
      >
     
     
    
   
  

 
  
   
    
    
     
      
     
    
    
     
      Residues
     
     
      and
     
     
      mixed
     
     
      Hodge
     
     
      structures
     
     
      on
     
     
      open
     
     
      algebraic
     
     
      varieties
     
     
      11
     
     
      4.3. 
     
     
      Pure
     
     
      Hodge
     
     
      structure
     
     
      on
     
     
      E
     
     
      l
     
     
      {
     
     
      k
     
     
      (X
     
     
      )
     
     
      In
     
     
      the
     
     
      sequel,
     
     
      X
     
     
      is
     
     
      a
     
     
      Kàhler
     
     
      compact
     
     
      manifold
     
     
      Recall
     
     
      that
     
     
      if
     
     
      M
     
     
      is
     
     
      a
     
     
      complex
     
     
      manifold
     
     
      of
     
     
      dimension
     
     
      n,
     
     
      and
     
     
      j
     
     
      :
     
     
      S
     
     
      —
     
     
      »
     
     
      M
     
     
      is
     
     
      the
     
     
      embedding
     
     
      of
     
     
      a
     
     
      smooth
     
     
      complex
     
     
      hypersurface
     
     
      in
     
     
      M,
     
     
      the
     
     
      Gysin
     
     
      map
     
     
      ls
     
     
      ,M:H
     
     
      k
     
     
      (S,C)
     
     
      ~+H
     
     
      k+2
     
     
      (M,C)
     
     
      can
     
     
      be
     
     
      obtained
     
     
      via
     
     
      Poincaré
     
     
      duality
     
     
      from
     
     
      the
     
     
      pullback
     
     
      j*
     
     
      :
     
     
      H
     
     
      2n
     
     
      ~
     
     
      k
     
     
      ~
     
     
      2
     
     
      (M,
     
     
      C)
     
     
      ->
     
     
      H
     
     
      2n
     
     
      ~
     
     
      k
     
     
      ~
     
     
      2
     
     
      (S,C
     
     
      )
     
     
      It
     
     
      follows
     
     
      that
     
     
      7
     
     
      s
     
     
      ,
     
     
      m
     
     
      is
     
     
      real,
     
     
      commutes
     
     
      to
     
     
      conjugation,
     
     
      and
     
     
      it
     
     
      is
     
     
      a
     
     
      morphism
     
     
      of
     
     
      pure
     
     
      Hodge
     
     
      structures
     
     
      of
     
     
      degree
     
     
      1.
     
     
      Let
     
     
      us
     
     
      consider
     
     
      the
     
     
      spectral
     
     
      sequence
     
     
      E
     
     
      l
     
     
      r
     
     
      ,k
     
     
      (X)
     
     
      with
     
     
      first
     
     
      term
     
     
      E[
     
     
      ’
     
     
      k
     
     
      =
     
     
      H
     
     
      k
     
     
      W|£^log£>)
     
     
      \
     
     
      Wi-iE
     
     
      ’
     
     
      xQogD))
     
     
      (see
     
     
      2.13).
     
     
      Proposition
     
     
      1
     
     
      —
     
     
      (1)
     
     
      The
     
     
      first
     
     
      term
     
     
      E[
     
     
      ’
     
     
      k(X)
     
     
      of
     
     
      the
     
     
      spectral
     
     
      sequence
     
     
      has
     
     
      a
     
     
      pure
     
     
      Hodge
     
     
      structure
     
     
      induced
     
     
      by
     
     
      the
     
     
      shifted
     
     
      filtrations
     
     
      F
     
     
      (which
     
     
      are
     
     
      not
     
     
      conjugate)
     
     
      E
     
     
      l
     
     
      j
     
     
      k
     
     
      (X)=
     
     
      0
     
     
      (-
     
     
      l
     
     
      )F
     
     
      p
     
     
      (-
     
     
      l)
     
     
      F
     
     
      q
     
     
      E[
     
     
      ’
     
     
      k
     
     
      (X)
     
     
      p+q=k+l
     
     
      Moreover
     
     
      the
     
     
      residue
     
     
      Res
     
     
      ’
     
     
      :
     
     
      E[
     
     
      ’
     
     
      ’
     
     
      (X)
     
     
      ->■
     
     
      H
     
     
      ’
     
     
      ~
     
     
      l
     
     
      (D^,C)
     
     
      4.10
     
     
      induces
     
     
      an
     
     
      isomorphism
     
     
      of
     
     
      pure
     
     
      Hodge
     
     
      structures
     
     
      on
     
     
      the
     
     
      spaces
     
     
      E['
     
     
      k(X)
     
     
      and
     
     
      on
     
     
      H
     
     
      k
     
     
      -
     
     
      l
     
     
      (DW,C)
     
     
      for
     
     
      the
     
     
      shifted
     
     
      Hodge
     
     
      filtrations
     
     
      (~
     
     
      l
     
     
      ^F,
     
     
      F.
     
     
      (2)
     
     
      The
     
     
      differential
     
     
      dr
     
     
      :
     
     
      E[
     
     
      ’
     
     
      k
     
     
      (X)
     
     
      ->
     
     
      E
     
     
      l
     
     
      ff^
     
     
      k+x
     
     
      (X)
     
     
      4.11
     
     
      is
     
     
      a
     
     
      morphism
     
     
      of
     
     
      pure
     
     
      Hodge
     
     
      structures.
     
     
      (3)
     
     
      Let
     
     
      us
     
     
      define
     
     
      d\
     
     
      as
     
     
      the
     
     
      differential
     
     
      induced
     
     
      by
     
     
      d\
     
     
      at
     
     
      the
     
     
      level
     
     
      of
     
     
      residues,
     
     
      namely
     
     
      the
     
     
      following
     
     
      diagram
     
     
      is
     
     
      commutative
     
     
      E
     
     
      l
     
     
      {
     
     
      k(X)
     
     
      -------
     
     
      >E[
     
     
      (X)
     
     
      Res
     
     
      *
     
     
      Res^fl
     
     
      4.12
     
     
      H
     
     
      k
     
     
      ~
     
     
      l
     
     
      (£)W,Q
     
     
      d
     
     
      i
     
     
      _
     
     
      #
     
     
      fc+2-t
     
     
      (£,[/-!]
     
     
      C
     
     
      )
     
     
      The
     
     
      construction
     
     
      of
     
     
      d
     
     
      x
     
     
      is
     
     
      the
     
     
      following.
     
     
      Let
     
     
      {[a/];|J|
     
     
      =
     
     
      /}
     
     
      be
     
     
      cohomology
     
     
      classes
     
     
      on
     
     
      {Dr,
     
     
      |/|
     
     
      =
     
     
      l},
     
     
      ai
     
     
      being
     
     
      a
     
     
      closed
     
     
      form
     
     
      of
     
     
      degree
     
     
      k
     
     
      -
     
     
      l
     
     
      on
     
     
      Dj.
     
     
      Then
     
     
      di({[a/]}
     
     
      is
     
     
      given
     
     
      as
     
     
      follows.
     
     
      For
     
     
      any
     
     
      J
     
     
      such
     
     
      that
     
     
      \
     
     
      J\
     
     
      —
     
     
      l
     
     
      —
     
     
      1,
     
     
      Dj
     
     
      f
     
     
      0,
     
     
      we
     
     
      have
     
     
      rfi
     
     
      ({[«/]}
     
     
      j
     
     
      =
     
     
      X
     
     
      e
     
     
      LJTi,j[ai
     
     
      }
     
     
      IDJ,\I\=1
     
     
      4.13
     
     
      where
     
     
      7
     
     
      1
     
     
      ,J
     
     
      ■
     
     
      H
     
     
      k
     
     
      ~
     
     
      l
     
     
      (Di,q
     
     
      ->
     
     
      H
     
     
      k+2
     
     
      ~
     
     
      l
     
     
      (Dj,q
     
     
      4.14
     
     
    
   
  

 
  
   
    
    
     
      
     
    
    
     
      12
     
     
      Vincenzo
     
     
      Ancona
     
     
      and
     
     
      Bernard
     
     
      Gaveau
     
     
      is
     
     
      the
     
     
      Gysin
     
     
      map
     
     
      for
     
     
      Dj
     
     
      considered
     
     
      as
     
     
      an
     
     
      hypersurface
     
     
      in
     
     
      Dj
     
     
      and
     
     
      ej
     
     
      j
     
     
      is
     
     
      the
     
     
      signature
     
     
      of
     
     
      the
     
     
      permutation
     
     
      reordering
     
     
      (
     
     
      j
     
     
      ,
     
     
      J)
     
     
      as
     
     
      I
     
     
      where
     
     
      I
     
     
      =
     
     
      J
     
     
      U
     
     
      {j},
     
     
      so
     
     
      that
     
     
      Zj
     
     
      =
     
     
      0
     
     
      is
     
     
      the
     
     
      equation
     
     
      of
     
     
      Di
     
     
      in
     
     
      Dj; 
     
     
      d\
     
     
      commutes
     
     
      with
     
     
      the
     
     
      complex
     
     
      conjugation.
     
     
      (4)
     
     
      d\
     
     
      is
     
     
      a
     
     
      morphism
     
     
      of
     
     
      pure
     
     
      Hodge
     
     
      structures
     
     
      for
     
     
      the
     
     
      shifted
     
     
      filtrations
     
     
      F,
     
     
      (~
     
     
      l
     
     
      '>
     
     
      F
     
     
      on
     
     
      the
     
     
      cohomology
     
     
      H
     
     
      k
     
     
      ~
     
     
      l
     
     
      (D
     
     
      ^
     
     
      ,
     
     
      C)
     
     
      and^~
     
     
      l+1
     
     
      ^F, 
     
     
      Q
     
     
      n
     
     
      the
     
     
      cohomology
     
     
      H
     
     
      k+1
     
     
      ~^~
     
     
      1
     
     
      \D^~
     
     
      1
     
     
      \C).
     
     
      (5)
     
     
      If
     
     
      we
     
     
      consider
     
     
      H
     
     
      2n
     
     
      ~
     
     
      k
     
     
      ~
     
     
      l
     
     
      (D^
     
     
      ,C)
     
     
      as
     
     
      the
     
     
      dual
     
     
      of
     
     
      H
     
     
      k
     
     
      ~
     
     
      l 
     
     
      (D^,
     
     
      C),
     
     
      the
     
     
      adjoint
     
     
      of
     
     
      d\
     
     
      d\
     
     
      :
     
     
      H
     
     
      2n
     
     
      ~
     
     
      k
     
     
      ~
     
     
      l
     
     
      (Dl'-il
     
     
      ,C)
     
     
      ->
     
     
      H
     
     
      2n
     
     
      ~
     
     
      k
     
     
      ~
     
     
      l
     
     
      {D^,
     
     
      C)
     
     
      is
     
     
      exactly
     
     
      the
     
     
      morphism
     
     
      which
     
     
      is
     
     
      induced
     
     
      in
     
     
      cohomology
     
     
      by
     
     
      the
     
     
      morphism
     
     
      c
     
     
      .
     
     
      *
     
     
      .
     
     
      fe
     
     
      +
     
     
      1
     
     
      <5
     
     
      ;
     
     
      A
     
     
      d
     
     
      ->•
     
     
      A
     
     
      d
     
     
      defined
     
     
      by
     
     
      2.21
     
     
      for
     
     
      the
     
     
      diagonal
     
     
      complex
     
     
      of
     
     
      the
     
     
      divisor
     
     
      D
     
     
      of
     
     
      2.22.
     
     
      In
     
     
      order
     
     
      to
     
     
      prove
     
     
      the
     
     
      proposition
     
     
      1,
     
     
      we
     
     
      need
     
     
      a
     
     
      more
     
     
      precise
     
     
      realization
     
     
      of
     
     
      the
     
     
      inverse
     
     
      of
     
     
      the
     
     
      isomorphism
     
     
      Resf
     
     
      of
     
     
      4.10
     
     
      (or
     
     
      3.14),
     
     
      at
     
     
      a
     
     
      global
     
     
      level.
     
     
      We
     
     
      consider
     
     
      the
     
     
      line
     
     
      bundle
     
     
      Li
     
     
      on
     
     
      X
     
     
      associated
     
     
      to
     
     
      the
     
     
      divisor
     
     
      D
     
     
      t
     
     
      and
     
     
      a
     
     
      section
     
     
      07
     
     
      of
     
     
      Li
     
     
      whose
     
     
      zero
     
     
      set
     
     
      is
     
     
      exactly
     
     
      Di.
     
     
      We
     
     
      introduce
     
     
      a 
     
     
      hermitian
     
     
      metric
     
     
      |
     
     
      |
     
     
      on
     
     
      L
     
     
      t
     
     
      and
     
     
      define
     
     
      Vi
     
     
      -
     
     
      dlog\(Ti\
     
     
      2
     
     
      ,
     
     
      O*
     
     
      =
     
     
      <9<9log
     
     
      \oi\
     
     
      2
     
     
      4.15
     
     
      so
     
     
      that
     
     
      Qi
     
     
      is
     
     
      a
     
     
      C°°
     
     
      form
     
     
      which
     
     
      represents
     
     
      the
     
     
      Chern
     
     
      class
     
     
      c\
     
     
      (Li).
     
     
      Finally,
     
     
      if
     
     
      I
     
     
      is
     
     
      a
     
     
      multiindex
     
     
      such
     
     
      that
     
     
      Di
     
     
      ^
     
     
      0
     
     
      we
     
     
      define
     
     
      V
     
     
      1
     
     
      =
     
     
      /\Vi-
     
     
      iei
     
     
      Lemma
     
     
      5
     
     
      —
     
     
      Let
     
     
      I
     
     
      be
     
     
      a
     
     
      multiindex
     
     
      with
     
     
      |/|
     
     
      =
     
     
      l,
     
     
      Di
     
     
      ^
     
     
      0
     
     
      and
     
     
      let
     
     
      a
     
     
      be
     
     
      a
     
     
      (k
     
     
      —
     
     
      l)-form
     
     
      on
     
     
      Dj.
     
     
      One
     
     
      can
     
     
      find
     
     
      a
     
     
      C°°
     
     
      extension
     
     
      à
     
     
      of
     
     
      a
     
     
      to
     
     
      X
     
     
      ,
     
     
      with
     
     
      the
     
     
      following
     
     
      properties
     
     
      (1)
     
     
      If
     
     
      a
     
     
      has
     
     
      a
     
     
      well
     
     
      defined
     
     
      type,
     
     
      à
     
     
      has
     
     
      the
     
     
      same
     
     
      type
     
     
      as
     
     
      a.
     
     
      Moreover
     
     
      w
     
     
      =
     
     
      â
     
     
      A
     
     
      q
     
     
      1
     
     
      is
     
     
      in
     
     
      Wi&x
     
     
      (log
     
     
      D)
     
     
      and
     
     
      oj
     
     
      has
     
     
      residue
     
     
      a
     
     
      on
     
     
      Dj
     
     
      and
     
     
      0
     
     
      on
     
     
      Dj
     
     
      for
     
     
      J
     
     
      -fi
     
     
      I
     
     
      .
     
     
      (2)
     
     
      If
     
     
      a
     
     
      is
     
     
      a
     
     
      closed
     
     
      form
     
     
      on
     
     
      Dj,
     
     
      à
     
     
      is
     
     
      closed
     
     
      in
     
     
      a
     
     
      neighborhood
     
     
      of
     
     
      Dj,
     
     
      dui
     
     
      is
     
     
      in
     
     
      (log-D)
     
     
      and
     
     
      u
     
     
      defines
     
     
      an
     
     
      element
     
     
      [[u]}
     
     
      1
     
     
      €
     
     
      E
     
     
      l
     
     
      j
     
     
      k
     
     
      (
     
     
      X)
     
     
      .
     
     
      Moreover
     
     
      dut
     
     
      defines
     
     
      the
     
     
      element
     
     
      di[[u]]
     
     
      1
     
     
      =
     
     
      [[cicc]].,
     
     
      in
     
     
      E[~
     
     
      1,k+1
     
     
      (X).
     
     
      If
     
     
      J
     
     
      is
     
     
      a
     
     
      multiindex
     
     
      with
     
     
      \
     
     
      J\
     
     
      =
     
     
      l
     
     
      —
     
     
      1,
     
     
      J
     
     
      C
     
     
      /
     
     
      ,
     
     
      the
     
     
      residue
     
     
      o/di[[w]]
     
     
      l
     
     
      on
     
     
      Dj
     
     
      is
     
     
      exactly
     
     
      ejj
     
     
      *yi,j
     
     
      ([a])
     
     
      where
     
     
      ejj
     
     
      is
     
     
      the
     
     
      signature
     
     
      of
     
     
      the
     
     
      permutation
     
     
      which
     
     
      reorders
     
     
      (
     
     
      j
     
     
      ,
     
     
      J)
     
     
      as
     
     
      I
     
     
      where
     
     
      I
     
     
      =
     
     
      J
     
     
      U
     
     
      {j},
     
     
      so
     
     
      that
     
     
      Zj
     
     
      =
     
     
      0
     
     
      is
     
     
      the
     
     
      equation
     
     
      of
     
     
      Dj
     
     
      in
     
     
      Dj.
     
     
      Proof
     
     
      of
     
     
      Lemma
     
     
      5.
     
     
      Let
     
     
      (W
     
     
      a
     
     
      )
     
     
      ae
     
     
      A
     
     
      be
     
     
      an
     
     
      open
     
     
      cover
     
     
      of
     
     
      a
     
     
      neighborhood
     
     
      of
     
     
      D
     
     
      t
     
     
      such
     
     
      that
     
     
      in
     
     
      each
     
     
      W
     
     
      a
     
     
      ,
     
     
      one
     
     
      has
     
     
      an
     
     
      adapted
     
     
      system
     
     
      of
     
     
      complex
     
     
      coordinates
     
     
      z^
     
     
      a
     
     
      \
     
     
      We
     
     
      denote
     
     
      *(
     
     
      “
     
     
      )
     
     
      =
     
     
      (
     
     
      z
     
     
      ,[a)
     
     
      ,z
     
     
      "
     
     
      (a)
     
     
      )
     
     
      ,
     
     
      z
     
     
      M
     
     
      =
     
     
      ,4
     
     
      a)
     
     
      )
     
     
      ,
     
     
      z"
     
     
      (a)
     
     
      =
     
     
      (;
     
     
      ,(«)
     
     
      7+1
     
     
      >
     
     
      i
     
     
      a)
     
     
      )
     
     
      and
     
     
      the
     
     
      equations
     
     
      for
     
     
      Dj
     
     
      fl
     
     
      W
     
     
      a
     
     
      are
     
     
      (a)
     
     
      y 
     
     
      V
     
     
      /
     
     
      --
     
     
      =
     
     
      2,
     
     
      (
     
     
      “
     
     
      )
     
     
      _
     
     
      =
     
     
      0
     
     
      Moreover
     
     
      we
     
     
      can
     
     
      assume
     
     
      that
     
     
      the
     
     
      change
     
     
      of
     
     
      coordinates
     
     
      between
     
     
      W
     
     
      a
     
     
      and
     
     
      11+
     
     
      is
     
     
      such
     
     
      that
     
     
      the
     
     
      z
     
     
      are
     
     
      functions
     
     
      of
     
     
      the
     
     
      z"^
     
     
      only.
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      Let
     
     
      us
     
     
      consider
     
     
      a\ojr\W
     
     
      a
     
     
      '■
     
     
      it
     
     
      is
     
     
      a
     
     
      (fc
     
     
      —
     
     
      ()-form
     
     
      which
     
     
      can
     
     
      be
     
     
      written
     
     
      in
     
     
      terms
     
     
      of
     
     
      the
     
     
      coordinates
     
     
      z
     
     
      only:
     
     
      a\
     
     
      Dl
     
     
      nw
     
     
      a
     
     
      =
     
     
      £
     
     
      a^(z"
     
     
      {a)
     
     
      )
     
     
      (dz"
     
     
      {a)
     
     
      Y
     
     
      A
     
     
      (dz''
     
     
      {a)
     
     
      )
     
     
      K
     
     
      4.16
     
     
      \J\+\K\=k-l
     
     
      We
     
     
      can
     
     
      extend
     
     
      a\o,nw
     
     
      a
     
     
      from
     
     
      Dj
     
     
      n
     
     
      W
     
     
      a
     
     
      to
     
     
      W
     
     
      a
     
     
      simply
     
     
      using
     
     
      the
     
     
      second
     
     
      member
     
     
      of
     
     
      4.16,
     
     
      as
     
     
      a
     
     
      form
     
     
      cP
     
     
      a
     
     
      \
     
     
      If
     
     
      (8
     
     
      a
     
     
      )aeA
     
     
      is
     
     
      a
     
     
      partition
     
     
      of
     
     
      unity
     
     
      of
     
     
      a
     
     
      small
     
     
      neighborhood
     
     
      of
     
     
      D
     
     
      r
     
     
      such
     
     
      that
     
     
      the
     
     
      support
     
     
      of
     
     
      8a
     
     
      is
     
     
      in
     
     
      W
     
     
      a
     
     
      ,
     
     
      we
     
     
      can
     
     
      define
     
     
      an
     
     
      extension
     
     
      à
     
     
      of
     
     
      a
     
     
      by
     
     
      the
     
     
      formula
     
     
      a
     
     
      =
     
     
      £
     
     
      /W
     
     
      a)
     
     
      4.17
     
     
      aeA
     
     
      If
     
     
      a
     
     
      has
     
     
      a 
     
     
      well-defined
     
     
      type,
     
     
      a^
     
     
      and
     
     
      à
     
     
      have
     
     
      the
     
     
      same
     
     
      type.
     
     
      It
     
     
      is
     
     
      obvious
     
     
      that
     
     
      the
     
     
      residue
     
     
      of
     
     
      à
     
     
      A
     
     
      p
     
     
      1
     
     
      on
     
     
      Dj
     
     
      is
     
     
      à\n
     
     
      I
     
     
      =
     
     
      a
     
     
      and
     
     
      that
     
     
      the
     
     
      residue
     
     
      of
     
     
      à
     
     
      At]
     
     
      1
     
     
      an
     
     
      another
     
     
      Dj
     
     
      with
     
     
      J
     
     
      ^
     
     
      I
     
     
      is
     
     
      0.
     
     
      This
     
     
      proves
     
     
      part
     
     
      (i)
     
     
      of
     
     
      lemma
     
     
      5.
     
     
      If
     
     
      a
     
     
      is
     
     
      closed,
     
     
      each
     
     
      a^
     
     
      is
     
     
      obviously
     
     
      closed
     
     
      by
     
     
      definition,
     
     
      so
     
     
      that
     
     
      by
     
     
      4.16
     
     
      dà
     
     
      =
     
     
      £
     
     
      dpa
     
     
      A
     
     
      a
     
     
      (o)
     
     
      4.18
     
     
      a&A
     
     
      ButonlLaflfLi,
     
     
      ,
     
     
      thez"^
     
     
      are
     
     
      functions
     
     
      of
     
     
      z"^
     
     
      only
     
     
      so
     
     
      that
     
     
      =
     
     
      &^\w
     
     
      a
     
     
      nw
     
     
      b
     
     
      ',
     
     
      in 
     
     
      fact
     
     
      the
     
     
      formulas
     
     
      for
     
     
      the
     
     
      change
     
     
      of
     
     
      coordinates
     
     
      of
     
     
      the
     
     
      a
     
     
      (a
     
     
      i
     
     
      are
     
     
      exactly
     
     
      the
     
     
      same
     
     
      as
     
     
      those
     
     
      on
     
     
      Di
     
     
      and
     
     
      the
     
     
      a\
     
     
      c
     
     
      I
     
     
      are
     
     
      equal
     
     
      to
     
     
      a.
     
     
      As
     
     
      a
     
     
      consequence,
     
     
      4.18
     
     
      implies
     
     
      that
     
     
      dà
     
     
      =
     
     
      0
     
     
      where
     
     
      J2
     
     
      a
     
     
      eA
     
     
      Pa
     
     
      =
     
     
      4>
     
     
      on
     
     
      an
     
     
      °P
     
     
      en
     
     
      neighbor
     
     
      ɐ
     
     
      hood
     
     
      of
     
     
      Dj.
     
     
      It
     
     
      follows
     
     
      du
     
     
      =
     
     
      dà
     
     
      A
     
     
      p
     
     
      1
     
     
      ±
     
     
      à
     
     
      A
     
     
      dp
     
     
      1
     
     
      4.19
     
     
      and
     
     
      dà
     
     
      A
     
     
      p
     
     
      1
     
     
      is
     
     
      0
     
     
      on
     
     
      a
     
     
      neighborhood
     
     
      of
     
     
      Dj.
     
     
      Moreover,
     
     
      by
     
     
      the
     
     
      definition
     
     
      of 
     
     
      the
     
     
      p
     
     
      1
     
     
      in
     
     
      4.15,
     
     
      it
     
     
      is
     
     
      easy
     
     
      to
     
     
      see
     
     
      that
     
     
      the
     
     
      dp
     
     
      1
     
     
      are
     
     
      linear
     
     
      combinations
     
     
      of
     
     
      the
     
     
      p
     
     
      J
     
     
      for
     
     
      \
     
     
      J\
     
     
      ^
     
     
      \I\
     
     
      -
     
     
      1
     
     
      so
     
     
      that
     
     
      du
     
     
      €
     
     
      Wi-
     
     
      i
     
     
      ££
     
     
      (logI?).
     
     
      By
     
     
      the
     
     
      definition
     
     
      of
     
     
      E[
     
     
      ’
     
     
      k
     
     
      (X),
     
     
      u
     
     
      gives
     
     
      an
     
     
      element
     
     
      [[w]]j
     
     
      £
     
     
      E
     
     
      l
     
     
      {
     
     
      k(X)
     
     
      such
     
     
      that
     
     
      di
     
     
      [M].
     
     
      =
     
     
      [[«ML
     
     
      Moreover
     
     
      if
     
     
      |
     
     
      J|
     
     
      =
     
     
      /
     
     
      —
     
     
      1,
     
     
      J
     
     
      C
     
     
      /,
     
     
      one
     
     
      can
     
     
      define
     
     
      the
     
     
      residue
     
     
      on
     
     
      Dj
     
     
      of
     
     
      du
     
     
      by
     
     
      taking
     
     
      in
     
     
      4.19
     
     
      the
     
     
      terms
     
     
      in
     
     
      (^)
     
     
      .
     
     
      Using
     
     
      the
     
     
      fact
     
     
      that
     
     
      dp
     
     
      b
     
     
      =
     
     
      is
     
     
      C°°,
     
     
      this
     
     
      residue
     
     
      is
     
     
      the
     
     
      coefficient
     
     
      of
     
     
      p
     
     
      J
     
     
      in
     
     
      epj(dà
     
     
      A
     
     
      pj
     
     
      A
     
     
      p
     
     
      J
     
     
      ±
     
     
      à
     
     
      A
     
     
      flj
     
     
      A
     
     
      p
     
     
      J
     
     
      )
     
     
      4.20
     
     
      where
     
     
      zj
     
     
      =
     
     
      0
     
     
      is
     
     
      the
     
     
      local
     
     
      equation
     
     
      of
     
     
      Dj
     
     
      in
     
     
      the
     
     
      manifold
     
     
      Dj
     
     
      and
     
     
      thus
     
     
      I
     
     
      =
     
     
      {j
     
     
      ,
     
     
      ./}.
     
     
      In
     
     
      other
     
     
      words
     
     
      the
     
     
      residue
     
     
      is
     
     
      epjd((à
     
     
      Apj)\
     
     
      Dj
     
     
      )
     
     
      =
     
     
      ei,j'yi,j(a
     
     
      )
     
     
      This
     
     
      proves
     
     
      lemma
     
     
      5.
     
     
      Proof
     
     
      of
     
     
      proposition
     
     
      1.
     
     
      Proof
     
     
      of 
     
     
      1).
     
     
      The
     
     
      filtrations
     
     
      (~
     
     
      l
     
     
      lF
     
     
      0
     
     
      n
     
     
      the
     
     
      complexes
     
     
      induce
     
     
      correspond
     
     
      ɐ
     
     
      ing
     
     
      filtrations
     
     
      of
     
     
      the
     
     
      cohomologies
     
     
      of
     
     
      these
     
     
      complexes,
     
     
      which
     
     
      are
     
     
      exactly
     
     
      the
     
     
      E['
     
     
      k
     
     
      (X)
     
     
      (see 
     
     
      2.13).
     
     
      By
     
     
      lemma
     
     
      4,
     
     
      the
     
     
      morphism
     
     
      Res\
     
     
      is
     
     
      a
     
     
      morphism
     
     
      of
     
     
      filtered
     
     
      complexes
     
     
      for
     
     
      the
     
     
      shifted
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      Vincenzo
     
     
      Ancona
     
     
      and
     
     
      Bernard
     
     
      Gaveau
     
     
      filtrations
     
     
      (
     
     
      l]
     
     
      F,
     
     
      (
     
     
      ^
     
     
      F,
     
     
      and
     
     
      this
     
     
      morphism
     
     
      induces
     
     
      the
     
     
      isomorphism
     
     
      Res
     
     
      ’
     
     
      at
     
     
      the
     
     
      level
     
     
      of
     
     
      cohomology,
     
     
      which
     
     
      is
     
     
      thus
     
     
      a
     
     
      morphism
     
     
      of
     
     
      filtered
     
     
      spaces
     
     
      (-*)
     
     
      F
     
     
      p
     
     
      E[
     
     
      ’
     
     
      k
     
     
      (X
     
     
      )
     
     
      ->
     
     
      ^F
     
     
      p
     
     
      H
     
     
      k
     
     
      ~
     
     
      l
     
     
      (D^,q
     
     
      F
     
     
      Q
     
     
      E[
     
     
      ’
     
     
      k
     
     
      (X
     
     
      )
     
     
      ->
     
     
      (
     
     
      “
     
     
      ')
     
     
      F
     
     
      q
     
     
      H
     
     
      k~
     
     
      l
     
     
      (D^,C)
     
     
      By
     
     
      4.7,
     
     
      H
     
     
      k
     
     
      ~
     
     
      l
     
     
      (D^
     
     
      l
     
     
      \
     
     
      C)
     
     
      carries
     
     
      a
     
     
      pure
     
     
      Hodge
     
     
      structure.
     
     
      Now,
     
     
      Res
     
     
      ’
     
     
      respects
     
     
      the
     
     
      type,
     
     
      so
     
     
      that
     
     
      obviously
     
     
      Res
     
     
      ’
     
     
      induces
     
     
      morphisms
     
     
      of
     
     
      subspaces
     
     
      Res
     
     
      *
     
     
      S-
     
     
      l)
     
     
      F
     
     
      p
     
     
      (~
     
     
      l
     
     
      >
     
     
      F
     
     
      q
     
     
      E[
     
     
      ’
     
     
      k
     
     
      (X)
     
     
      ->
     
     
      4.21
     
     
      k
     
     
      which
     
     
      are
     
     
      injective
     
     
      (because
     
     
      by
     
     
      theorem
     
     
      2
     
     
      Resj
     
     
      is
     
     
      an 
     
     
      isomorphism
     
     
      of
     
     
      vector
     
     
      spaces
     
     
      between
     
     
      E[
     
     
      ’
     
     
      k
     
     
      (X)
     
     
      and
     
     
      H
     
     
      k
     
     
      ~
     
     
      l
     
     
      (D^
     
     
      ,
     
     
      C)
     
     
      ).
     
     
      It
     
     
      is
     
     
      thus
     
     
      sufficient
     
     
      to
     
     
      prove
     
     
      that
     
     
      this
     
     
      morphism
     
     
      is
     
     
      onto.
     
     
      But
     
     
      given
     
     
      {[a/]}
     
     
      in
     
     
      the
     
     
      second
     
     
      member
     
     
      of
     
     
      4.21,
     
     
      each
     
     
      aj
     
     
      is,
     
     
      by
     
     
      definition,
     
     
      a
     
     
      closed
     
     
      form
     
     
      on
     
     
      Dj
     
     
      of
     
     
      type
     
     
      (p
     
     
      —
     
     
      l,q
     
     
      —
     
     
      l)
     
     
      (see
     
     
      4.5,4.6
     
     
      )
     
     
      and
     
     
      because
     
     
      p
     
     
      +
     
     
      q
     
     
      =
     
     
      k
     
     
      4-
     
     
      1
     
     
      (see
     
     
      4.7),
     
     
      p
     
     
      —
     
     
      l
     
     
      +
     
     
      q
     
     
      —
     
     
      l
     
     
      =
     
     
      k
     
     
      —
     
     
      l
     
     
      as
     
     
      it
     
     
      should
     
     
      be.
     
     
      Now
     
     
      the
     
     
      extension
     
     
      procedure
     
     
      of
     
     
      lemma
     
     
      5
     
     
      allows
     
     
      us
     
     
      to
     
     
      construct
     
     
      ui
     
     
      =
     
     
      ài
     
     
      A
     
     
      rj
     
     
      1
     
     
      m=*
     
     
      which
     
     
      is
     
     
      of
     
     
      type
     
     
      (
     
     
      p
     
     
      ,
     
     
      q-l)
     
     
      because
     
     
      77;
     
     
      is
     
     
      of
     
     
      type
     
     
      (1,0),
     
     
      and
     
     
      so
     
     
      using
     
     
      4.8
     
     
      (-
     
     
      l
     
     
      )F
     
     
      p
     
     
      ^F
     
     
      q
     
     
      Z
     
     
      ‘
     
     
      x
     
     
      {\ogD)
     
     
      Thus
     
     
      u)
     
     
      defines,
     
     
      as
     
     
      we
     
     
      have
     
     
      seen
     
     
      in
     
     
      lemma
     
     
      5
     
     
      ,
     
     
      an
     
     
      element
     
     
      [[w]],
     
     
      with
     
     
      [[«]],
     
     
      €
     
     
      (
     
     
      ~°F
     
     
      P
     
     
      (
     
     
      ~
     
     
      l)
     
     
      F
     
     
      q
     
     
      E['
     
     
      k
     
     
      (X
     
     
      )
     
     
      =Ses/
     
     
      fc
     
     
      [N]x
     
     
      =
     
     
      {[«/]}
     
     
      This
     
     
      proves
     
     
      that
     
     
      the
     
     
      Res
     
     
      l
     
     
      in
     
     
      4.21
     
     
      is
     
     
      onto.
     
     
      This
     
     
      also
     
     
      proves
     
     
      that
     
     
      the
     
     
      shifted
     
     
      filtrations
     
     
      (
     
     
      -
     
     
      0.F
     
     
      and
     
     
      (~
     
     
      l
     
     
      )
     
     
      F
     
     
      induce
     
     
      a
     
     
      pure
     
     
      Hodge
     
     
      structure
     
     
      on
     
     
      E
     
     
      l
     
     
      {
     
     
      k(X)
     
     
      isomorphic
     
     
      by
     
     
      Res
     
     
      t
     
     
      to
     
     
      the
     
     
      pure
     
     
      Hodge
     
     
      structure
     
     
      on
     
     
      Flk
     
     
      ~
     
     
      l
     
     
      (D
     
     
      ^
     
     
      ,
     
     
      C)
     
     
      of
     
     
      the
     
     
      shifted
     
     
      Hodge
     
     
      filtrations
     
     
      (see
     
     
      4.8).
     
     
      Proof
     
     
      of
     
     
      3).
     
     
      This
     
     
      is
     
     
      a
     
     
      consequence
     
     
      of
     
     
      lemma
     
     
      5;
     
     
      d\
     
     
      is
     
     
      a
     
     
      sum
     
     
      of
     
     
      Gysin
     
     
      maps
     
     
      with
     
     
      coeffi
     
     
      ɐ
     
     
      cients
     
     
      ±1.
     
     
      Since
     
     
      the
     
     
      Gysin
     
     
      maps
     
     
      commute
     
     
      with
     
     
      the
     
     
      complex
     
     
      conjugation,
     
     
      and
     
     
      also
     
     
      d\.
     
     
      Proof
     
     
      of
     
     
      4).
     
     
      This
     
     
      is
     
     
      an
     
     
      immediate
     
     
      consequence
     
     
      of
     
     
      the
     
     
      fact
     
     
      that
     
     
      d\
     
     
      is
     
     
      given
     
     
      as
     
     
      a
     
     
      sum
     
     
      of
     
     
      Gysin
     
     
      maps
     
     
      with
     
     
      coefficients
     
     
      ±1
     
     
      Proof
     
     
      of
     
     
      2).
     
     
      It
     
     
      is
     
     
      an
     
     
      obvious
     
     
      consequence
     
     
      of
     
     
      the
     
     
      commutative
     
     
      diagram
     
     
      4.12
     
     
      ,
     
     
      the
     
     
      fact
     
     
      that
     
     
      d\
     
     
      is
     
     
      a
     
     
      morphism
     
     
      of
     
     
      pure
     
     
      Hodge
     
     
      structures
     
     
      and
     
     
      that
     
     
      the
     
     
      residues
     
     
      are
     
     
      isomorphisms
     
     
      of
     
     
      Hodge
     
     
      structures.
     
     
      Proof
     
     
      of
     
     
      5).
     
     
      We
     
     
      have
     
     
      seen
     
     
      that
     
     
      d\
     
     
      is
     
     
      an
     
     
      alternate
     
     
      sum
     
     
      of
     
     
      Gysin
     
     
      maps.
     
     
      So,
     
     
      the
     
     
      adjoint
     
     
      of
     
     
      d\
     
     
      given
     
     
      by
     
     
      4.13
     
     
      is
     
     
      exactly
     
     
      the
     
     
      morphism
     
     
      <5
     
     
      of
     
     
      2.21
     
     
      <*({k/])/
     
     
      =
     
     
      Jci
     
     
      where
     
     
      [
     
     
      wj
     
     
      ]|
     
     
      d
     
     
      7
     
     
      is
     
     
      the
     
     
      pull
     
     
      back
     
     
      in
     
     
      cohomology
     
     
      H
     
     
      p
     
     
      (Dj,C)
     
     
      H
     
     
      p
     
     
      (Di,C)
     
     
      and
     
     
      |/|
     
     
      =
     
     
      l,\J\
     
     
      =
     
     
      l-l
     
     
    
   
  

 
  
   
    
    
     
      
     
    
    
     
      Residues
     
     
      and
     
     
      mixed
     
     
      Hodge
     
     
      structures
     
     
      on
     
     
      open
     
     
      algebraic
     
     
      varieties
     
     
      15
     
     
      4.4.
     
     
      Degeneration
     
     
      of
     
     
      the
     
     
      spectral
     
     
      sequence
     
     
      In
     
     
      this
     
     
      section,
     
     
      we
     
     
      prove
     
     
      that
     
     
      the
     
     
      spectral
     
     
      sequence
     
     
      E
     
     
      l
     
     
      r
     
     
      ’
     
     
      k
     
     
      (X)
     
     
      degenerates
     
     
      at
     
     
      the
     
     
      term
     
     
      E
     
     
      2
     
     
      and
     
     
      that
     
     
      it
     
     
      carries
     
     
      a
     
     
      pure
     
     
      Hodge
     
     
      structure.
     
     
      Theorem
     
     
      3
     
     
      —
     
     
      (1)
     
     
      The 
     
     
      differentials
     
     
      d
     
     
      r
     
     
      of
     
     
      the
     
     
      spectral
     
     
      sequence
     
     
      of
     
     
      the
     
     
      filtration
     
     
      W
     
     
      t
     
     
      are
     
     
      0
     
     
      for
     
     
      r^2.
     
     
      (2)
     
     
      The
     
     
      second
     
     
      term
     
     
      E
     
     
      l
     
     
      2
     
     
      k
     
     
      (X)
     
     
      of
     
     
      the
     
     
      spectral
     
     
      sequence
     
     
      carries
     
     
      a
     
     
      pure
     
     
      Hodge
     
     
      structure
     
     
      E
     
     
      l
     
     
      f
     
     
      k
     
     
      {X)
     
     
      =
     
     
      0
     
     
      (~
     
     
      l)
     
     
      F
     
     
      a
     
     
      (
     
     
      “
     
     
      l)
     
     
      F
     
     
      b
     
     
      E
     
     
      l
     
     
      2
     
     
      '
     
     
      k
     
     
      (X
     
     
      )
     
     
      a
     
     
      -\-b=k+l
     
     
      where
     
     
      (
     
     
      -*>F
     
     
      0
     
     
      ,
     
     
      (
     
     
      ~l)
     
     
      F
     
     
      b
     
     
      ,
     
     
      are
     
     
      the
     
     
      filtrations
     
     
      induced
     
     
      by
     
     
      the
     
     
      filtrations
     
     
      defined
     
     
      in
     
     
      4.9.
     
     
      In
     
     
      order
     
     
      to
     
     
      prove
     
     
      the
     
     
      theorem,
     
     
      we
     
     
      study
     
     
      carefully
     
     
      the
     
     
      term
     
     
      E
     
     
      2
     
     
      .
     
     
      Lemma
     
     
      6
     
     
      —
     
     
      (1)
     
     
      E
     
     
      2
     
     
      k
     
     
      (X)
     
     
      carries
     
     
      filtrations
     
     
      ^~^F\
     
     
      ,
     
     
      F\,
     
     
      induced
     
     
      by
     
     
      the
     
     
      filtrations
     
     
      F
     
     
      and
     
     
      of
     
     
      the
     
     
      complex
     
     
      Wff'
     
     
      x
     
     
      (log
     
     
      D)
     
     
      (see
     
     
      4.8
     
     
      )
     
     
      and
     
     
      d
     
     
      2
     
     
      is
     
     
      a
     
     
      morphism
     
     
      of
     
     
      the
     
     
      filtration
     
     
      (-')Ei
     
     
      d
     
     
      2
     
     
      :
     
     
      (-VFfEjfÇX)
     
     
      ->
     
     
      (
     
     
      ~'
     
     
      +2)
     
     
      Ff
     
     
      E
     
     
      l
     
     
      2
     
     
      ~
     
     
      2
     
     
      '
     
     
      k+1
     
     
      (X)
     
     
      4.22
     
     
      (2)
     
     
      E
     
     
      2
     
     
      k
     
     
      (X)
     
     
      considered
     
     
      as
     
     
      the
     
     
      cohomology
     
     
      of
     
     
      the
     
     
      complex
     
     
      (E\'
     
     
      k
     
     
      (X)
     
     
      ,
     
     
      d\)
     
     
      has
     
     
      filtrations
     
     
      (~^F
     
     
      2
     
     
      ,
     
     
      (-0
     
     
      f
     
     
      2
     
     
      which
     
     
      induce
     
     
      pure
     
     
      Hodge
     
     
      structures
     
     
      on
     
     
      E
     
     
      l
     
     
      2
     
     
      ’
     
     
      k(X)
     
     
      E
     
     
      l
     
     
      2
     
     
      ’
     
     
      k
     
     
      (X)
     
     
      =
     
     
      0
     
     
      {
     
     
      ~l)
     
     
      Ff
     
     
      ^F
     
     
      b
     
     
      E
     
     
      l
     
     
      f
     
     
      k
     
     
      (X)
     
     
      4.23
     
     
      a-\-b=k-\-l
     
     
      (3)
     
     
      The
     
     
      filtration
     
     
      1
     
     
      F\
     
     
      (resp.
     
     
      1
     
     
      l
     
     
      ^F\)
     
     
      is
     
     
      identical
     
     
      to
     
     
      the
     
     
      filtration
     
     
      1
     
     
      *1
     
     
      F
     
     
      2
     
     
      (resp
     
     
      .
     
     
      (
     
     
      F
     
     
      2
     
     
      ).
     
     
      We
     
     
      shall
     
     
      denote
     
     
      simply
     
     
      by
     
     
      (~
     
     
      l
     
     
      ^F,
     
     
      F,
     
     
      these
     
     
      filtrations.
     
     
      Proof
     
     
      of
     
     
      lemma
     
     
      6.
     
     
      1)
     
     
      The
     
     
      second
     
     
      term
     
     
      of
     
     
      the
     
     
      spectral
     
     
      sequence
     
     
      is
     
     
      obtained
     
     
      as
     
     
      a 
     
     
      quotient
     
     
      of
     
     
      the
     
     
      approximate
     
     
      cocycles
     
     
      Z
     
     
      2
     
     
      k
     
     
      C
     
     
      Wff
     
     
      x
     
     
      (log
     
     
      D),
     
     
      which
     
     
      is
     
     
      the
     
     
      space
     
     
      of
     
     
      7r
     
     
      £
     
     
      WiE
     
     
      x
     
     
      (log
     
     
      F>)
     
     
      such
     
     
      that
     
     
      dit
     
     
      G
     
     
      W;_
     
     
      2
     
     
      £
     
     
      x
     
     
      0°g
     
     
      D).
     
     
      The
     
     
      filtration
     
     
      of
     
     
      Z
     
     
      2
     
     
      k
     
     
      is
     
     
      obtained
     
     
      by
     
     
      taking
     
     
      the
     
     
      induced
     
     
      filtration
     
     
      :
     
     
      (~
     
     
      l
     
     
      )FfZ
     
     
      2
     
     
      k
     
     
      =
     
     
      Z
     
     
      l
     
     
      2
     
     
      ’
     
     
      k
     
     
      D
     
     
      (-
     
     
      ()
     
     
      F
     
     
      a
     
     
      iy
     
     
      (
     
     
      £^(logZ)>
     
     
      4.24
     
     
      where
     
     
      1
     
     
      ~PF
     
     
      a
     
     
      =
     
     
      F
     
     
      a
     
     
      (see
     
     
      4.9)
     
     
      and
     
     
      <~
     
     
      l
     
     
      >F}zl
     
     
      ’
     
     
      k
     
     
      =
     
     
      Z
     
     
      l
     
     
      2
     
     
      ’
     
     
      k
     
     
      n
     
     
      (
     
     
      -
     
     
      l)
     
     
      F
     
     
      b
     
     
      Wif
     
     
      x
     
     
      {log
     
     
      D)
     
     
      4.25
     
     
      where
     
     
      l~
     
     
      l
     
     
      '>F
     
     
      b
     
     
      =
     
     
      F
     
     
      b
     
     
      ~
     
     
      l
     
     
      (4.9).
     
     
      Then
     
     
      E
     
     
      2
     
     
      k
     
     
      (X)
     
     
      inherits
     
     
      the
     
     
      corresponding
     
     
      quotient
     
     
      filtrations.
     
     
      It 
     
     
      is
     
     
      clear
     
     
      that
     
     
      d
     
     
      2
     
     
      satisfies
     
     
      4.22
     
     
      because
     
     
      d
     
     
      respects
     
     
      the
     
     
      standard
     
     
      Hodge
     
     
      filtration
     
     
      F
     
     
      a
     
     
      on
     
     
      differen
     
     
      ɐ
     
     
      tial
     
     
      forms
     
     
      and
     
     
      because
     
     
      is
     
     
      induced
     
     
      by
     
     
      F
     
     
      a
     
     
      .
     
     
      2)
     
     
      On
     
     
      the
     
     
      other
     
     
      hand
     
     
      E
     
     
      l
     
     
      2
     
     
      ’
     
     
      k(X)
     
     
      =
     
     
      Ker{d
     
     
      x
     
     
      :
     
     
      E
     
     
      l
     
     
      {
     
     
      k(X)
     
     
      ->
     
     
      E[
     
     
      71
     
     
      1
     
     
      —
     
     
      1,
     
     
      Ao
     
     
      —
     
     
      1
     
     
      (*)}
     
     
      diE[
     
     
      ,1+1,
     
     
      k-l
     
     
      (X)
     
     
      By
     
     
      proposition
     
     
      1
     
     
      ,
     
     
      the
     
     
      E
     
     
      x
     
     
      have
     
     
      pure
     
     
      Hodge
     
     
      structures
     
     
      defined
     
     
      by
     
     
      4.10
     
     
      and
     
     
      the
     
     
      differential
     
     
      d
     
     
      x
     
     
      is
     
     
      a
     
     
      morphism
     
     
      of
     
     
      pure
     
     
      Hodge
     
     
      structures.
     
     
      So,
     
     
      E
     
     
      2
     
     
      k(X)
     
     
      can
     
     
      be
     
     
      written
     
     
      as
     
     
      E
     
     
      2
     
     
      k
     
     
      (X)
     
     
      =
     
     
      0
     
     
      (-')E
     
     
      2
     
     
      p
     
     
      {
     
     
      -
     
     
      l)
     
     
      F%E
     
     
      l
     
     
      2
     
     
      ’
     
     
      k
     
     
      (X)
     
     
      p+Q
     
     
      —
     
     
      k+l
     
     
      3)
     
     
      The
     
     
      two
     
     
      filtrations
     
     
      1
     
     
      l
     
     
      ^F\
     
     
      and
     
     
      1
     
     
      ^F
     
     
      2
     
     
      coincide
     
     
      (and
     
     
      the
     
     
      same
     
     
      for
     
     
      1
     
     
      l
     
     
      ^F
     
     
      x
     
     
      and
     
     
      1
     
     
      ^
     
     
      F
     
     
      2
     
     
      ).
     
     
    
   
  

 
  
   
    
    
     
      
     
    
    
     
      16
     
     
      Vincenzo
     
     
      Ancona
     
     
      and
     
     
      Bernard
     
     
      Gaveau
     
     
      a)
     
     
      Let
     
     
      [[7
     
     
      t
     
     
      ]]
     
     
      2
     
     
      G
     
     
      FfE
     
     
      2
     
     
      k
     
     
      (X).
     
     
      There
     
     
      is
     
     
      a
     
     
      7r
     
     
      €
     
     
      F
     
     
      a
     
     
      Z
     
     
      l
     
     
      2
     
     
      ’
     
     
      k
     
     
      in
     
     
      its
     
     
      class.
     
     
      This
     
     
      means
     
     
      that
     
     
      n
     
     
      G
     
     
      F
     
     
      a
     
     
      Wi£
     
     
      x
     
     
      (logD)
     
     
      with
     
     
      dir
     
     
      G
     
     
      W/_
     
     
      28^
     
     
      (log-D).
     
     
      So
     
     
      n
     
     
      defines
     
     
      an
     
     
      element
     
     
      [[7r]]j
     
     
      G
     
     
      E[
     
     
      ’
     
     
      k(X)
     
     
      a
     
     
      n
     
     
      d
     
     
      i
     
     
      n
     
     
      f
     
     
      a
     
     
      c
     
     
      t
     
     
      [
     
     
      [
     
     
      t
     
     
      t
     
     
      ]
     
     
      ]
     
     
      ,
     
     
      G
     
     
      K
     
     
      e
     
     
      r
     
     
      d
     
     
      \
     
     
      f
     
     
      l
     
     
      F
     
     
      a
     
     
      E
     
     
      l
     
     
      {
     
     
      k
     
     
      (
     
     
      X
     
     
      )
     
     
      .
     
     
      S
     
     
      o
     
     
      [
     
     
      [
     
     
      7
     
     
      r
     
     
      ]
     
     
      ]
     
     
      2
     
     
      ,
     
     
      a
     
     
      s
     
     
      a
     
     
      n
     
     
      e
     
     
      l
     
     
      e
     
     
      m
     
     
      e
     
     
      n
     
     
      t
     
     
      o
     
     
      f
     
     
      E
     
     
      l
     
     
      2
     
     
      k
     
     
      (
     
     
      X
     
     
      )
     
     
      c
     
     
      o
     
     
      n
     
     
      s
     
     
      i
     
     
      d
     
     
      e
     
     
      r
     
     
      e
     
     
      d
     
     
      a
     
     
      s
     
     
      the
     
     
      cohomology
     
     
      of
     
     
      E\,
     
     
      is
     
     
      in
     
     
      F
     
     
      2
     
     
      E
     
     
      2
     
     
      k
     
     
      (X).
     
     
      b)
     
     
      Conversely,
     
     
      if
     
     
      [[7r]]
     
     
      2
     
     
      G
     
     
      F
     
     
      2
     
     
      E
     
     
      l
     
     
      2
     
     
      ’
     
     
      k
     
     
      (X)
     
     
      ,
     
     
      there
     
     
      is
     
     
      a
     
     
      G
     
     
      Kerdi
     
     
      D
     
     
      F
     
     
      a
     
     
      E
     
     
      l
     
     
      {
     
     
      k(X)
     
     
      so
     
     
      there
     
     
      is
     
     
      a
     
     
      7T
     
     
      G
     
     
      F
     
     
      a
     
     
      Wi£
     
     
      x
     
     
      (log
     
     
      D)
     
     
      with
     
     
      dir
     
     
      G
     
     
      Wi-2^
     
     
      x
     
     
      (log
     
     
      D)
     
     
      and
     
     
      7
     
     
      r
     
     
      G
     
     
      F
     
     
      a
     
     
      Z
     
     
      2k
     
     
      ,
     
     
      so
     
     
      that
     
     
      [[
     
     
      tt
     
     
      ]]
     
     
      2
     
     
      (as
     
     
      an
     
     
      element
     
     
      of
     
     
      E
     
     
      2k
     
     
      (X)
     
     
      considered
     
     
      as
     
     
      a
     
     
      quotient
     
     
      of
     
     
      Z
     
     
      2
     
     
      k
     
     
      )
     
     
      belongs
     
     
      to
     
     
      FfE
     
     
      l
     
     
      2
     
     
      ’
     
     
      k
     
     
      (X).
     
     
      Lemma
     
     
      7
     
     
      —
     
     
      (1)
     
     
      Using
     
     
      the
     
     
      residue
     
     
      isomorphisms,
     
     
      diagram
     
     
      4.12
     
     
      induces
     
     
      a
     
     
      commutative
     
     
      diagram
     
     
      E
     
     
      l
     
     
      f
     
     
      k(X)
     
     
      —
     
     
      —
     
     
      ----£^
     
     
      _2,fc+1
     
     
      (X)
     
     
      iîesf+2
     
     
      1
     
     
      4.27
     
     
      Ê
     
     
      l
     
     
      2
     
     
      ’
     
     
      k
     
     
      (X)
     
     
      --
     
     
      2
     
     
      --Êif
     
     
      2
     
     
      '
     
     
      k+1
     
     
      (X)
     
     
      where
     
     
      È
     
     
      i,k
     
     
      (x)
     
     
      =
     
     
      Ker{d
     
     
      1
     
     
      :
     
     
      H
     
     
      k
     
     
      ~\D^\C)
     
     
      ->
     
     
      H
     
     
      k
     
     
      +^
     
     
      l
     
     
      (D^\C)}
     
     
      4
     
     
      28
     
     
      2
     
     
      1
     
     
      diH
     
     
      k
     
     
      ~
     
     
      2
     
     
      -
     
     
      l
     
     
      (Di
     
     
      l
     
     
      +
     
     
      1
     
     
      ],q
     
     
      and
     
     
      d-2
     
     
      is
     
     
      induced
     
     
      by
     
     
      d-2
     
     
      via
     
     
      the
     
     
      residue
     
     
      isomorphisms.
     
     
      (2)
     
     
      Ê
     
     
      l
     
     
      2
     
     
      ’
     
     
      k
     
     
      (X)
     
     
      has
     
     
      a
     
     
      pure
     
     
      Hodge
     
     
      structure,
     
     
      as
     
     
      the
     
     
      cohomology
     
     
      space
     
     
      defined
     
     
      by
     
     
      4.28
     
     
      Ê
     
     
      l
     
     
      2’
     
     
      k
     
     
      (X)
     
     
      =
     
     
      0
     
     
      (
     
     
      ~
     
     
      ()
     
     
      F
     
     
      P
     
     
      4.29
     
     
      p+q=k+l
     
     
      and
     
     
      the
     
     
      Hodge
     
     
      structure
     
     
      4.29
     
     
      is
     
     
      isomorphic
     
     
      to
     
     
      the
     
     
      Hodge
     
     
      structure
     
     
      of
     
     
      E
     
     
      2k
     
     
      (X)
     
     
      defined
     
     
      by
     
     
      4.23.
     
     
      Proof
     
     
      of
     
     
      lemma
     
     
      7.
     
     
      1)
     
     
      From
     
     
      diagram
     
     
      4.12
     
     
      and
     
     
      the
     
     
      fact
     
     
      that
     
     
      Res
     
     
      k
     
     
      are
     
     
      isomorphisms,
     
     
      one
     
     
      sees
     
     
      immediately
     
     
      that
     
     
      they
     
     
      induce
     
     
      isomorphisms
     
     
      between
     
     
      the
     
     
      cohomologies
     
     
      E
     
     
      2
     
     
      (A")
     
     
      of
     
     
      the
     
     
      complexes
     
     
      (E
     
     
      l
     
     
      {
     
     
      k
     
     
      (X),di)
     
     
      and
     
     
      the
     
     
      cohomologies
     
     
      Ê
     
     
      2
     
     
      k
     
     
      (X)
     
     
      of
     
     
      the
     
     
      complexes
     
     
      (Ê[
     
     
      ’
     
     
      k
     
     
      (X),di),
     
     
      w
     
     
      h
     
     
      e
     
     
      r
     
     
      e
     
     
      Ê
     
     
      [
     
     
      ’
     
     
      k
     
     
      (
     
     
      X
     
     
      )
     
     
      =
     
     
      H
     
     
      k
     
     
      ~
     
     
      l
     
     
      (
     
     
      D
     
     
      ^
     
     
      ,
     
     
      Q
     
     
      .
     
     
      2
     
     
      )
     
     
      B
     
     
      e
     
     
      c
     
     
      a
     
     
      u
     
     
      s
     
     
      e
     
     
      d
     
     
      \
     
     
      i
     
     
      s
     
     
      a
     
     
      m
     
     
      o
     
     
      r
     
     
      p
     
     
      h
     
     
      i
     
     
      s
     
     
      m
     
     
      o
     
     
      f
     
     
      p
     
     
      u
     
     
      r
     
     
      e
     
     
      H
     
     
      o
     
     
      d
     
     
      g
     
     
      e
     
     
      s
     
     
      t
     
     
      r
     
     
      u
     
     
      c
     
     
      t
     
     
      u
     
     
      r
     
     
      e
     
     
      s
     
     
      (
     
     
      s
     
     
      e
     
     
      e
     
     
      p
     
     
      r
     
     
      o
     
     
      p
     
     
      o
     
     
      s
     
     
      i
     
     
      t
     
     
      i
     
     
      o
     
     
      n
     
     
      1
     
     
      )
     
     
      ,
     
     
      t
     
     
      h
     
     
      e
     
     
      c
     
     
      o
     
     
      h
     
     
      o
     
     
      ɐ
     
     
      mologies
     
     
      Ê
     
     
      2
     
     
      k
     
     
      (X)
     
     
      of
     
     
      the
     
     
      complexes
     
     
      (Ê[
     
     
      ’
     
     
      k
     
     
      (X)
     
     
      ,
     
     
      di)
     
     
      carry
     
     
      a
     
     
      pure
     
     
      Hodge
     
     
      structure
     
     
      as
     
     
      in
     
     
      4.29.
     
     
      In
     
     
      the
     
     
      diagram
     
     
      4.27,
     
     
      the
     
     
      residues
     
     
      are
     
     
      isomorphisms
     
     
      of
     
     
      filtered
     
     
      spaces
     
     
      for
     
     
      both
     
     
      filtrations
     
     
      (~
     
     
      l
     
     
      )F,
     
     
      (~
     
     
      l
     
     
      lF,
     
     
      so
     
     
      they
     
     
      induce
     
     
      isomorphisms
     
     
      of
     
     
      pure
     
     
      Hodge
     
     
      structures.
     
     
      Lemma
     
     
      8
     
     
      —
     
     
      Let
     
     
      us
     
     
      consider
     
     
      the
     
     
      dual
     
     
      Ê[
     
     
      ’
     
     
      k
     
     
      (X)'
     
     
      =H
     
     
      k
     
     
      -
     
     
      l
     
     
      (DV\C)'
     
     
      ~
     
     
      (£>['],€)
     
     
      and
     
     
      the
     
     
      adjoint
     
     
      d
     
     
      1
     
     
      of
     
     
      d\
     
     
      :
     
     
      d[
     
     
      :
     
     
      H
     
     
      2n
     
     
      -
     
     
      k
     
     
      ~
     
     
      l
     
     
      {D
     
     
      [l+1]
     
     
      ,C)
     
     
      ->
     
     
      H
     
     
      2n
     
     
      -
     
     
      k
     
     
      ~
     
     
      l
     
     
      (DV\
     
     
      C)
     
     
      which
     
     
      is
     
     
      <7,
     
     
      =
     
     
      S
     
     
      (see
     
     
      proposition
     
     
      1,
     
     
      5)).
     
     
      (1)
     
     
      Then,
     
     
      the
     
     
      dual
     
     
      É
     
     
      2
     
     
      k
     
     
      (X)
     
     
      can
     
     
      be
     
     
      identified
     
     
      with
     
     
      the
     
     
      homology
     
     
      of
     
     
      the
     
     
      cocomplex
     
     
      (Ê[
     
     
      ’
     
     
      k
     
     
      (XY
     
     
      ,d[)
     
     
      and
     
     
      thus
     
     
      .
     
     
      Ker{6
     
     
      :
     
     
      H
     
     
      2n
     
     
      ~
     
     
      k
     
     
      -
     
     
      l
     
     
      (D^,C)
     
     
      -»
     
     
      ff2"-*-<(g[H-i],Ç)}
     
     
      E
     
     
      i
     
     
      \
     
     
      x
     
     
      >
     
     
      -
     
     
      6H
     
     
      2n
     
     
      -
     
     
      k
     
     
      ~
     
     
      l
     
     
      {DV-
     
     
      i
     
     
      yC)
     
     
      4.30
     
     
     
    
   
  

 
  
   
    
    
     
      
     
    
    
     
      Residues
     
     
      and
     
     
      mixed
     
     
      Hodge
     
     
      structures
     
     
      on
     
     
      open
     
     
      algebraic
     
     
      varieties
     
     
      1
     
     
      7
     
     
      (2)
     
     
      The
     
     
      adjoint
     
     
      d
     
     
      2
     
     
      of
     
     
      d?
     
     
      d
     
     
      2
     
     
      :
     
     
      Ê
     
     
      l
     
     
      2
     
     
      k
     
     
      (X)'
     
     
      ->
     
     
      Ê'
     
     
      +2
     
     
      ’
     
     
      fc_1
     
     
      (X)*
     
     
      4.31
     
     
      is
     
     
      identically
     
     
      0.
     
     
      Proof.
     
     
      1
     
     
      )
     
     
      We
     
     
      consider
     
     
      the
     
     
      complex
     
     
      ------
     
     
      >
     
     
      Ê{+1
     
     
      ’
     
     
      *
     
     
      _1(X)
     
     
      4
     
     
      Ê[
     
     
      ’
     
     
      k
     
     
      (X)
     
     
      h
     
     
      Ê[~
     
     
      1,k+1
     
     
      (X)
     
     
      -+
     
     
      The
     
     
      dual
     
     
      of
     
     
      the
     
     
      cohomology
     
     
      of
     
     
      this
     
     
      complex
     
     
      is
     
     
      the
     
     
      homology
     
     
      of
     
     
      the
     
     
      dual
     
     
      cocomplex
     
     
      ...
     
     
      H
     
     
      2n
     
     
      ~
     
     
      k
     
     
      ~
     
     
      l
     
     
      {D
     
     
      [l+1
     
     
      ]
     
     
      ,C)
     
     
      +-
     
     
      H
     
     
      2
     
     
      n
     
     
      ~
     
     
      k
     
     
      ~
     
     
      l
     
     
      (D^
     
     
      l]
     
     
      ,C)
     
     
      +-
     
     
      H
     
     
      2n
     
     
      ~
     
     
      k
     
     
      ~
     
     
      l
     
     
      (D
     
     
      [l
     
     
      ~
     
     
      1]
     
     
      ,C)
     
     
      <
     
     
      -------
     
     
      which
     
     
      is
     
     
      exactly
     
     
      4.30.
     
     
      *
     
     
      2)
     
     
      Let
     
     
      us
     
     
      now
     
     
      consider
     
     
      the
     
     
      dual
     
     
      d
     
     
      2
     
     
      of 
     
     
      d
     
     
      2
     
     
      -
     
     
      Using
     
     
      the
     
     
      diagram
     
     
      4.12,
     
     
      and
     
     
      coming
     
     
      back
     
     
      to
     
     
      the
     
     
      level
     
     
      of
     
     
      residues,
     
     
      we
     
     
      see
     
     
      that
     
     
      ct
     
     
      2
     
     
      can
     
     
      be
     
     
      constructed
     
     
      as
     
     
      follows.
     
     
      Let
     
     
      [[w]]
     
     
      2
     
     
      £
     
     
      Ê
     
     
      2
     
     
      k
     
     
      (X)'
     
     
      .
     
     
      U
     
     
      s
     
     
      i
     
     
      n
     
     
      g
     
     
      4
     
     
      .
     
     
      3
     
     
      0
     
     
      w
     
     
      e
     
     
      s
     
     
      e
     
     
      e
     
     
      t
     
     
      h
     
     
      a
     
     
      t
     
     
      w
     
     
      e
     
     
      s
     
     
      t
     
     
      a
     
     
      r
     
     
      t
     
     
      w
     
     
      i
     
     
      t
     
     
      h
     
     
      a
     
     
      c
     
     
      o
     
     
      l
     
     
      l
     
     
      e
     
     
      c
     
     
      t
     
     
      i
     
     
      o
     
     
      n
     
     
      {
     
     
      w
     
     
      /
     
     
      }
     
     
      o
     
     
      f
     
     
      c
     
     
      l
     
     
      o
     
     
      s
     
     
      e
     
     
      d
     
     
      (
     
     
      2
     
     
      n
     
     
      -
     
     
      k
     
     
      -
     
     
      Z
     
     
      )
     
     
      -
     
     
      f
     
     
      o
     
     
      r
     
     
      m
     
     
      s
     
     
      o
     
     
      n
     
     
      D
     
     
      r
     
     
      f
     
     
      o
     
     
      r
     
     
      |/|
     
     
      =
     
     
      l
     
     
      such
     
     
      that
     
     
      <5({(j/})
     
     
      (in
     
     
      the
     
     
      sense
     
     
      of
     
     
      2.21)
     
     
      is
     
     
      0
     
     
      in
     
     
      cohomology
     
     
      on
     
     
      the
     
     
      Dj
     
     
      for
     
     
      |
     
     
      J\
     
     
      =1
     
     
      +
     
     
      1.
     
     
      T
     
     
      h
     
     
      i
     
     
      s
     
     
      m
     
     
      e
     
     
      a
     
     
      n
     
     
      s
     
     
      t
     
     
      h
     
     
      a
     
     
      t
     
     
      f
     
     
      o
     
     
      r
     
     
      a
     
     
      l
     
     
      l
     
     
      J
     
     
      w
     
     
      i
     
     
      t
     
     
      h
     
     
      |
     
     
      J
     
     
      \
     
     
      =
     
     
      1
     
     
      +
     
     
      1
     
     
      *
     
     
      (
     
     
      {
     
     
      w
     
     
      /
     
     
      }
     
     
      )
     
     
      ,
     
     
      =
     
     
      #
     
     
      j
     
     
      4.32
     
     
      where
     
     
      (pj
     
     
      is
     
     
      a
     
     
      (2
     
     
      n
     
     
      -k-l-
     
     
      l)-form
     
     
      on
     
     
      Dj.
     
     
      Then,
     
     
      S({(j)j
     
     
      })
     
     
      is
     
     
      a
     
     
      collection
     
     
      of
     
     
      (2
     
     
      n
     
     
      -k
     
     
      —
     
     
      l
     
     
      —
     
     
      1)-
     
     
      f
     
     
      o
     
     
      r
     
     
      m
     
     
      s
     
     
      o
     
     
      n
     
     
      t
     
     
      h
     
     
      e
     
     
      D
     
     
      k
     
     
      w
     
     
      i
     
     
      t
     
     
      h
     
     
      \
     
     
      K
     
     
      \
     
     
      =
     
     
      l
     
     
      +
     
     
      2
     
     
      .
     
     
      B
     
     
      y
     
     
      2
     
     
      .
     
     
      2
     
     
      1
     
     
      d
     
     
      c
     
     
      o
     
     
      m
     
     
      m
     
     
      u
     
     
      t
     
     
      e
     
     
      s
     
     
      w
     
     
      i
     
     
      t
     
     
      h
     
     
      J
     
     
      ,
     
     
      h
     
     
      e
     
     
      n
     
     
      c
     
     
      e
     
     
      d(mh}))
     
     
      K
     
     
      =
     
     
      (
     
     
      m<t>j}))
     
     
      K
     
     
      =
     
     
      (<
     
     
      5
     
     
      {<
     
     
      5
     
     
      (
     
     
      w
     
     
      /
     
     
      )
     
     
      }
     
     
      )
     
     
      k
     
     
      =
     
     
      0
     
     
      b
     
     
      e
     
     
      c
     
     
      a
     
     
      u
     
     
      s
     
     
      e
     
     
      S
     
     
      2
     
     
      =
     
     
      0
     
     
      ,
     
     
      s
     
     
      o
     
     
      t
     
     
      h
     
     
      a
     
     
      t
     
     
      S
     
     
      (
     
     
      {
     
     
      c
     
     
      p
     
     
      j
     
     
      }
     
     
      )
     
     
      i
     
     
      n
     
     
      d
     
     
      u
     
     
      c
     
     
      e
     
     
      s
     
     
      a
     
     
      n
     
     
      e
     
     
      l
     
     
      e
     
     
      m
     
     
      e
     
     
      n
     
     
      t
     
     
      o
     
     
      f
     
     
      i
     
     
      y
     
     
      2
     
     
      "
     
     
      -
     
     
      *
     
     
      -
     
     
      *
     
     
      -
     
     
      1
     
     
      (
     
     
      £
     
     
      )
     
     
      [
     
     
      i
     
     
      +
     
     
      2
     
     
      ]
     
     
      ,
     
     
      q
     
     
      a
     
     
      n
     
     
      (
     
     
      j
     
     
      t
     
     
      j
     
     
      j
     
     
      U
     
     
      S
     
     
      a
     
     
      n
     
     
      element
     
     
      of
     
     
      Ê
     
     
      ,
     
     
      2
     
     
      r
     
     
      ‘
     
     
      1,k
     
     
      ~
     
     
      l
     
     
      (X)*
     
     
      which
     
     
      is
     
     
      dim.)
     
     
      =
     
     
      [[<W
     
     
      j
     
     
      })]]
     
     
      2
     
     
      4.33
     
     
      We
     
     
      are
     
     
      going
     
     
      to 
     
     
      prove
     
     
      that
     
     
      this
     
     
      element
     
     
      is
     
     
      0.
     
     
      Obviously
     
     
      H
     
     
      2n
     
     
      ~
     
     
      k
     
     
      ~
     
     
      l
     
     
      (D^
     
     
      ,
     
     
      C)
     
     
      carries
     
     
      the
     
     
      stan
     
     
      ɐ
     
     
      dard
     
     
      Hodge
     
     
      structure
     
     
      induced
     
     
      by
     
     
      the
     
     
      standard
     
     
      Hodge
     
     
      filtrations
     
     
      F
     
     
      p
     
     
      ,
     
     
      F
     
     
      q
     
     
      ,
     
     
      of 
     
     
      £)W,
     
     
      and
     
     
      ô
     
     
      is
     
     
      a
     
     
      morphism
     
     
      of
     
     
      filtered
     
     
      spaces
     
     
      and
     
     
      thus
     
     
      5
     
     
      :
     
     
      F
     
     
      p
     
     
      F
     
     
      q
     
     
      H
     
     
      2
     
     
      n
     
     
      -
     
     
      k
     
     
      ~
     
     
      l
     
     
      {D
     
     
      [l]
     
     
      ,
     
     
      C)
     
     
      ->
     
     
      F
     
     
      p
     
     
      F
     
     
      q
     
     
      H
     
     
      2
     
     
      n
     
     
      ~k~
     
     
      l
     
     
      (D
     
     
      [l
     
     
      ~
     
     
      1]
     
     
      ,
     
     
      C)
     
     
      so
     
     
      that
     
     
      Ê
     
     
      2
     
     
      k
     
     
      (X)
     
     
      ’
     
     
      carries
     
     
      an
     
     
      induced
     
     
      pure
     
     
      Hodge
     
     
      structure
     
     
      (by
     
     
      4.30).
     
     
      Let
     
     
      [[<j]]
     
     
      2
     
     
      £
     
     
      F
     
     
      p
     
     
      F
     
     
      q
     
     
      Ê
     
     
      2
     
     
      k
     
     
      {X)
     
     
      ‘
     
     
      w
     
     
      i
     
     
      t
     
     
      h
     
     
      p
     
     
      +
     
     
      q
     
     
      =
     
     
      2
     
     
      n
     
     
      -
     
     
      k
     
     
      -
     
     
      l
     
     
      ,
     
     
      s
     
     
      o
     
     
      t
     
     
      h
     
     
      a
     
     
      t
     
     
      a
     
     
      l
     
     
      l
     
     
      t
     
     
      h
     
     
      e
     
     
      w
     
     
      /
     
     
      a
     
     
      r
     
     
      e
     
     
      (
     
     
      p
     
     
      ,
     
     
      g
     
     
      )
     
     
      -
     
     
      f
     
     
      o
     
     
      r
     
     
      m
     
     
      s
     
     
      .
     
     
      U
     
     
      s
     
     
      i
     
     
      n
     
     
      g
     
     
      t
     
     
      h
     
     
      e
     
     
      w
     
     
      e
     
     
      l
     
     
      l
     
     
      k
     
     
      n
     
     
      o
     
     
      w
     
     
      n
     
     
      f
     
     
      a
     
     
      c
     
     
      t
     
     
      t
     
     
      h
     
     
      a
     
     
      t
     
     
      the
     
     
      differential
     
     
      d
     
     
      is
     
     
      strict
     
     
      on
     
     
      D^
     
     
      l
     
     
      \
     
     
      we
     
     
      can
     
     
      find
     
     
      a
     
     
      solution
     
     
      fj
     
     
      of
     
     
      type
     
     
      (
     
     
      p
     
     
      ,
     
     
      q
     
     
      -
     
     
      1)
     
     
      of
     
     
      the
     
     
      equation
     
     
      4.32,
     
     
      and
     
     
      thus
     
     
      S({<pj})
     
     
      has
     
     
      type
     
     
      (p,
     
     
      q
     
     
      -
     
     
      1)
     
     
      and
     
     
      <£([[
     
     
      w
     
     
      ]]
     
     
      3
     
     
      )
     
     
      £
     
     
      4.34
     
     
      But
     
     
      we
     
     
      can
     
     
      also
     
     
      find
     
     
      a
     
     
      solution
     
     
      (j)j
     
     
      of
     
     
      type
     
     
      {p
     
     
      -
     
     
      1,
     
     
      q)
     
     
      of
     
     
      the
     
     
      equation
     
     
      4.32
     
     
      so
     
     
      that
     
     
      <Ç([[w]]
     
     
      a
     
     
      )
     
     
      £
     
     
      F
     
     
      p
     
     
      ~
     
     
      1
     
     
      F
     
     
      q
     
     
      Ê
     
     
      l
     
     
      2
     
     
      *~
     
     
      2
     
     
      ’
     
     
      k
     
     
      ~
     
     
      1
     
     
      (X)*
     
     
      4.35
     
     
      Since 
     
     
      the
     
     
      dual
     
     
      space
     
     
      Ê
     
     
      ^
     
     
      +2
     
     
      ’
     
     
      k
     
     
      ~
     
     
      1
     
     
      (X)*
     
     
      carries
     
     
      a
     
     
      pure
     
     
      Hodge
     
     
      structure
     
     
      and
     
     
      p
     
     
      +
     
     
      q
     
     
      —
     
     
      1
     
     
      =
     
     
      2n
     
     
      —
     
     
      k
     
     
      —
     
     
      l
     
     
      —
     
     
      1
     
     
      we
     
     
      have
     
     
      F
     
     
      p
     
     
      F
     
     
      9
     
     
      ~
     
     
      1
     
     
      &
     
     
      2
     
     
      +2
     
     
      'k
     
     
      ~
     
     
      1
     
     
      (xy
     
     
      FF
     
     
      p
     
     
      ~
     
     
      1
     
     
      F
     
     
      q
     
     
      Ê
     
     
      l
     
     
      ^'
     
     
      k
     
     
      ~
     
     
      1
     
     
      {X)'
     
     
      =
     
     
      0
     
     
      hence
     
     
      (Ç([[w]]
     
     
      2
     
     
      )
     
     
      =
     
     
      0.
     
     
      4.36
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      Vincenzo
     
     
      Ancona
     
     
      and
     
     
      Bernard
     
     
      Gaveau
     
     
      End
     
     
      of
     
     
      proof
     
     
      of
     
     
      theorem
     
     
      3.
     
     
      We
     
     
      assume
     
     
      that
     
     
      d
     
     
      2
     
     
      =
     
     
      •
     
     
      ■
     
     
      •
     
     
      =
     
     
      d
     
     
      r
     
     
      -1
     
     
      =
     
     
      0.
     
     
      This
     
     
      implies
     
     
      that
     
     
      E
     
     
      l
     
     
      r
     
     
      ’
     
     
      k
     
     
      (X)
     
     
      =
     
     
      E
     
     
      2
     
     
      k
     
     
      (X).
     
     
      We
     
     
      construct
     
     
      d
     
     
      r
     
     
      :
     
     
      Ê
     
     
      l
     
     
      r
     
     
      ’
     
     
      k
     
     
      (X)'
     
     
      -)•
     
     
      Êl+^-'iX)'
     
     
      and
     
     
      prove
     
     
      that
     
     
      it
     
     
      is
     
     
      0.
     
     
      The
     
     
      construction
     
     
      of
     
     
      d"
     
     
      r
     
     
      is
     
     
      a
     
     
      generalization
     
     
      of
     
     
      that
     
     
      d'-
     
     
      2
     
     
      of
     
     
      in
     
     
      lemma
     
     
      8.
     
     
      We
     
     
      know
     
     
      that
     
     
      Ê
     
     
      l
     
     
      r
     
     
      ’
     
     
      k
     
     
      {X
     
     
      )*
     
     
      =
     
     
      Ê
     
     
      l
     
     
      2
     
     
      ’
     
     
      k
     
     
      (X)'
     
     
      An
     
     
      element
     
     
      [[eu]],,
     
     
      E
     
     
      È[:
     
     
      k
     
     
      {X)
     
     
      is
     
     
      a
     
     
      collection
     
     
      of
     
     
      closed
     
     
      (2
     
     
      n
     
     
      —
     
     
      k
     
     
      —
     
     
      /)-
     
     
      forms
     
     
      {toi},
     
     
      j/j
     
     
      =
     
     
      l
     
     
      on
     
     
      Dj
     
     
      ,
     
     
      which
     
     
      define
     
     
      successively
     
     
      elements
     
     
      [[w]]j
     
     
      E
     
     
      Ê[
     
     
      ’
     
     
      k
     
     
      (X)*
     
     
      with
     
     
      d\
     
     
      [[
     
     
      oj
     
     
      ]]
     
     
      x
     
     
      =
     
     
      0,
     
     
      then
     
     
      [[eu]],
     
     
      E
     
     
      Ê['
     
     
      k
     
     
      (X)
     
     
      with
     
     
      d
     
     
      s
     
     
      [[w]]
     
     
      s
     
     
      =
     
     
      0
     
     
      for
     
     
      2
     
     
      ^
     
     
      s
     
     
      ^
     
     
      r
     
     
      -
     
     
      1.
     
     
      This
     
     
      means
     
     
      that
     
     
      we
     
     
      have
     
     
      *({«/})*
     
     
      =
     
     
      #?
     
     
      on
     
     
      D
     
     
      e
     
     
      with
     
     
      |Ji|
     
     
      =
     
     
      f
     
     
      +
     
     
      l
     
     
      4.37
     
     
     
     
     
     
     
     
     
     
     
     
     
     
     
      on
     
     
     
     
      with
     
     
      |J
     
     
      2
     
     
      |
     
     
      =1
     
     
      +
     
     
      2
     
     
      4.38
     
     
      5
     
     
      *
     
     
      on
     
     
     
     
     
     
      with
     
     
     
     
     
     
     
     
     
     
     
     
     
      4.39
     
     
      we
     
     
      consider
     
     
      then
     
     
      <5({<^£_^})
     
     
      which
     
     
      defines
     
     
      an
     
     
      element
     
     
      of
     
     
      H
     
     
      2n
     
     
      k
     
     
      1
     
     
      r+1
     
     
      (Z?[*
     
     
      +r
     
     
      l,C)
     
     
      and
     
     
      then
     
     
      £«
     
     
      mu
     
     
      =
     
     
      [[«({^;:?})]]r
     
     
      e
     
     
      Ei+
     
     
      r
     
     
      ’
     
     
      k
     
     
      -
     
     
      k
     
     
      (xy
     
     
      If
     
     
      we
     
     
      start
     
     
      with
     
     
      {ca/}
     
     
      of
     
     
      type
     
     
      (p,q),p
     
     
      +
     
     
      q
     
     
      —
     
     
      2n
     
     
      —
     
     
      k
     
     
      —
     
     
      l
     
     
      we
     
     
      can
     
     
      solve
     
     
      the
     
     
      equations
     
     
      4.37,
     
     
      4.38,....,4.39
     
     
      with
     
     
      forms
     
     
      of
     
     
      type
     
     
      (
     
     
      p,q
     
     
      —
     
     
      1),
     
     
      (
     
     
      p
     
     
      ,
     
     
      q
     
     
      —
     
     
      2),...,
     
     
      (p,
     
     
      q
     
     
      —
     
     
      r
     
     
      +
     
     
      1)
     
     
      and
     
     
      obtain
     
     
      d
     
     
      r
     
     
      ([[w]]
     
     
      r
     
     
      )
     
     
      of
     
     
      type
     
     
      (p, 
     
     
      q
     
     
      —
     
     
      r
     
     
      +1),
     
     
      but
     
     
      we
     
     
      can
     
     
      also
     
     
      solve
     
     
      the
     
     
      above
     
     
      equations
     
     
      with
     
     
      forms
     
     
      of
     
     
      type
     
     
      (p
     
     
      —
     
     
      1,
     
     
      q),
     
     
      (
     
     
      p
     
     
      -
     
     
      2
     
     
      ,
     
     
      q
     
     
      )
     
     
      ,
     
     
      .
     
     
      .
     
     
      .
     
     
      ,
     
     
      (
     
     
      p
     
     
      -
     
     
      r
     
     
      +
     
     
      1
     
     
      ,
     
     
      q
     
     
      )
     
     
      a
     
     
      n
     
     
      d
     
     
      o
     
     
      b
     
     
      t
     
     
      a
     
     
      i
     
     
      n
     
     
      d
     
     
      r
     
     
      (
     
     
      [
     
     
      [
     
     
      w
     
     
      ]
     
     
      ]
     
     
      r
     
     
      )
     
     
      o
     
     
      f
     
     
      t
     
     
      y
     
     
      p
     
     
      e
     
     
      (
     
     
      p
     
     
      -
     
     
      r
     
     
      4
     
     
      -
     
     
      1
     
     
      ,
     
     
      q
     
     
      )
     
     
      .
     
     
      B
     
     
      e
     
     
      c
     
     
      a
     
     
      u
     
     
      s
     
     
      e
     
     
      r
     
     
      >
     
     
      1
     
     
      ,
     
     
      t
     
     
      h
     
     
      i
     
     
      s
     
     
      implies
     
     
      that
     
     
      d
     
     
      r
     
     
      ([[cj]]
     
     
      r
     
     
      )
     
     
      =
     
     
      0,
     
     
      exactly
     
     
      as
     
     
      in
     
     
      the
     
     
      equation
     
     
      4.37.
     
     
      From
     
     
      theorem
     
     
      3,
     
     
      and
     
     
      the
     
     
      convergence
     
     
      of
     
     
      the
     
     
      spectral
     
     
      sequence
     
     
      to
     
     
      the 
     
     
      graded
     
     
      cohomology,
     
     
      we
     
     
      deduce
     
     
      immediately
     
     
      :
     
     
      Theorem
     
     
      4
     
     
      —
     
     
      The
     
     
      cohomology
     
     
      H*(X
     
     
      \
     
     
      D,
     
     
      C)
     
     
      carries
     
     
      a
     
     
      mixed
     
     
      Hodge
     
     
      structure.
     
     
      More
     
     
      pre
     
     
      ɐ
     
     
      cisely,
     
     
      the
     
     
      graded
     
     
      spaces
     
     
      are
     
     
      isomorphic
     
     
      to
     
     
      E
     
     
      l
     
     
      2
     
     
      ’
     
     
      k(X)
     
     
      and
     
     
      thus
     
     
      have
     
     
      a
     
     
      pure
     
     
      Hodge
     
     
      structure
     
     
      as
     
     
      in
     
     
      4.23.
     
     
      Proof
     
     
      .
     
     
      Because
     
     
      d
     
     
      r
     
     
      =
     
     
      0
     
     
      for
     
     
      r
     
     
      ^
     
     
      2
     
     
      ,
     
     
      the
     
     
      graded
     
     
      cohomology
     
     
      is
     
     
      the
     
     
      second
     
     
      term
     
     
      of
     
     
      the
     
     
      spectral
     
     
      sequence.
     
     
      5.
     
     
      Logarithmic
     
     
      complexes.
     
     
      Singular
     
     
      case
     
     
      We
     
     
      recall
     
     
      now
     
     
      the
     
     
      properties
     
     
      of
     
     
      the
     
     
      family
     
     
      of
     
     
      complexes
     
     
      of
     
     
      differential
     
     
      forms
     
     
      on
     
     
      a
     
     
      com
     
     
      ɐ
     
     
      plex
     
     
      space
     
     
      as
     
     
      defined
     
     
      in
     
     
      [AG]
     
     
      .
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      5.1.
     
     
      Families
     
     
      of
     
     
      differential
     
     
      forms.
     
     
      For
     
     
      any
     
     
      complex
     
     
      space
     
     
      X
     
     
      we
     
     
      define
     
     
      a
     
     
      family
     
     
      of
     
     
      complexes
     
     
      IR(X)
     
     
      =
     
     
      {Aÿ
     
     
      }
     
     
      and
     
     
      for
     
     
      every
     
     
      morphism
     
     
      /
     
     
      :
     
     
      X
     
     
      -4
     
     
      Y
     
     
      a
     
     
      family
     
     
      Ol(Y,X)
     
     
      of
     
     
      morphisms
     
     
      of
     
     
      complexes
     
     
      between
     
     
      the
     
     
      Aÿ
     
     
      £
     
     
      Æ(Y)
     
     
      and
     
     
      some
     
     
      of
     
     
      the
     
     
      A*
     
     
      E
     
     
      Æ(A"),
     
     
      more
     
     
      precisely
     
     
      morphisms
     
     
      Aÿ
     
     
      -4
     
     
      /»Aÿ
     
     
      which
     
     
      we
     
     
      simply
     
     
      denote
     
     
      Aÿ
     
     
      -4
     
     
      Aÿ
     
     
      and
     
     
      call
     
     
      (admissible
     
     
      )
     
     
      pullback
     
     
      with
     
     
      the
     
     
      following
     
     
      properties.
     
     
      (I)
     
     
      A
     
     
      x
     
     
      is
     
     
      a
     
     
      fine
     
     
      resolution
     
     
      of
     
     
      Cx
     
     
      .
     
     
      (II)
     
     
      Forp
     
     
      >
     
     
      2
     
     
      dimX,
     
     
      A
     
     
      P
     
     
      X
     
     
      =
     
     
      0.
     
     
      (III)
     
     
      If
     
     
      X
     
     
      is
     
     
      smooth,
     
     
      the
     
     
      ordinary
     
     
      De
     
     
      Rham
     
     
      complex
     
     
      £ÿ
     
     
      belongs
     
     
      to
     
     
      3?(X),
     
     
      and
     
     
      for
     
     
      every
     
     
      morphism
     
     
      /
     
     
      :
     
     
      X
     
     
      -4
     
     
      Y
     
     
      between
     
     
      smooth
     
     
      complex
     
     
      manifolds
     
     
      the
     
     
      ordinary
     
     
      De
     
     
      Rham
     
     
      pullback
     
     
      /*
     
     
      :
     
     
      £ÿ
     
     
      -4
     
     
      /*£ÿ
     
     
      is
     
     
      an
     
     
      admissible
     
     
      pullback.
     
     
      (IV)
     
     
      There
     
     
      exists
     
     
      a
     
     
      smooth,
     
     
      open,
     
     
      dense
     
     
      analytic
     
     
      subset
     
     
      U
     
     
      C
     
     
      X
     
     
      such
     
     
      that
     
     
      the
     
     
      restriction
     
     
      Aÿ
     
     
      |
     
     
      U
     
     
      is
     
     
      the
     
     
      ordinary
     
     
      De
     
     
      Rham
     
     
      complex
     
     
      £ÿ.
     
     
      Here
     
     
      analytic
     
     
      means
     
     
      that
     
     
      the
     
     
      complement
     
     
      of
     
     
      U
     
     
      in
     
     
      A"
     
     
      is
     
     
      an
     
     
      analytic
     
     
      subspace
     
     
      of
     
     
      A.
     
     
      The
     
     
      family
     
     
      of
     
     
      pullback
     
     
      will
     
     
      satisfy
     
     
      the
     
     
      following
     
     
      properties.
     
     
      (Composition).
     
     
      Let
     
     
      j:Z4A,/:A4kbe
     
     
      two
     
     
      morphisms
     
     
      ,
     
     
      a
     
     
      :
     
     
      Ay
     
     
      —
     
     
      >
     
     
      Aÿ,
     
     
      P
     
     
      :
     
     
      Aÿ
     
     
      -4
     
     
      A
     
     
      ’
     
     
      z
     
     
      two
     
     
      pullback;
     
     
      then
     
     
      the
     
     
      composition
     
     
      0
     
     
      °
     
     
      a
     
     
      :
     
     
      Aÿ
     
     
      -4
     
     
      A'
     
     
      z
     
     
      is
     
     
      again
     
     
      a
     
     
      pullback.
     
     
      (Existence
     
     
      of
     
     
      pullback).
     
     
      Let
     
     
      /
     
     
      :
     
     
      X
     
     
      -4
     
     
      Y
     
     
      be
     
     
      a
     
     
      morphism,
     
     
      and
     
     
      fix
     
     
      Aÿ
     
     
      E
     
     
      (R(Y);
     
     
      then
     
     
      there
     
     
      exists
     
     
      a
     
     
      Aÿ
     
     
      6
     
     
      (R(A)
     
     
      and
     
     
      a 
     
     
      pullback
     
     
      Aÿ
     
     
      -4
     
     
      Aÿ.
     
     
      (Uniqueness
     
     
      of
     
     
      pullback).
     
     
      Let
     
     
      /
     
     
      :
     
     
      A
     
     
      -4
     
     
      Y
     
     
      be
     
     
      a
     
     
      morphism,
     
     
      and
     
     
      a
     
     
      :
     
     
      Aÿ
     
     
      -4
     
     
      Aÿ,
     
     
      P
     
     
      :
     
     
      Aÿ
     
     
      -4
     
     
      Aÿ
     
     
      two
     
     
      pullback
     
     
      corresponding
     
     
      to
     
     
      /;
     
     
      then
     
     
      a
     
     
      =
     
     
      f3.
     
     
      (Filtering).
     
     
      If
     
     
      Aÿ
     
     
      1
     
     
      ,
     
     
      A
     
     
      x
     
     
      E
     
     
      Ol(X),
     
     
      there
     
     
      exists
     
     
      a
     
     
      third
     
     
      Aÿ
     
     
      E
     
     
      !R(X)
     
     
      and
     
     
      two
     
     
      pullback
     
     
      1
     
     
      2
     
     
      Ax
     
     
      ~+Aÿ,A
     
     
      x
     
     
      -4Aÿ
     
     
      corresponding
     
     
      to
     
     
      the
     
     
      identity.
     
     
      5.2. 
     
     
      Logarithmic
     
     
      complexes.
     
     
      We
     
     
      recall
     
     
      now
     
     
      the
     
     
      construction
     
     
      and
     
     
      the
     
     
      properties
     
     
      of
     
     
      the
     
     
      logarithmic
     
     
      complexes
     
     
      on
     
     
      com
     
     
      ɐ
     
     
      plex
     
     
      spaces
     
     
      (see
     
     
      LAG]
     
     
      for
     
     
      details).
     
     
      By
     
     
      a
     
     
      pair
     
     
      (of
     
     
      complex
     
     
      spaces)
     
     
      (A,
     
     
      Q)
     
     
      we
     
     
      mean
     
     
      the
     
     
      data
     
     
      of
     
     
      a
     
     
      complex
     
     
      space
     
     
      A
     
     
      and
     
     
      of
     
     
      a
     
     
      closed,
     
     
      nowhere
     
     
      dense
     
     
      complex
     
     
      subspace
     
     
      Q.
     
     
      Let
     
     
      g
     
     
      :
     
     
      Q
     
     
      -4
     
     
      A
     
     
      and
     
     
      g°
     
     
      :
     
     
      X
     
     
      \
     
     
      Q
     
     
      -4
     
     
      A
     
     
      be
     
     
      the
     
     
      nat
     
     
      ɐ
     
     
      ural
     
     
      embeddings.
     
     
      A
     
     
      morphism
     
     
      of
     
     
      pairs
     
     
      /
     
     
      :
     
     
      (A, 
     
     
      Q)
     
     
      -4
     
     
      (Y,
     
     
      R)
     
     
      is
     
     
      a
     
     
      morphism
     
     
      /
     
     
      :
     
     
      A
     
     
      -4
     
     
      Y
     
     
      such
     
     
      that
     
     
      f(Q)
     
     
      C
     
     
      R
     
     
      and
     
     
      f(X\Q)
     
     
      C
     
     
      Y
     
     
      \
     
     
      Q.
     
     
      For
     
     
      a 
     
     
      pair
     
     
      (A, 
     
     
      Q)
     
     
      we
     
     
      define
     
     
      a
     
     
      family
     
     
      of
     
     
      complexes
     
     
      of
     
     
      fine
     
     
      sheaves
     
     
      (R(A
     
     
      (log
     
     
      Q))
     
     
      —
     
     
      {Aj^logQ)}
     
     
      and
     
     
      for
     
     
      every
     
     
      morphism
     
     
      /
     
     
      :
     
     
      (A, 
     
     
      Q)
     
     
      -4
     
     
      (Y,
     
     
      R)
     
     
      a
     
     
      f
     
     
      a
     
     
      m
     
     
      i
     
     
      l
     
     
      y
     
     
      0
     
     
      1
     
     
      (
     
     
      f
     
     
      )
     
     
      o
     
     
      f
     
     
      m
     
     
      o
     
     
      r
     
     
      p
     
     
      h
     
     
      i
     
     
      s
     
     
      m
     
     
      s
     
     
      o
     
     
      f
     
     
      c
     
     
      o
     
     
      m
     
     
      p
     
     
      l
     
     
      e
     
     
      x
     
     
      e
     
     
      s
     
     
      b
     
     
      e
     
     
      t
     
     
      w
     
     
      e
     
     
      e
     
     
      n
     
     
      t
     
     
      h
     
     
      e
     
     
      A
     
     
      ÿ
     
     
      (
     
     
      l
     
     
      o
     
     
      g
     
     
      R
     
     
      )
     
     
      €
     
     
      3
     
     
      (
     
     
      (
     
     
      Y
     
     
      (
     
     
      l
     
     
      o
     
     
      g
     
     
      R
     
     
      )
     
     
      )
     
     
      a
     
     
      n
     
     
      d
     
     
      s
     
     
      o
     
     
      m
     
     
      e
     
     
      of
     
     
      the
     
     
      Aÿ
     
     
      (log
     
     
      Q)
     
     
      E
     
     
      (R(X(log
     
     
      Q)),
     
     
      more
     
     
      precisely
     
     
      morphisms
     
     
      Aÿ(logü)
     
     
      -4
     
     
      /*Aÿ
     
     
      (log
     
     
      Q)
     
     
      w
     
     
      h
     
     
      i
     
     
      c
     
     
      h
     
     
      w
     
     
      e
     
     
      s
     
     
      i
     
     
      m
     
     
      p
     
     
      l
     
     
      y
     
     
      d
     
     
      e
     
     
      n
     
     
      o
     
     
      t
     
     
      e
     
     
      A
     
     
      ÿ
     
     
      (
     
     
      l
     
     
      o
     
     
      g
     
     
      R
     
     
      )
     
     
      -
     
     
      4
     
     
      A
     
     
      ÿ
     
     
      (
     
     
      l
     
     
      o
     
     
      g
     
     
      Q
     
     
      )
     
     
      a
     
     
      n
     
     
      d
     
     
      c
     
     
      a
     
     
      l
     
     
      l
     
     
      (
     
     
      a
     
     
      d
     
     
      m
     
     
      i
     
     
      s
     
     
      s
     
     
      i
     
     
      b
     
     
      l
     
     
      e
     
     
      )
     
     
      p
     
     
      u
     
     
      l
     
     
      l
     
     
      b
     
     
      a
     
     
      c
     
     
      k
     
     
      w
     
     
      i
     
     
      t
     
     
      h
     
     
      t
     
     
      h
     
     
      e
     
     
      following
     
     
      properties.
     
     
      (I)
     
     
      The
     
     
      restriction
     
     
      Aÿ
     
     
      (log
     
     
      <5
     
     
      )|
     
     
      x
     
     
      \
     
     
      q
     
     
      =
     
     
      Aÿ^
     
     
      of
     
     
      Aÿ(logQ)
     
     
      to 
     
     
      X\Q
     
     
      belongs
     
     
      to 
     
     
      0i(X\Q),
     
     
      and
     
     
      the
     
     
      natural
     
     
      morphism
     
     
      of
     
     
      complexes
     
     
      on
     
     
      A
     
     
      Ax0°g
     
     
      Q)
     
     
      9°*h
     
     
      X
     
     
      \Q
     
     
      induces
     
     
      isomorphisms
     
     
      in
     
     
      cohomology:
     
     
      ^(Aÿ(logg»->3lV*Cx
     
     
      W
     
     
      5.1
     
     
      in 
     
     
      particular
     
     
      for
     
     
      every
     
     
      open
     
     
      set
     
     
      W
     
     
      C
     
     
      X
     
     
      one
     
     
      has
     
     
      H
     
     
      k
     
     
      (W,
     
     
      A
     
     
      x
     
     
      (logQ))
     
     
      =
     
     
      H
     
     
      k
     
     
      (W,g\A
     
     
      XXQ
     
     
      )
     
     
      =
     
     
      H
     
     
      k
     
     
      (W\Q,C)
     
     
      (II)
     
     
      For
     
     
      k
     
     
      >
     
     
      2
     
     
      dimX,
     
     
      A^(logQ)
     
     
      =
     
     
      0.
     
     
      5.2
     
     
    
   
  

 
  
   
    
    
     
      
     
    
    
     
      20
     
     
      Vincenzo
     
     
      Ancona
     
     
      and
     
     
      Bernard
     
     
      Gaveau
     
     
      (III)
     
     
      If
     
     
      A"
     
     
      is
     
     
      smooth
     
     
      and
     
     
      Q
     
     
      is
     
     
      a
     
     
      divisor
     
     
      with
     
     
      normal
     
     
      crossing
     
     
      the
     
     
      logarithmic
     
     
      De
     
     
      Rham
     
     
      complex
     
     
      £\-(logQ)
     
     
      belongs
     
     
      to
     
     
      (R(A(logQ));
     
     
      for
     
     
      every
     
     
      morphism
     
     
      /
     
     
      :
     
     
      (X,Q)
     
     
      —
     
     
      ►
     
     
      (Y,
     
     
      R)
     
     
      w
     
     
      i
     
     
      t
     
     
      h
     
     
      Y
     
     
      s
     
     
      m
     
     
      o
     
     
      o
     
     
      t
     
     
      h
     
     
      a
     
     
      n
     
     
      d
     
     
      R
     
     
      a
     
     
      d
     
     
      i
     
     
      v
     
     
      i
     
     
      s
     
     
      o
     
     
      r
     
     
      w
     
     
      i
     
     
      t
     
     
      h
     
     
      n
     
     
      o
     
     
      r
     
     
      m
     
     
      a
     
     
      l
     
     
      c
     
     
      r
     
     
      o
     
     
      s
     
     
      s
     
     
      i
     
     
      n
     
     
      g
     
     
      t
     
     
      h
     
     
      e
     
     
      o
     
     
      r
     
     
      d
     
     
      i
     
     
      n
     
     
      a
     
     
      r
     
     
      y
     
     
      D
     
     
      e
     
     
      R
     
     
      h
     
     
      a
     
     
      m
     
     
      p
     
     
      u
     
     
      l
     
     
      l
     
     
      b
     
     
      a
     
     
      c
     
     
      k
     
     
      /
     
     
      *
     
     
      :
     
     
      £
     
     
      y
     
     
      (log
     
     
      .R)
     
     
      ->•
     
     
      /*£
     
     
      x
     
     
      (log<3)
     
     
      is
     
     
      an
     
     
      admissible
     
     
      pullback.
     
     
      (IV)
     
     
      Composition,
     
     
      existence,
     
     
      uniqueness
     
     
      and
     
     
      filtering
     
     
      of
     
     
      the
     
     
      admissible
     
     
      pullback
     
     
      are
     
     
      true.
     
     
      We
     
     
      leave
     
     
      to
     
     
      the
     
     
      reader
     
     
      the
     
     
      precise
     
     
      statements.
     
     
      It
     
     
      is
     
     
      useful
     
     
      to
     
     
      define
     
     
      A*
     
     
      Y
     
     
      (log
     
     
      Q)
     
     
      =
     
     
      0
     
     
      at
     
     
      points
     
     
      x
     
     
      e
     
     
      X
     
     
      where
     
     
      Q
     
     
      =
     
     
      X
     
     
      (in
     
     
      a
     
     
      neighborhood
     
     
      of
     
     
      x).
     
     
      We
     
     
      sketch
     
     
      now
     
     
      the
     
     
      construction
     
     
      of
     
     
      the
     
     
      family
     
     
      R(X
     
     
      (log
     
     
      Q))
     
     
      for
     
     
      any
     
     
      pair
     
     
      (X,
     
     
      Q).
     
     
      Step
     
     
      1).
     
     
      Let
     
     
      X
     
     
      be
     
     
      smooth,
     
     
      and
     
     
      Q
     
     
      any
     
     
      subspace.
     
     
      Let
     
     
      Q
     
     
      -4
     
     
      À
     
     
      ini
     
     
      5.3
     
     
      Q
     
     
      4
     
     
      A
     
     
      be
     
     
      a
     
     
      proper
     
     
      modification,where
     
     
      X
     
     
      is
     
     
      smooth,
     
     
      Q
     
     
      is
     
     
      a 
     
     
      divisor
     
     
      with
     
     
      normal
     
     
      crossing
     
     
      and
     
     
      tt
     
     
      is
     
     
      an 
     
     
      isomorphism
     
     
      outside
     
     
      Q;
     
     
      we
     
     
      define
     
     
      0
     
     
      o
     
     
      g
     
     
      Q)
     
     
      =
     
     
      **
     
     
      (£
     
     
      jf
     
     
      (log
     
     
      Q))
     
     
      5.4
     
     
      The
     
     
      above
     
     
      complex,
     
     
      which
     
     
      depends
     
     
      on
     
     
      the
     
     
      choice
     
     
      of
     
     
      the
     
     
      diagram
     
     
      5.3,
     
     
      will
     
     
      be
     
     
      called
     
     
      a
     
     
      loga
     
     
      ɐ
     
     
      rithmic
     
     
      De
     
     
      Rham
     
     
      complex
     
     
      of
     
     
      the
     
     
      pair
     
     
      (
     
     
      X
     
     
      ,
     
     
      Q)
     
     
      associated
     
     
      to 
     
     
      the
     
     
      diagram
     
     
      5.3;
     
     
      the
     
     
      reader
     
     
      should
     
     
      keep
     
     
      in
     
     
      mind
     
     
      that
     
     
      this
     
     
      gives
     
     
      new
     
     
      complexes
     
     
      even
     
     
      when
     
     
      Q
     
     
      is
     
     
      a
     
     
      divisor
     
     
      with
     
     
      normal
     
     
      crossing.
     
     
      Step
     
     
      2)
     
     
      Let
     
     
      (X,
     
     
      Q)
     
     
      be
     
     
      any
     
     
      pair,
     
     
      E
     
     
      C
     
     
      X
     
     
      a
     
     
      nowhere
     
     
      dense
     
     
      closed
     
     
      subspace,
     
     
      with
     
     
      Sing(X)
     
     
      C
     
     
      E,
     
     
      and
     
     
      consider
     
     
      a
     
     
      diagram
     
     
      Ë
     
     
      4
     
     
      X
     
     
      q
     
     
      4-
     
     
      7
     
     
      t
     
     
      j.
     
     
      5.5
     
     
      E
     
     
      A
     
     
      X
     
     
      L
     
     
      e
     
     
      t
     
     
      Q
     
     
      =
     
     
      7
     
     
      t
     
     
      -
     
     
      1
     
     
      (
     
     
      Q
     
     
      )
     
     
      ,
     
     
      M
     
     
      =
     
     
      E
     
     
      n
     
     
      Q
     
     
      ,
     
     
      M
     
     
      =
     
     
      Ë
     
     
      n
     
     
      Q
     
     
      .
     
     
      5.6
     
     
      Let
     
     
      A^(log
     
     
      M)
     
     
      €
     
     
      T(L(log
     
     
      M))
     
     
      (which
     
     
      exists
     
     
      by
     
     
      induction
     
     
      on
     
     
      dirri(X)).
     
     
      Then
     
     
      we
     
     
      can
     
     
      find 
     
     
      A^(logM)
     
     
      €
     
     
      IR(£(log
     
     
      A/)),
     
     
      a
     
     
      logarithmic
     
     
      De
     
     
      Rham
     
     
      complex
     
     
      £^(logQ)
     
     
      as
     
     
      in
     
     
      step
     
     
      1),
     
     
      a
     
     
      pullback
     
     
      <f>
     
     
      :
     
     
      A^(logM)
     
     
      ->
     
     
      A^(logM),
     
     
      <t>
     
     
      e
     
     
      (R(q)
     
     
      5.7
     
     
      a 
     
     
      pullback
     
     
      il>
     
     
      :
     
     
      £^(logQ)
     
     
      A^(log
     
     
      M),
     
     
      î
     
     
      [>
     
     
      €
     
     
      X(i)
     
     
      5.8
     
     
      so
     
     
      that
     
     
      we
     
     
      define
     
     
      the
     
     
      complex
     
     
      Ax
     
     
      (log
     
     
      Q)
     
     
      =
     
     
      7r»£^(logQ)
     
     
      ©
     
     
      j*A^(logM)
     
     
      0
     
     
      (j
     
     
      °q)*A
     
     
      É
     
     
      (log
     
     
      M)
     
     
      5.9
     
     
      whose
     
     
      differential
     
     
      is
     
     
      by
     
     
      definition
     
     
      d(u,o,9)
     
     
      —
     
     
      (cLj,do,d6
     
     
      +
     
     
      (
     
     
      —
     
     
      l)*(^(w)
     
     
      -
     
     
      4>(<r)).
     
     
      5.10
     
     
      From
     
     
      the
     
     
      construction
     
     
      it
     
     
      follows
     
     
      that
     
     
      for
     
     
      a
     
     
      given
     
     
      complex
     
     
      A*Y
     
     
      (log
     
     
      Q)
     
     
      there
     
     
      is
     
     
      a
     
     
      uniquely
     
     
      determined
     
     
      family
     
     
      ((X
     
     
      a
     
     
      ,
     
     
      Q
     
     
      a
     
     
      ),
     
     
      h
     
     
      a
     
     
      )
     
     
      a
     
     
      eA
     
     
      of
     
     
      pairs
     
     
      (X
     
     
      a
     
     
      ,Q
     
     
      a
     
     
      )
     
     
      (X
     
     
      a
     
     
      smooth
     
     
      and
     
     
      Q
     
     
      a
     
     
      a
     
     
      divisor
     
     
      with
     
     
    
   
  

 
  
   
    
    
     
      
     
    
    
     
      Residues
     
     
      and
     
     
      mixed
     
     
      Hodge
     
     
      structures
     
     
      on
     
     
      open
     
     
      algebraic
     
     
      varieties
     
     
      21
     
     
      normal
     
     
      crossing
     
     
      in
     
     
      X
     
     
      a
     
     
      )
     
     
      and
     
     
      proper
     
     
      maps
     
     
      of
     
     
      pairs
     
     
      h
     
     
      a
     
     
      :
     
     
      {X
     
     
      a
     
     
      ,
     
     
      Q
     
     
      a
     
     
      )
     
     
      -4
     
     
      (
     
     
      X
     
     
      ,
     
     
      Q)
     
     
      such
     
     
      that
     
     
      Ax
     
     
      (log
     
     
      Q)
     
     
      =
     
     
      ®(^a).£x
     
     
      0
     
     
      <,(a,
     
     
      (
     
     
      1
     
     
      °g<3a) 
     
     
      5.11
     
     
      aeA
     
     
      where
     
     
      q(a)
     
     
      =
     
     
      q
     
     
      x
     
     
      (a)
     
     
      is
     
     
      a
     
     
      nonnegative
     
     
      integer,
     
     
      which
     
     
      depends
     
     
      only
     
     
      on
     
     
      a
     
     
      e
     
     
      A
     
     
      and
     
     
      not
     
     
      on
     
     
      k;
     
     
      m
     
     
      o
     
     
      r
     
     
      e
     
     
      o
     
     
      v
     
     
      e
     
     
      r
     
     
      ,
     
     
      t
     
     
      h
     
     
      e
     
     
      r
     
     
      e
     
     
      e
     
     
      x
     
     
      i
     
     
      s
     
     
      t
     
     
      m
     
     
      a
     
     
      p
     
     
      p
     
     
      i
     
     
      n
     
     
      g
     
     
      s
     
     
      h
     
     
      a
     
     
      b
     
     
      :
     
     
      (
     
     
      X
     
     
      a
     
     
      ,
     
     
      Q
     
     
      a
     
     
      )
     
     
      -
     
     
      A
     
     
      (
     
     
      X
     
     
      b
     
     
      ,
     
     
      Q
     
     
      b
     
     
      )
     
     
      ,
     
     
      c
     
     
      o
     
     
      m
     
     
      m
     
     
      u
     
     
      t
     
     
      i
     
     
      n
     
     
      g
     
     
      w
     
     
      i
     
     
      t
     
     
      h
     
     
      h
     
     
      a
     
     
      a
     
     
      n
     
     
      d
     
     
      h
     
     
      b
     
     
      ,
     
     
      s
     
     
      u
     
     
      c
     
     
      h
     
     
      t
     
     
      h
     
     
      a
     
     
      t
     
     
      t
     
     
      h
     
     
      e
     
     
      d
     
     
      i
     
     
      f
     
     
      f
     
     
      e
     
     
      r
     
     
      e
     
     
      n
     
     
      t
     
     
      i
     
     
      a
     
     
      l
     
     
      A
     
     
      (
     
     
      l
     
     
      o
     
     
      g
     
     
      Q
     
     
      )
     
     
      -
     
     
      4
     
     
      A
     
     
      ^
     
     
      '
     
     
      (
     
     
      l
     
     
      o
     
     
      g
     
     
      Q
     
     
      )
     
     
      i
     
     
      s
     
     
      g
     
     
      i
     
     
      v
     
     
      e
     
     
      n
     
     
      b
     
     
      y
     
     
      d
     
     
      (
     
     
      u
     
     
      a
     
     
      )
     
     
      =
     
     
      (
     
     
      du
     
     
      a
     
     
      +
     
     
      e
     
     
      i
     
     
      abKb^
     
     
      b)
     
     
      5.12
     
     
      b
     
     
      where
     
     
      ecan
     
     
      take
     
     
      the
     
     
      values
     
     
      0,
     
     
      ±1.
     
     
      The
     
     
      family
     
     
      ((
     
     
      X
     
     
      a
     
     
      ,
     
     
      Q
     
     
      a
     
     
      ),
     
     
      h
     
     
      a
     
     
      )
     
     
      a€
     
     
      A
     
     
      will
     
     
      be
     
     
      called
     
     
      the
     
     
      hypercovering
     
     
      oî
     
     
      (
     
     
      X
     
     
      ,
     
     
      Q)
     
     
      associated
     
     
      to
     
     
      A*
     
     
      y
     
     
      (log
     
     
      Q),
     
     
      and
     
     
      q
     
     
      x
     
     
      (a)
     
     
      will
     
     
      be
     
     
      the
     
     
      rank
     
     
      of 
     
     
      (X
     
     
      a
     
     
      ,
     
     
      Q
     
     
      a
     
     
      )-
     
     
      C
     
     
      l
     
     
      e
     
     
      a
     
     
      r
     
     
      l
     
     
      y
     
     
      i
     
     
      f
     
     
      h
     
     
      a
     
     
      b
     
     
      ■
     
     
      (
     
     
      X
     
     
      a
     
     
      ,
     
     
      Q
     
     
      a
     
     
      )
     
     
      -
     
     
      4
     
     
      (
     
     
      X
     
     
      b
     
     
      ,
     
     
      Q
     
     
      b
     
     
      )
     
     
      e
     
     
      x
     
     
      i
     
     
      s
     
     
      t
     
     
      s
     
     
      ,
     
     
      o
     
     
      n
     
     
      e
     
     
      h
     
     
      a
     
     
      s
     
     
      Q
     
     
      x
     
     
      (
     
     
      «
     
     
      )
     
     
      =
     
     
      Q
     
     
      x
     
     
      (
     
     
      5
     
     
      )
     
     
      +
     
     
      1
     
     
      5.13
     
     
      5.3. 
     
     
      The
     
     
      filtration
     
     
      W
     
     
      a)
     
     
      On
     
     
      a
     
     
      logarithmic
     
     
      De
     
     
      Rham
     
     
      complex
     
     
      when
     
     
      X
     
     
      is
     
     
      smooth.
     
     
      Let
     
     
      (X,
     
     
      Q
     
     
      )
     
     
      be
     
     
      a
     
     
      pair
     
     
      with
     
     
      X
     
     
      a
     
     
      manifold,
     
     
      Q
     
     
      a
     
     
      (closed
     
     
      nowhere
     
     
      dense)
     
     
      subspace
     
     
      and
     
     
      tt
     
     
      :
     
     
      (X,
     
     
      Q)
     
     
      -4
     
     
      (
     
     
      X
     
     
      ,
     
     
      Q)
     
     
      a
     
     
      modification
     
     
      with
     
     
      X
     
     
      a
     
     
      manifold
     
     
      and
     
     
      Q
     
     
      a
     
     
      divisor
     
     
      with
     
     
      normal
     
     
      crossing.
     
     
      We
     
     
      have
     
     
      a
     
     
      logarithmic
     
     
      De
     
     
      Rham
     
     
      complex
     
     
      £x(log
     
     
      Q)
     
     
      =
     
     
      7T*£^(log
     
     
      Q)
     
     
      where
     
     
      £'^
     
     
      (log
     
     
      Q)
     
     
      is
     
     
      the
     
     
      standard
     
     
      logarithmic
     
     
      De
     
     
      Rham
     
     
      complex.
     
     
      We
     
     
      define
     
     
      an
     
     
      increasing
     
     
      filtration
     
     
      W
     
     
      m
     
     
      £^(logQ>
     
     
      =
     
     
      7T,lC
     
     
      m
     
     
      £*
     
     
      Ÿ
     
     
      (logg)
     
     
      5.14
     
     
      where
     
     
      kL
     
     
      m
     
     
      £^.
     
     
      (log
     
     
      Q)
     
     
      is
     
     
      the
     
     
      filtration
     
     
      by
     
     
      the
     
     
      order
     
     
      of
     
     
      poles
     
     
      as
     
     
      defined
     
     
      in
     
     
      section
     
     
      2.
     
     
      b) On
     
     
      a
     
     
      general
     
     
      logarithmic
     
     
      complex.
     
     
      If
     
     
      A^(logQ)
     
     
      is
     
     
      a
     
     
      logarithmic
     
     
      complex,
     
     
      we
     
     
      can
     
     
      rewrite
     
     
      the
     
     
      equation
     
     
      5.9
     
     
      defining
     
     
      the
     
     
      complex
     
     
      as
     
     
      Ax(l°g
     
     
      Q)
     
     
      =
     
     
      £^(l°gQ)
     
     
      ©
     
     
      A^(logM)
     
     
      ©
     
     
      A*j(logM)(-l)
     
     
      5.15
     
     
      where
     
     
      we
     
     
      have
     
     
      skipped
     
     
      the
     
     
      symbols
     
     
      of
     
     
      direct
     
     
      images
     
     
      of
     
     
      sheaves and
     
     
      we
     
     
      have
     
     
      used
     
     
      the
     
     
      notation
     
     
      for
     
     
      shifted
     
     
      complexes
     
     
      given
     
     
      in
     
     
      4.2.
     
     
      We
     
     
      define
     
     
      now
     
     
      the
     
     
      filtration
     
     
      W
     
     
      m
     
     
      X
     
     
      x
     
     
      {\ogQ)
     
     
      =
     
     
      Wm
     
     
      £^(logQ)
     
     
      ©
     
     
      W
     
     
      m
     
     
      X
     
     
      E
     
     
      (\ogM)
     
     
      ©
     
     
      l
     
     
      1
     
     
      !
     
     
      Wm
     
     
      A*j(l
     
     
      0
     
     
      gM)(-l)
     
     
      5.16
     
     
      where
     
     
      ^W
     
     
      m
     
     
      is
     
     
      the
     
     
      filtration
     
     
      shifted
     
     
      by
     
     
      +
     
     
      1,
     
     
      so
     
     
      that
     
     
      one
     
     
      has
     
     
      U\V
     
     
      m
     
     
      A
     
     
      k
     
     
      É
     
     
      (logM)(-l)
     
     
      =
     
     
      lL
     
     
      m+1
     
     
      A^
     
     
      _1
     
     
      (log
     
     
      M)
     
     
      5.17
     
     
      In
     
     
      5.16
     
     
      IL
     
     
      m
     
     
      A*,
     
     
      ;
     
     
      (log
     
     
      M)
     
     
      and
     
     
      W
     
     
      m
     
     
      A*-,(log
     
     
      M)
     
     
      are
     
     
      defined
     
     
      by
     
     
      recursion
     
     
      on
     
     
      the
     
     
      dimension
     
     
      and
     
     
      W
     
     
      m£'^
     
     
      (log
     
     
      Q)
     
     
      is
     
     
      defined
     
     
      as
     
     
      above
     
     
      by
     
     
      5.14
     
     
    
   
  

 
  
   
    
    
     
      
     
    
    
     
      22
     
     
      Vincenzo
     
     
      Ancona
     
     
      and
     
     
      Bernard
     
     
      Gaveau
     
     
      Lemma
     
     
      9
     
     
      —
     
     
      (1)
     
     
      W
     
     
      m
     
     
      is
     
     
      a
     
     
      filtration
     
     
      for
     
     
      the
     
     
      complex
     
     
      (W
     
     
      m
     
     
      h.'
     
     
      x
     
     
      {\ogQ),d):
     
     
      dW
     
     
      m
     
     
      X
     
     
      k
     
     
      x
     
     
      {\ogQ)
     
     
      C
     
     
      H
     
     
      7
     
     
      ™
     
     
      A^
     
     
      +1
     
     
      (log<2) 
     
     
      5.18
     
     
      and
     
     
      is
     
     
      given,
     
     
      at
     
     
      the
     
     
      level
     
     
      of
     
     
      hypercovering
     
     
      by
     
     
      W
     
     
      m
     
     
      K'
     
     
      x
     
     
      (\ogQ)
     
     
      =
     
     
      0
     
     
      ^^W
     
     
      m
     
     
      £
     
     
      Xa
     
     
      (\ogQ
     
     
      a
     
     
      )(-q
     
     
      x
     
     
      (a))
     
     
      5.19
     
     
      a£A
     
     
      (2)
     
     
      W
     
     
      m
     
     
      is
     
     
      preserved
     
     
      by
     
     
      pull
     
     
      back.
     
     
      5.4. 
     
     
      Filtration
     
     
      of
     
     
      the
     
     
      cohomology
     
     
      and
     
     
      spectral
     
     
      sequence
     
     
      The
     
     
      filtration
     
     
      W
     
     
      m
     
     
      of
     
     
      the
     
     
      complex
     
     
      A^
     
     
      (log
     
     
      Q)
     
     
      induces
     
     
      a
     
     
      filtration
     
     
      of
     
     
      the
     
     
      cohomology
     
     
      of
     
     
      that
     
     
      complex
     
     
      Wm
     
     
      H(V,
     
     
      A
     
     
      x
     
     
      (log
     
     
      Q))
     
     
      for
     
     
      any
     
     
      open
     
     
      set
     
     
      V
     
     
      C
     
     
      X
     
     
      ,
     
     
      and
     
     
      as
     
     
      a
     
     
      consequence,
     
     
      from
     
     
      5.2,
     
     
      we
     
     
      deduce
     
     
      a
     
     
      filtration
     
     
      of
     
     
      the 
     
     
      cohomology
     
     
      of
     
     
      V
     
     
      \
     
     
      Q
     
     
      W
     
     
      m
     
     
      H
     
     
      ‘
     
     
      (V\Q,
     
     
      C)
     
     
      Thus
     
     
      there
     
     
      is
     
     
      a
     
     
      spectral
     
     
      sequence
     
     
      whose
     
     
      first
     
     
      term
     
     
      is
     
     
      E™'
     
     
      k
     
     
      (V)
     
     
      H
     
     
      k
     
     
      V,
     
     
      J^mA^logOn
     
     
      5.20
     
     
      5.5. 
     
     
      Residues
     
     
      on
     
     
      the
     
     
      graded
     
     
      complexes
     
     
      For
     
     
      each
     
     
      pair
     
     
      (
     
     
      X
     
     
      a
     
     
      ,
     
     
      Q
     
     
      a
     
     
      )
     
     
      of
     
     
      the
     
     
      hypercovering,
     
     
      we
     
     
      can
     
     
      define
     
     
      a
     
     
      residue
     
     
      as
     
     
      in
     
     
      section
     
     
      3
     
     
      for
     
     
      £.
     
     
      Xa
     
     
      (log
     
     
      Qa)
     
     
      and
     
     
      we
     
     
      deduce
     
     
      mappings
     
     
      Resl
     
     
      m
     
     
      :
     
     
      CM,
     
     
      (
     
     
      ^W
     
     
      m
     
     
      E
     
     
      Xa
     
     
      (logQ
     
     
      a
     
     
      )(-q(a)))
     
     
      -y
     
     
      (h
     
     
      a
     
     
      ).£
     
     
      k
     
     
      Q
     
     
      Jfltn
     
     
      5.21
     
     
      Res
     
     
      k
     
     
      a,m
     
     
      (
     
     
      üW>W
     
     
      rn
     
     
      £
     
     
      Xa
     
     
      {\ogQ
     
     
      a
     
     
      )(-q{a))
     
     
      ^
     
     
      (u
     
     
      s
     
     
      c
     
     
      k-
     
     
      m
     
     
      -2
     
     
      qM
     
     
      {(M)W
     
     
      m
     
     
      ^£
     
     
      ’
     
     
      x<i
     
     
      (logQ
     
     
      a
     
     
      )(-
     
     
      q
     
     
      (a))
     
     
      )
     
     
      ^
     
     
      (
     
     
      aj
     
     
      *
     
     
      ^
     
     
      lm+,<
     
     
      “
     
     
      )1
     
     
      5.22
     
     
      with
     
     
      the
     
     
      conventions
     
     
      Q
     
     
      a
     
     
      ^
     
     
      —
     
     
      X
     
     
      a
     
     
      and
     
     
      then
     
     
      Res
     
     
      k
     
     
      am
     
     
      =
     
     
      Identity.
     
     
      Q<J
     
     
      r
     
     
      l
     
     
      =
     
     
      0
     
     
      if
     
     
      r
     
     
      <
     
     
      0
     
     
      and
     
     
      the
     
     
      corresponding
     
     
      Res
     
     
      k
     
     
      am
     
     
      =
     
     
      0
     
     
      (indeed
     
     
      W
     
     
      m+q
     
     
      (
     
     
      a
     
     
      )=
     
     
      0
     
     
      if
     
     
      m
     
     
      +
     
     
      q(a)
     
     
      <
     
     
      0).
     
     
      We
     
     
      can
     
     
      define
     
     
      the
     
     
      residue
     
     
      as
     
     
      a
     
     
      mapping
     
     
      which
     
     
      is
     
     
      the
     
     
      direct
     
     
      sum
     
     
      of
     
     
      :
     
     
      Res
     
     
      k
     
     
      .
     
     
      m
     
     
      •
     
     
      W
     
     
      m
     
     
      A
     
     
      x
     
     
      (
     
     
      \
     
     
      o
     
     
      g
     
     
      Q
     
     
      )
     
     
      Wm-iA^
     
     
      (logQ)
     
     
      ■>0(/ta)*£Qa
     
     
      [m
     
     
      +
     
     
      ,(a)]
     
     
      5.23
     
     
      Theorem
     
     
      5
     
     
      —
     
     
      For
     
     
      any
     
     
      open
     
     
      setV
     
     
      C
     
     
      X
     
     
      ,
     
     
      one
     
     
      has
     
     
      an
     
     
      isomorphism
     
     
      of
     
     
      cohomologies
     
     
      :
     
     
      ^..vUgé&sSL)
     
     
      m
     
     
      V
     
     
      Wm-lA
     
     
      x
     
     
      (logQ)y
     
     
      ^
     
     
      H
     
     
      k-m-2q(a)
     
     
      fc
     
     
      1
     
     
      (y)
     
     
      H
     
     
      Qa
     
     
      m+q(a
     
     
      )]
     
     
      .C)
     
     
      5.24
     
     
      a£
     
     
      A
     
     
    
   
  

 
  
   
    
    
     
      
     
    
    
     
      Residues
     
     
      and
     
     
      mixed
     
     
      Hodge
     
     
      structures
     
     
      on
     
     
      open
     
     
      algebraic
     
     
      varieties
     
     
      23
     
     
      We
     
     
      can
     
     
      consider
     
     
      the
     
     
      complex
     
     
      “
     
     
      residue
     
     
      ”
     
     
      Res'
     
     
      m
     
     
      A
     
     
      x
     
     
      {\ogQ)
     
     
      =
     
     
      @(h
     
     
      a
     
     
      ).£
     
     
      m
     
     
      Q
     
     
      j
     
     
      m
     
     
      +
     
     
      ql<l)]
     
     
      (-m
     
     
      -
     
     
      2q(a))
     
     
      5.25
     
     
      a€
     
     
      A
     
     
      whose
     
     
      differential
     
     
      d
     
     
      is
     
     
      the
     
     
      direct
     
     
      sum
     
     
      of
     
     
      the
     
     
      differentials
     
     
      on
     
     
      each
     
     
      term
     
     
      of
     
     
      the
     
     
      sum:
     
     
      d
     
     
      =
     
     
      0
     
     
      d.
     
     
      Then
     
     
      the
     
     
      cohomology
     
     
      of
     
     
      this
     
     
      complex
     
     
      is
     
     
      exactly
     
     
      the
     
     
      second
     
     
      member
     
     
      of
     
     
      5.24.
     
     
      Thus
     
     
      :
     
     
      Corollary
     
     
      1
     
     
      —
     
     
      Res
     
     
      k
     
     
      m
     
     
      induces
     
     
      an
     
     
      isomorphism
     
     
      :
     
     
      Ht
     
     
      (
     
     
      V
     
     
      -
     
     
      ï
     
     
      S
     
     
      a
     
     
      ^S))
     
     
      -
     
     
      H
     
     
      ‘
     
     
      <
     
     
      y
     
     
      5.26
     
     
      6.
     
     
      Residues
     
     
      and
     
     
      mixed
     
     
      Hodge
     
     
      structure.
     
     
      Singular
     
     
      case
     
     
      From
     
     
      now
     
     
      on
     
     
      we
     
     
      assume
     
     
      that
     
     
      all
     
     
      the
     
     
      manifolds
     
     
      X
     
     
      n
     
     
      of
     
     
      the
     
     
      hypercovering
     
     
      of
     
     
      X
     
     
      are
     
     
      com
     
     
      ɐ
     
     
      pact
     
     
      Kahler
     
     
      manifolds.
     
     
      6.1. 
     
     
      Shifted
     
     
      Hodge
     
     
      filtrations
     
     
      and
     
     
      residues
     
     
      We
     
     
      come
     
     
      back
     
     
      to
     
     
      5.21
     
     
      ,
     
     
      which
     
     
      we
     
     
      rewrite
     
     
      as
     
     
      :
     
     
      Res
     
     
      a,m
     
     
      ■
     
     
      (M*
     
     
      (
     
     
      (ï(o))
     
     
      W
     
     
      /
     
     
      m£x
     
     
      a
     
     
      <
     
     
      1
     
     
      °g
     
     
      <
     
     
      3a)(-9(o)))
     
     
      -4
     
     
      (&<»).
     
     
      (~m
     
     
      -
     
     
      2q{a))
     
     
      6.1
     
     
      Notice
     
     
      that
     
     
      in
     
     
      the
     
     
      right
     
     
      hand
     
     
      side
     
     
      the
     
     
      shift
     
     
      by
     
     
      —
     
     
      m
     
     
      —
     
     
      2
     
     
      q(a)
     
     
      corresponds
     
     
      to
     
     
      a
     
     
      shift
     
     
      —
     
     
      q(a)
     
     
      due
     
     
      to
     
     
      the
     
     
      rank
     
     
      of
     
     
      (X
     
     
      a
     
     
      ,Q
     
     
      a
     
     
      )
     
     
      and
     
     
      to
     
     
      a
     
     
      shift
     
     
      —
     
     
      m
     
     
      —
     
     
      q(a)
     
     
      due
     
     
      to
     
     
      the
     
     
      order
     
     
      of 
     
     
      poles.
     
     
      So
     
     
      we
     
     
      define
     
     
      shifted
     
     
      Hodge
     
     
      filtrations
     
     
      for
     
     
      the
     
     
      Q
     
     
      a
     
     
      ^
     
     
      in
     
     
      the
     
     
      following
     
     
      way,
     
     
      analogous
     
     
      to
     
     
      4.5,4.6
     
     
      (-r)
     
     
      ppg
     
     
      (-r
     
     
      -
     
     
      q(a))
     
     
      =
     
     
      F
     
     
      p
     
     
      ~
     
     
      r
     
     
      E
     
     
      k
     
     
      —
     
     
      r
     
     
      —
     
     
      q(a
     
     
      )
     
     
      QaM
     
     
      0
     
     
      (a))
     
     
      =
     
     
      <->F>-£
     
     
      ‘
     
     
      e
     
     
      jr
     
     
      Then,
     
     
      we
     
     
      have
     
     
      a 
     
     
      shifted
     
     
      Hodge
     
     
      decomposition
     
     
      for
     
     
      the
     
     
      cohomology
     
     
      of
     
     
      Qj
     
     
      m+Q
     
     
      ^
     
     
      a
     
     
      ^
     
     
      as
     
     
      in
     
     
      pk-m-2q(a)
     
     
      (Qjm+gfa)]
     
     
      ,
     
     
      q
     
     
      6.2
     
     
      6.3
     
     
      4.8
     
     
      =
     
     
      ©
     
     
      p-\-q=k-\-m
     
     
      (-m-q(a))
     
     
      pp
     
     
      (-m-q{a))
     
     
      pqpk-m-2q(a)
     
     
      Jm+q{a)]
     
     
      ^
     
     
      6.4
     
     
      Finally,
     
     
      one
     
     
      can
     
     
      define
     
     
      shifted
     
     
      Hodge
     
     
      filtrations
     
     
      (
     
     
      rn
     
     
      )
     
     
      F'r
     
     
      and
     
     
      (
     
     
      rn
     
     
      i
     
     
      F
     
     
      q
     
     
      on
     
     
      the
     
     
      residue
     
     
      complex
     
     
      5.25
     
     
      by
     
     
      (
     
     
      _m
     
     
      )
     
     
      F
     
     
      p
     
     
      Res^A'x
     
     
      (log
     
     
      Q)
     
     
      =
     
     
      ©(*»)*
     
     
      (
     
     
      -
     
     
      m
     
     
      ~
     
     
      ?(o))
     
     
      F
     
     
      p
     
     
      £
     
     
      k
     
     
      Qjm+qM]
     
     
      (-m
     
     
      -
     
     
      2
     
     
      q(a))
     
     
      6.5
     
     
      a£A
     
     
      ^F«Res
     
     
      k
     
     
      m
     
     
      \-
     
     
      x
     
     
      (\ogQ)
     
     
      =
     
     
      ®(/t
     
     
      a
     
     
      )*
     
     
      (-•»-»(«>>i*£^
     
     
      [m+i(a)](
     
     
      _
     
     
      m
     
     
      -
     
     
      2
     
     
      q(a))
     
     
      6.6
     
     
      a£A
     
     
      Because
     
     
      of
     
     
      corollary
     
     
      1
     
     
      the
     
     
      cohomology
     
     
      of
     
     
      the
     
     
      complex
     
     
      5.25
     
     
      on
     
     
      X
     
     
      is
     
     
      the
     
     
      direct
     
     
      sum
     
     
      of
     
     
      the
     
     
      H
     
     
      k-m-2q(a)^Q
     
     
      a
     
     
      [m+q(a)]^q
     
     
      anc
     
     
      j
     
     
      us
     
     
      j
     
     
      ng
     
     
      5
     
     
      4
     
     
      we
     
     
      see
     
     
      t
     
     
      h
     
     
      at
     
     
      co
     
     
      homology
     
     
      of
     
     
      the
     
     
      complex
     
     
      5.25
     
     
      has
     
     
      a
     
     
      pure
     
     
      Hodge
     
     
      structure
     
     
      H
     
     
      k
     
     
      (X,Res
     
     
      m
     
     
      A
     
     
      x
     
     
      {\ogQ))
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Using 2.13, Ei'k appears as the cohomology of this complex. We take an element [[7]] €
*
Ei"‘. It corresponds to an element 7 € I'(V, W,E;( (log D)) such thatdm € Wi, 8;' (log D).
Moreover the dy of the class of dr is obviously 0, so it gives a cohomology class which is an
element of E4~"**! which depends only on [[]] and not on the other choices.
2.4. The De Rham complex of a divisor
We consider again X smooth, D = Dy U --- U Dy a divisor with normal crossing and

we define for any ordered multiindex I = (iy,--- ,i,) in(1,...,N)
Dy=D;Nn---nD;, 2.16
and
Dl =11,_,Dy, DV = X 217

where the sign I1 denotes the disjoint union. Then the D% are manifolds (not connected in
general).
We define a double complex

G = S p=ty 2.18
with two differentials
d: s €y 2.19

which is the De Rham differential on &/, or €'y, and a differential
§ 8y EYD 2.20

such that if ¢ € €%}, . so that ¢ = (61)7/=q and ¢y is a p—form on Dy, then

q
8(Bir,rers = D1y gdesa P e o) 2.21
=1

and if ¢ = 0, ¢ is a p-form on X and 6(¢); = ¢|D;.
We define then the diagonal complex

y & 2.22
p+e=k+1,4>0
with the differential dp = d + (—1)*4.

Lemma 1 — The complex (A},,dp) defines a fine resolution of the constant sheaf Cpy and
thus H*(D,A},) ~ H*(D,C).

Proof : see [GS].
We define also a complex A f, by

Axp=Ex @A =Ex @ Emn @ B Emqm @ O E 2.23
where x = X, , has been defined in 2.11. The differential dx p is given by dp when
restricted to AED_' and by d + (—1)*8 when restricted to E;( =

Itis natural to define a filtration W,A;ﬂ by

_— - —m
Wiky p = Wi © Wir1€pm - ® WigmEppm & -+ 2.24
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(2) The adjoint dy of ds
dy o BREX) = BEPA ) 4.31
is identically 0.
Proof. 1) We consider the complex

_’E:—H,k-l(x) ﬂE‘:‘k(X) i‘ E‘i_"k“(,\') s
The dual of the cohomology of this complex is the homology of the dual cocomplex
coe e HERL (DI ) H2k=1(DI C) B k(DI C) - -

which is exactly 4.30. :

2) Let us now consider the dual d; of dy. Using the diagram 4.12, and coming back to
the level of residues, we see that d2 can be constructed as follows. Let [[w]], € E’;’k(X N3,
Using 4.30 we see that we start with a collection {wy } of closed (2n — k —I)-forms on D for
|I| = I such that 6({wy}) (in the sense of 2.21) is 0 in cohomology on the D for | J| = I +1.
This means that for all J with [J| =1+ 1

({wr}), = dey 4.32
where ¢ isa (2n—k—1—1)-formon D . Then, 6({¢}) is a collection of (2n —k—1—1)-
forms on the D with | K| = [ + 2. By 2.21 d commutes with 4, hence
d((6({es}), = (6(d{és})), = (B{s(wn}), =0
because 6% = 0, so that §({¢, }) induces an element of H*"~k=I=1 (D21 C) and thus an
element of £5"**1(X)" which is
dy([[1].) = [B({ A D]l 4.33

We are going to prove that this element is 0. Obviously H2"~*~!(Dll C) carries the stan-
dard Hodge structure induced by the standard Hodge filtrations F?, F4, of DI and § is a
morphism of filtered spaces and thus

§: FPRUE* (DI, €) - FPFTH*" (DI, )

sothat Ey* (X)” carries an induced pure Hodge structure (by 4.30). Let [[w]], € FPF1EL (X)"
with p + ¢ = 2n — k — [, so that all the wy are (p, g)-forms. Using the well known fact that
the differential d is strict on DI'l, we can find a solution ¢ s of type (p, ¢ — 1) of the equation
4.32, and thus 8({¢ }) has type (p,q — 1) and

d(([]l,) € FPFI~ By 241 (X))’ 4.34
But we can also find a solution ¢'; of type (p — 1, q) of the equation 4.32 so that
dy([[w]),) € PP~ FOES 1 (X)) 435

Since the dual space E‘é”‘k” (X)" carries a pure Hodge structure and p+ ¢ — 1 = 2n— k —
1 —1 we have

FPRITLESRR=L (X" 0 prt Pe k=1 (X" < 4.36
hence dy ([[w]],) = 0.
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	style3(id).visibility = "visible";

}



function hide3(id) {

	style3(id).visibility = "hidden";

}
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}



var closeAudioIDHandler = function(event) {

	event.preventDefault();

	closeAudioID();

};



var closeVideoIDHandler = function(event) {
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	closeVideoID();

};



function closeAudioID() {
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	}

}



function closeVideoID() {
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function addAudioID(boxID, html) {

	closeAudioID();
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	var audio = el3("audioID");

	if (audio != null) {
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	}
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}
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	box.innerHTML = htmlize(html);
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function clickPlayAudio(clickID, boxID, html) {
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	addClickEvent(clickID, function(event) {

		event.preventDefault();
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	});

}
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	// preventDefaultTouch(el3(clickID));
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function clickShow(clickID, showID) {

    addClickEvent(clickID, function(event) {

        event.preventDefault();
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    });
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function clickHide(clickID, hideID) {
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        event.preventDefault();
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function clickPlay(clickID, mediaID) {
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        }
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function initJS() {



}
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16 Vincenzo Ancona and Bernard Gaveau

a) Let [[7]], € F{EY*(X). Thereis aw € FoZL* in its class. This means that 7 €
F"WIE;( (log D) with drr € W,_QE}H (log D). So  defines an element [[z]], € E{'k(X)
and in fact [[z]], € Kerd, N F"Ef‘k(X). So [[7]],, as an element of E.f,'k(X) considered as
the cohomology of E, is in F;E;‘k(X)‘

b) Conversely, if [[7]], € F{E,:'k(X) ,thereis a [[r]], € Kerd; N F"‘Ei‘k(.\') so there
isam e F“W;E:\r (log D) with dm € W;_ﬁ} (log D) and 7 € F“Z;"‘, so that [[x]], (as an
element of E.i"‘(X ) considered as a quotient of Zé'k) belongs to F,“E;"‘(X )

Lemma7 — (1) Using the residue isomorphisms, diagram 4.12 induces a commutative

diagram
B4 (X) —#- -8 (x)
y o lm.:j; 127
3 d, N -
B (X) -2 —B(X)
where
=~ K i, « H={(pl k+2-1¢ pli-1]
E;“(X) er{d, - (DY,C) -+ H (D'-Y,C)} 498
dy H""""(D[““],C)
afld zfg is induced by ds via the residue isomorphisms.
2) Eé"‘ (X)) has a pure Hodge structure, as the cohomology space defined by 4.28
Bfx)y= @ CIVFPPEIRER(X) 429

pra=k+l

and the Hodge structure 4.29 is isomorphic to the Hodge structure of E;’k(X) defined

by 4.23.

Proof of lemma 7. 1) From diagram 4.12 and the fact that Res} are isomorphisms, one
sees immediately that they induce isomorphisms between the cohomologies Ei,"'(X ) of the
complexes (E{'k(X),dl) and the cohomologies E;‘k(X) of the complexes (E{"‘(X),d]).
where E1¥(X) = H*-{(DIY, C).

2) Because d; is a morphism of pure Hodge structures (see proposition 1), the coho-
mologies EA'.Q"‘ (X)) of the complexes (EAJ(‘*(X),JI) carry a pure Hodge structure as in 4.29.
In the diagram 4.27, the residues are isomorphisms of filtered spaces for both filtrations
(=D F, (=DF 50 they induce isomorphisms of pure Hodge structures.

Lemma 8 — Let us consider the dual
Et*(x) = H*Y(DI,©)" ~ H*—*-!(Dl, )
and the adjoint d: of dy:
d; - g2r=k=l(pIH1 ¢) o H2 k(DI ©)
which is (l1 = 0 (see proposition 1, 5)).
(1) Then, the dual E;‘k(X)' can be identified with the homology of the cocomplex

(E{'k(,Y)' ,dy) and thus

Ker{d : H>*~{(Dl,C) - H*>—k-!(Dl+1], )}
SH2—F=1(DI-1]_C)

4.30

Bk xy
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6 Vincenzo Ancona and Bernard Gaveau

or in other words the cohomology of W \ D can be calculated as the cohomology of the
complex of sections (T'(W, % (log D)), d) of € (log D).
2.3. Filtration by the order of poles

If U is a small neighborhood of a point z € D with coordinates (21, - - - , 2,) such that
the local equation of DN U in U is 2 - - - z, = 0, we shall denote

(dz)l } (dz,-, Rt dz;,) o7
z 2y Ziy

where I = (iy,...,4;) is an ordered multiindex contained in (1,--- ,s). These coordinates
are called adapted coordinates for (X, D) in U. We know that €% , (log D) is generated by

the ("7)’ over the module €Y , for |I| < s (s depends on ).

We shall now define an increasing filtration on 8} (log D), called the weight filtration,
in the following way

WiES (log D) =0 (I < 0) 2.8
Wo€X (log D) = £ 2.9

while forl > 0
(Wit og D)) = &5, [(Z)], 1<t (1> 0) 210

is the €% ,-submodule generated by the (%)’ for |[I| < I. Sol < Xy p. Where Xy,
is defined as follows. If we denote by s(x) the number s so that D C U(xz) is given by
21 -+~ 25 = 0, we define

Xx.p = max 5(z) 2.11
Up to a renumbering, the filtration W} given above, coincides with the filtration given by
[GS]. It is clear that .

d(W, €% (log D)) € W€ x (log D) 2.12
hence the above filtration gives a filtration in cohomology: W, H* (V, €% (log D)) and, using
the natural isomorphism of theorem 1, it induces a filtration W, H*(V'\ D,C) for any open
set V' C X. As usual, there is a spectral sequence denoted by EL* with first term
. W,E% (log D)
€k k - 1€ x (108
= V SRS 2.13
st =it (Vg e by)
which is the cohomology of the graded complex and the spectral sequence converges to the
graded cohomology

WiH*(V, £ (log D))
Wi H*(V, &% (log D))
One can calculate the differential d;
di : BY* o g1 2.15
First, we consider the differential dy, of the graded complex
do: L WiEy(logD)) , T(V.Wi€y (log D))
TT(V,Wi_1 &y (log D))~ T(V,Wi—1€ " (log D))

2.14
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Préface

En 1998, nous avons organisé un colloque de Géométrie complexe consacré a la géomé-
trie intégrale, la classification des variétés, les opérateurs différentiels et aux applications
de ces théories a la physique théorique. Nous avons décidé de réunir dans un volume des
articles des participants, couvrant I’ensemble des sujets abordés au cours de cette rencontre.
Ce livre fait suite a une premiére publication Géométrie complexe en 1996 dans cette méme
collection.

Nous remercions les membres du Comité de Rédaction, qui se sont chargés de la relec-
ture et de I’évaluation des articles contenus dans ce volume : Carlos Berenstein, Jean-Pierre
Demailly, Yakov Eliashberg, Christian Houzel, Stanislaw Lojasiewicz, Christophe Soulé et
Raymond Stora.

Tous les articles sont originaux et non publiés ailleurs.
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20  Vincenzo Ancona and Bernard Gaveau

(1) If X is smooth and @ is a divisor with normal crossing the logarithmic De Rham
complex €% (log Q) belongs to R(X (log Q)): for every morphism f : (X,Q) — (Y,R)
with Y smooth and R a divisor with normal crossing the ordinary De Rham pullback f* :
&y (log R) — f.S:\,(log Q) is an admissible pullback.

(IV) Composition, existence, uniqueness and filtering of the admissible pullback are true.
We leave to the reader the precise statements.

It is useful to define A’y (log Q) = 0 at points z € X where Q = X (in a neighborhood
of x).

We sketch now the construction of the family R(X (log Q)) for any pair (X, Q).

Step 1). Let X' be smooth, and () any subspace. Let

0 3 X
4 ml 53
Q 5 x

be a proper modification,where X is smooth, @ is a divisor with normal crossing and 7 is an
isomorphism outside Q; we define

Ex(10g Q) = . (5 (105 @) 5.4

The above complex, which depends on the choice of the diagram 5.3, will be called a loga-
rithmic De Rham complex of the pair (X, () associated to the diagram 5.3; the reader should
keep in mind that this gives new complexes even when () is a divisor with normal crossing.

Step 2) Let (X,Q) be any pair, E C X a nowhere dense closed subspace, with
Sing(X) C E, and consider a diagram

A
qd ml 5.5
E % X
Let
Q=r"'Q), M=EnQ, M=EnQ. 5.6

Let Ay (log M) € R(E(log M)) (which exists by induction on dim(X)). Then we can find
A.Eil(l:ong) € R(E(log M)), a logarithmic De Rham complex £% (log @) as in step 1), a
pullbac

¢ : A(log M) — A (log M), ¢ € R(q) 5.7
a pullback
V1 €5 (log Q) — A} (log M), v € R(i) 5.8
so that we define the complex
Ax(10gQ) = m €5 (105 Q) @ juA(log M) & (o @) Ay (loghD) 5.9

whose differential is by definition

d(w,0,0) = (dw,do,df + (~1)*(H(w) — ¢(0))- 5.10

From the construction it follows that for a given complex A’ (log Q) there is a uniqugly
determined family ((Xa, Qa); ha)aea of pairs (Xa, Qu) (Xa smooth and Q, a divisor with
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4.3. Pure Hodge structure on E*(X)

In the sequel, X is a Kahler compact manifold
Recall that if M is a complex manifold of dimension 7, and j : S — M is the embedding of
a smooth complex hypersurface in M, the Gysin map

ys.m 2 HY(S,C) = H*?(M,C)
can be obtained via Poincaré duality from the pullback
§* : H%=2(M,C) » H?"k-%(8,C)
It follows that «s a7 is real, commutes to conjugation, and it is a morphism of pure Hodge

structures of degree 1.
Let us consider the spectral sequence EL*(X) with first term

W,€% (log D)
1.k k a ex

X

S ( " Wii € (log D)

(see 2.13).
Proposition1— (1) The first term Ei"‘(,\’ ) of the spectral sequence has a pure Hodge
structure induced by the shifted filtrations "V F, " F (which are not conjugate)
ErfX)= @ ek X)
pa=k+1

Moreover the residue

Res} : E*(X) —» H*'(D1, C) 4.10
induces an isomorphism of pure Hodge structures on the spaces E:’k(X) and on
H*=Y(DW, C) for the shifted Hodge filtrations =V F, =0 F.

(2) The differential
dy : EYE(X) » BV (X)) 411

is a morphism of pure Hodge structures.

(3) Let usdefine dy as the differential induced by d; at the level of residues, namely the
following diagram is commutative

E:"‘(X) _ 4 __)E{—l.k+l(‘\-)

Mrl J'Ru:'f,‘ 112

d

H“_I(D[‘], C) _& _Hk+2AI(D[l—I]’ C)

The construction of d is the following. Let {[ar]:|I| = 1} be cohomology classes on
{Dr; 1| = 1}, as being a closed form of degree k — 1 on Dy. Then d({[a]} is given
as follows. For any J such that |J| =1 —1, Dy # (), we have

diflar}, = Y ersvsla] 4.13
1J11=1
where
1.0+ H(Dy,€) » H**7(D,,0) 414
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8  Vincenzo Ancona and Bernard Gaveau
where W,E‘,'W for a complex manifold M is the trivial filtration

Wiy =3y for 120

Wigy =0 for 1<0

It is clear that the differential dx p respects the above filtration.

3. Residues : smooth case
Definition 1 — We define for | > 0
Res? : Wi€'y (log D) - &y 3.1

in the following way. Let w be a section of Wi’ (log D) and let (21, - -+ , 2,) be an adapted
coordinate system for (X, D) so that in this coordinate system

w=Yarn (dz)’ 3.2
= oy = g
<t
(remember the definition 2.10). We define
Resrwlpl = alll)l fm‘ |1] =l 3.3

In other words,
dz\’ ag|p, ford =1
psP == o 1
[Rrs,((x,/\(z))]h),—{ 0 ford £1 3.4

It is easy to see that the definition 3.4 is invariant by change of local adapted coordinates.
In particular, for any open set V' C X, the morphisms Res] induce morphisms of global

sections on V'
»

Res? : T(V, Wi (log DY) = T(V n DI, €51) 3.5
Lemma2— Res] commutes with the differentials d, 9, and a, and
Res! (Wi, €y (log D)) =0 3.6

so that one has an induced map

;> oF
Res? : W€ (log D) —‘8;)_1:1 37

U Wi, &4 (log D)

which can be rewritten as

W€ (log D) W_iAy p
ot = P 3.8
Rest G esllog D) ~ Woiihy
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Residues and mixed Hodge structures on open algebraic varieties 13

Let us consider a|p,nw, : it is a (k — I)-form which can be written in terms of the
() only:

J _ K
a|p,nw, = Z ‘1(1“}1‘(2"(“)) (dz"w)) A (dz"m) 4.16
[J|+|K|=k—1

coordinates 2

We can extend a|p, nw, from Dy N W, to W, simply using the second member of 4.16, as
a form a'®). If (8,)ae 4 is a partition of unity of a small neighborhood of D such that the
support of 3, is in W, we can define an extension & of a by the formula

a=Y" B.a® 417

agA

If a has a well-defined type, a®) and & have the same type. It is obvious that the residue
of @ Ay on Dy is G&|p, = a and that the residue of & A 5’ an another D; with J # I is 0.
This proves part (i) of lemma 5.

If v is closed, each a(®) is obviously closed by definition, so that by 4.16

da =" dB. Ao 418
a€A

But on W,NW; , the z/*) are functions of 2”*) only so that a(®) [warwy = @ |w.ow,:

in fact the formulas for the change of coordinates of the (*) are exactly the same as those on
Dy and the o(®) | p, are equal to a.

As a consequence, 4.18 implies that da = 0 where ) . 4 f, = 1, on an open neighbor-
hood of Dy. It follows

dw=da Ay’ +andy 4.19
and da A ' is 0 on a neighborhood of D;. Moreover, by the definition of the 7/ in 4.15,
it is easy to see that the dn’ are linear combinations of the 7’ for [J| < |I| — 1 so that
e
dw € W1 €Y (log D). By the definition of E-*(X), w gives an element [w]], € EV*(X)
such that
di[[w]], = [[de]],
Moreover if |J| =1 — 1, J C I, one can define the residue on D of dw by taking in

4.19 the terms in ("f 7, Using the fact that dn; = €; is C'°, this residue is the coefficient of
g
7 in

erg(daAnjAn’ £anQ; An?) 4.20
where 2; = 0 is the local equation of D; in the manifold D and thus I = {j, J}. In other
words the residue is

erad((@An;)lp,) = erav1,4(a)

This proves lemma 5.

Proof of proposition 1.

Proof of 1). The filtrations (= F, (=!) F' on the complexes %lﬁ%; induce correspond-
2 X

ing filtrations of the cohomologies of these complexes, which are exactly the E:"’(X ) (see
2.13). By lemma 4, the morphism Res; is a morphism of filtered complexes for the shifted
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Residues and mixed Hodge structures on open algebraic varieties 9

3.1. The residues in local cohomology

Lemma 3 — Res] induces an isomorphism of the cohomology sheaves

Wi (log D)
PP X
Besy (WI_IEf\,(log D)

As an immediate consequence of lemma 3, we obtain

) MLy 3.9

Theorem 2 — For fixed I, the morphism Res] induce natural isomorphisms, for any open
setVof X
Wi€x (log D)

P.gp |V —2XND77 =Ly [l]. . 14
Res! : H (1,Wl_l£}(logm) - H=Y(v n DU, &) 3

4. Residues and mixed Hodge structures. The smooth case
4.1. The filtration F?, F9on a complex manifold

If M is a complex manifold, one can write any differential form 7 of degree k using
complex coordinates as

= Z wrydz’ Adz’! 4.1
1]+|J]=k
We say that 7 has has type > p, if one has |I| > p in the sum 4.1 and we define F"E;, as the
space of k-forms of type > p. This defines a decreasing filtration (called the Hodge filtration)
- FPEn D FPHIEN S o
and d respects this filtration. The conjugate filtration is defined by saying that 7 € F"E;, if
[J] > g in the sum 4.1 or in other words
o —
Fig, = Fig},
We shall now adapt these definitions to the case of the De Rham complexes of forms with
logarithmic poles and the De Rham complex on a divisor in order that the residues become
morphisms of filtered spaces.
4.2. Hodge filtrations and residues

In order to define Hodge filtrations compatible with the residues, we must consider the
residues as morphisms of complexes which preserve the degrees of the complexes. This
forces us to repeatedly use shifted complexes : if (C'*, d) is a complex, the r-shifted complex
C*(r) is

€ (»)k =c* 4.2
with the same differential. We see that the morphisms of residues defined as in 3.1 and 3.7
become morphisms of complexes

Res] : Wikl (log DY — € (~1), Res? : —Vi€x{los D)

U Wt flogDy ~ Eou() 43

and preserve the degrees of the complexes.
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Residues and mixed Hodge structures on open algebraic varieties 5

In sections 2-4 we review the case of open algebraic manifolds, which is very impor-
tant because our proof in the singular case follows closely the smooth case. This case was
treated by Deligne [D], and in a more readable way by Griffiths-Schmidt [GS]. The weight
filtration on the complex of differential forms with logarithmic poles is given by the order of
poles. It generates a spectral sequence whose first term is the cohomology of the divisor or
of its intersections, and carries a pure Hodge structure. One result of [D] is that this spectral
sequence degenerates at the second term. We note that the proof of this fact given in [GS] is
not complete.

In the next sections 5-6, we recall the definition of forms with logarithmic poles on an
open analytic space, given in [AG]. We define a filtration which combines the order of poles
together with the rank of the space in the hypercovering of the complex. The first term of the
spectral sequence appears to be the cohomology of another complex, the residue complex,
and carries a natural pure Hodge structure induced by Hodge filtration on the complex of
forms. Again this spectral sequence degenerates at the second term. The detailed proof of
this fact will appear elsewhere [AG2].

2. The standard logarithmic De Rham complex. Smooth case

In this section, X is a complex analytic manifold and D = D;U- - -UD is a divisor with
normal crossing, so that each D; is a smooth hypersurface of X, and at each point z € X,
there are at most n = dimg X divisors D; passing through z and which are transversal. In
particular, given z, one can find complex analytic coordinates (2, - - , 2,,) in a neighborhood
U of z, such that the local equationof DN U in U is zy - - - zy = 0, s depending on .

2.1. Definition of £ (log D)
If 2 is a pointin X \ D, we define
R

S ik

i.e. the usual De Rham complex of differential forms on X at z. Let z be a pointin D and U
a neighborhood of = in X, such that the local equation of DN U in U is z; --- 2, = 0. We
define

{ > 2.1

i.e. the €y ,-module generated by the logarithmic differentials "—',-l --+, % of the equations
of the components of D through . The differential d is defined as usual. In particular, the
complex (€% . (log D), d) induces a subcomplex of the De Rham complex of X \ D.

One has an injection :

(€x - (log D), d) = (j«EX\p,d) 22
where j : X \ D < X is the natural map.

2.2. The cohomology of X \ D

Let W be any open set of X , in particular X itself. Then (C\\D d) can be used to
calculate the cohomology of W'\ D, by the standard De Rham theorem.

Theorem 1 — One has a natural isomorphism induced by the morphism of inclusion

H*(W, &% (log D)) ~ H"(n'.j.s;,.\l,) ~ H¥(W \ D,C) 2.3
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Lemma9— (1) W, is a filtration for the complex (W, A (log Q), d):

A WAy (logQ) C WAy (logQ) 5.18
and is given, at the level of hypercovering by
WA (log Q) = @@ Wik, (10§ Qu)(~ay (a) 5.19
a€A

(2) W,y is preserved by pull back.

5.4. Filtration of the cohomology and spectral sequence

The filtration Wy, of the complex A (log Q) induces a filtration of the cohomology of
that complex

Wi H(V, Ay (log Q))

for any open set V' C X , and as a consequence, from 5.2, we deduce a filtration of the
cohomology of V' \ @

WnH*(V\Q,C)
Thus there is a spectral sequence whose first term is

. WAy (l0gQ)
mkir _ gk (v X
i L ("‘quA.'\'(logQ) ey

5.5. Residues on the graded complexes

For each pair (X4, Q,) of the hypercovering, we can define a residue as in section 3 for
€y, (log Qa) and we deduce mappings

Resh  + (ha)o ((“OWinEl, (08 Qa) (~a(@) = (ha)o€G mrucn 521
@aDW,, & (log Qa)(—g(a)) h=m=2(a)

. mEix, 108 Qa v iy

Res}y ,  (ha). (wfﬂ))w,,.,l&;(_(logQ,,)(—q(a)) = (ha)eq im+atarl 5.22

with the conventions
Q. = X, and then Res* | = Identity.

a,m

Q4" =0if r <0 and the corresponding Res ,, = 0 (indeed W, ¢(ay=0if m +g(a) < 0).
We can define the residue as a mapping which is the direct sum of :

WAl (log Q) k—m—2q(a) &
Resk . 2 X1 =<' _ ha)e€g imtata) .23
e g ’

aEA
Theorem 5 — For any open set V. C X , one has an isomorphism of cohomologies :

WA (log @) )
Win—1A% (log Q)

_ —-)@Hk"""z‘”"’(h;‘(v) n Q,,['"”("”,C) 5.24
a€A

Resk, : H* (t
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Residues and mixed Hodge structures on open algebraic varieties 23

We can consider the complex “residue”
Resy Ax (10g Q) = @D(ha)€l tmsan (—m — 2q(a)) 5.25
a€A
whose differential d is the direct sum of the differentials on each term of the sum: d =
@um d. Then the cohomology of this complex is exactly the second member of 5.24.
Thus :

Corollary 1 — Res . induces an isomorphism
WA (log Q)
Win-1A% (log Q)

6. Residues and mixed Hodge structure. Singular case

Resk, : H* (V ) — H*(V, Res;, Ax(log Q)) 5.26

From now on we assume that all the manifolds X, of the hypercovering of X are com-
pact Kihler manifolds.
6.1. Shifted Hodge filtrations and residues

‘We come back to 5.21 , which we rewrite as :

Resh, + (ha). (@D W€, (108 Qa)(~0(a))) = (ha)+Ey msaian(~m — 20(a) 6.1

Notice that in the right hand side the shift by —m — 2¢g(a) corresponds to a shift —g(a) due
to the rank of (X,,Q,) and to a shift —m — g(a) due to the order of poles. So we define
shifted Hodge filtrations for the Q. in the following way, analogous to 4.5, 4.6

CNFPE, (-1 —q(a)) = FPTE

k—r—q(a)
Qalr!

he—r— q(u

(= ')F"EQ m(=r—g(a)) = "F""S 6.3
Then, we have a shifted Hodge decomposition for the cohomology of Q,I™+9(@)] a5 in4.8
Hk-m=2(a)(Q,[m+a(a)] )
-2 @ (=m—q(a)) pp (*m—a(nl)ﬁqH’c—m—ﬂa(u)(Qu["H-q(ﬂ)]‘C) 6.4
ptg=k+m
Finally, one can define shifted Hodge filtrations (=) F” and (=™) F'9 on the residue
complex 5.25 by

™) F? Resyp A (108 Q) = @) (ha). IV FPEG (o (~m — 2(a) 65

a€A

(=™ 4 Resy A (log Q) = P(ha). ™= "‘“”F"EQ (matay (—=m = 2q(a)) 6.6
a€A
Because of corollary 1 the cohomology of the complex 5.25 on X is the direct sum of the
H"‘"‘-Z.,(a)(Q"[mH(a)]‘ C) and thus, using 6.4 we see that the cohomology of the complex
5.25 has a pure Hodge structure
H*(X, Res;, Ax(log Q)

= @ C™Fr C™EHE(X, Res,Ax(logQ)) 6.7
r+a=k+m

6.2
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10 Vincenzo Ancona and Bernard Gaveau
Let (A*,d) be a filtered complex with a certain filtration ®. We define the shifted filtra-
tion (") @ on the shifted complex C"*(n) by
(MEPCk(n) = pPHnokn 4.4

In our case, we define on the De Rham complexes of the manifolds D!"], the usual Hodge
filtration

Py
so that we induce a shifted filtration on the shifted complex :
M FPEL L (~r) = FP"Epm 45
and we define the conjugate filtration
CNFIgy . (-r) = Foren 46

If X is a Kihler compact manifold, each D!"] is also compact Kihler and the Hodge
filtration of the De Rham complex induces a pure Hodge structure on the cohomology of
D], Indeed, one has

HYDM,0) = @ FF*H*(D!",C) 47
a+b=k

This means that the shifted filtrations of 4.5, 4.6 induce also a pure Hodge structure,
namely 4.7 can be rewritten as

HY(DI",C) = @ (=r) patr (=) fbtr kDl ©)
a+b=k

Renaming the indices, we obtain

Hk~r(u[r],c) - @ (=r) pa (—r)Fka—r(D[r]’C) 48

a+b=k+r
where we notice that the direct sum of 4.8 is taken over pairs (a, b) with a+b = k+7 (instead
of k — r as usual). We also define filtrations on €% (log D) by
(=) pagsy (log D) = F*E% (log D)
(=n) F*es (log D) = F*~"€% (log D)
As usual in the second members of 4.9 F, F denote the standard Hodge filtrations.
Remark 1 — The filtrations defined in 4.9 are not conjugate.
With the above notations, we deduce immediately

Lemmad4 — For any | , the residues induce morphisms of filtered spaces for the shifted
filtrations

4.9

Res} : COFPWiEy(log D) — (“DFPEy, (—1)
.o (= W€ (log D, L .
Res; - (=D r (W_'“C"-i—ai—x})—)) - ( I)Fpsom(—l)
and also for the F filtrations
Res; : COFIW,E% (log D) — (‘”F_"'c’lbl,,(—l)

.. (=) fg [ _WiEx (log D) (-0 fage (-
Res; : | )Fv(—x.——w,_"[_x(,ogo)) - COFags (1)
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Residues and mixed Hodge structures
on open algebraic varieties

Vincenzo Ancona and Bernard Gaveau

ABSTRACT. In the case of (smooth or singular) open algebraic varieties, we give proofs of
the main results of Hodge-Deligne theory which require only the knowledge of the classical
Hodge theory, the general theory of complex spaces (including the existence of desingular-
izations) and some linear algebra (including spectral sequences). In the singular case, details
will appear elsewhere.

1. Introduction

By a complex space we mean a reduced, not necessarily irreducible, complex analytic
space.

Let X be a complex space. We denote by Cx the constant sheaf on X. When X is
smooth we denote by £% the De Rham complex of differential forms on X

The theory of mixed Hodge structures of Deligne [D] has been dealt with by several
authors (see for example [A], [G1], [G2], [E]), with different approaches. Nevertheless,
the full proofs in the theory remain very difficult to understand, because they require a deep
knowledge of many ingredients, like cohomological descent theory and derived categories.

In [AG] and in the present paper we give proofs of the main results of Hodge-Deligne
theory which we could call "elementary” in the sense that they require essentially only the
knowledge of the classical Hodge theory, the general theory of complex spaces (including the
existence of desingularizations) and some linear algebra (including spectral sequences).

In [AG] we propose a definition of differential forms on a complex space, to obtain a
resolution of Cy by means of forms. In order to obtain all the properties of the classical
forms, including the existence of the pullback and the functoriality, it is necessary to define
for any space X a family of complexes, instead of a single one.

The forms we introduce can fully describe the mixed Hodge structure of Deligne on a
compact algebraic variety X.

In [AG] we also sketch the definition of logarithmic differential forms on an open singu-
lar space, in the spirit of [D] and [GS]. The aim of the present paper is to apply them to the
description of Hodge-Deligne theory of singular open algebraic varieties.

1991 Mathematics Subject Classification. 32C15, 32835.
The first author was supported by the italian MIUR and GNSAGA-INdAM..
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normal crossing in X,) and proper maps of pairs h, : (Xa, Q) = (X, Q) such that
Ay (log Q) = P (ha)-€ (log Qa) 5.11

agA

ka(l

where g(a) = g, (a) is a nonnegative integer, which depends only on a € A and not on k;
moreover, there exist mappings hap : (Xa, Qo) — (X, Qp), commuting with h, and hy,
such that the differential A} (log Q) — A;-“ (log Q) is given by

d(wa) = (dwa + Y e hiyen) 5.12
b

where 52’;) can take the values 0, +1.

The family ((Xa, Qa), ha)aca Will be called the hypercovering of (X, Q) associated to
A% (log Q). and ¢, (a) will be the rank of (X,, Qa).

Clearly if hap : (Xa, Qa) = (X3, Q) exists, one has

ax(a) =gy (b) +1 5.13

5.3. The filtration W

a) On a logarithmic De Rham complex when X is smooth.

Let (X, Q) be a pair with X a manifold, @ a (closed nowhere dense) subspace and 7 :
(X,Q) = (X, Q) a modification with X a manifold and Q a divisor with normal crossing.
We have a logarithmic De Rham complex

Ex(log Q) = 1% (log Q)

where €% (log Q) is the standard logarithmic De Rham complex. We define an increasing
ﬁllrauon
Wi (10g Q) = m. W €% (log Q) 5.14
where W,, €% (log Q) is the filtration by the order of poles as defined in section 2.
b) On a general logarithmic complex.
If A% (log Q) is a logarithmic complex, we can rewrite the equation 5.9 defining the
complex as

Ay (log Q) = €% (log Q) & A(log M) & A% (log M)(—1) 5.15

where we have skipped the symbols of direct images of sheaves and we have used the notation
for shifted complexes given in 4.2.
We define now the filtration

WA (log Q)
= Wn€ (10g Q) & WinAp(log M) & VW, A% (log I)(~1) 5.16
where (D1, is the filtration shifted by + 1, so that one has
WAL (log M)(~1) = W1 A (log M) 5.17

In 5.16 Wy, A}, (log M) and W,,,A;?(log M) are defined by recursion on the dimension and
W,,.E_"-, (log Q) is defined as above by 5.14
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12 Vincenzo Ancona and Bernard Gaveau

is the Gysin map for Dy considered as an hypersurface in Dy and €; ; is the signature of the
permutation reordering (j, J) as I where I = J U {j}, so that z; = 0 is the equation of Dy
in Dy; dy commutes with the complex conjugation.
(4) dy isamorphism of pure Hodge structures for the shifted filtrations ~V F, =0 F on
the cohomology H*~' (D", C) and ="+ F, ="V F on the cohomology H*+'~ (=) (DlI-1] C),
(5) If we consider H*"~*=1(DU C) as the dual of H*~*(D!!l,C), the adjoint of d,

& - H2n+={(Dl=1 ) -5 g2+l Q)

is exactly the morphism which is induced in cohomology by the morphism
§:Ap =AD"
defined by 2.21 for the diagonal complex of the divisor D of 2.22.
In order to prove the proposition 1, we need a more precise realization of the inverse of
the isomorphism Resf of 4.10 (or 3.14), at a global level.

‘We consider the line bundle L; on X associated to the divisor D; and a section o; of L;
whose zero set is exactly D;. We introduce a hermitian metric | | on L; and define

ni = dlog|oi|?, Qi = ddlog|oi|* 4.15

so that §; is a C* form which represents the Chern class ¢, (L;). Finally, if I is a multiindex
such that Dy # () we define
7l = /\ 7.

i€l

Lemma5— Let I be a multiindex with |I| =1, Dy # () and let o be a (k — l)-form on Dy.
One can find a C™ extension & of o to X , with the following properties

(1) If @ has a well defined type, & has the same type as a. Moreover w = & A 0l isin
W€y (log D) and w has residue o on Dy and 0 on Dy for J # 1.

(2) If a is a closed form on Dy, @ is closed in a neighborhood of Dy, dw is in
Wiy 8;,“ (log D) and w defines an element [[]], € EX*(X) . Moreover dw defines the
element dy [[w]], = [[dw]], in BV (X). If J is a multiindex with |J| = 1—1, J C I
, the residue of dy[[w]], on Dy is exactly ;. 1,5 ([a]) where €; ; is the signature of
the permutation which reorders (j,J) as I where I = J U {j}, so that zj = 0 is the
equation of Dy in D .

Proof of Lemma 5. Let (W) ¢ 4 be an open cover of a neighborhood of D; such that in
each W, , one has an adapted system of complex coordinates z(*). We denote

2la) = (z"“’,z"‘“’), S0 _ (z}“’,m 12,(.1))’ L@ _ (ZI(J«:)“ ,25."))
and the equations for D; N W, are
AV =...= =0

Moreover we can assume that the change of coordinates between W, and W5 is such that the

2"®) are functions of the z”(*) only.
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4.4. Degeneration of the spectral sequence

In this section, we prove that the spectral sequence EL*(X) degenerates at the term E,
and that it carries a pure Hodge structure.

Theorem 3 — (1) The differentials d,. of the spectral sequence of the filtration W, are 0 for
r>92
(2) The second term E;‘k(X) of the spectral sequence carries a pure Hodge structure
EfX)= @ VR COFER(X)
atb=k+l
where (D Fe (SO EY are the filtrations induced by the filtrations defined in 4.9.
In order to prove the theorem, we study carefully the term Es.
Lemma6— (1) EY*(X) carries filtrations D Fy, =V F, induced by the filtrations (=) F
and "V F of the complex W €% (log D) (see 4.8 ) and d» is a morphism of the filtration
(=1 F
dy : COFPEH(X) o) FRESH (X) 422
2) E;'k (X) considered as the cohomology of the complex (E{'k(X ), d1) has filtrations
(=0 F,, (=D Fy which induce pure Hodge structures on E;'k(X)
E'X)= @ VR OOBENX) 4.23
atb=k+l
(3) The filtration "V F, (resp. "V Fy) is identical to the filtration (=OF, (resp. CVEy).
We shall denote simply by (" F, (=D F\ these filtrations.
Proof of lemma 6. 1) The second term of the spectral sequence is obtained as a quotient
of the approximate cocycles Z;"‘ € W;S} (log D), which is the space of 7 € W,E;( (log D)

such that drr € W;_ZS?l (log D). The filtration of Z.",'k is obtained by taking the induced
filtration :

(=D Fpzb* = Zbk (-0 paw, €% (log DY 1.24
where ("D F* = F@ (see 4.9) and
OFbzLk = ZE* 0 D FPwe’y (log D) 425

where ("D b = Fb=! (4.9). Then EL*(X) inherits the corresponding quotient filtrations. It
is clear that ds satisfies 4.22 because d respects the standard Hodge filtration F'* on differen-
tial forms and because (") F{* is induced by F*.
2) On the other hand
_ Ker{d: : E*(X) » B{""* (X))

dBFEHX)
By proposition 1 , the E; have pure Hodge structures defined by 4.10 and the differential d;
is a morphism of pure Hodge structures. So, Ei,‘k(X ) can be written as

B = @ COR COREX)
pa=k+l

3) The two filtrations (=" F} and (=" F, coincide (and the same for (=) F; and (=) F).

B} (X)
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End of proof of theorem 3. We assume that dy = --- = d,_; = 0. This implies that
EL%(X) = EY*(X). We construct
d, : Bpt(X)" - BlmE1(X)
and prove that it is 0. The construction Ofd: is a generalization of that d; of in lemma 8. We
know that
BI*X) = E3*(x)’
An element [[w]]. € EL¥(X) is a collection of closed (2n — k — I)-forms {wrh|I] =1

on D; , which define successively elements [[w]], € EV*(X)" with d;[[w]], = 0, then
[W]], € EM*(X)" with d,[[w]], = 0for 2 < s < r — 1. This means that we have

6({wr}),, =do}) on Dy, with || =1+1 4.37
({8, = o) on Dy, with |J|=1+2 4.38
oo N, =deS ™Y on Dy, with |J_a|=l+r-1 439

we consider then 6({45” 1)} which defines an element of H2*~*~{=r+1(pl+r] C) and
then

d([]),) = ({5 VDIl € EEk=1(x)"

If we start with {w;} of type (p,q),p + q = 2n — k — [ we can solve the equatmm 4.37,

4.38,....,4.39 with forms of type (p,q — 1), (p,q — 2), - . ., (p, ¢ — r + 1) and obtain d},([[]], )
of type (p, g —r+ 1), but we can also solve the above equauans with forms of type (p 1,q),

(p—2,q),.. - (p—r+1,q) and obtain d:([[w]],) of type (p—r+1,q). Because r > 1, this
implies that d,.([[w]],) = 0, exactly as in the equation 4.37.

From theorem 3, and the convergence of the spectral sequence to the graded cohomology,
we deduce immediately :
Theorem4 — The cohomalog\ H*(X \ D,Q) carries a mixed Hodge structure. More pre-

cisely, the graded spaces ﬁﬁ’%% are isomorphic to E;"‘ (X) and thus have a pure
Hodge structure as in 4.23.

Proof . Because d,, = 0 for r > 2, the graded cohomology is the second term of the
spectral sequence.

5. Logarithmic complexes. Singular case

We recall now the properties of the family of complexes of differential forms on a com-
plex space as defined in [AG] .
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5.1. Families of differential forms.

For any complex space X we define a family of complexes R(X) = {A%} and for
every morphism f : X — Y a family R(Y, X) of morphisms of complexes between the
A} € R(Y) and some of the Ay € R(X), more precisely morphisms A3, — f.A% which
we simply denote A}, — A% and call (admissible) pullback with the following properties.

I) &,( is a fine resolution of Cy .

(1) For p > 2dimX, A’y = 0.

(I11) If X is smooth, the ordinary De Rham complex £ belongs to R(X), and for every
morphism f : X — Y between smooth complex manifolds the ordinary De Rham pullback
f*: & = f.€% is an admissible pullback.

(IV) There exists a smooth, open, dense analytic subset /' C X such that the restriction
A% | U is the ordinary De Rham complex €7;. Here analytic means that the complement of
U in X is an analytic subspace of X.

The family of pullback will satisfy the following properties.

(Composition). Letg : Z =+ X, f : X — Y be two morphisms , a : A} — AY,
B : A% — A% two pullback; then the composition 3 o a : A}, — A% is again a pullback.

(Existence of pullback). Let f : X — Y be a morphism, and fix A}, € R(Y'); then there
exists a Ay € R(X) and a pullback A}, — AY.

(Uniqueness of pullback). Let f : X — Y be a morphism, and « : A}, — AY,
B : Ay = A two pullback corresponding to f; then a = .

(Filtering). If Av] . A\.2 € R(X), there exists a third Ay € R(X) and two pullback

a 2
Ay = A%, Ay — A corresponding to the identity.

5.2. Logarithmic complexes.

‘We recall now the construction and the properties of the logarithmic complexes on com-
plex spaces (see [AG] for details).

By a pair (of complex spaces) (X, ) we mean the data of a complex space X and of a
closed, nowhere dense complex subspace Q. Letg : Q — X and ¢° : X\ @Q — X be the nat-
ural embeddings. A morphism of pairs f : (X, Q) — (Y, R) is amorphism f : X — Y such
that f(Q) C Rand f(X \ Q) C Y \ Q. For a pair (X, Q) we define a family of complexes
of fine sheaves R(X (log Q)) = {A',( (log @)} and for every morphism f : (X,Q) = (Y, R)
a family R(f) of morphisms of complexes between the A}, (log R) € R(Y (log R)) and some
of the A (log @) € R(X (log Q)), more precisely morphisms A3, (log R) — f.A% (log Q)
which we simply denote A§, (log R) — A% (log Q) and call (admissible) pullback with the
following properties.

(I) The restriction A’y (log Q)| x\q = A g of A (log @) to X\ @ belongs to R(X\Q),
and the natural morphism of complexes on X'

A (log @) = ¢°. Ay g
induces isomorphisms in cohomology:

HP (A% (log Q) - R*¢°,Cx\q 541
in particular for every open set W C X one has
HE(W, Ax (105 Q) = HY(W, ", Ak o) = H¥(W\ Q,C) 5.2

(I) For k > 2dimX, Ay (log Q) = 0.
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filtrations (=Y F, (=Y F, and this morphism induces the isomorphism Res] at the level of
cohomology, which is thus a morphism of filtered spaces

COprElk(x) » GO prE*=! (DU C)

l*l)pqE:vk(X) - (—l)quk—l(D[l],Q

By 4.7, H*~!(DI, C) carries a pure Hodge structure. Now, Res;] respects the type, so that
obviously Res; induces morphisms of subspaces

Res; =0 Fr (D paglk(x) o (-0 pp (=) park=1(plil ¢) 4.21

which are injective (because by theorem 2 E_e_s: is an isomorphism of vector spaces between
EY¥(X) and H*!(DI ) ). Itis thus sufficient to prove that this morphism is onto. But
given {[ay]} in the second member of 4.21, each «; is, by definition, a closed form on D; of
type (p—l,q—1) (see 4.5,4.6 ) and because p+ q =k + [ (see 4.7),p -l +q— 1=k -1
as it should be. Now the extension procedure of lemma 5 allows us to construct

w= Z&,/\n'

(=
which is of type (p, ¢ — [) because #; is of type (1,0), and so using 4.8
we COpr=Dpags (log D)
Thus w defines, as we have seen in lemma 5 , an element [[w]], with

[lll, € OF® CDFOE(x)

Res, [[w], = {fo]}
This proves that the @: in 4.21 is onto. This also proves that the shifted filtrations (—) F
and (=Y F' induce a pure Hodge structure on E:‘k(X) isomorphic by m: to the pure Hodge
structure on H¥~! (DI C) of the shifted Hodge filtrations (see 4.8).
Proof of 3). This is a consequence of lemma 5; dy is a sum of Gysin maps with coeffi-
cients 1. Since the Gysin maps commute with the complex conjugation, and also d, .
Proof of 4). This is an immediate consequence of the fact that d, is given as a sum of

Gysin maps with coefficients £1
Proof of 2). It is an obvious consequence of the commutative diagram 4.12 , the fact that

d, is a morphism of pure Hodge structures and that the residues are isomorphisms of Hodge

structures. .
Proof of 5). We have seen that d; is an alternate sum of Gysin maps. So, the adjoint of

d, given by 4.13 is exactly the morphism 4 of 2.21
§({wa)); =Y eralwilln,

Jcr
where [wy]|p, is the pull back in cohomology
H?(D;,C) = H?(D;,C)
ad |I| =1, |J|=1-1
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