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1



What Is Economics?


After studying this chapter you will be able to:




	Define economics and distinguish between microeconomics and macroeconomics


	Explain the big questions of economics


	Explain the key ideas that define the economic way of thinking


	Describe how economists go about their work as social scientists and policy advisers





Is economics about money: How people make money and spend it? Is economics about the stock market and share prices? Is it about business, government and jobs? Is it about why some people and some nations are rich and others are poor? Economics is about all these things, but its core is the study of choices and their consequences.


Your life will be shaped by the choices that you make and the challenges that you face. To face those challenges and seize the opportunities they present, you must understand the powerful forces at play. The economics that you’re about to learn will become your most reliable guide. The chapter gets you started by describing the questions that economists try to answer and looking at how economists think as they search for answers.










A Definition of Economics


A fundamental fact dominates our lives: we want more than we can get. Our inability to get everything we want is called scarcity. Scarcity is universal. It confronts all living things. Even parrots face scarcity!
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Think about the things that you want and the scarcity that you face. You want to go to a good college or university. You want to live in a well-equipped, spacious and comfortable home. You want the latest smartphone and the fastest Internet connection for your laptop or iPad. You want some sports and recreational gear – perhaps some new running shoes, or a new bike. You want much more time than is available to go to seminars, do your class preparation, play sports and games, read novels, go to the movies, listen to music, travel and go out with your friends. You want to live a long and healthy life.


What you can afford to buy is limited by your income and by the prices you must pay, and your time is limited by the fact that your day has 24 hours. You want some other things that only governments provide.


You want to live in a safe neighbourhood in a peaceful and secure world and enjoy the benefits of clean air, lakes, rivers and oceans.


What governments can afford is limited by the taxes they collect. Taxes lower people’s incomes and compete with the other things they want to buy. What everyone can get – what society can get – is limited by the productive resources available. These resources are the gifts of nature, human labour and ingenuity and all the previously produced tools and equipment.


Because we can’t get everything we want, we must make choices. You can’t afford both a laptop and an iPhone, so you must choose which one to buy. You can’t spend tonight both studying for your next test and going to the cinema, so, again, you must choose which one to do. Governments can’t spend a pound of tax revenue on both national defence and environmental protection, so they must choose how to spend that pound.


Your choices must somehow be made consistent with the choices of others. If you choose to buy a laptop, someone else must choose to sell it. Incentives reconcile choices. An incentive is a reward that encourages or a penalty that discourages an action. If the price of a laptop is too high, more will be offered for sale than people want to buy. And if the price is too low, fewer will be offered for sale than people want to buy. But there is a price at which choices to buy and sell are consistent.


Economics is the social science that studies the choices that individuals, businesses, governments and entire societies make as they cope with scarcity and the incentives that influence and reconcile those choices.


The subject divides into two main parts:




	Microeconomics


	Macroeconomics





Microeconomics is the study of the choices that individuals and businesses make, the way these choices interact in markets and the influence of governments. Some examples of microeconomic questions are: Why are people streaming more films? How will a tax on sugar affect food manufacturers?


Macroeconomics is the study of the performance of the national economy and the global economy. Some examples of macroeconomic questions are: Why does the UK unemployment rate fluctuate? Will the unemployment rate rise if the Bank of England raises interest rates?


REVIEW QUIZ




1List some examples of scarcity that you face.


2Find examples of scarcity in today’s headlines.


3Find an illustration of the distinction between microeconomics and macroeconomics in today’s headlines.













Two Big Economic Questions


Two big questions summarise the scope of economics:




	How do choices end up determining what, how and for whom goods and services get produced?


	When do choices made in the pursuit of self-interest also promote the social interest?





What, How and For Whom?


Goods and services are the objects that people value and produce to satisfy wants. Goods are physical objects such as golf balls. Services are actions performed such as cutting hair and filling teeth. By far the largest part of what people in the rich industrial countries produce today is services such as retail and wholesale services, health services and education. Goods are a small and decreasing part of what we produce.


What?


What we produce changes over time. Every year, new technologies allow us to build better-equipped homes, higher-performance sporting equipment and even deliver a more pleasant experience in the dentist’s chair. And technological advance makes us incredibly more productive at producing food and manufacturing goods.


Figure 1.1 shows some differences in what is produced in four countries. In the UK and the US, 80 per cent of production is services and agriculture accounts for only 1 per cent of total production. In China and Nigeria, it is agriculture and industry goods that have the largest production percentages. What explains these differences in what is produced in the rich UK and US and the poorer China and Nigeria?


How?


Goods and services get produced by using productive resources that economists call factors of production. Factors of production are grouped into four categories:




	Land


	Labour


	Capital


	Entrepreneurship





Land


The ‘gifts of nature’ that we use to produce goods and services are called land. In economics, land is what in everyday language we call natural resources. It includes land in the everyday sense together with metal ores, oil, gas and coal, water, air, wind and sunshine.


Our land surface and water resources are renewable and some of our mineral resources can be recycled. But the resources that we use to create energy are non-renewable – they can be used only once.




Figure 1.1 Changes in What We Produce
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The rich UK and US produce more services than goods. The poorer China and Nigeria produce a larger percentage of goods and a smaller percentage of services.


Source of data: Statisticstimes.com. 2015





Labour


The work time and work effort that people devote to producing goods and services is called labour. Labour includes the physical and the mental efforts of all the people who work on farms and construction sites and in factories, shops and offices.


The quality of labour depends on human capital, which is the knowledge and skill that people obtain from education, on-the-job training and work experience. You are building your own human capital today as you work on your economics course, and your human capital will continue to grow as you become better at your job.


Human capital expands over time and varies between countries. Figure 1.2 shows the percentage of young people with higher education qualifications in different countries. This measure of human capital is increasing over time.






Figure 1.2 A Measure of Human Capital
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Education is a major source of human capital. The figure shows the percentage of 25–34 year olds with higher education qualifications in eight countries in 2010 and 2014. This measure of human capital has increased in all the countries.


Source of data: OECD, Education at a Glance 2015 Table A1.3a.





Capital


The tools, instruments, machines, buildings and other constructions that businesses now use to produce goods and services are called capital.


In everyday language, we talk about money, shares and bonds as being capital. These items are financial capital. Financial capital plays an important role in enabling businesses to borrow the funds that they use to buy capital. But financial capital is not used to produce goods and services – it is not a factor of production.


Entrepreneurship


The human resource that organises labour, land and capital is called entrepreneurship. Entrepreneurs come up with new ideas about what and how to produce, make business decisions and bear the risks that arise from these decisions.


How are the quantities of factors of production that get used to produce the many different goods and services determined?


For Whom?


Who gets the goods and services that are produced depends on the incomes that people earn. A large income enables a person to buy large quantities of goods and services. A small income leaves a person with few options and small quantities of goods and services.


People earn their incomes by selling the services of the factors of production they own:


1Land earns rent.


2Labour earns wages.


3Capital earns interest.


4Entrepreneurship earns profit.


Which factor of production earns the most income? The answer is labour. Wages and fringe benefits are around 70 per cent of total income. Land, capital and entrepreneurship share the rest. These percentages have been remarkably constant over time.


Knowing how income is shared among the factors of production doesn’t tell us how it is shared among individuals. You know of lots of people who earn very large incomes. Music mogul Simon Cowell earns £34,744 an hour and actress Emma Watson earn £13,175 an hour.


You know of even more people who earn very small incomes. People who serve fast food earn £5 an hour.


Some differences in income are persistent. On average, men earn more than women and whites earn more than ethnic minorities. Europeans earn more on average than Asians, who in turn earn more than Africans. A typical annual income in the poorest countries of the world is just a few hundred pounds, less than the equivalent of a typical weekly wage in the richest countries of the world.


Why is the distribution of income so unequal? Why do Simon Cowell and Emma Watson earn such huge incomes while a tax driver earns just £7.20 an hour? Why do university graduates earn more than people with only a few GCSEs? Why do Europeans earn more than Africans? Why are the incomes of people living in Asia rising so rapidly?


Economics provides answers to all these questions about what, how and for whom goods and services are produced. And you will discover these answers as you progress with your study of the subject.


The second big question of economics that we’ll now examine is a harder question both to appreciate and to answer.



Do Choices Made in the Pursuit of Self-interest also Promote the Social Interest?


Every day, you and 509 million other EU citizens, along with 7.2 billion people in the rest of the world, make economic choices that result in what, how and for whom goods and services get produced.


Self-Interest


A choice is in your self-interest if you think that choice is the best one available for you. You make most of your choices in your self-interest. All the choices that people make about how to use their time and other resources are made in the pursuit of self-interest. When you allocate your time or your budget, you might think about how your choices affect other people and take that into account, but it is how you feel that influences your choice. You order a home delivery pizza because you’re hungry, not because the delivery person needs a job. When the delivery person shows up at your door, he’s not doing you a favour. He’s pursuing his self-interest.


The big question is: Is it possible that all the choices that each one of us makes in the pursuit of self-interest could end up achieving an outcome that is best for everyone?


Social Interest


An outcome is in the social interest if it leads to an outcome that is the best for society as a whole. It is easy to see how you decide what is in your self-interest. But how do you decide if something is in the social interest?


To help you answer this question, imagine a scene like the following: Ted, an entrepreneur, creates a new business. He hires a thousand workers and pays them £10 an hour, £1 an hour more than they earned in their old jobs. Ted’s business is extremely profitable and his own earnings increase by £1 million per week. You can see that Ted’s decision to create the business is in his self-interest – he gains £1 million a week. You can also see that the decisions to work for Ted are in the self-interest of the workers – they gain £1 an hour (say £40 a week). And the decisions of Ted’s customers must be in their self-interest otherwise they wouldn’t buy from him. But is this outcome in the social interest?


The economist’s answer is ‘Yes.’ It is in the social interest because it makes everyone better off. There are no losers.


Efficiency and the Social Interest


Economists use the everyday word ‘efficient’ to describe a situation that can’t be improved upon. Resource use is efficient if it is not possible to make someone better off without making someone else worse off. If it is possible to make someone better off without making anyone worse off, society can be made better off and the situation is not efficient.


In the Ted story everyone is better off, so it improves efficiency and the outcome is in the social interest. But notice that it would also have been efficient if the workers and customers had gained nothing and Ted had gained even more than £1 million a week. But would that efficient outcome be in the social interest?


Many people have trouble seeing the outcome in which Ted is the only winner as being in the social interest. They say that the social interest requires Ted to share some of his gain either with his workers in higher wages or with his customers in lower prices, or with both groups.


Fair Shares and the Social Interest


The idea that the social interest requires ‘fair shares’ is a deeply held one. Think about what you regard as a fair share. To help you, imagine the following game.


I put £100 on the table and tell someone you don’t know and who doesn’t know you to propose a share of the money between the two of you. If you accept the proposed share, you each get the agreed shares. If you don’t accept the proposed share, you both get nothing.


It would be efficient – you would both be better off – if the proposer offered to take £99 and leave you with £1 and you accepted that offer.


But would you accept the £1? If you are like most people, the idea that the other person gets 99 times as much as you is just too much to stomach. ‘No way’ you say and the £100 disappears. That outcome is inefficient. You have both given up something.


When this game is played in a classroom experiment, about a half of the players reject offers of below £30.


So fair shares matter. But what is fair? There isn’t a crisp definition of fairness to match that of efficiency. Reasonable people have a variety of views about it. Almost everyone agrees that too much inequality is unfair. But how much is too much? And inequality of what: income, wealth or the opportunity to work, earn an income and accumulate wealth?


You will examine efficiency again in Chapter 2 and efficiency and fairness in Chapter 5.


Questions about the social interest are hard ones to answer, and they generate a lot of discussion, debate and disagreement. Let’s take a closer look at these questions with four examples:




	Globalisation


	The information-age monopolies


	Climate change


	Financial instability





Globalisation


The term globalisation means the expansion of international trade, borrowing and lending, and investment.


When Nike produces sports shoes, people in Malaysia get work; and when China Airlines buys new aeroplanes, Europeans who work in Airbus Industries build them. While globalisation brings expanded production and job opportunities for some workers, it destroys many European jobs. Workers across the manufacturing industries must learn new skills, take service jobs, which are often lower paid, or retire earlier than previously planned.


Globalisation is in the self-interest of consumers because they can buy low-cost goods and services produced in other countries. It is also in the self-interest of the multinational firms that produce in low-cost regions and sell in high-price regions. But is globalisation in the self-interest of the low-wage worker in Malaysia who sews your new running shoes and the displaced shoemaker in Northampton? Is it in the social interest?
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ECONOMICS IN THE NEWS




The Invisible Hand


From Brewer to Bio-tech Entrepreneur


Kiran Mazumdar-Shaw trained to become a master brewer and learned about enzymes, the stuff from which bio-pharmaceuticals are made. It was impossible for a woman in India to become a master brewer, so the 25-year-old Kiran decided to create a bio-pharmaceutical business.


Kiran’s firm, Biocom, employed uneducated workers who loved their jobs and the living conditions made possible by their high wages. But when a trade union entered the scene and unionised the workers, a furious Kiran fired the workers, automated their jobs and hired a smaller number of educated workers. Biocom continued to grow and today, Kiran’s wealth exceeds $1 billion.


Kiran has become wealthy by developing and producing bio-pharmaceuticals that improve people’s lives. But Kiran is sharing her wealth in creative ways. She has opened a cancer treatment centre to help thousands of patients who are too poor to pay and created a health insurance scheme.


Source of information: Ariel Levy, ‘Drug Test’ The New Yorker, 2 January 2012


The Questions




	Whose decisions in the story were taken in self-interest?


	Whose decisions turned out to be in the social interest?


	Did any of the decisions harm the social interest?





The Answers




	All the decisions – Kiran’s, the workers’, the union’s and the firm’s customers’ – are taken in the pursuit of self-interest.


	Kiran’s decisions serve the social interest: she creates jobs that benefit her workers and products that benefit her customers. And her charitable work brings yet further social benefits.


	The union’s decision might have harmed the social interest because it destroyed the jobs of uneducated workers.





[image: image]


Kiran Mazumdar-Shaw, founder and CEO of Biocom






The Information-Age Monopolies


The technological change of the past 40 years has been called the Information Revolution. Bill Gates, a cofounder of Microsoft, held a privileged position in this revolution. For many years, Windows was the only available operating system for the PC. The PC and Mac competed, but the PC had a huge market share.


An absence of competition gave Microsoft the power to sell Windows at prices far above the cost of production. With lower prices, many more people would have been able to afford and buy a computer.


The information revolution has clearly served your self-interest: It has provided your mobile phone, laptop, loads of handy applications, and the Internet. It has also served the self-interest of Bill Gates who has seen his wealth soar.


But did the information revolution best serve the social interest? Did Microsoft produce the best possible Windows operating system and sell it at a price that was in the social interest? Or was the quality too low and the price too high?


[image: image]


Climate Change


Burning fossil fuels to generate electricity and to power aeroplanes, cars, and trucks pours a staggering 28 billion tonnes—4 tonnes per person—of carbon dioxide into the atmosphere each year. These carbon emissions, two-thirds of which comes from the US, China, the EU, Russia and India, bring global warming and climate change


Every day, when you make self-interested choices to use electricity and petrol, you leave your carbon footprint. You can lessen this footprint by walking, riding a bike, taking a cold shower, or planting a tree.


But can each one of us be relied upon to make decisions that affect the Earth’s carbon-dioxide concentration in the social interest? Must governments change the incentives we face so that our self-interested choices are also in the social interest? How can governments change incentives? How can we encourage the use of wind and solar power to replace the burning of fossil fuels that brings climate change?
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Financial Instability


In 2008, banks were in trouble. They had made loans that borrowers couldn’t repay and they were holding securities the values of which had crashed.


Banks’ choices to take deposits and make loans are made in self-interest, but does this lending and borrowing serve the social interest? Do banks lend too much in the pursuit of profit?


When UK banks got into trouble in 2008, the Bank of England bailed them out with big loans backed by taxpayer pounds. Did the Bank of England’s actions serve the social interest? Will the bailout encourage UK banks to repeat their dangerous lending in the future?


We’ve looked at four topics and asked many questions that illustrate the potential conflict between the pursuit of self-interest and the social interest. We’ve asked questions, but we haven’t answered them because we have not yet explained the economic principles needed to do so. We will answer these questions in future chapters.


REVIEW QUIZ




1Describe the broad facts about what, how and for whom goods and services are produced.


2Define the four factors of production and give an example of each one. What is the income earned by the people who sell the services of each of these factors of production?







AT ISSUE




The Protest against Market Capitalism


Market capitalism is an economic system in which individuals own land and capital are free to buy and sell land, capital and goods and services in markets. Markets for goods and services, along with markets for land and capital, coordinate billions of self-interested choices, which determine what, how and for whom goods and services are produced. A few people earn enormous incomes, many times the average income. There is no supreme planner guiding the use of scarce resources and the outcome is unintended and unforeseeable.


Centrally planned socialism is an economic system in which the government owns all the land and capital, directs workers to jobs and decides what, how and for whom to produce. The Soviet Union, several Eastern European countries and China have used this system in the past but have now abandoned it. Only Cuba and North Korea use this system today. A few bureaucrats in positions of great power receive huge incomes, many times that of an average person.


Our economy today is a mixed economy, which is market capitalism with government regulation.







The Protest


The protest against market capitalism takes many forms. Historically, Karl Marx and other communist and socialist thinkers wanted to replace it with socialism and central planning. Today, thousands of people who feel let down by the economic system want less market capitalism and more government regulation. The Occupy Wall Street movement, with its focus on the large incomes of the top 1 per cent, is a visible example of today’s protest. Protesters say:




	Big corporations (especially big banks) have too much power and influence on governments.


	Democratically elected governments can do a better job of allocating resources and distributing income than uncoordinated markets.


	More regulation in the social interest is needed – to serve ‘human need, not corporate greed’.


	In a market, for every winner, there is a loser.


	Big corporations are the winners. Workers and unemployed people are the losers.
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Occupy movement at St Paul’s Cathedral







The Economist’s Response


Economists agree that market capitalism isn’t perfect. But they argue that it is the best system available and, while some government intervention and regulation can help, government attempts to serve the social interest often end up harming it.


Adam Smith (see p. 117) gave the first systematic account of how market capitalism works. He says:




	The self-interest of big corporations is maximum profit.



	But an invisible hand leads decisions made in pursuit of self-interest to unintentionally promote the social interest.


	Politicians are ill-equipped to regulate corporations or to intervene in markets, and those who think they can improve on the market outcome are most likely wrong.


	In a market, buyers get what they want for less than they would be willing to pay and sellers earn a profit. Both buyers and sellers gain. A market transaction is a ‘win–win’ event.
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Adam Smith


‘It is not from the benevolence of the butcher, the brewer or the baker that we expect our dinner, but from their regard to their own interest.’


The Wealth of Nations, 1776
















The Economic Way of Thinking


The questions that economics tries to answer tell us about the scope of economics, but they don’t tell us how economists think and go about seeking answers to these questions. You’re now going to see how economists go about their work.


We’re going to look at six key ideas that define the economic way of thinking. These ideas are:




	A choice is a trade-off.



	People make rational choices by comparing benefits and costs.


	
Benefit is what you gain from something.


	Cost is what you must give up to get something.


	Most choices are ‘how-much’ choices made at the margin.



	Choices respond to incentives.






A Choice Is a Trade-Off


Because we face scarcity, we must make choices. And when we make a choice, we select from the available alternatives. For example, you can spend Saturday night studying for your next economics test or having fun with your friends, but you can’t do both of these activities at the same time. You must choose how much time to devote to each. Whatever choice you make, you could have chosen something else.


You can think about your choice as a trade-off. A trade-off is an exchange – giving up one thing to get something else. When you choose how to spend your Saturday night, you face a trade-off between studying and hanging out with your friends.


Making a Rational Choice


Economists view the choices that people make as rational. A rational choice is one that compares costs and benefits and achieves the greatest benefit over cost for the person making the choice.


Only the wants of the person making a choice are relevant to determine its rationality. For example, you might like your coffee black and strong but your friend prefers his milky and sweet. So it is rational for you to choose espresso and for your friend to choose cappuccino.


The idea of rational choice provides an answer to the first question: What goods and services will be produced and in what quantities? The answer is those that people rationally choose to buy!


But how do people choose rationally? Why do more people choose an iPad rather than a Microsoft Surface? Why has the UK government chosen to improve the A1 and M1 motorways joining the North and the South rather than build a new rail track? The answers turn on comparing benefits and costs.


Benefit: What You Gain


The benefit of something is the gain or pleasure that it brings and is determined by preferences – by what a person likes and dislikes and the intensity of those feelings. If you get a huge kick out of updating your Facebook page every day, that activity brings you a large benefit. If you have little interest in listening to a news pod cast, that activity brings you a small benefit.


Some benefits are large and easy to identify, such as the benefit that you get from being at university. A big piece of that benefit is the goods and services that you will be able to enjoy with the boost to your earning power when you graduate. Some benefits are small, such as the benefit you get from a slice of pizza.


Economists measure benefit as the most that a person is willing to give up to get something. You are willing to give up a lot to be at university but you would give up only an iTunes download for a slice of pizza.


Cost: What You Must Give Up


The opportunity cost of something is the highest-valued alternative that must be given up to get it.


To make the idea of opportunity cost clear, think about your opportunity cost of being at university. It has two components: the things you can’t afford to buy and the things you can’t do with your time.


Start with the things you can’t afford to buy. You’ve spent all your available income on tuition, residence fees, books and a laptop. If you weren’t at university, you would have spent this money on going to clubs and films and all the other things that you enjoy. But that’s only the start of your opportunity cost. You’ve also given up the opportunity to get a job. Suppose that the best job you could get if you weren’t at university is working at HSBC as a trainee earning £18,000 a year. Another part of your opportunity cost of being at university is all the things that you could buy with the extra £18,000 you would have.


As you well know, being a student eats up many hours in class time, doing homework assignments, preparing for tests and so on. To do all these school activities, you must give up many hours of what would otherwise be leisure time spent with your friends. So the opportunity cost of being at university is all the good things that you can’t afford and don’t have the spare time to enjoy. You might want to put a value on that cost or you might just list all the items that make up the opportunity cost.


The examples of opportunity cost that we’ve just considered are all-or-nothing costs – you’re either at university or not at university. Most situations are not like this one. They involve choosing how much of an activity to do.


How Much? Choosing at the Margin


You can allocate the next hour between studying and e-mailing your friends. But the choice is not all or nothing. You must decide how many minutes to allocate to each activity. To make this decision, you compare the benefit of a little bit more study time with its cost – you make your choice at the margin.


The benefit that arises from an increase in an activity is called marginal benefit. For example, your marginal benefit from one more night of study before a test is the boost it gives to your grade. Your marginal benefit doesn’t include the grade you’re already achieving without that extra night of work.


The opportunity cost of an increase in an activity is called marginal cost. For you, the marginal cost of studying one more night is the cost of not spending that night on your favourite leisure activity.


To make your decisions, you compare marginal benefit against the marginal cost. If the marginal benefit from an extra night of study exceeds its marginal cost, you study the extra night. If the marginal cost exceeds the marginal benefit, you don’t study the extra night.


Choices Respond to Incentives


Economists take human nature as given and view people as acting in their self-interest. All people – consumers, producers, politicians and civil servants – pursue their self-interest. Self-interested actions are not necessarily selfish actions. You might decide to use your resources in ways that bring pleasure to others as well as to yourself. But a self-interested act gets the most value for you based on your view about benefit.


The central idea of economics is that we can predict the self-interested choices that people make by looking at the incentives they face. People undertake those activities for which marginal benefit exceeds marginal cost and reject those for which marginal cost exceeds marginal benefit.


For example, your economics lecturer gives you a problem set and tells you these problems will be on the next test. Your marginal benefit from working on these problems is large, so you work hard on them. In contrast, your statistics lecturer gives you a problem set on a topic that she says will never be on a test. You get little marginal benefit from working on these problems, so you decide to skip most of them.


Economists see incentives as the key to reconciling self-interest and social interest. When our choices are not in the social interest, it is because of the incentives we face. One of the challenges for economists is to figure out when the incentives that result in self-interested choices are also in the social interest.


Economists emphasise the crucial role that institutions play in influencing the incentives that people face as they pursue their self-interest. Private property protected by a system of laws and markets that enable voluntary exchange are the fundamental institutions. You will learn as you progress with your study of economics that where these institutions exist, self-interest can indeed promote the social interest.


REVIEW QUIZ




1Explain the idea of a trade-off and think of three trade-offs that you made today.


2Explain what economists mean by rational choice and think of three choices that you’ve made today that are rational.


3Explain why opportunity cost is the best forgone alternative and provide examples of some opportunity costs that you have faced today.


4Explain what it means to choose at the margin and illustrate with three choices at the margin that you have made today.


5Explain why choices respond to incentives and think of three incentives to which you have responded today.













Economics as a Social Science and Policy Tool


Economics is a social science and a toolkit for advising on policy decisions.


Economist as Social Scientist


As social scientists, economists seek to discover how the economic world works. In pursuit of this goal, like all scientists, economists distinguish between positive and normative statements.


Positive Statements


A positive statement is about what is. It says what is currently believed about the way the world operates. A positive statement might be right or wrong, but we can test it by checking it against the facts. ‘Our planet is warming because of the amount of coal that we’re burning’ is a positive statement. We can test whether it is right or wrong.


A central task of economists is to test positive statements about how the economic world works and to weed out those that are wrong. Economics first got off the ground in the late 1700s, so it is a young science compared with, for example, physics, and much remains to be discovered.


Normative Statements


A normative statement is about what ought to be. It depends on values and cannot be tested. Policy goals are normative statements. For example, ‘We ought to cut our use of coal by 50 per cent’ is a normative policy statement. You may agree or disagree with it, but you can’t test it. It doesn’t assert a fact that can be checked.


Unscrambling Cause and Effect


Economists are particularly interested in positive statements about cause and effect. Are computers getting cheaper because people are buying them in greater quantities? Or are people buying computers in greater quantities because they are getting cheaper? Or is some third factor causing both the price of a computer to fall and the quantity of computers bought to increase?


To answer such questions, economists create and test economic models. An economic model is a description of some aspect of the economic world that includes only those features that are needed for the purpose at hand. For example, an economic model of a mobile-phone network might include features such as the prices of calls, the number of mobile-phone users and the volume of calls. But the model would ignore mobile-phone colours and ringtones.


A model is tested by comparing its predictions with the facts. However, testing an economic model is difficult because we observe the outcomes of the simultaneous change of many factors. To cope with this problem, economists look for natural experiments (situations in the ordinary course of economic life in which the one factor of interest is different and other things are equal or similar); conduct statistical investigations to find correlations; and perform economic experiments by putting people in decision-making situations and varying the influence of one factor at a time to discover how they respond.


Economist as Policy Adviser


Economics is useful. It is a toolkit for advising governments and businesses and for making personal decisions. Some of the most famous economists work partly as policy advisers.


For example, Sir Jim O’Neil, a former Goldman Sachs’ economist, was appointed by the UK government to head a review team looking at global antibiotic research. In 2015, he was appointed as Commercial Secretary in the UK Treasury to spearhead UK northern region devolution and developments.


All the policy questions on which economists provide advice involve a blend of the positive and the normative. Economics can’t help with the normative part – the policy goal. But for a given goal, economics provides a method of evaluating alternative solutions – comparing marginal benefits and marginal costs and finding the solution that makes the best use of available resources.


REVIEW QUIZ




1Distinguish between a positive statement and a normative statement and provide examples.


2What is a model? Can you think of a model that you might use in your everyday life?


3How do economists try to disentangle cause and effect?


4How is economics used as a policy tool?





ECONOMICS IN THE NEWS




The Internet for Everyone


Mark Zuckerberg’s big idea: The ‘next 5 billion’


Facebook founder Mark Zuckerberg wants to make it so that anyone, anywhere, can get online. To achieve this goal, he has created internet.org, “a global partnership between technology leaders, nonprofits, local communities, and experts who are working together to bring the Internet to the two-thirds of the world’s population that doesn’t have it.”


Sources: CNN Money, 21 August 2013 and internet.org


The Data




	The figure shows that almost 80 per cent of North Americans have Internet access compared to only 16 per cent of Africans and 28 per cent of Asians.
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Internet Access by Region




	Of the 5 billion people who Mark Zuckerberg wants to have Internet access, 1 billion live in Africa and 2.8 billion live in Asia.


	To figure out what it would take for everyone to have Internet access, we must make an assumption about how many people share resources.


	If four people shared, it would cost about $285 billion for computers and $115 billion a year for Internet access for everyone to get online.


	Satisfying Mark Zuckerberg’s want would cost the equivalent of 400 years of Facebook’s 2012 profit or 1,600 Boeing 787 Dreamliners, or 90 aircraft carriers, or 87 billion Big Macs.





The Questions




	What is the fundamental economic problem and how does this news clip illustrate it?


	What are some of the things that might be forgone for more people to get online?


	Why don’t more people make the trade-offs needed to get online?


	Why might it be in Mark Zuckerberg’s self-interest to get everyone online?


	Why might it not be in the social interest for everyone to get online?
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In Africa, 4 in 5 people lack Internet access.


The Answers




	The fundamental economic problem is scarcity–the fact that wants exceed the resources available to satisfy them. The news clip illustrates scarcity because Mark Zuckerberg’s want for everyone to get online exceeds the resources available to satisfy it


	Some of the scarce resources that are used to produce aeroplanes, war ships and Big Macs could be reallocated and used to produce more computers and Internet service.


	People don’t make the trade-offs needed to get online because for them, the marginal cost of doing so would exceed the marginal benefit.


	It might be in Mark Zuckerberg’s self-interest to get everyone online because that would increase the number of Facebook users and increase the firm’s advertising revenues.


	It would not be in the social interest to get everyone online if the marginal cost of an Internet connection exceeded its marginal benefit.








SUMMARY



Key Points


A Definition of Economics (p. 2)





	All economic questions arise from scarcity – from the fact that wants exceed the resources available to satisfy them.


	Economics is the social science that studies the choices people make as they cope with scarcity.


	The subject divides into microeconomics and macroeconomics.





Do Problem 1 to give you a better understanding of the definition of economics.


Two Big Economic Questions (pp. 3–8)





	Two big questions summarise the scope of economics:

1How do choices end up determining what, how and for whom goods and services get produced?


2When do choices made in the pursuit of self-interest also promote the social interest?







Do Problems 2 and 3 to give you a better understanding of the two big questions of economics.


The Economic Way of Thinking (pp. 9–10)





	Every choice is a trade-off – exchanging more of something for less of something else.


	People make rational choices by comparing benefit and cost.


	Cost – opportunity cost – is what you must give up to get something.


	Most choices are ‘how much’ choices made at the margin by comparing marginal benefit and marginal cost.


	Choices respond to incentives.





Do Problems 4 and 5 to give you a better understanding of the economic way of thinking.


Economics as a Social Science and Policy Tool (p. 11)





	Economists distinguish between positive statements – what is – and normative statements – what ought to be.


	To explain the economic world, economists create and test economic models.


	Economics is a toolkit used to provide advice on government, business and personal economic decisions.





Do Problem 6 to give you a better understanding of economics as a social science and policy tool.


Key Terms


Benefit


Capital


Economic model


Economics


Efficiency


Entrepreneurship


Factors of production


Goods and services


Human capital


Incentive


Interest


Labour


Land


Macroeconomics


Margin


Marginal benefit


Marginal cost


Microeconomics


Opportunity cost


Preferences


Profit


Rational choice


Rent


Scarcity


Self-interest


Social interest


Trade-off


Wages


STUDY PLAN PROBLEMS AND APPLICATIONS


A Definition of Economics
(Study Plan 1.1)



1Apple decides to make iTunes freely available in unlimited quantities.


aDoes Apple’s decision change the incentives that people face?


bIs Apple’s decision an example of a microeconomic or a macroeconomic issue?


Two Big Economic Questions
(Study Plan 1.2)



2Which of the following pairs does not match?


aLabour and wages


bLand and rent


cEntreprenuership and profit


bCapital and profit


3Explain how the following news headlines concern self-interest and the social interest:


aTesco Expands in Europe


bMcDonald’s Moves into Gourmet Coffee


cFood Must Be Labelled with Nutrition Data


The Economic Way of Thinking
(Study Plan 1.3)



4The night before an economics exam, you go to the cinema instead of studying. Your mark on the exam was 50 per cent and not your normal mark of 70 per cent.


aDid you face a trade-off?


bWhat was the opportunity cost of your evening at the cinema?


5Costs of Sochi Olympics
The Russian government spent $6.7 billion on Olympic facilities and $16.7 billion on Sochi’s infrastructure. Sponsors spent $27.6 billion on hotels and facilities, hoping to turn Sochi into a major tourist resort.


Source: The Washington Post, 11 February 2014


Was the opportunity cost of the Sochi Olympics $6.7 billion, $16.7 billion or $27.6 billion? Explain.


Economics as a Social Science and Policy Tool (Study Plan 1.4)



6Which of the following statements is positive, which is normative and which can be tested?


aThe EU should cut its imports.


bChina is the EU’s largest trading partner.


cIf the price of antiretroviral drugs increases, HIV/AIDS sufferers will consume fewer of the drugs.


ADDITIONAL PROBLEMS AND APPLICATIONS


A Definition of Economics


7Rapper Offers Free Tickets for Concert Eminem will hit the road with Rihanna offering an awesome deal – buy one and get one free!


Source: Mstar News, 24 February 2014


When Eminem gave away tickets, what was free and what was scarce? Explain your answer.


Two Big Economic Questions


8How does the creation of a successful film influence what, how and for whom goods and services are produced?


9How does a successful film illustrate self-interested choices that are also in the social interest?


The Economic Way of Thinking


10Before starring in Iron Man, Robert Downey Jr. had appeared in 45 films that grossed an average of $5 million on the opening weekend. In contrast, Iron Man grossed $102 million.


aHow do you expect Iron Man’s success to affect the opportunity cost of hiring Robert Downey Jr.?


bHow have the incentives for a film producer to hire Robert Downey Jr. changed?


11What might be an incentive for you to take an extra university course during the summer break? List some of the benefits and costs involved in your decision. Would your choice be rational?


Economics as a Social Science and Policy Tool


12Look at today’s news . What is the leading economic news story? With which big economic questions does it deal? What trade-offs does it discuss?


13Give two microeconomic and two macroeconomic statements and classify them as positive or normative.









CHAPTER 1   APPENDIX


Graphs in Economics


After studying this appendix, you will be able to:




	Make and interpret a scatter diagram


	Identify linear and non-linear relationships and relationships that have a maximum and a minimum


	Define and calculate the slope of a line


	Graph relationships among more than two variables





Graphing Data


A graph represents a quantity as a distance. Figure A1.1 shows two examples. A distance on the horizontal line represents temperature. A movement from left to right shows an increase in temperature. The point marked 0 represents zero degrees. To the right of 0, the temperature is positive and to the left of 0, it is negative. A distance on the vertical line represents height. The point marked 0 represents sea level. Points above 0 represent metres above sea level. Points below 0 (indicated by a minus sign) represent metres below sea level.


In Figure A1.1, the scale lines are perpendicular to each other and are called axes. The vertical line is the y-axis and the horizontal line is the x-axis. Each axis has a zero point, which is shared by the two axes. This common zero point is called the origin.


To show something in a two-variable graph, we need two pieces of information: the value of the x variable and the value of the y variable. For example, off the coast of Norway on a winter’s day, the temperature is 0 degrees – the value of x. A fishing boat is located 0 metres above sea level – the value of y. This information appears at the origin at point A in Figure A1.1. In the heated cabin of the boat, the temperature is a comfortable 24 degrees. Point B represents this information. The same 24 degrees in the cabin of an airliner 9,000 metres above sea level is at point C.


Finally, the temperature of the ice cube in the drink of the airline passenger is shown by the point marked D. This point represents 9,000 metres above sea level at a temperature of 0 degrees.


We can draw two lines, called coordinates, from point  C. One, called the y-coordinate, runs from C to the horizontal axis. Its length is the same as the value marked off on the y-axis. The other, called the x-coordinate, runs from C to the vertical axis. Its length is the same as the value marked off on the x-axis. We describe a point in a graph by the values of its x-coordinate and its y-coordinate. For example, at point C, x is 24 degrees and y is 9,000 metres.




Figure A1.1 Making a Graph
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Graphs have axes that measure quantities as distances. Here, the horizontal axis ( x-axis) measures temperature and the vertical axis ( y-axis) measures height.


Point A represents a fishing boat at sea level (0 on the y-axis) on a day when the temperature is 0°C. Point B represents inside the cabin of the boat at a temperature of 24°C.


Point C represents inside the cabin of an airliner 9,000 metres above sea level at a temperature of 24°C. Point D represents an ice cube in an airliner 9,000 metres above sea level.





Graphs like that in Figure A1.1 can show any type of quantitative data on two variables. The graph can show just a few points, like Figure A1.1, or many points. Before we look at graphs with many points, let’s reinforce what you’ve just learned by looking at two graphs made with economic data.


Economists measure variables that describe what, how and for whom goods and services are produced. These variables are quantities produced and prices. Figure A1.2 shows two examples of economic graphs.


Figure A1.2(a) is a graph about cinema tickets in 2015. The x-axis measures the quantity of cinema ticket bought and the y-axis measures the price of a ticket. Point A tells us what the quantity and price were. You can ‘read’ this graph as telling you that in 2015, 174 million cinema tickets were sold at an average ticket price of £7.21.




Figure A1.2 Two Graphs of Economic Data
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The graph in part (a) tells us that in 2015, 174 million cinema tickets were bought at a price of £7.21 a ticket.


The graph in part (b) tells us that in 2015, 174 million cinema tickets and 125 million DVDs were bought.





Figure A1.2(b) is a graph about cinema tickets and DVDs bought in 2015. The x-axis measures the quantity of cinema tickets bought and the y-axis measures the quantity of DVDs bought. Point B tells us what these quantities were. You can ‘read’ this graph as telling you that in 2015, 174 million cinema tickets and 125 million DVDs were bought.


The three graphs that you’ve just seen tell you how to make a graph and how to read a data point on a graph, but they don’t improve on the raw data. Graphs become interesting and revealing when they contain a number of data points because then you can visualise the data.


Economists create graphs based on the principles in Figures A1.1 and A1.2 to reveal, describe and visualise the relationships among variables. We’re now going to look at some examples. These graphs are called scatter diagrams.


Scatter Diagrams


A scatter diagram plots the value of one variable against the value of another variable for a number of different values of each variable. Such a graph reveals whether a relationship exists between two variables and describes their relationship.


The table in Figure A1.3 shows some data on two variables: the number of tickets sold at the box office and the number of DVDs sold for nine of the most popular films in 2013.


What is the relationship between these two variables? Does a big box-office success generate a large volume of DVD sales? Or does a box-office success mean that fewer DVDs are sold?


We can answer these questions by making a scatter diagram. We do so by graphing the data in the table. Each point in Figure A1.3 shows the number of box-office tickets sold (the x variable) and the number of DVDs sold (the y variable) of one of the films. With nine films, nine points are ‘scattered’ within the graph.


The point labelled A tells us that Monsters University sold 33 million box office tickets and 2.3 million DVDs.


The points in the graph form a pattern, which reveals that larger box-office sales are associated with larger DVD sales. But the points also tell us that this association is weak. You can’t predict DVD sales with any confidence by knowing only the number of tickets sold at the box office.


Figure A1.4 shows two scatter diagrams of economic variables. Part (a) shows the relationship between UK expenditure and income on average. Each dot shows expenditure per person and income per person in a given year from 2002 to 2015. The dots are ‘scattered’ within the graph. The red dot tells us that in 2008, income per person was £15,629 and expenditure per person was £15,760. The dots in this graph form a pattern, which reveals that as income increases, expenditure increases.




Figure A1.3 A Scatter Diagram
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The table lists the number of tickets sold at the box office and the number of DVDs sold for nine popular films.


The scatter diagram reveals the relationship between these two variables. Each point shows the values of the two variables for a specific film. For example, point A shows the point for Monsters University, which sold 33 million tickets at the box office and 2.3 million DVDs.


The pattern formed by the points shows that there is a tendency for large box-office sales to bring greater DVD sales. But you couldn’t predict how many DVDs a film would sell just by knowing its box-office sales.





Figure A1.4(b) shows a scatter diagram of UK unemployment and inflation from 2005 to 2015. The points show no close relationship between the two variables. Movements in the inflation rate are not related to those in the unemployment rate in any simple way.


You can see that a scatter diagram conveys a wealth of information, and it does so in much less space than we have used to describe only some of its features. But you do have to ‘read’ the graph to obtain all this information.




Figure A1.4 Scatter Diagrams
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The scatter diagram in part (a) shows the relationship between income and expenditure from 2002 to 2015. The red dot shows that in 2008, income per person was £15,629 and expenditure per person was £15,760. The dots form a pattern that shows that as income increases so too does expenditure.


The scatter diagram in part (b) shows a weak relationship between UK unemployment and inflation during the period since 2005 to 2015.






Breaks in the Axes


Figure A1.4(a) and Figure A1.4(b) have breaks in their axes, as shown by the small gaps. The breaks indicate that there are jumps from the origin, 0, to the first values recorded.


In Figure A1.4(a), the breaks are used because the lowest values are £12,000. With no breaks in the axes, there would be a lot of empty space, all the points would be crowded into the top right corner and it would be hard to see the relationship between these two variables. By breaking the axes, we bring the relationship into view.


Putting a break in the axes is like using a zoom lens to bring the relationship into the centre of the graph and magnify it so that it fills the graph.


Misleading Graphs


Breaks can be used to highlight a relationship. But they can also be used to mislead – to make a graph that lies. The most common way of making a graph lie is to use axis breaks and either to stretch or compress a scale. For example, suppose that in Figure A1.4(a), the y-axis that measures expenditure ran from zero to £19,000 while the x-axis was the same as the one shown, running from £12,000 to £19,000. The graph would now create the impression that despite a huge increase in income, expenditure had barely changed.


To avoid being misled, it is a good idea to get into the habit of looking closely at the values and the labels on the axes of a graph before you start trying to interpret it.


Correlation and Causation


A scatter diagram that shows a clear relationship between two variables, such as Figure A1.4(a), tells us that the two variables have a high correlation. When a high correlation is present, we can predict the value of one variable from the value of the other variable. But correlation does not imply causation.


Sometimes a high correlation is a coincidence, but sometimes it does arise from a causal relationship. It is likely, for example, that rising income causes rising expenditure (Figure A1.4a).


You’ve now seen how we can use graphs in economics to show economic data and to reveal relationships between variables. Next, we’ll learn how economists use graphs to construct and display economic models.


Graphs Used in Economic Models


The graphs used in economics are not always designed to show real-world data. Often they are used to show general relationships among the variables in an economic model.


An economic model is a stripped-down, simplified description of an economy or of a component of an economy such as a business or a household. It consists of statements about economic behaviour that can be expressed as equations or as curves in a graph. Economists use models to explore the effects of different policies or other influences on the economy in ways that are similar to the use of model aeroplanes in wind tunnels and models of the climate.


You will encounter many different kinds of graphs in economic models, but there are some repeating patterns. Once you’ve learned to recognise these patterns, you will instantly understand the meaning of a graph. Here, we’ll look at the different types of curves that are used in economic models, and we’ll see some everyday examples of each type of curve. The patterns to look for in graphs are the four cases in which:




	Variables move in the same direction


	Variables move in opposite directions


	Variables have a maximum or a minimum


	Variables are unrelated





Variables That Move in the Same Direction


A relationship in which two variables move in the same direction is called a positive relationship or a direct relationship. Figure A1.5 shows some examples of positive relationships. Notice that the line that shows such a relationship slopes upward.


Figure A1.5 shows three types of relationships, one that has a straight line and two that have curved lines. But all the lines in these three graphs are called curves. Any line on a graph – no matter whether it is straight or curved – is called a curve.


A relationship shown by a straight line is called a linear relationship. Figure A1.5(a) shows a linear relationship between the number of kilometres travelled in 5 hours and speed. For example, point A shows that if our speed is 40 kms per hour, we will travel 200 kilometres in 5 hours. If we double our speed to 80 kms per hour, we will travel 400 kilometres in 5 hours.




Figure A1.5 Positive (Direct) Relationships
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Each part of this figure shows a positive (direct) relationship between two variables. That is, as the value of the variable measured on the x-axis increases, so does the value of the variable measured on the y-axis. Part (a) shows a linear relationship – as the two variables increase together, we move along a straight line.


Part (b) shows a positive relationship such that as the two variables increase together, we move along a curve that becomes steeper.


Part (c) shows a positive relationship such that as the two variables increase together, we move along a curve that becomes less steep.





Figure A1.5(b) shows the relationship between distance sprinted and recovery time (the time it takes the heart rate to return to its normal resting rate). This relationship is an upward-sloping one that starts out quite flat but then becomes steeper as we move along the curve away from the origin. The reason why this curve slopes upward and becomes steeper is that the additional recovery time needed from sprinting an additional 100 metres increases. It takes less than 5 minutes to recover from the first 100 metres but more than 10 minutes to recover from the third 100 metres.


Figure A1.5(c) shows the relationship between the number of problems worked by a student and the amount of study time. This relationship is an upward-sloping one that starts out quite steep and becomes flatter as we move away from the origin. Study time becomes less productive as you increase the hours spent studying and become more tired.


Variables That Move in Opposite Directions


A relationship between variables that move in opposite directions is called a negative relationship or an inverse relationship. Figure A1.6 shows some examples. Figure A1.6(a) shows the relationship between the number of hours available for playing squash and for playing tennis when the total is 5 hours. One extra hour spent playing tennis means one hour less playing squash and vice versa. This relationship is negative and linear.


Figure A1.6(b) shows the relationship between the cost per kilometre travelled and the length of a journey. The longer the journey, the lower is the cost per kilometre. But as the journey length increases, the cost per kilometre decreases, but the fall in the cost is smaller, the longer the journey. This feature of the relationship is shown by the fact that the curve slopes downward, starting out steep at a short journey length and then becoming flatter as the journey length increases. This relationship arises because some of the costs are fixed.




Figure A1.6 Negative (Inverse) Relationships
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Each part of this figure shows a negative (inverse) relationship between two variables. That is, as the value of the variable measured on the x-axis increases, the value of the variable measured on the y-axis decreases.


Part (a) shows a linear relationship. The total time spent playing tennis and squash is 5 hours. As the time spent playing tennis increases, the time spent playing squash decreases and we move along a straight line.


Part (b) shows a negative relationship such that as the journey length increases, the travel cost decreases as we move along a curve that becomes less steep.


Part (c) shows a negative relationship such that as leisure time increases, the number of problems worked decreases as we move along a curve that becomes steeper.





Figure A1.6(c) shows the relationship between the amount of leisure time and the number of problems worked by a student. Increasing leisure time produces an increasingly large reduction in the number of problems worked. This relationship is a negative one that starts out with a gentle slope at a small number of leisure hours and becomes steeper as the number of leisure hours increases. This relationship is a different view of the idea shown in Figure A1.5(c).


Variables That Have a Maximum or a Minimum


Many relationships in economic models have a maximum or a minimum. For example, firms try to make the largest possible profit and to produce at the lowest possible cost. Figure A1.7 shows relationships that have a maximum or a minimum.


Figure A1.7(a) shows the relationship between rainfall and wheat yield. When there is no rainfall, wheat will not grow, so the yield is zero. As the rainfall increases up to 10 days a month, the wheat yield increases. With 10 rainy days each month, the wheat yield reaches its maximum at 2.0 tonnes per hectare (point A). Rain in excess of 10 days a month starts to lower the yield of wheat. If every day is rainy, the wheat suffers from a lack of sunshine and the yield decreases to zero. This relationship is one that starts out sloping upward, reaches a maximum and then slopes downward.


Figure A1.7(b) shows the reverse case – a relationship that begins sloping downward, falls to a minimum and then slopes upward. Most economic costs are like this relationship. An example is the relationship between the travel cost per kilometre and the speed of a car. At low speeds, the car is creeping in a traffic jam. The number of kilometres per litre is low, so the cost per kilometre is high. At high speeds, the car is travelling faster than its efficient speed, using a large quantity of petrol, and again the number of kilometres per litre is low and the cost per kilometre is high. At a speed of 85 kms per hour, the cost per kilometre is at its minimum (point B). This relationship is one that starts out sloping downward, reaches a minimum and then slopes upward.




Figure A1.7 Maximum and Minimum Points
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Part (a) shows a relationship that has a maximum point, A. The curve slopes upward as it rises to its maximum point, is flat at its maximum and then slopes downward.


Part (b) shows a relationship with a minimum point, B. The curve slopes downward as it falls to its minimum point, is flat at its minimum and then slopes upward.





Variables That Are Unrelated


There are many situations in which no matter what happens to the value of one variable, the other variable remains constant. Sometimes we want to show the independence between two variables in a graph. Figure A1.8 shows two ways of achieving this.


In describing the graphs in Figures A1.5 to Figure A1.8, we have talked about curves that slope upward or slope downward and curves that become steeper and less steep. Let’s spend a little time discussing exactly what we mean by slope and how we measure the slope of a curve.




Figure A1.8 Variables That Are Unrelated
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This figure shows how we can graph two variables that are unrelated. In part (a), a student’s grade in economics is plotted at 75 per cent on the y-axis regardless of the price of bananas on the x-axis. The curve is horizontal.


In part (b), the output of the vineyards of France on the x-axis does not vary with the rainfall in Australia on the y-axis. The curve is vertical.






The Slope of a Relationship


We can measure the influence of one variable on another by the slope of the relationship. The slope of a relationship is the change in the value of the variable measured on the y-axis divided by the change in the value of the variable measured on the x-axis. We use the Greek letter ∆ ( delta) to represent ‘change in’. So ∆y means the change in the value of the variable measured on the y-axis, and ∆x means the change in the value of the variable measured on the x-axis. The slope of the relationship is:
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If a large change in the variable measured on the y-axis (∆y) is associated with a small change in the variable measured on the x-axis (∆x), the slope is large and the curve is steep. If a small change in the variable measured on the y-axis (∆y) is associated with a large change in the variable measured on the x-axis (∆x), the slope is small and the curve is flat.


We can make the idea of slope sharper by doing some calculations.


The Slope of a Straight Line


The slope of a straight line is the same regardless of where on the line you calculate it. The slope of a straight line is constant.




Figure A1.9 The Slope of a Straight Line
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To calculate the slope of a straight line, we divide the change in the value of the variable measured on the y-axis (∆y) by the change in the value of the variable measured on the x-axis (∆x), as we move along the curve.


Part (a) shows the calculation of a positive slope. When x increases from 2 to 6, ∆x equals 4.That change in x brings about an increase in y from 3 to 6, so ∆y equals 3. The slope (∆y/∆x) equals 3/4.


Part (b) shows the calculation of a negative slope. When x increases from 2 to 6, ∆x equals 4. That increase in x brings about a decrease in y from 6 to 3, so ∆y equals -3. The slope (∆y/∆x) equals -3/4.





Let’s calculate the slopes of the lines in Figure A1.9. In part (a), when x increases from 2 to 6, y increases from 3 to 6. The change in x is +4: that is, ∆x is 4. The change in y is +3: that is, ∆y is 3. The slope of that line is:
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In part (b), when x increases from 2 to 6, y decreases from 6 to 3. The change in y is minus 3: that is, ∆y is −3. The change in x is plus 4: that is, ∆x is 4. The slope of the curve is:
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Notice that the two slopes have the same magnitude (3/4), but the slope of the line in part (a) is positive (3/4), while the slope in part (b) is negative (−3/4). The slope of a positive relationship is positive; the slope of a negative relationship is negative.


The Slope of a Curved Line


The slope of a curved line is trickier. The slope of a curved line is not constant. Its slope depends on where on the line we calculate it. There are two ways to calculate the slope of a curved line: you can calculate the slope at a point, or you can calculate the slope across an arc of the curve. Let’s look at the two alternatives.


Slope at a Point


To calculate the slope at a point on a curve, you need to construct a straight line that has the same slope as the curve at the point in question. Figure A1.10 shows how this is done. Suppose you want to calculate the slope of the curve at point A. Place a ruler on the graph so that it touches point A and no other point on the curve, then draw a straight line along the edge of the ruler. The straight red line is this line, and it is the tangent to the curve at point A. If the ruler touches the curve only at point A, then the slope of the curve at point A must be the same as the slope of the edge of the ruler. If the curve and the ruler do not have the same slope, the line along the edge of the ruler will cut the curve instead of just touching it.


Now that you have found a straight line with the same slope as the curve at point A, you can calculate the slope of the curve at point A by calculating the slope of the straight line. Along the straight line, as x increases from 0 to 4 (∆x = 4) y increases from 2 to 5 (∆y = 3). The slope of the line is:




 

 

 

 Δy

 

 

 Δx

 

 

 =

 3

 4

 

 

 






So the slope of the curve at point A is 3/4.




Figure A1.10 Slope at a Point


[image: image]


To calculate the slope of the curve at point A, draw the red line that just touches the curve at A – the tangent. The slope of this straight line is calculated by dividing the change in y by the change in x along the line. When x increases from 0 to 4, ∆x equals 4. That change in x is associated with an increase in y from 2 to 5, so ∆y equals 3. The slope of the red line is 3/4. So the slope of the curve at point A is 3/4.





Slope Across an Arc


An arc of a curve is a piece of a curve. In Figure A1.11, you are looking at the same curve as in Figure A1.10. But instead of calculating the slope at point A, we are going to calculate the slope across the arc from B to C.You can see that the slope is greater at B than at C. When we calculate the slope across an arc, we are calculating the average slope between two points. As we move along the arc from B to C, x increases from 3 to 5 and y increases from 4 to 5.5. The change in x is 2 (∆x = 2), and the change in y is 1.5 (∆y = 1.5).




Figure A1.11 Slope Across an Arc


[image: image]


To calculate the average slope of the curve along the arc BC, draw a straight line from point B to point C.The slope of the line BC is calculated by dividing the change in y by the change in x. In moving from B to C, ∆x equals 2 and ∆y equals 1.5. The slope of the line BC is 1.5 divided by 2, or 3/4. So the slope of the curve across the arc BC is 3/4.





The slope of the red line BC is:
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So the slope of the curve across the arc BC is 3/4.


This calculation gives us the slope of the curve between points B and C. The actual slope calculated is the slope of the straight line from B to C. This slope approximates the average slope of the curve along the arc BC. In this particular example, the slope across the arc BC is identical to the slope of the curve at point A. But the calculation of the slope of a curve does not always work out so neatly. You might have some fun constructing some more examples and some counter examples.


You now know how to make and interpret a graph. But so far, we’ve limited our attention to graphs of two variables. We’re now going to learn how to graph more than two variables.


Graphing Relationships Among More Than Two Variables


We have seen that we can graph the relationship between two variables as a point formed by the x- and y-coordinates in a two-dimensional graph. You may be thinking that although a two-dimensional graph is informative, most of the things in which you are likely to be interested involve relationships among many variables, not just two. For example, the amount of ice cream consumed depends on the price of ice cream and the temperature. If ice cream is expensive and the temperature is low, people eat a lot less ice cream than when ice cream is inexpensive and the temperature is high. For any given price of ice cream, the quantity consumed varies with the temperature; and for any given temperature, the quantity of ice cream consumed varies with its price.


Figure A1.12 shows a relationship among three variables. The table shows the number of litres of ice cream consumed each day at various temperatures and ice cream prices. How can we graph these numbers?


To graph a relationship that involves more than two variables, we use the ceteris paribus assumption.


Ceteris Paribus


Ceteris paribus (often shortened to cet. par.) means ‘if all other relevant things remain the same’. To isolate the relationship of interest in a laboratory experiment, a scientist holds everything constant except for the variable whose effect is being studied. Economists use the same method to graph a relationship that has more than two variables.


Figure A1.12(a) shows an example. There, you can see what happens to the quantity of ice cream consumed as the price of ice cream varies when the temperature is held constant.


The curve labelled 20°C shows the relationship between ice cream consumption and the price of a scoop if the temperature remains at 20°C. The numbers used to plot that curve are those in the first two columns of the table. For example, if the temperature is 20°C, 10 litres are consumed when the price is £1.20 a scoop and 6 litres are consumed when the price is £1.60 a scoop.


The curve labelled 25°C shows the relationship between ice cream consumption and the price of a scoop when the temperature remains at 25°C. The numbers used to plot the curve are those in the first and third columns of the table. For example, if the temperature is 25°C, 17 litres of ice cream are consumed when the price is £1.20 a scoop and 32 litres when the price is £0.80 a scoop.




Figure A1.12 Graphing a Relationship Among Three Variables


[image: image]


Ice cream consumption depends on its price and the temperature. The table tells us how many litres of ice cream are consumed each day at different prices and two different temperatures. For example, if the price is £1.20 a scoop and the temperature is 20°C, 10 litres of ice cream are consumed.


To graph a relationship among three variables, the value of one variable is held constant. The graph shows the relationship between price and consumption when temperature is held constant. One curve holds temperature at 20°C and the other at 25°C.


A change in the price of ice cream brings a movement along one of the curves – along the blue curve at 20°C and along the red curve at 25°C.


When the temperature rises from 20°C to 25°C, the curve that shows the relationship between consumption and price shifts rightward from the blue curve to the red curve.





When the price of ice cream changes but the temperature is constant, you can think of what happens in the graph as a movement along one of the curves. At 20°C there is a movement along the blue curve and at 25°C there is a movement along the red curve.


When Other Things Change


The temperature is held constant along each of the curves in Figure A1.12, but in reality the temperature changes. When that event occurs, you can think of what happens in the graph as a shift of the curve.


When the temperature rises from 20°C to 25°C, the curve that shows the relationship between ice cream consumption and the price of ice cream shifts rightward from the blue curve to the red curve.


You will encounter these ideas of movements along and shifts of curves at many points in your study of economics. Think carefully about what you’ve just learned and make up some examples (with assumed numbers) about other relationships.


With what you have learned about graphs, you can move forward with your study of economics. There are no graphs in this book that are more complicated than those that have been explained in this appendix. Use this appendix as a refresher if you find that you’re having difficulty interpreting or making a graph.









MATHEMATICAL NOTE


Equations of Straight Lines


If a straight line in a graph describes the relationship between two variables, we call it a linear relationship. Figure 1 shows the linear relationship between Cathy’s expenditure and income. Cathy spends £100 a week (by borrowing or spending her past savings) when income is zero. And out of each pound earned, Cathy spends 50 pence (and saves 50 pence).


All linear relationships are described by the same general equation. We call the quantity that is measured on the horizontal (or x-axis) x and we call the quantity that is measured on the vertical (or y-axis) y. In the case of Figure 1, x is income and y is expenditure.


A Linear Equation


The equation that describes a linear relationship between x and y is:




 

 y=a+bx

 






In this equation, a and b are fixed numbers and they are called constants. The values of x and y vary so these numbers are called variables. Because the equation describes a straight line, it is called a linear equation.


The equation tells us that when the value of x is zero, the value of y is a. We call the constant a the y-axis intercept. The reason is that on the graph the straight line hits the y-axis at a value equal to a. Figure 1 illustrates the y-axis intercept.


For positive values of x, the value of y exceeds a. The constant b tells us by how much y increases above a as x increases. The constant b is the slope of the line.


[image: image]


Figure 1 Linear Relationship


Slope of a Line


As we explain on p. 22, the slope of a relationship is the change in the value of y divided by the change in the value of x. We use the Greek letter ∆ (delta) to represent ‘change in’. So ∆y means the change in the value of the variable measured on the y-axis, and ∆x means the change in the value of the variable measured on the x-axis. Therefore the slope of the relationship is:




 

 Δy/Δx

 






To see why the slope is b, suppose that initially the value of x is x1, or £200 in Figure 2. The corresponding value of y is y1, also £200 in Figure 2. The equation of the line tells us that:
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 x
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	(1)







Now the value of x increases by ∆x to x1 + ∆x (or £400 in Figure 2). And the value of y increases by ∆y to y1 + ∆y (or £300 in Figure 2).


The equation of the line now tells us that:






	

 

 

 y

 1

 

 +Δy=a+b(
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 1

 

 +Δx

 

 )

 



	(2)
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Figure 2 Calculating Slope


To calculate the slope of the line, subtract equation (1) from equation (2) to obtain:






	

 

 Δy=bΔx

 



	(3)







and now divide equation (3) by ∆x to obtain:




 

 Δy/Δx=b

 




So the slope of the line is b.


We can calculate the slope of the line in Figure 2. When x increases from 200 to 400, y increases from 200 to 300, so ∆x is 200 and ∆y is 100. The slope, b, equals:




 

 Δy/Δx=100/200=0.5

 






Position of the Line


The y-axis intercept determines the position of the line on the graph. Figure 3 illustrates the relationship between the y-axis intercept and the position of the line on the graph. In this graph, the y-axis measures saving and the x-axis measures income.


When the y-axis intercept, a, is positive, the line hits the y-axis at a positive value of y – as the blue line does. Its y-axis intercept is 100.


When the y-axis intercept, a, is zero, the line hits the y-axis at the origin – as the purple line does. Its y-axis intercept is 0.


When the y-axis intercept, a, is negative, the line hits the y-axis at a negative value of y – as the red line does. Its y-axis intercept is -100.


As the equations of the three lines show, the value of the y-axis intercept does not influence the slope of the line. All three lines have a slope equal to 0.5.


[image: image]


Figure 3 The y-Axis Intercept


Positive Relationships


Figures 1 and 2 show a positive relationship – the two variables x and y move in the same direction. All positive relationships have a slope that is positive. In the equation of the line, the constant b is positive.


In the example in Figure 1, the y-axis intercept, a, is 100. The slope b equals 0.5. The equation of the line is:




 

 y=100+0.5x

 






Negative Relationships


Figure 4 shows a negative relationship – the variables x and y move in opposite directions. All negative relationships have a slope that is negative. In the equation of the line, the constant b is negative.


In the example in Figure 4, the y-axis intercept, a, is 30. The slope, b, equals ∆y/∆x as we move along the line. When x increases from 0 to 2, y decreases from 30 to 10, so ∆x is 2 and ∆y is -20. The slope equals ∆y/∆x, which is -20/2 or -10. The equation of the line is:




 

 y=30+(

 

 −10

 

 )x

 






or




 

 y=30−10x
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Figure 4 Negative Relationship


REVIEW QUIZ


  1Explain how we ‘read’ the three graphs in Figures A1.1 and A1.2.


  2Explain what scatter diagrams show and why we use them.


  3Explain how we ‘read’ the three scatter diagrams in Figure A1.3 and A1.4.


  4Draw a graph to show the relationship between two variables that move in the same direction.


  5Draw a graph to show the relationship between two variables that move in opposite directions.


  6Draw a graph to show the relationship between two variables that have a maximum and a minimum.


  7Which of the relationships in Questions 4 and 5 is a positive relationship and which is a negative relationship?


  8What are the two ways of calculating the slope of a curved line?


  9How do we graph a relationship among more than two variables?


10Explain what change will bring a movement along a curve.


11Explain what change will bring a shift of a curve.


SUMMARY


Key Points


Graphing Data (pp. 15–18)





	A graph is made by plotting the values of two variables x and y at a point that corresponds to their values measured along the x-axis and y-axis.


	A scatter diagram is a graph that plots the values of two variables for a number of different values of each.


	A scatter diagram shows the relationship between two variables. It shows whether two variables are positively related, negatively related, or unrelated.





Graphs Used in Economic Models (pp. 18–21)





	Graphs are used to show relationships among variables in economic models.


	Relationships can be positive (an upward-sloping curve), negative (a downward-sloping curve), positive and then negative (have a maximum point), negative and then positive (have a minimum point), or unrelated (a horizontal or vertical curve).





The Slope of a Relationship (pp. 22–24)





	The slope of a relationship is calculated as the change in the value of the variable measured on the y-axis divided by the change in the value of the variable measured on the x-axis, that is, ∆y/∆x.


	A straight line has a constant slope.


	A curved line has a varying slope. To calculate the slope of a curved line, we calculate the slope at a point or across an arc.





Graphing Relationships Among More Than Two Variables (pp. 24–25)





	To graph a relationship among more than two variables, we hold constant the values of all the variables except two.


	We then plot the value of one of the variables against the value of another.


	A cet. par. change in the value of a variable on an axis of a graph brings a movement along the curve.


	A change in the value of a variable held constant along the curve brings a shift of the curve.





Key Terms


Ceteris paribus


Direct relationship


Inverse relationship


Linear relationship


Negative relationship


Positive relationship


Scatter diagram


Slope


STUDY PLAN PROBLEMS AND APPLICATIONS


Use this spreadsheet to answer Problems 1 to 3. The spreadsheet gives data on the US economy: column A is the year, column B is the inflation rate, column C is the interest rate, column D is the growth rate and column E is the unemployment rate.






	

	A


	B


	C


	D


	E







	1


	2005


	2.1


	4.4


	3.6


	4.8







	2


	2006


	2.3


	4.5


	3.9


	5.4







	3


	2007


	2.3


	5.0


	4.5


	5.4







	4


	2008


	3.6


	4.6


	2.6


	5.7







	5


	2009


	2.2


	3.6


	3.7


	7.6







	6


	2010


	3.3


	3.6


	4.4


	7.9







	7


	2011


	4.5


	3.1


	0.8


	8.1







	8


	2012


	2.8


	1.9


	3.8


	8.0







	9


	2013


	2.6


	2.4


	0.9


	7.6







	10


	2014


	1.4


	2.6


	1.5


	6.2







	11


	2015


	0.0


	2.5


	2.7


	5.1








1Draw a scatter diagram to show the relationship between the inflation rate and the interest rate. Describe the relationship.


2Draw a scatter diagram to show the relationship between the growth rate and the unemployment rate. Describe the relationship.


3Draw a scatter diagram to show the relationship between the interest rate and the unemployment rate. Describe the relationship.


Use the following news clip in Problems 4 to 6.


LEGO Tops the Box Office:






	Film


	Cinemas


	Revenue (dollars per cinema)







	The LEGO Movie


	3,775


	16,551







	About Last Night


	2,253


	12,356







	RoboCop


	3,372


	7,432







	The Monuments Men


	3,083


	5,811








Source: boxofficemojo.com, Data for weekend of 14–17 February 2014


4Draw a graph of the relationship between the revenue per cinema on the y-axis and the number of cinemas on the x-axis. Describe the relationship.


5Calculate the slope of the relationship between 3,775 and 2,253 cinemas.


6Calculate the slope of the relationship between 2,253 and 3,372 cinemas.


7Calculate the slope of the following relationship:


[image: image]


Use the following relationship in Problems 8 and 9.


[image: image]


8Calculate the slope of the relationship at point A and at point B.


9Calculate the slope across the arc AB.


Use the following table in Problems 10 and 11.
The table gives the price of a balloon ride, the temperature and the number of rides per day,






	

	Balloon rides (number per day)







	Price (pounds per ride)


	10°C


	20°C


	30°C







	5.00


	32


	40


	50







	10.00


	27


	32


	40







	15.00


	18


	27


	32







	20.00


	10


	18


	27








10Draw a graph of the relationships between the price and the number of rides, holding the temperature constant at 20°C.


11What happens in the graph in Problem 10 if the temperature rises to 30°C?


ADDITIONAL PROBLEMS AND APPLICATIONS


Use the following spreadsheet in Problems 12 to 14. The spreadsheet provides data on oil and petrol: column A is the year, column B is the price of oil (dollars per barrel), column C is the price of petrol (pence per litre), column D is oil production and column E is the quantity of petrol refined (both in millions of barrels per day).






	

	A


	B


	C


	D


	E







	1


	2005


	54


	87


	74


	58







	2


	2006


	65


	91


	73


	57







	3


	2007


	72


	94


	73


	57







	4


	2008


	97


	107


	74


	55







	5


	2009


	61


	99


	73


	53







	6


	2010


	80


	117


	75


	52







	7


	2011


	111


	133


	75


	50







	8


	2012


	112


	135


	76


	50







	9


	2013


	109


	134


	76


	49







	10


	2014


	99


	127


	78


	49







	11


	2015


	52


	111


	78


	48








12Draw a scatter diagram of the price of oil and the quantity of oil produced. Describe the relationship.


13Draw a scatter diagram of the price of petrol and the quantity of petrol refined. Describe the relationship.


14Draw a scatter diagram of the quantities of oil produced and petrol refined. Describe the relationship.


Use the following data in Problems 15 to 17.


Draw a graph that shows the relationship between the two variables x and y:






	x


	0


	1


	2


	3


	4


	5







	y


	25


	24


	22


	18


	12


	0








15a Is the relationship positive or negative?


bDoes the slope of the relationship become steeper or flatter as the value of x increases?


cThink of some economic relationships that might be similar to this one.


16Calculate the slope of the relationship between x and y when x equals 3.


17Calculate the slope of the relationship across the arc as x increases from 4 to 5.


18In the following graph, calculate the slope of the relationship at point A.
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Use the following graph in Problems 19 and 20.


[image: image]


19Calculate the slope at points A and B.


20Calculate the slope across the arc AB.


Use the following table in Problems 21 to 23.The table gives the price of an umbrella, the amount of rainfall and the number of umbrellas purchased,






	

	Umbrellas (number purchased per day)







	Price (pounds per ride)


	0


	200 (mm of rainfall)


	400







	5.00


	7


	8


	12







	10.00


	4


	7


	8







	15.00


	2


	4


	7







	20.00


	1


	2


	4








21Draw a graph of the relationship between the price and the number of umbrellas purchased, holding the amount of rainfall constant at 200 mm. Describe the relationship.


22What happens in the graph in Problem 21 if the price rises and rainfall is constant?


23What happens in the graph in Problem 21 if the rainfall increases from 200 mm to 400 mm?











MATHEMATICAL APPLICATIONS





SECTION 1.1


Introduction to algebra




Objectives


At the end of this section you should be able to:




	Add, subtract, multiply and divide negative numbers.


	Understand what is meant by an algebraic expression.


	Evaluate algebraic expressions numerically.


	Simplify algebraic expressions by collecting like terms.


	Multiply out brackets.


	Factorise algebraic expressions.















ALGEBRA IS BORING


There is no getting away from the fact that algebra is boring. Doubtless there are a few enthusiasts who get a kick out of algebraic manipulation, but economics and business students are rarely to be found in this category. Indeed, the mere mention of the word ‘algebra’ is enough to strike fear into the heart of many a first-year student. Unfortunately, you cannot get very far with mathematics unless you have completely mastered this topic. An apposite analogy is the game of chess. Before you can begin to play a game of chess, it is necessary to go through the tedium of learning the moves of individual pieces. In the same way it is essential that you learn the rules of algebra before you can enjoy the ‘game’ of mathematics. Of course, just because you know the rules does not mean that you are going to excel at the game, and no one is expecting you to become a grandmaster of mathematics. However, you should at least be able to follow the mathematics presented in economics books and journals as well as to solve simple problems for yourself.




Advice


If you have studied mathematics recently, then you will find the material in the first few sections of the text fairly straightforward. You may prefer just to try the questions in the starred exercise at the end of each section to get yourself back up to speed. However, if it has been some time since you have studied this subject, our advice is very different. Please work through the material thoroughly even if it is vaguely familiar. Make sure that you do the problems as they arise, checking your answers with those provided at the back of this text. The material has been broken down into three subsections:




	negative numbers;


	expressions;


	brackets.





You might like to work through these subsections on separate occasions to enable the ideas to sink in.





1.1.1 negative numbers


In mathematics numbers are classified into one of three types: positive, negative or zero. At school you were probably introduced to the idea of a negative number via the temperature on a thermometer scale measured in degrees centigrade. A number such as −5 would then be interpreted as a temperature of 5 degrees below freezing. In personal finance a negative bank balance would indicate that an account is ‘in the red’ or ‘in debit’. Similarly, a firm’s profit of −500 000 signifies a loss of half a million.


The rules for the multiplication of negative numbers are


negative × negative = positive


negative × positive = negative


It does not matter in which order two numbers are multiplied, so


positive × negative = negative


These rules produce, respectively,


(−2) × (−3) = 6
(−4) × 5 = −20
7 × (−5) = −35


Also, because division is the same sort of operation as multiplication (it just undoes the result of multiplication and takes you back to where you started), exactly the same rules apply when one number is divided by another. For example,


(−15) ÷ (−3) = 5
(−16) ÷ 2 = −8
2 ÷ (−4) = −1/2


In general, to multiply or divide lots of numbers it is probably simplest to ignore the signs to begin with and just to work the answer out. The final result is negative if the total number of minus signs is odd and positive if the total number is even.




Example


Evaluate


(a)(−2) × (−4) × (−1) × 2 × (−1) × (−3)


(b)

 

 

 

 5×(

 

 −4

 

 )×(

 

 −1

 

 )×(

 

 −3

 

 )

 

 

 (

 

 −6

 

 )×2

 

 

 

 






Solution


(a)Ignoring the signs gives


    2 × 4 × 1 × 2 × 1 × 3 = 48


There are an odd number of minus signs (in fact, five), so the answer is −48.


(b)Ignoring the signs gives


    

 

 

 

 5×4×1×3

 

 

 6×2

 

 

 =

 

 60

 

 

 12

 

 

 =5

 






There are an even number of minus signs (in fact, four), so the answer is 5.







Advice


Attempt the following problem yourself both with and without a calculator. on most machines a negative number such as −6 is entered by pressing the button labelled (−) followed by 6.







Practice Problem


1.(1) Without using a calculator, evaluate


(a)5 × (−6)


(b)(−1) × (−2)


(c)(−50) ÷ 10


(d)(−5) ÷ (−1)


(e)2 × (−1) × (−3) × 6


(f)

 

 

 

 2×(

 

 −1

 

 )×(

 

 −3

 

 )×6

 

 

 (

 

 −2

 

 )×3×6

 

 

 

 






(2) Confirm your answer to part (1) using a calculator.





To add or subtract negative numbers it helps to think in terms of a number line:


[image: image]


If b is a positive number, then


a − b


can be thought of as an instruction to start at a and to move b units to the left. For example,


1 − 3 = −2


because if you start at 1 and move 3 units to the left, you end up at −2:


[image: image]


Similarly,


−2 − 1 = −3


because 1 unit to the left of −2 is −3.


[image: image]


On the other hand,


a − (−b)


is taken to be a + b. This follows from the rule for multiplying two negative numbers, since


−(−b) = (−1) × (−b) = b


Consequently, to evaluate


a − (−b)


you start at a and move b units to the right (that is, in the positive direction). For example,


−2 − (−5) = −2 + 5 = 3


because if you start at −2 and move 5 units to the right, you end up at 3.


[image: image]




Practice Problem


2.(1) Without using a calculator, evaluate


(a)1 − 2


(b)−3 − 4


(c)1 − (−4)


(d)−1 − (−1)


(e)−72 − 19


(f)−53 − (−48)


(2) Confirm your answer to part (1) using a calculator.





1.1.2 expressions


In algebra, letters are used to represent numbers. In pure mathematics the most common letters used are x and y. However, in applications it is helpful to choose letters that are more meaningful, so we might use Q for quantity and I for investment. An algebraic expression is then simply a combination of these letters, brackets and other mathematical symbols such as + or −. For example, the expression




 

 P

 

 (

 

 1+

 r

 

 100

 

 

 

 

 )

 

 n

 

 

 






can be used to work out how money in a savings account grows over a period of time. The letters P, r and n represent the original sum invested (called the principal – hence the use of the letter P), the rate of interest and the number of years, respectively. To work it all out, you not only need to replace these letters by actual numbers, but you also need to understand the various conventions that go with algebraic expressions such as this.


In algebra, when we multiply two numbers represented by letters, we usually suppress the multiplication sign between them. The product of a and b would simply be written as ab without bothering to put the multiplication sign between the symbols. Likewise, when a number represented by the letter Y is doubled, we write 2Y. In this case we not only suppress the multiplication sign but adopt the convention of writing the number in front of the letter. Here are some further examples:


P × Q is written as PQ


d × 8 is written as 8d


n × 6 × t is written as 6nt


z × z is written as z2        (using the index 2 to indicate squaring a number)


1 × t is written as t          (since multiplying by 1 does not change a number)


In order to evaluate these expressions it is necessary to be given the numerical value of each letter. Once this has been done, you can work out the final value by performing the operations in the following order:





	Brackets first


	(B)







	Indices second


	(I)







	Division and Multiplication third


	(DM)







	Addition and Subtraction fourth


	(AS)








This is sometimes remembered using the acronym BIDMAS, and it is essential to use this ordering for working out all mathematical calculations. For example, suppose you wish to evaluate each of the following expressions when n = 3:


2n2 and (2n)2


Substituting n = 3 into the first expression gives




 

 

 

 

 

 2

 n

 2

 

 

 

 

 

 =

 

 

 

 2×

 3

 2

 

 

 

 

 

 

 (the multiplication sign is revealed when we switch from algebra to numbers)

 

 

 

 

 

 

 

 

 =

 

 

 

 2×9

 

 

 

 

 (according to BIDMAS, indices are worked out before multiplication)

 

 

 

 

 

 

 

 

 =

 

 

 

 18

 

 

 

 

 

 

 

 

 






whereas in the second expression we get
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 2×3
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 (again, the multiplication sign is revealed)
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 6

 2

 

 

 

 

 

 

 (according to BIDMAS, we evaluate the inside of the brackets first)

 

 

 

 

 

 

 

 

 =

 

 

 

 36

 

 

 

 

 

 

 

 

 






The two answers are not the same, so the order indicated by BIDMAS really does matter. Looking at the previous list, notice that there is a tie between multiplication and division for third place, and another tie between addition and subtraction for fourth place. These pairs of operations have equal priority, and under these circumstances you work from left to right when evaluating expressions. For example, substituting x = 5 and y = 4 in the expression, x − y + 2, gives




 

 

 

 

 

 x−y+2

 

 

 

 =

 

 

 

 5−4+2

 

 

 

 

 

 

 

 

 

 

 

 =

 

 

 

 1+2

 

 

 

 

 (reading from left to right, subtraction comes first)

 

 

 

 

 

 

 

 

 =

 

 

 3

 

 

 

 

 

 

 

 








Example


(a)Find the value of 2x − 3y when x = 9 and y = 4.


(b)Find the value of 2Q2 + 4Q + 150 when Q = 10.


(c)Find the value of 5a − 2b + c when a = 4, b = 6 and c = 1.


(d)Find the value of (12 − t) − (t − 1) when t = 4.


Solution


(a)

 

 

 

 

 

 2x−3y

 

 

 

 =

 

 

 

 2×9−3×4

 

 

 

 

 (substituting numbers)

 

 

 

 

 

 

 

 

 =

 

 

 

 18−12

 

 

 

 

 (multiplication has priority over subtraction)

 

 

 

 

 

 

 

 

 =

 

 

 6

 

 

 

 

 

 

 

 






(b)

 

 

 

 

 

 2

 Q

 2

 

 +4Q+150

 

 

 

 =

 

 

 

 2×

 

 10

 

 2

 

 +4×10+150

 

 

 

 

 (substituting numbers)

 

 

 

 

 

 

 

 

 =

 

 

 

 2×100+4×10+150

 

 

 

 

 

 

 (indices have priority over multiplication

 

 

 

 

 and addition)

 

 

 

 

 

 

 

 

 

 

 

 =

 

 

 

 200+40+150

 

 

 

 

 (multiplication has priority over addition)

 

 

 

 

 

 

 

 

 =

 

 

 

 390

 

 

 

 

 

 

 

 

 






(c)

 

 

 

 

 

 5a−2b+c

 

 

 

 =

 

 

 

 5×4−2×6+1

 

 

 

 

 (substituting numbers)

 

 

 

 

 

 

 

 

 =

 

 

 

 20−12+1

 

 

 

 

 

 

 (multiplication has priority over addition and

 

 

 

 

 subtraction)
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 8+1

 

 

 

 

 

 

 (addition and subtraction have equal priority, so

 

 

 

 

 work from left to right)

 

 

 

 

 

 

 

 

 

 

 

 =

 

 

 9

 

 

 

 

 

 

 

 






(d)

 

 

 

 

 

 (

 

 12−t

 

 )−(

 

 t−1

 

 )

 

 

 

 =

 

 

 

 (

 

 12−4

 

 )−(

 

 4−1
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 (substituting numbers)

 

 

 

 

 

 

 

 

 =

 

 

 

 8−3

 

 

 

 

 (brackets first)
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 5

 

 

 

 

 

 

 

 











Practice Problem


3.Evaluate each of the following by replacing the letters by the given numbers:


(a)2Q + 5 when Q = 7.


(b)5x2y when x = 10 and y = 3.


(c)4d − 3f + 2g when d = 7, f = 2 and g = 5.


(d)a(b + 2c) when a = 5, b = 1 and c = 3.





Like terms are multiples of the same letter (or letters). For example, 2P, −34P and 0.3P are all multiples of P and so are like terms. In the same way, xy, 4xy and 69xy are all multiples of xy and so are like terms. If an algebraic expression contains like terms which are added or subtracted together, then it can be simplified to produce an equivalent shorter expression.




Example


Simplify each of the following expressions (where possible):


(a)2a + 5a − 3a


(b)4P − 2Q


(c)3w + 9w2 + 2w


(d)3xy + 2y2 + 9x + 4xy − 8x


Solution


(a)All three are like terms since they are all multiples of a, so the expression can be simplified:


2a + 5a − 3a = 4a


(b)The terms 4P and 2Q are unlike because one is a multiple of P and the other is a multiple of Q, so the expression cannot be simplified.


(c)The first and last are like terms since they are both multiples of w, so we can collect these together and write


3w + 9w2 + 2w = 5w + 9w2


This cannot be simpified any further because 5w and 9w2 are unlike terms.


(d)The terms 3xy and 4xy are like terms, and 9x and 8x are also like terms. These pairs can therefore be collected together to give


3xy + 2y2 + 9x + 4xy − 8x = 7xy + 2y2 + x


Notice that we write just x instead of 1x and also that no further simplication is possible since the final answer involves three unlike terms.







Practice Problem


4.Simplify each of the following expressions, where possible:


(a)2x + 6y − x + 3y


(b)5x + 2y − 5x + 4z


(c)4Y2 + 3Y − 43


(d)8r2 + 4s − 6rs − 3s − 3s2 + 7rs


(e)2e2 + 5f − 2e2 − 9f


(f)3w + 6W


(g)ab − ba





1.1.3 Brackets


It is useful to be able to take an expression containing brackets and rewrite it as an equivalent expression without brackets, and vice versa. The process of removing brackets is called ‘expanding brackets’ or ‘multiplying out brackets’. This is based on the distributive law, which states that for any three numbers a, b and c


a(b + c) + ab + ac


It is easy to verify this law in simple cases. For example, if a = 2, b = 3 and c = 4, then the left-hand side is


2(3 + 4) = 2 × 7 = 14


However,


ab = 2 × 3 = 6 and ac = 2 × 4 = 8


and so the right-hand side is 6 + 8, which is also 14.


This law can be used when there are any number of terms inside the brackets. We have


      a(b + c + d) = ab + ac + ad


a(b + c + d + e) = ab + ac + ad + ae


and so on.


It does not matter in which order two numbers are multiplied, so we also have


            (b + c)a = ba + ca


      (b + c + d)a = ba + ca + da


(b + c + d + e)a = ba + ca + da + ea




Example


Multiply out the brackets in


(a)x(x − 2)


(b)2(x + y − z) + 3(z + y)


(c)x + 3y − (2y + x)


Solution


(a)The use of the distributive law to multiply out x(x − 2) is straightforward. The x outside the bracket multiplies the x inside to give x2. The x outside the bracket also multiplies the −2 inside to give −2x. Hence


x(x − 2) = x2 − 2x


(b)To expand


2(x + y − z) + 3(z + y)


we need to apply the distributive law twice. We have


2(x + y − z) = 2x + 2y − 2z


3(z + y) = 3z + 3y


Adding together gives


2(x + y − z) + 3(z + y) = 2x + 2y − 2z + 3z + 3y


= 2x + 5y + z (collecting like terms)


(c)It may not be immediately apparent how to expand


x + 3y − (2y + x)


However, note that


−(2y + x)


is the same as


(−1)(2y + x)


which expands to give


(−1)(2y) + (−1)x = −2y − x


Hence


x + 3y − (2y + x) = x + 3y − 2y − x = y


after collecting like terms.







Advice


In this example the solutions are written out in painstaking detail. This is done to show you precisely how the distributive law is applied. The solutions to all three parts could have been written down in only one or two steps of working. You are, of course, at liberty to compress the working in your own solutions, but please do not be tempted to overdo this. You might want to check your answers at a later date and may find it difficult if you have tried to be too clever.







Practice Problem


5.Multiply out the brackets, simplifying your answer as far as possible.


(a)(5 − 2z)z


(b)6(x − y) + 3(y − 2x)


(c)x − y + z − (x2 + x − y)





Mathematical formulae provide a precise way of representing calculations that need to be worked out in many business models. However, it is important to realise that these formulae may be valid only for a restricted range of values. Most large companies have a policy to reimburse employees for use of their cars for travel: for the first 50 miles they may be able to claim 90 cents a mile, but this could fall to 60 cents a mile thereafter. If the distance, x miles, is no more than 50 miles, then travel expenses, E (in dollars), could be worked out using the formula E = 0.9x. If x exceeds 50 miles, the employee can claim $0.90 a mile for the first 50 miles but only $0.60 a mile for the last (x − 50) miles. The total amount is then




 

 

 

 

 E

 

 

 =

 

 

 

 0.9×50+0.6(

 

 x−50

 

 )

 

 

 

 

 

 

 

 

 =

 

 

 

 45+0.6x−30

 

 

 

 

 

 

 

 

 =

 

 

 

 15+0.6x

 

 

 

 

 

 






Travel expenses can therefore be worked out using two separate formulae:




	
E = 0.9x             when x is no more than 50 miles


	
E = 15 + 0.6x     when x exceeds 50 miles.





Before we leave this topic, a word of warning is in order. Be careful when removing brackets from very simple expressions such as those considered in part (c) in the previous worked example and practice problem. A common mistake is to write


(a + b) − (c + d) = a + b − c + d This is NOT true


The distributive law tells us that the −1 multiplying the second bracket applies to the d as well as the c, so the correct answer has to be


(a + b) − (c + d) = a + b − c − d


In algebra, it is sometimes useful to reverse the procedure and put the brackets back in. This is called factorisation. Consider the expression 12a+8b. There are many numbers which divide into both 8 and 12. However, we always choose the biggest number, which is 4 in this case, so we attempt to take the factor of 4 outside the brackets:


12a + 8b = 4(? + ?)


where each ? indicates a mystery term inside the brackets. We would like 4 multiplied by the first term in the brackets to be 12a, so we are missing 3a. Likewise, if we are to generate an 8b, the second term in the brackets will have to be 2b.


Hence


12a + 8b = 4(3a + 2b)


As a check, notice that when you expand the brackets on the right-hand side, you really do get the expression on the left-hand side.




Example


Factorise


(a)6L − 3L2


(b)5a − 10b + 20c


Solution


(a)Both terms have a common factor of 3. Also, because L2 = L × L, both 6L and −3L2 have a factor of L. Hence we can take out a common factor of 3L altogether.


6L − 3L2 = 3L(2) − 3L(L) = 3L(2 − L)


(b)All three terms have a common factor of 5, so we write


5a − 10b + 20c = 5(a) − 5(2b) + 5(4c) = 5(a − 2b + 4c)







Practice Problem


6.Factorise


(a)7d + 21


(b)16w − 20q


(c)6x − 3y + 9z


(d)5Q − 10Q2





We conclude our discussion of brackets by describing how to multiply two brackets together. In the expression (a + b)(c + d) the two terms a and b must each multiply the single bracket (c + d), so


(a + b)(c + d) = a(c + d) + b(c + d)


The first term a(c + d) can itself be expanded as ac + ad. Likewise, b(c + d) = bc + bd. Hence


(a + b)(c + d) = ac + ad + bc + bd


This procedure then extends to brackets with more than two terms:


(a + b)(c + d + e) = a(c + d + e) + b(c + d + e) = ac + ad + ae + bc + bd + be




Example


Multiply out the brackets


(a)(x + 1)(x + 2)


(b)(x + 5)(x − 5)


(c)(2x − y)(x + y − 6)


simplifying your answer as far as possible.


Solution


(a)(x + 1)(x + 2) = x(x + 2) + (1)(x + 2)


= x2 + 2x + x + 2


= x2 + 3x + 2


(b)[image: image]


(c)(2x − y)(x + y − 6) = 2x(x + y − 6) − y(x + y − 6)


= 2x2 + 2xy − 12x − yx − y2 + 6y


= 2x2 + xy − 12x − y2 + 6y







Practice Problem


7.Multiply out the brackets.


(a)(x + 3)(x − 2)


(b)(x + y)(x − y)


(c)(x + y)(x + y)


(d)(5x + 2y)(x − y + 1)





Looking back at part (b) of the previous worked example, notice that


(x + 5)(x − 5) = x2 − 25 = x2 − 52


Quite generally


(a + b)(a − b) = a(a − b) + b(a − b)


= a2 − ab + ba − b2


= a2 − b2


The result


a2 − b2 = (a + b)(a − b)


is called the difference of two squares formula. It provides a quick way of factorising certain expressions.




Example


Factorise the following expressions:


(a)x2 − 16


(b)9x2 − 100


Solution


(a)Noting that


x2 − 16 = x2 − 42


we can use the difference of two squares formula to deduce that


x2 − 16 = (x + 4)(x − 4)


(b)Noting that


[image: image]


we can use the difference of two squares formula to deduce that


9x2 − 100 = (3x + 10)(3x − 10)







Practice Problem


8.Factorise the following expressions:


(a)x2 − 64


(b)4x2 − 81







Advice


This completes your first piece of mathematics. We hope that you have not found it quite as bad as you first thought. There now follow a few extra problems to give you more practice. not only will they help to strengthen your mathematical skills, but also they should improve your overall confidence. Two alternative exercises are available. Exercise 1.1 is suitable for students whose mathematics may be rusty and who need to consolidate their understanding. Exercise 1.1* contains more challenging problems and so is more suitable for those students who have found this section very easy.
















Key terms


Difference of two squaresThe algebraic result which states that a2 − b2 = (a + b)(a − b).


Distributive lawThe law of arithmetic which states that a(b + c) = ab + ac for any numbers, a, b, c.


FactorisationThe process of writing an expression as a product of simpler expressions using brackets.


Like termsMultiples of the same combination of algebraic symbols.







Exercise 1.1


1.Without using a calculator, evaluate


(a)10 × (−2)


(b)(−1) × (−3)


(c)(−8) ÷ 2


(d)(−5) ÷ (−5)


(e)24 ÷ (−2)


(f)(−10) × (−5)


(g)

 

 

 

 20

 

 

 −4

 

 

 

 






(h)

 

 

 

 −27

 

 

 −9

 

 

 

 






(i)(−6) × 5 × (−1)


(j)

 

 

 

 2×(

 

 −6

 

 )×3

 

 

 (

 

 −9

 

 )

 

 

 

 






2.Without using a calculator, evaluate


(a)5 − 6


(b)−1 − 2


(c)6 − 17


(d)−7 + 23


(e)−7 − (−6)


(f)−4 − 9


(g)7 − (−4)


(h)−9 − (−9)


(i)12 − 43


(j)2 + 6 − 10


3.Without using a calculator, evaluate


(a)5 × 2 − 13


(b)

 

 

 

 −30−6

 

 

 −18

 

 

 

 






(c)

 

 

 

 (

 

 −3

 

 )×(

 

 −6

 

 )×(

 

 −1

 

 )

 

 

 2−3

 

 

 

 






(d)5 × (1 − 4)


(e)1 − 6 × 7


(f)−5 + 6 ÷ 3


(g)2 × (−3)2


(h)−10 + 22


(i)(−2)2 − 5 × 6 + 1


(j)

 

 

 

 

 

 (

 

 −4

 

 )

 

 2

 

 ×(

 

 −3

 

 )×(

 

 −1

 

 )

 

 

 

 

 (

 

 −2

 

 )

 

 3

 

 

 

 

 

 






4.Simplify each of the following algebraic expressions:


(a)2 × P × Q


(b)I × 8


(c)3 × x × y


(d)4 × q × w × z


(e)b × b


(f)k × 3 × k


5.Simplify the following algebraic expressions by collecting like terms:


(a)6w − 3w + 12w + 4w


(b)6x + 5y − 2x − 12y


(c)3a − 2b + 6a − c + 4b − c


(d)2x2 + 4x − x2 − 2x


(e)2cd + 4c − 5dc


(f)5st + s2 − 3ts + t2 + 9


6.Without using a calculator, find the value of the following:


(a)2x − y when x = 7 and y = 4.


(b)x2 − 5x + 12 when x = 6.


(c)2m3 when m = 10.


(d)5fg2 + 2g when f = 2 and g = 3.


(e)2v + 4w − (4v − 7w) when v = 20 and w = 10.


7.If x = 2 and y = −3, evaluate


(a)2x + y


(b)x − y


(c)3x + 4y


(d)xy


(e)5xy


(f)4x − 6xy


8.(a) Without using a calculator, work out the value of (−4)2.


(b)Press the following key sequence on your calculator:


(−)        4        x2


Explain carefully why this does not give the same result as part (a) and give an alternative key sequence that does give the correct answer.


9.Without using a calculator, work out


(a)(5 − 2)2


(b)52 − 22


Is it true in general that (a − b)2 = a2 − b2?


10.Use your calculator to work out the following. Round your answer, if necessary, to two decimal places.


(a)5.31 × 8.47 − 1.012


(b)(8.34 + 2.27)/9.41


(c)9.53 − 3.21 + 4.02


(d)2.41 × 0.09 − 1.67 × 0.03


(e)45.76 − (2.55 + 15.83)


(f)(3.45 − 5.38)2


(g)4.56(9.02 + 4.73)


(h)6.85/(2.59 + 0.28)


11.Multiply out the brackets:


(a)7(x − y)


(b)3(5x − 2y)


(c)4(x + 3)


(d)7(3x − 1)


(e)3(x + y + z)


(f)x(3x − 4)


(g) y + 2z − 2(x + 3y − z)


12.Factorise


(a)25c + 30


(b)9x − 18


(c)x2 + 2x


(d)16x − 12y


(e)4x2 − 6xy


(f)10d − 15e + 50


13.Multiply out the brackets:


(a)(x + 2)(x + 5)


(b)(a + 4)(a − 1)


(c)(d + 3)(d − 8)


(d)(2s + 3)(3s + 7)


(e)(2y + 3)(y + 1)


(f)(5t + 2)(2t − 7)


(g)(3n + 2)(3n − 2)


(h)(a − b)(a − b)


14.Simplify the following expressions by collecting together like terms:


(a)2x + 3y + 4x − y


(b)2x2 − 5x + 9x2 + 2x − 3


(c)5xy + 2x + 9yx


(d)7xyz + 3yx − 2zyx + yzx − xy


(e)2(5a + b) − 4b


(f)5(x − 4y) + 6(2x + 7y)


(g)5 − 3(p − 2)


(h)x(x − y + 7) + xy + 3x


15.Use the formula for the difference of two squares to factorise


(a)x2 − 4


(b)Q2 − 49


(c)x2 − y2


(d)9x2 − 100y2


16.Simplify the following algebraic expressions:


(a)3x − 4x2 − 2 + 5x + 8x2


(b)x(3x + 2) − 3x(x + 5)


17.A law firm seeks to recruit top-quality experienced lawyers. The total package offered is the sum of three separate components: a basic salary which is 1.2 times the candidate’s current salary together with an additional $3000 for each year worked as a qualified lawyer and an extra $1000 for every year that they are over the age of 21.


Work out a formula that could be used to calculate the total salary, S, offered to someone who is A years of age, has E years of relevant experience and who currently earns $N. Hence work out the salary offered to someone who is 30 years old with five years’ experience and who currently earns $150 000.


18.Write down a formula for each situation:


(a)A plumber has a fixed call-out charge of $80 and has an hourly rate of $60. Work out the total charge, C, for a job that takes L hours in which the cost of materials and parts is $K.


(b)An airport currency exchange booth charges a fixed fee of $10 on all transactions and offers an exchange rate of 1 dollar to 0.8 euros. Work out the total charge, C, (in $) for buying x euros.


(c)A firm provides 5 hours of in-house training for each of its semi-skilled workers and 10 hours of training for each of its skilled workers. Work out the total number of hours, H, if the firm employs a semi-skilled and b skilled workers.


(d)A car hire company charges $C a day together with an additional $c per mile. Work out the total charge, $X, for hiring a car for d days and travelling m miles during that time.







Exercise 1.1*


1.Without using a calculator, evaluate


(a)(12 − 8) − (6 − 5)


(b)12 − (8 − 6) − 5


(c)12 − 8 − 6 − 5


2.Put a pair of brackets in the left-hand side of each of the following to give correct statements:


(a)2 − 7 − 9 + 3 = −17


(b)8 − 2 + 3 − 4 = −1


(c)7 − 2 − 6 + 10 = 1


3.Without using a calculator, work out the value of each of the following expressions in the case when a = 3, b = −4 and c = −2:


(a)a(b − c)


(b)3c(a + b)


(c)a2 + 2b + 3c


(d)2abc2


(e)

 

 

 

 c+d

 

 

 2a

 

 

 

 






(f)

 

 

 

 2(

 

 

 b

 2

 

 −c

 

 )

 

 

 

 






(g)

 

 

 b

 

 2c

 

 

 −

 a

 

 3b

 

 

 

 






(h)5a − b3 − 4c2


4.Without using a calculator, evaluate each of the following expressions in the case when x = −1, y = −2 and z = 3:


(a)x3 + y2 + z


(b)

 

 

 

 (

 

 

 

 

 x

 2

 

 +

 y

 2

 

 +z

 

 

 

 x

 2

 

 +2xy−z

 

 

 

 

 )

 

 

 

 






(c)

 

 

 

 xyz(

 

 x+z

 

 )(

 

 z−y

 

 )

 

 

 (

 

 x+y

 

 )(

 

 x−z

 

 )

 

 

 

 






5.Multiply out the brackets and simplify


 (x − y)(x + y) − (x + 2)(x − y + 3)


6.Simplify


(a)x − y − ( y − x)


(b)(x − ((y − x) − y))


(c)x + y − (x − y) − (x − (y − x))


7.Multiply out the brackets:


(a)(x + 4)(x − 6)


(b)(2x − 5)(3x − 7)


(c)2x(3x + y − 2)


(d)(3 + g)(4 − 2g + h)


(e)(2x + y)(1 − x − y)


(f)(a + b + c)(a − b − c)


8.Factorise


(a)9x − 12y


(b)x2 − 6x


(c)10xy + 15x2


(d)3xy2 − 6x2y + 12xy


(e)x3 − 2x2


(f)60x4y6 − 15x2y4 + 20xy3


9.Use the formula for the difference of two squares to factorise


(a)p2 − 25


(b)9c2 − 64


(c)32v2 − 50d2


(d)16x4 − y4


10.Evaluate the following without using a calculator:


(a)50 5632 − 49 4372


(b)902 − 89.992


(c)7592 − 5412


(d)123 456 7892 − 123 456 7882


11.A specialist paint manufacturer receives $12 for each pot sold. The initial set-up cost for the production run is $800 and the cost of making each tin of paint is $3.


(a)Write down a formula for the total profit, π, if the firm manufactures x pots of paint and sells y pots.


(b)Use your formula to calculate the profit when x = 1000 and y = 800.


(c)State any restrictions on the variables in the mathematical formula in part (a).


(d)Simplify the formula in the case when the firm sells all that it manufactures.


12.Factorise


(a)2KL2 + 4KL


(b)L2 − 0.04K2


(c)K2 + 2LK + L2















SECTION 1.2


Further algebra




Objectives


At the end of this section you should be able to:




	Simplify fractions by cancelling common factors.


	Add, subtract, multiply and divide fractions.


	Solve equations by doing the same thing to both sides.


	recognise the symbols <, >, ≤ and ≥.


	Solve linear inequalities.








This section is broken down into three manageable subsections:




	fractions;


	equations;


	inequalities.





The advice offered in Section 1.1 applies equally well here. Please try to study these topics on separate occasions and be prepared to work through the practice problems as they arise in the text.


1.2.1 Fractions


For a numerical fraction such as




 

 

 7

 8

 

 

 






the number 7, on the top, is called the numerator and the number 8, on the bottom, is called the denominator. In this text we are also interested in the case when the numerator and denominator involve letters as well as numbers. These are referred to as algebraic fractions. For example,




 

 

 1

 

 

 x

 2

 

 −2

 

 

 and

 

 2

 x

 2

 

 −1

 

 

 y+z

 

 

 

 






are both algebraic fractions. The letters x, y and z are used to represent numbers, so the rules for the manipulation of algebraic fractions are the same as those for ordinary numerical fractions. It is therefore essential that you are happy manipulating numerical fractions without a calculator so that you can extend this skill to fractions with letters.


Two fractions are said to be equivalent if they represent the same numerical value. We know that 3/4 is equivalent to 6/8 since they are both equal to the decimal number 0.75. It is also intuitively obvious. Imagine breaking a bar of chocolate into four equal pieces and eating three of them. You eat the same amount of chocolate as someone who breaks the bar into eight equal pieces and eats six of them. Each piece is only half the size so you need to compensate by eating twice as many. Formally, we say that when the numerator and denominator are both multiplied by the same number, the value of the fraction remains unchanged. In this example we have
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This process can be reversed so equivalent fractions are produced when the numerator and denominator are both divided by the same number. For example,




 

 

 

 16

 

 

 24

 

 

 =

 

 16/8

 

 

 24/8

 

 

 =

 2

 3

 

 

 






so the fractions 16/24 and 2/3 are equivalent. A fraction is said to be in its simplest form or reduced to its lowest terms when there are no factors common to both the numerator and denominator. To express any given fraction in its simplest form, you need to find the highest common factor of the numerator and denominator and then divide the top and bottom of the fraction by this.




Example


Reduce each of the following fractions to its lowest terms:


(a)
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Solution


(a)The largest number which divides into both 14 and 21 is 7, so we choose to divide top and bottom by 7:
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An alternative way of writing this (which will be helpful when we tackle algebraic fractions) is:
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(b)The highest common factor of 48 and 60 is 12, so we write:
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(c)The factor x is common to both 2x and 3xy, so we need to divide top and bottom by x; that is, we cancel the xs:
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(d)Factorising the denominator gives


6a + 3b = 3(2a + b)


which shows that there is a common factor of 3 in the top and bottom which can be cancelled:
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(e)We see immediately that there is a common factor of ( x − 2) in the top and bottom, so this can be cancelled:
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Before we leave this topic, a word of warning is in order. Notice that you can only cancel by dividing by a factor of the numerator or denominator. In part (d) of the above example you must not get carried away and attempt to cancel the as, and write something daft like:


a2a+b=12+b This is NOT true


To see that this is totally wrong, let us try substituting numbers, a = 3, b = 4, say, into both sides. The left-hand side gives a2a+b=22×3+4=310 whereas the right-hand side gives 12+b=12+4=16, which is not the same value.




Practice Problem


1.Reduce each of the following fractions to its lowest terms:


(a)915


(b)2430


(c)x2xy


(d)3x6x+9x2


(e)x(x+1)x(x−4)(x+1)





The rules for multiplication and division are as follows:


to multiply fractions you multiply their corresponding numerators and denominators


In symbols,


ab×cd=a×cb×d=acbd


to divide by a fraction you turn it upside down and multiply


In symbols,


[image: image]




Example


Calculate


(a)23×54


(b)2×613


(c)67÷421


(d)12÷3


Solution


(a)The multiplication rule gives


23×54=2×53×4=1012


We could leave the answer like this, although it can be simplified by dividing top and bottom by 2 to get 5/ 6. It is also valid to ‘cancel’ by 2 at the very beginning: that is,


123×54 2=1×53×2=56


(b)The whole number 2 is equivalent to the fraction 2/ 1, so


2×613=21×613=2×61×13=1213


(c)To calculate


67÷421


the divisor is turned upside down to get 21/4 and then multiplied to get


67÷421=3671×21342=3×31×2=92


(d)We write 3 as 31 so


12÷3=12÷31=12×13=16







Practice Problem


2.(1) Without using a calculator, evaluate


(a)12×34


(b)7×14


(c)23÷89


(d)89÷16


(2) Confirm your answer to part (1) using a calculator.





The rules for addition and subtraction are as follows:


to add (or subtract) two fractions you write them as equivalent fractions with a common denominator and add (or subtract) their numerators




Example


Calculate


(a)15+25


(b)14+23


(c)712−58


Solution


(a)The fractions 1/5 and 2/5 already have the same denominator, so to add them we just add their numerators to get


15+25=1+25=35


(b)The fractions 1/4 and 2/3 have denominators 4 and 3. One number that is divisible by both 3 and 4 is 12, so we choose this as the common denominator. Now 4 goes into 12 exactly 3 times, so


[image: image]


and 3 goes into 12 exactly 4 times, so


[image: image]


Hence


14+23=312+812=3+812=1112


(c)The fractions 7/12 and 5/8 have denominators 12 and 8. One number that is divisible by both 12 and 8 is 24, so we choose this as the common denominator. Now 12 goes into 24 exactly twice, so


712=7×224=1424


and 8 goes into 24 exactly 3 times, so


58=5×324=1524


Hence


712−58=1424=1524=−124


It is not essential that the lowest common denominator is used. Any number will do provided that it is divisible by the two original denominators. If you are stuck, then you could always multiply the original two denominators together. In part (c) the denominators multiply to give 96, so this can be used instead. Now


712=7×896=5696


and


58=5×1296=6096


so


712−58=5696−6096=56−6096=−496=−124


as before.





Notice how the final answer to part (c) of this example has been written. We have simply used the fact that when a negative number is divided by a positive number, the answer is negative. It is standard practice to write negative fractions like this, so we would write −34 in preference to either 3−4 or −34 and, of course, −3−4 is written as 34.


Before we leave this topic a word of warning is in order. Notice that you can add or subtract fractions only after you have gone to the trouble of finding a common denominator. In particular, the following short-cut does not give the correct answer:


ab+cd=a+cb+d        This is NOT true


As usual you can check for yourself that it is complete rubbish by using actual numbers of your own choosing.




Practice Problem


3.(1) Without using a calculator, evaluate


(a)37−17


(b)13+25


(c)718−14


(2) Confirm your answer to part (1) using a calculator.





Provided that you can manipulate ordinary fractions, there is no reason why you should not be able to manipulate algebraic fractions just as easily since the rules are the same.




Example


Find expressions for each of the following:


(a)xx−1×2x(x+4)


(b)2x−1÷xx−1


(c)x+1x2+2+x−6x2+2


(d)xx+1−1x+1


Solution


(a)To multiply two fractions we multiply their corresponding numerators and denominators, so


[image: image]


(b)To divide by


xx−1


we turn it upside down and multiply, so


[image: image]


(c)The fractions


x+1x2+2 and x−6x2+2


already have the same denominator, so to add them we just add their numerators to get


x+1x2+2+x−6x2+2=x+1+x−6x2+2=2x−5x2+2


(d)The fractions


xx+2 and 1x+1


have denominators x + 2 and x + 1. An obvious common denominator is given by their product, (x + 2)(x + 1). Now x + 2 goes into (x + 2)(x + 1) exactly x + 1 times, so


[image: image]


Also, x + 1 goes into (x + 2)(x + 1) exactly x + 2 times, so


[image: image]


Hence


xx+2−1x+1=x(x+1)(x+2)(x+1)−(x+2)(x+2)(x+1)=x(x+1)−(x+2)(x+2)(x+1)


It is worth multiplying out the brackets on the top to simplify: that is,


x2+x−x−2(x+2)(x+1)=x2−2(x+2)(x+1)







Practice Problem


4.Find expressions for the following algebraic fractions, simplifying your answers as far as possible.


(a)5x−1×x−1x+2


(b)x2x+10÷xx+1


(c)4x+1+1x+1


(d)2x+1−1x+2





1.2.2 equations


In Section 1.1.2 and again in Section 1.2.1, we have seen how to rewrite an algebraic expression in a simpler but equivalent form. For example, when we write things like


x2 + 3 x + 3 x2 − 10 x = 4 x2 − 7 x (collecting like terms)


or


xx+2−1x+1=x2−2(x+2)(x+1)       (part (d) of the previous worked example)


we have at the back of our minds the knowledge that the left- and right-hand sides are identical so that each statement is true for all possible values of x. For this reason the above relations are called identities . Compare these with statements such as:


7 x − 1 = 13


or


x2 − 5 x = 1


These relations are called equations and are only true for particular values of x which need to be found. It turns out that the first equation above has just one solution, whereas the second has two solutions. The latter is called a quadratic equation.


One naïve approach to the solution of equations such as 7 x − 1 = 13 might be to use trial and error: that is, we could just keep guessing values of x until we find the one that works. Can you see what x is in this case? However, a more reliable and systematic approach is to actually solve this equation using the rules of mathematics. In fact, the only rule that we need is:


you can apply whatever mathematical operation you like to an equation, provided that you do the same thing to both sides


There is only one exception to this rule: you must never divide both sides by zero. This should be obvious because a number such as 11/0 does not exist. (If you do not believe this, try dividing 11 by 0 on your calculator.)


The first obstacle that prevents us from writing down the value of x immediately from the equation 7 x − 1 = 13 is the presence of the −1 on the left-hand side. This can be removed by adding 1. For this to be legal we must also add 1 to the right-hand side to get


7 x − 1 + 1 = 13 + 1


7 x = 14


The second obstacle is the number 7 which is multiplying the x. This can be removed by dividing the left-hand side by 7. Of course, we must also do the same thing to the right-hand side to get


7x7=147x=2


This is no doubt the solution that you spotted earlier by simple trial and error, and you may be wondering why you need to bother with the formal method. The reason is simple: guesswork will not help to solve more complicated equations in which the solution is non-obvious or even simple equations in which the solution is a fraction. In these circumstances we need to follow the approach of ‘balancing the equation’.




Example


Solve


(a)6x + 1 = 10x − 9


(b)3(x − 1) + 2(2x + 1) = 4


(c)203x−1=7


(d)9x+2=72x+1


(e)2xx−6=2


Solution


(a)To solve


6x + 1 = 10x − 9


the strategy is to collect terms involving x on one side of the equation, and to collect all of the number terms on to the other side. It does not matter which way round this is done. In this particular case, there are more xs on the right-hand side than there are on the left-hand side. Consequently, to avoid negative numbers, you may prefer to stack the x terms on the right-hand side. The details are as follows:


1=4x−9(subtract 6x from both sides)10=4x(add 9 to both sides)104=x(divide both sides by 4)


Hence x = 5/2 = 21/2.


(b)The novel feature of the equation


3(x − 1) + 2(2x + 1) = 4


is the presence of brackets. To solve it, we first remove the brackets by multiplying out, and then collect like terms:


3x − 3 + 4x + 2 = 4 (multiply out the brackets)


7x − 1 = 4 (collect like terms)


Note that this equation is now of the form that we know how to solve:


7x=5(add 1 to both sides)x=57(divide both sides by 7)


(c)The novel feature of the equation


203x−1=7


is the fact that it involves an algebraic fraction. This can easily be removed by multiplying both sides by the bottom of the fraction:


203x−1×(3x−1)=7(3x−1)


which cancels down to give


20 = 7(3x − 1)


The remaining steps are similar to those in part (b):


20=21x−7(multiply out the brackets)27=21x(add 7 to both sides)2721=x(divide both sides by 21)


Hence x=97=127


(d)The next equation,


9x+2=72x+1


looks particularly daunting since there are fractions on both sides. However, these are easily removed by multiplying both sides by the denominators, in turn:


9=7(x+2)2x+1(multiply both sides by x + 2)
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