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Audience




This book has been written to serve the mathematical needs of students engaged in a first course in engineering or technology at degree level. Students of a very wide range of these programmes will find that the book contains the mathematical methods they will meet in a first-year course in most UK universities. So the book will satisfy the needs of students of aeronautical, automotive, chemical, civil, electronic and electrical, systems, mechanical, manufacturing, and production engineering, and other technological fields. Care has been taken to include illustrative examples from these disciplines where appropriate.







        

      

    


      
        
          
Aims




There are two main aims of this book.




Firstly, we wish to provide a readable, accessible and student-friendly introduction to mathematics for engineers and technologists at degree level. Great care has been taken with explanations of difficult concepts, and wherever possible statements are made in everyday language, as well as symbolically. It is the use of symbolic notation that seems to cause many students problems, and we hope that we have gone a long way to alleviate such problems.




Secondly, we wish to develop in the reader the confidence and competence to handle mathematical methods relevant to engineering and technology through an interactive approach to learning. You will find that the book encourages you to take an active part in the learning process — this is an essential ingredient in the learning of mathematics.







        

      

    


      
        
          
The structure of this book




The book has been divided into 25 chapters. Each chapter is subdivided into a unit called a block. A block is intended to be a self-contained unit of study. Each block has a brief introduction to the material in it, followed by explanations, examples and applications. Important results and key points are highlighted. Many of the examples require you to participate in the problem-solving process, so you will need to have pens or pencils, scrap paper and a scientific calculator to hand. We say more about this aspect below. Solutions to these examples are all given alongside.




Each block also contains a number of practice exercises, and the solutions to these are placed immediately afterwards. This avoids the need for searching at the back of the book for solutions. A further set of exercises appears at the end of each block.





At the end of each chapter you will find end of chapter exercises, which are designed to consolidate and draw together techniques from all the blocks within the chapter.


Some sections contain computer or calculator exercises. It is not essential that these are attempted, but those of you with access to graphical calculators or computer software can see how these modern technologies can be used to speed up long and complicated calculations.








        

      

    


      
        
          
Learning mathematics




In mathematics almost all early building blocks are required in advanced work. New ideas are usually built upon existing ones. This means that, if some early topics are not adequately mastered, difficulties are almost certain to arise later on. For example, if you have not mastered the arithmetic of fractions, then you will find some aspects of algebra confusing. Without a firm grasp of algebra you will not be able to perform the techniques of calculus, and so on. It is therefore essential to try to master the full range of topics in your mathematics course and to remedy deficiencies in your prior knowledge.




Learning mathematics requires you to participate actively in the learning process. This means that in order to get a sound understanding of any mathematical topic it is essential that you actually perform the calculations yourself. You cannot learn mathematics by being a spectator. You must use your brain to solve the problem, and you must write out the solution. These are essential parts of the learning process. It is not sufficient to watch someone else solve a similar problem, or to read a solution in a book, although these things of course can help. The test of real understanding and skill is whether or not you can do the necessary work on your own.







        

      

    


      
        
          
How to use this book




This book contains hundreds of fully worked examples. When studying such an example, read it through carefully and ensure you understand each stage of the calculation.





Sets of exercises are provided regularly throughout most blocks. Try these exercises, always remembering to check your answers with those provided. Practice enhances understanding, reinforces the techniques, and aids memory. Carrying out a large number of exercises allows you to experience a greater variety of problems, thus building your expertise and developing confidence.


A new feature of the sixth edition’s eTextbook is the addition of enhanced interactive examples. In these, you are encouraged to attempt various questions or parts of questions before you can request that the solution or answer is revealed. In this way, you have the opportunity to engage fully in the learning process. These interactive examples are indicated with a pencil icon.
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There are also numerous interactive figures throughout the book. These bring mathematical concepts to life by enabling you to manipulate variables and observe the outcomes.





Visit the Pearson website to download three types of resources that complement this textbook. The site is freely accessible and features the downloadable code files for the Python, MATLAB and Maple examples in the text. It also features the solutions to the typical examination papers included at the end of the text and an ‘Engineering Maths First-Aid Kit’ designed to support quick revision and problem-solving.









        

      

    


      
        
          
Content




The content of the book reflects that taught to first-year engineering and technology students in the majority of UK universities. However, particular care has been taken to develop algebraic skills from first principles and to give students plenty of opportunity to practise using these. It is our firm belief, based on recent experience of teaching engineering undergraduates, that many will benefit from this material because they have had insufficient opportunity in their previous mathematical education to develop such skills fully. Inevitably the choice of contents is a compromise, but the topics covered were chosen after wide consultation coupled with many years of teaching experience. Given the constraint of space we believe our choice is optimal.







        

      

    


      
        
          
Use of mathematical software




One of the main developments in the teaching of engineering mathematics in recent years has been the widespread availability of sophisticated computer software and its adoption by many educational institutions. Once a firm foundation of techniques has been built, we would encourage its use, and so we have made general references at several points in the text. In addition, in some blocks we focus specifically on two common packages (Matlab and Maple), and these are introduced in the 'Using mathematical software packages' section on page xx. Many features available in software packages can also be found in graphical calculators.




We provide a reference table of Maple and Matlab commands that are particularly useful for exploring and developing further the topics in this book.







        

      

    


      
        
          
Additions for the sixth edition




We have been delighted with the positive response to Mathematics for Engineers since it was first published in 1998. In writing this sixth edition we have been guided and helped by the numerous comments from both staff and students. For these comments we express our thanks.





This sixth edition has been enhanced by



	a new chapter on discrete mathematics


	numerous additions to the math content including polar graphs, differentiation and integration of vectors, dimensional analysis, and combinatorics


	numerous additions to applicable content including velocity, acceleration, and displacement.


	new examples on the emerging importance of quantum computation


	segments of Python code





Applicability lies at the heart of engineering mathematics. We believe these additional examples serve to reinforce the crucial role that mathematics plays in engineering. We hope that you agree.






We hope the book supports you in your learning and wish you every success.
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Using mathematical software packages




One of the main developments influencing the learning and teaching of engineering mathematics in recent years has been the widespread availability of sophisticated computer software and its adoption by many educational institutions.




As engineering students, you will meet a range of software in your studies. It is also highly likely that you will have access to specialist mathematical software. Two software packages that are particularly useful for engineering mathematics, and which are referred to on occasions throughout this book, are Matlab and Maple. There are others, and you should enquire about the packages that have been made available for your use. A number of these packages come with specialist tools for subjects such as control theory and signal processing, so you will find them useful in other subjects that you study.




Common features of all these packages include:





	
                  the facility to plot two- and three-dimensional graphs;

              

	
                  the facility to perform calculations with symbols (e.g. a2,x+y, as opposed to just numbers) including the solution of equations.

              






In addition, some packages allow you to write computer programs of your own that build upon existing functionality, and enable the experienced user to create powerful tools for the solution of engineering problems.




The facility to work with symbols, as opposed to just numbers, means that these packages are often referred to as computer algebra systems or symbolic processors. You will be able to enter mathematical expressions, such as [image: open parentheses x plus 2 close parentheses open parentheses x minus 3 close parentheses] or t − 6t2 + 2t + 1, and subject them to all of the common mathematical operations:  simplification, factorisation, differentiation, integration, and much more. You will be able to perform calculations with vectors and matrices. With experience you will find that lengthy, laborious work can be performed at the click of a button.




The particular form in which a mathematical problem is entered — that is, the syntax — varies from package to package. Raising to a power is usually performed using the symbol ∧. Some packages are menu driven, meaning that you can often select symbols from a menu or toolbar. At various places in the text we have provided examples of this for illustrative purposes. This textbook is not intended to be a manual for any of the packages described. For thorough details you will need to refer to the manual provided with your software or its on-line help.




At first sight you might be tempted to think that the availability of such a package removes the need for you to become fluent in algebraic manipulation and other mathematical techniques. We believe that the converse of this is true. These packages are sophisticated, professional tools and as such require the user to have a good understanding of the functions they perform, and particularly their limitations. Furthermore, the results provided by the packages can be presented in a variety of forms (as you will see later in the book), and only with a thorough understanding of the mathematics will you be able to appreciate different, yet correct, equivalent forms, and distinguish these from incorrect output.




Figure 1 shows a screenshot from Maple in which we have defined the function [image: f open parentheses x close parentheses   equals x squared plus 3 x minus 2] and plotted part of its graph. Note that Maple requires the following particular syntax to define the function: f:=x→x2+3x−2. The quantity x2 is input as x∧2.





          
          
                Figure 1
                A screenshot from Maple showing the package being used to define the function  [image: f open parentheses x close parentheses   equals x squared plus 3 x minus 2] and plot its graph.
 
              

            
          
              
                        [image: A maple worksheet titled "M f E 6 E Maple Demo 1" is shown.] 
              

          

          

          
                          On the left, a vertical sidebar titled "Palettes" contains expandable sections labeled Favorites, Expression, Calculus, Common Symbols, Variables, Matrix, Units, Layout, Greek, and Components. In the Variables section, the variable f is defined with the corresponding value. The following three icons are visible at the bottom of the variables section: infinity, eyeball, and filter. The following data is displayed on the top left of the main worksheet area:
 f colon equals x tends to x squared plus 3 asterisk x minus 2 semicolon.
 Plot OpenParenthesis f of x comma x equals negative 5 dot dot 5 CloseParenthesis semicolon.
 Below this data, the graph is shown. The horizontal axis ranges from negative 4 to 4 in increments of 2 units. The vertical axis ranges from 0 to 30 in increments of 10 units. The following function definition is shown at the top of the graph: f colon equals x tends to x squared plus 3 x minus 2. An upward open curve is plotted on the coordinate plane. The curve starts at (negative 5, 8), decreases to the right, crosses the negative horizontal axis, reaches a minimum point at (negative 1.5, negative 4.25), increases to the right, crosses the negative vertical axis and the positive horizontal axis, and ends at (5, 38).
      
    
          

        



Finally, Figure 2 shows a screenshot from the package Matlab. Here the package is being used to obtain a three-dimensional plot of the surface [image: z equals sin open parentheses x squared plus y squared close parentheses] as described in Chapter 22. Observe the requirement of Matlab to input x2 as x ⋅ ∧2.





          
          
                Figure 2
                A screenshot from Matlab showing the package being used to plot a threedimensional graph.
 
              

            
          
              
                        [image: A screenshot of a MATLAB window displaying a 3-D mesh plot for the equation z equals sine (x squared plus y squared).] 
              

          

          

          
                          The options labeled Home, Plots, and Apps are shown on the left side of the title bar. To the right of these options, several icons, a search documentation bar, a bell icon, and a sign-in button are shown. The file path is written below the title bar as follows: Users, maacc, and Documents. Below this, the following data is shown on the left side:

OpenSquareBracket x comma y CloseSquareBracket equals meshgrid OpenParenthesis negative 2 colon 0.1 colon 2 comma negative 2 colon 0.1 colon 2 CloseParenthesis semicolon.

mesh OpenParenthesis sine OpenParenthesis x squared plus y squared CloseParenthesis CloseParenthesis semicolon.

Below this data, the 3-D graph titled "Figure 1" is shown in the figure window. The options labeled file, edit, view, insert, tools, desktop, window, and help are shown at the top of the figure window. Several icons are shown below these options. The first axis of the graph ranges from 0 to 50 in increments of 10 units. The second axis of the graph ranges from 0 to 50 in increments of 10 units. The third vertical axis ranges from negative 1 to 1 in increments of 0.5 units. The three-dimensional structure shows a central peak, surrounded by undulating waves that radiate outward. The surface has a rippling, undulating pattern with alternating peaks and troughs. The outward radiating waves form four higher narrow peaks at the four corners on the top of the coordinate plane. A small wider peak is formed between two adjacent higher peaks.
      
    
          

        



Where appropriate we would encourage you to explore the use of packages such as these. Through them you will find that whole new areas of engineering mathematics become accessible to you, and you will develop skills that will help you to solve engineering problems that you meet in other areas of study and in the workplace.





          
            
            Useful mathematical software commands used throughout the book
            The following commands are indicative only and should be read in conjuction with the software’s on-line help and the examples found later in the book. 
            

          
          
          
          
            
              
              
	Purpose

	Maple example

	Matlab example





	Test whether an integer, n, is prime

	isprime(n)

	isprime(n)




	Produce a prime factorisation of an integer, n

	ifactor(n)

	factor(n)




	Plot graph of [image: y equals f open parentheses x close parentheses]

	plot(x^3,x=-3..3, y=-20..20); y=-20..20);

	x=-3:0.1:3; y=x.^3; plot(x,y);




	Finding partial fractions expansion

	convert(x/(x^2+3*x+2), parfrac);

	n=[1,0];
d =[1 3 2];
[r,p,k] = residue(n,d)




	Complex numbers

	use I (1+3*I)/(2-I)

	use i or j (1+3*j)/(2-j)




	Find roots of a polynomial

	solve(s^3+s^2+s+1=0)

	roots([1 1 1 1])




	Defining matrices

	A:= Matrix([[1,2,3], [4,5,6],[7,8,9]])

	A = [1 2 3; 4 5 6; 7 8 9]




	Eigenvalues and eigenvectors

	with(LinearAlgebra);
Eigenvalues(A) Eigenvectors(A)

	[V, D] = eig(A)




	Vectors: scalar and vector products

	with(LinearAlgebra);

a:= Vector[row]([1,-2,3]);

b:= Vector[row]([2,-1,1]);

DotProduct(a,b);

CrossProduct(a,b);

	a=[1 -2 3]

b=[2 -1 1]

dot(a,b)

cross(a,b)




	First and higher derivatives

	f:=t-> t^2*sin(3*t);

D(f)(t); or diff(f(t),t);

D(D(f))(t); or diff(f(t),t,t);

	syms f(t)

f(t) = t^2*sin(3*t)

y = diff(f(t))

z = diff(f(t),2)




	Indefinite and definite integration

	int(x*cos(x)^2,x)

int(1/t,t=1..2)

	syms x t

int(x*cos(x)^2,x)

int(1/t,1,2)




	Differential equations with or without conditions

	dsolve(diff(y(x),x) - x*y(x)=0);

dsolve({diff(y(x),x) - x*y(x)=0,y(0)=3})

	dsolve('Dy-x*y=0','x')

dsolve('Dy-x*y=0',

'y(0)=3','x')




	Sums of series

	sum(1/k,k=1..10);

	syms k

symsum(1/k,k,1,10)




	Taylor series

	taylor(sqrt(x),x=4,4);

	taylor(sqrt(x),

'ExpansionPoint',4,

'Order',4)




	3d plots

	plot3d(x^2+y^2, x=-2..2,y=-2..2);

	[x,y]=meshgrid(-2:0.1:2,

-2:0.1:2); z = x.^2+y.^2;

mesh(z);




	Laplace transform

	with(inttrans):

f:=t->t^2;

laplace(f(t),t,s);

	syms t s

f=t^2

laplace(f,t,s)




	Fourier transform

	with(inttrans);

f:=t->Heaviside(t)*exp(-t);

fourier(f(t),t,w);

	syms t w

f = heaviside(t)*exp(-t)

fourier(f,t,w)




            

          

          
        






        

      

    

              
                
                  
                  
                  

                

              


          
            
      
        
          
MYLAB MATH RESOURCES FOR SUCCESS


MyLab Math (www.mlm.pearson.com) is available to accompany Pearson’s market-leading text options, including this text. MyLab™ is the teaching and learning platform that empowers instructors to reach every student. MyLab Math combines trusted author content—including full eText and assessment with immediate feedback—with digital tools and a flexible platform to personalize the learning experience and improve results for each student.﻿


MyLab Math supports all learners, regardless of their ability and background, to provide an equal opportunity for success. Accessible resources support learners for a more equitable experience; and options to personalize learning and address individual gaps help to provide each learner with the specific resources they need to achieve success.


STUDENT RESOURCES


Each student learns at a different pace. Personalized learning pinpoints the precise areas where each student needs practice, giving all students the support they need—when and where they need it—to be successful.


Study Plan acts as a tutor, providing personalized recommendations for each student based on their ability to master the learning objectives in the course. This allows students to focus their study time by pinpointing the precise areas they need to review and allowing them to use customized practice and learning aids to get them back on track. The Gradebook offers instructors better insight into classroom and individual performance. Using the report available in the Gradebook, instructors can tailor course lectures to prioritize the content where students need the most support.


Exercises with immediate feedback in MyLab Math reflect the approach and learning style of this text. These come with algorithmic variations to give the student unlimited opportunity for practice and mastery. Several exercises include learning aids, such as Help Me Solve This and View an Example, and they offer helpful feedback when students enter incorrect answers. Over 90 of these exercises are new to this edition.


How To videos provide advice and guidance on how to carry out key mathematical procedures. These short instructional videos are designed to guide students through the steps they need to take in order to solve problems and thereby build the skills and confidence they need. In each video, the authors pick a worked example from the text and explain how to solve the question. They present this in clear and simple steps using animated PowerPoint slides so that students can see the full workings. A handy downloadable ‘quick guide’, available with each video, serves as a useful written summary for consolidation and future reference. These quick guides are also available in the Video and Resource Library, along with the transcripts of the videos. 



          
          
              
                        [image: An example shows a question and its solution.] 
              

          

          

          
                          Find StartFraction 4 over 9 EndFraction minus StartFraction 1 over 2 EndFraction plus StartFraction 5 over 6 EndFraction. Solution: The lowest common multiple of 9, 2 and 6 is 18. To see this observe that multiples of 9 are 9, 18, 27, ellipsis multiples of 2 are 2, 4, 6, 8, 10, 12, 14, 16, 18, 20 ellipsis multiples of 6 are 6, 12, 18, 24, ellipsis Each fraction is rewritten so that its denominator is 18 StartFraction 4 over 9 EndFraction minus StartFraction 1 over 2 EndFraction plus StartFraction 5 over 6 EndFraction equals StartFraction 8 over 18 EndFraction minus StartFraction 9 over 18 EndFraction plus StartFraction 15 over 18 EndFraction equals StartFraction 8 minus 9 plus 15 over 18 EndFraction equals StartFraction 14 over 18 EndFraction.
      
    
          

        

Mindset videos and assignable, open-ended exercises foster a growth mindset in students. This material encourages them to maintain a positive attitude about learning, value their own ability to grow, and view mistakes as learning opportunities.



          
          
              
                        [image: An illustration shows three smiling cartoon faces, with the text GROWTH MINDSETS IMPROVE PERFORMANCE on a banner above them.] 
              

          

          

          
            
          

        

Personal Inventory Assessments are self-assessments designed to help students understand their personality traits, learning preferences as well as academic strengths and weaknesses. These assessments aim to facilitate self-reflection, personalized learning and skill development.


Historical biographies discuss the life and contributions of eminent scientists like Ada Lovelace, Tanaka Hisashige and Nikola Tesla. These biographies are available in the text as well as the Video and Resource Library.


Code files for the Python, MATLAB and Maple examples in the text are available for download in the Video and Resource Library.


Interactive figures bring mathematical concepts to life and help students grasp challenging topics like derivatives and vectors, by letting them manipulate variables and observe the outcomes. These figures are designed to be used in lecture as well as by students independently. The figures, built using the GeoGebra software, are editable both in the eText and the Video and Resource Library. 



          
          
              
                        [image: An interactive graph shows an exponential function with adjustable parameters.] 
              

          

          

          
                          A title Exponential functions describes:
 This figure displays the graph of the exponential function f of (x) equals c times a to the k x power plus d. You can adjust parameters c, a, k, and d, and see how changing parameters changes the graph of the function.
 See if you can determine the effect that each parameter has on the shape of the graph. Can you determine why each effect occurs. In particular, try to reason out why changing a and k appear to have similar effects.
 A graph titled Interactive Figure is shown below.
 The horizontal axis is labeled x and ranges from negative 8 to 8 in increments of 1 unit. The vertical axis is labeled y and ranges from negative 8 to 8 in increments of 1 unit. The curve enters the viewing window at (negative 8, zero), rises concave upward toward (0, 1), and exits the viewing window at (3.25, 8.5). A label y equals zero is shown at ((negative 8, zero) and point (0, 1) is marked with a solid dot. All points are approximate. The Slider Labels on the right are as follows:
 c equals 1
 a equals 1.9
 k equals 1
 d equals 0
 f of (x) equals c times a to the k x power plus d.
 f of (x) equals 1 times 1.9 to the k x power.
      
    
          

        

Pearson eText is reflowable and can be used on laptops, tablets and smartphones. Students can add their own highlights, notes and bookmarks. It is also fully accessible using screen-readers.


INSTRUCTOR RESOURCES


Each course is unique. Whether instructors want to create custom assignments, teach multiple sections or set prerequisites, MyLab Math provides the flexibility to effortlessly tailor a course that suits their requirements.


Getting Ready for Calculus and Getting Ready for Finite Mathematics are question libraries available within the Assignment Manager. These offer additional support for the topics students need to study for the course. These can be assigned as a prerequisite to other assignments, if desired.


Learning Catalytics™ enables instructors to hear from every student when it matters most. Instructors can pose a variety of questions (choosing from pre-loaded questions or questions of their own making) that help students recall ideas, apply concepts, and develop critical-thinking skills. Students can respond using their own smartphones, tablets or laptops.


PowerPoint Lecture Slides, which illustrate key points, objectives and figures, are available for each chapter. 


Instructor’s Solutions Manual contains detailed solutions to selected exercises. This file is available to instructors through Pearson Education’s online catalogue at https://www.pearson.com/en-gb.html as well as within the MyLab.


Accessibility is an aspect on which Pearson works continuously to ensure our products are as accessible as possible to all students. Currently, we are working toward achieving WCAG 2.0 AA for our existing products (2.1 AA for future products) and Section 508 standards, as expressed in the Pearson Guidelines for Accessible Educational Web Media (https://www.pearson.com/us/accessibility.html).







        

      

    

              
                
                  
                  
                  

                

              


          
            
      
        
          
Chapter 1


Arithmetic







Download Chapter 1 Codes (.zip)







This chapter reminds the reader of the arithmetic of whole numbers. Arithmetic is the study of numbers. A mastery of numbers and the ways in which we manipulate and operate on them is essential. This mastery forms the bedrock for further study in the field of algebra.


Block 1.1 introduces some essential terminology and explains rules that determine the order in which operations must be performed. Block 1.2 focuses on prime numbers. These are numbers that cannot be expressed as the product of two smaller numbers.


Computers are used extensively in all engineering disciplines to perform calculations. Some of the examples provided in this book make use of the software packages Maple and Matlab which are commonly available for use in academic and industrial settings.


Because Maple and Matlab, in common with many similar packages, are designed to compute not just with single numbers but with entire sequences of numbers at the same time, data are sometimes entered in the form of arrays, as we will demonstrate. Arrays are multidimensional objects. Two particular types of array are vectors and matrices, which are studied in detail in Chapters 13-15.








Chapter 1 contents



	Block 1.1 Operations on numbers


	Block 1.2 Prime numbers and prime factorisation


	Chapter 1 Review exercises










        

      

    

              
                
                  
                  
                  

                

              


          
            
      
        
          Block 1.1: Operations on numbers






        

      

    


      
        
          
1.1.1: Introduction


Whole numbers are the numbers …−3,−2,−1,0,1,2,3…. Whole numbers are also referred to as integers. The positive integers are 1,2,3,4,…. The negative integers are …,−4,−3,−2,−1. The … indicates that the sequence of numbers continues indefinitely. The number 0 is an integer but it is neither positive nor negative.


Given two or more whole numbers it is possible to perform an operation on them. The four arithmetic operations are addition (+), subtraction (−), multiplication (×) and division (÷).


Addition [image: open parentheses plus close parentheses]



We say that 4+5 is the sum of 4 and 5. Note that 4+5 is equal to 5+4 so that the order in which we write down the numbers does not matter when we are adding them. Because the order does not matter, addition is said to be commutative. When more than two numbers are added, as in 4+8+9, it makes no difference whether we add the 4 and 8 first to get 12+9, or whether we add the 8 and 9 first to get 4+17. Whichever way we work we shall obtain the same result, 21. This property of addition is called associativity.


Subtraction [image: open parentheses minus close parentheses]



We say that 8−3 is the difference of 8 and 3. Note that 8−3 is not the same as 3−8 and so the order in which we write down the numbers is important when we are subtracting them. Subtraction is not commutative. Adding a negative number is equivalent to subtracting a positive number; thus 5+(−2)=5−2=3. Subtracting a negative number is equivalent to adding a positive number: thus 7−(−3)=7+3=10.








Key point


Adding a negative number is equivalent to subtracting a positive number.


Subtracting a negative number is equivalent to adding a positive number.








Multiplication [image: ]



The instruction to multiply the numbers 6 and 7 is written 6×7. This is known as the product of 6 and 7. Sometimes the multiplication sign is missed out altogether and we write [image: ]. An alternative and acceptable notation is to use a dot to represent multiplication and so we could write 6⋅7, although if we do this care must be taken not to confuse this multiplication dot with a decimal point.


Note that [image: open parentheses 6 close parentheses open parentheses 7 close parentheses] is the same as [image: open parentheses 7 close parentheses open parentheses 6 close parentheses] so multiplication of numbers is commutative. If we are multiplying three numbers, as in 2×3×4, we obtain the same result if we multiply the 2 and the 3 first to get 6×4, as if we multiply the 3 and the 4 first to get 2×12. Either way the result is 24. This property of multiplication is known as associativity.


Recall that when multiplying positive and negative numbers the sign of the result is given by the following rules:








Key point


(positive)×(positive)=positive(positive)×(negative)=negative(negative)×(positive)=negative(negative)×(negative)=positive








For example, (−4)×5=−20 and (−3)×(−6)=18.


Division [image: open parentheses divided by close parentheses]



The quantity 8÷4 means 8 divided by 4. This is also written as 8/4 or 84 and is known as the quotient of 8 and 4. We refer to a number of the form p/q when p and q are whole numbers as a fraction. In the fraction 84 the top line is called the numerator and the bottom line is called the denominator. Note that 8/4 is not the same as 4/8 and so the order in which we write down the numbers is important. Division is not commutative. Division by 0 is never allowed: that is, the denominator of a fraction must never be 0. When dividing positive and negative numbers recall the following rules for determining the sign of the result:








Key point


 positive  positive = positive  positive  negative = negative  negative  positive = negative  negative  negative = positive 








Example 1.1





Evaluate



	
                  the sum of 9 and 4

              

	
                  the sum of 9 and -4

              

	
                  the difference of 6 and 3

              

	
                  the difference of 6 and -3

              

	
                  the product of 9 and 3

              

	
                  the product of -9 and 3

              

	
                  the product of -9 and -3

              

	
                  the quotient of 10 and 2

              

	
                  the quotient of 10 and -2

              

	
                  the quotient of -10 and -2

              




Solution



	
                  9+4=13 ﻿

              

	
                  9+(−4)=9−4=5 ﻿

              

	
                  6−3=3 ﻿

              

	
                  6−(−3)=6+3=9 ﻿

              

	
                  9×3=27 ﻿

              

	
                  (−9)×3=−27 ﻿

              

	
                  (−9)×(−3)=27 ﻿

              

	
                  102=5 ﻿

              

	
                  10−2=−5 ﻿

              

	
                  −10−2=5 ﻿

              











Example 1.2 Reliability Engineering – Time between breakdowns


Reliability engineering is concerned with managing the risks associated with breakdown of equipment and machinery, particularly when such a breakdown is life-critical or when it can have an adverse effect on business. In Chapter 24 we will discuss the Poisson probability distribution which is used to model the number of breakdowns occurring in a specific time interval. Of interest to the reliability engineer is both the average number of breakdowns in a particular time period and the average time between breakdowns. The breakdown rate is the number of breakdowns per unit time.


Suppose a reliability engineer monitors a piece of equipment for a 48-hour period and records the number of times that a safety switch trips. Suppose the engineer found that there were three trips in the 48-hour period.



	
                  Assuming that the machine can be restarted instantly, calculate the average time between trips. This is often referred to as the inter-breakdown or inter-arrival time.

              

	
                  Calculate the breakdown rate per hour.

              




Solution



	
                  With three trips in 48 hours, on average, there will be one trip every 16 hours. Assuming that the machine can be restarted instantly, the average time between trips is 16 hours. This is the inter-breakdown time.

              

	
                  In 16 hours there is one trip. This is equivalent to saying that the breakdown rate is 116 of a trip per hour.

              




More generally,


&nbsp;the breakdown rate&nbsp;=1&nbsp;the inter-breakdown time&nbsp;








Section 1.1.1: Exercises



	
S1.1Find the sum of -9 and 11.


	
S1.2Find the product of 13 and 9.


	
S1.3Find the difference of 11 and 4.


	
S1.4Find the quotient of 100 and 5.


	
S1.5Manufacturing Engineering – Production of components. A production line works 14 hours per day and produces 60 electrical components every hour. Find the number of components produced during a working week of 5 days.


	
S1.6Computer Networking – Routing of data. Computer network traffic can be routed along any of four routes. If a total of 1680Mbit/s are distributed equally along the four routes, calculate the data rate on each. If one of the routes is disabled, calculate the data rate on each of the three remaining routes.











Section 1.1.1: Solutions to exercises



	
S1.12 ﻿


	
S1.2117 ﻿


	
S1.37 ﻿


	
S1.420 ﻿


	
S1.54200 ﻿


	
S1.6420&nbsp;Mbit/s,560 Mbit/s ﻿










        

      

    

              
                
                  
                  
                  

                

              


          
            
      
        
          
1.1.2: Order of operations


The order in which the four operations are carried out is important but may not be obvious when looking at an expression. Consider the following case. Suppose we wish to evaluate 2×3+4. If we carry out the multiplication first the result is 2×3+4=6+4=10. However, if we carry out the addition first the result is 2×3+4=2×7=14. Clearly we need some rules that specify the order in which the various operations are performed. Fortunately there are rules, called precedence rules, that tell us the priority of the various operations - in other words, the order in which they are carried out.


Knowing the order in which operations will be carried out becomes particularly important when programming using software such as Maple, Matlab and Excel if you are to avoid unexpected and erroneous results.


To remind us of the order in which to carry out these operations we can make use of the BODMAS rule. BODMAS stands for:








Key point



          
          
              
                        [image: ] 
              

          

          

          
            
          

        







Here ‘of’ means the same as multiply, as in ‘a half of 6’ means ‘12×6’.


Later in Chapter 5 we meet a further operation called exponentiation. We shall see that exponentiation should be carried out once brackets have been dealt with.








Example 1.3


Evaluate



	
                  2×3+4 ﻿

              

	
                  6÷2−1 ﻿

              

	
                  2×(3+4) ﻿

              

	
                  6÷(2−1) ﻿

              




Solution



	
                  There are two operations in the expression: multiplication and addition. Multiplication has a higher priority than addition and so is carried out first.2×3+4=6+4=10

              



	
                  There are two operations: division and subtraction. Division is carried out first.

6÷2−1=3−1=2

              

	
                  The bracketed expression, (3+4), is evaluated first, even though the addition has a lower priority than multiplication.

2×(3+4)=2×7=14

              

	
                  The bracketed expression is evaluated first.

6÷(2−1)=6÷1=6

              











This example illustrates the crucial difference that brackets can make to the value of an expression.


When all the operations in an expression have the same priority, then we simply work from left to right.








Example 1.4


Evaluate



	
                  9+3−6+2−4 ﻿

              

	
                  12×2÷4×3 ﻿

              




Solution



	
                  Noting that the operations addition and subtraction have the same priority we work from left to right thus:

9+3−6+2−4=12−6+2−4=6+2−4=8−4=4

              

	
                  Since multiplication and division have equal priority we work from left to right.

12×2÷4×3=24÷4×3=6×3=18

              












          
          
              
                        [image: ] 
              

          

          

          
            
          

        


Example 1.5






Evaluate



	
                  27÷(7−4)+3×4 ﻿

              

	
                  [(6×2)÷(1+2)]÷[3+5−7+3] ﻿

              




Solution



	
                  Evaluation of the expression in brackets is performed first to give 

              


	[image: begin inline style box enclose end enclose end style]



27÷3+3×4 ﻿


	The resulting expression contains the operations of division, multiplication and addition. Division and multiplication have higher priority than addition and so are performed first, from left to right. This produces 


	[image: begin inline style box enclose end enclose end style]




9+12 ﻿

	Hence the result is 21.



	
                  Evaluating the innermost bracketed expressions gives:

              


[12÷3]÷[3+5−7+3] ﻿


	Evaluating each of the two remaining bracketed expressions results in 


	[image: begin inline style box enclose end enclose end style]




4÷4 ﻿

	and so the final result is 1.












Often a division line replaces bracketed quantities. For example, in the expression


7+93+1


there is an implied bracketing of the numerator and denominator, meaning


(7+9)(3+1)


The bracketed quantities would be evaluated first, resulting in 164, which simplifies to 4.








Section 1.1.2: Exercises



	
S1.7Evaluate the following arithmetic expressions using the rules for priority of operations:


	
	
a.12÷2×6 ﻿


	
b.12×6÷2 ﻿


	
c.12÷(2×6) ﻿


	
d.(12÷2)×6 ﻿


	
e.12+6÷2 ﻿


	
f.12÷6+2 ﻿





	
	
g.8 − 22 + 1﻿


	
h.−10 ÷ 2−6 + 1﻿





	
S1.8Insert an appropriate mathematical operation as indicated in order to make the given expression correct:


	
	
a.11−(5&nbsp;?&nbsp;3) × 2=7 ﻿


	
b.12×(15&nbsp;?&nbsp;5)+9=45 ﻿


	
c.5 + (14 ? 2)4=3 ﻿














Section 1.1.2: Solutions to exercises



	S1.7


	
	
a.36 ﻿


	
b.36 ﻿


	
c.1 ﻿


	
d.﻿36 ﻿


	
e.15 ﻿


	
f.4 ﻿





	
	
g.2 ﻿


	
h.1 ﻿





	﻿S1.8



	
	
a.-﻿ 


	
b.÷﻿ 


	
c.÷ ﻿













        

      

    

              
                
                  
                  
                  

                

              


          
            
      
        
          
1.1.3: The Division Algorithm


Suppose a and b represent positive integers, with a greater than b. We can divide a by b to give the quotient ab. Thus, for example, with a=12 and b=4, ab=124=3. Note that 4 divides exactly into 12, 3 times. Equivalently


12=4×3.


It is also possible that b does not divide exactly into a, but rather leaves a remainder. For example, with a=16 and b=5


ab=165=3 remainder 1.


Equivalently, we can write


16=5×3+1.


This observation leads to what is known as the division algorithm. In the context of the division algorithm the term ‘quotient’ has a slightly different, though related, meaning to that given previously as we explain.








Key Point


The division algorithm


For any positive integers a and b with a greater than b we can write


a=b×q+r


where q and r are integers. Here, a and b are referred to as the dividend and the divisor respectively. The integers q and r are referred to as the quotient and remainder. The remainder r will always be less than b, and may be zero.








Example 1.6


Let a=37 and b=11.



	Write down the quotient ab.


	Use the division algorithm to express a and b in the form a=b×q+r where q and r are integers.


	Identify the dividend and divisor.


	Use the result in part b) to identify the quotient and remainder.





Solution



	
ab=3711.


	
3711=3 remainder 4, that is 37=11×3+4.


	The dividend is 37 and the divisor is 11.


	The quotient is 3 and the remainder is 4.











Example 1.7


Let a=48 and b=12.



	Write down the quotient ab.


	Use the division algorithm to express a and b in the form a=b×q+r where q and r are integers.


	Identify the dividend and divisor.


	Use the result in part b) to identify the quotient and remainder.





Solution



	
ab=4812.


	
4812=4 remainder 0, that is 48=12×4+0.


	The dividend is 48 and the divisor is 12.


	The quotient is 4 and the remainder is 0.





Observe that when the remainder is zero, the divisor divides into the dividend exactly.







A useful exercise, which aids understanding and develops coding skills is to write a computer programme to carry out this task. What follows is a Python programme which implements the division algorithm to find the quotient and remainder, given two positive integers. It makes use of built-in commands, or functions, which are explained in the comments which follow the hash symbol #.







Python Code﻿



	# Division algorithm


	# To implement the division algorithm given


	# positive integers a and b with a>b


	#


	import math # enables use of common mathematical functions


	#


	a = int(input('Enter 1st (positive) number: 
'))


	b = int(input('Enter 2nd (positive) number: 
'))


	#


	quotient = math.floor(a / b)


	# Python function floor( ) rounds


	# down to the nearest integer


	remainder = a-b*quotient


	print(f'Quotient and remainder are {quotient,remainder}')





Sample output



	Enter 1st (positive) number:


	725


	Enter 2nd (positive) number:


	13


	Quotient and remainder are (55, 10)











Section 1.1.3: Computer exercise


	
C1.1Write a Python (or other) programme which receives as input two or more integers and performs the arithmetical operations (+, -, × and ÷) described in this Block. Experiment to investigate and understand the precedence rules being used.









        

      

    

              
                
                  
                  
                  

                

              


          
            
      
        
          
Block 1.1: Exercises



	
B1.1Find


	
	
a.the product of 11 and 4



	
b.the sum of -16 and 3



	
c.the difference of 12 and 9



	
d.the quotient of 12 and -2






	
B1.2Evaluate the following arithmetical expressions:


	
	
a.10−5+2 ﻿


	
b.10−(5+2) ﻿


	
c.10÷5+2 ﻿


	
d.10×5+2 ﻿


	
e.10×(5+2) ﻿





	
B1.3Evaluate the following expressions:


	
	
a.6−4×2+3 ﻿


	
b.6−4÷2+3 ﻿


	
c.(6−4)×2+3 ﻿


	
d.(6−4)×(2+3) ﻿


	
e.(6−4÷2)+3 ﻿





	
B1.4Evaluate


	9+3×310−3÷3











Block 1.1: Solutions to exercises



	B1.1


	
	
a.44 ﻿


	
b.-13 ﻿


	
c.3 ﻿


	
d.-6 ﻿





	B1.2


	
	
a.7 ﻿


	
b.3 ﻿


	
c.4 ﻿


	
d.52 ﻿


	
e.70 ﻿





	B1.3


	
	
a.1 ﻿


	
b.7 ﻿


	
c.7 ﻿


	
d.10 ﻿


	
e.7 ﻿





	
B1.42 ﻿










        

      

    

              
                
                  
                  
                  

                

              


          
            
      
        
          Block 1.2: Prime numbers and prime factorisation






        

      

    


      
        
          
1.2.1: Introduction


A prime number is a positive integer, larger than 1, which cannot be written as the product of two smaller integers. This means that the only numbers that divide exactly into a prime number are 1 and the prime number itself. Examples of prime numbers are 2, 3, 5, 7, 11, 13, 17 and 19. Clearly 2 is the only even prime. The numbers 4 and 6 are not primes as they can be written as products of smaller integers, namely


4=2×2,6=2×3


When a number has been written as a product we say that the number has been factorised. Each part of the product is termed a factor. When writing 6=2×3 then both 2 and 3 are factors of 6. Factorisation of a number is not unique. For example, we can write


12=2×6,12=3×4,12=2×2×3


All these are different, but nevertheless correct, factorisations of 12.


When a number is written as the product of prime numbers we say that the number has been prime factorised. Prime factorisation is unique other than reordering the factors.


Prime numbers have a long history, being extensively studied by the ancient Greek mathematicians including Pythagoras. There has been significant renewed interest in prime numbers once it was recognised that they have important applications in cryptography and particularly internet security. Whilst it is easy to multiply two very large prime numbers together it is very difficult then to factorise the result to obtain the original primes. Prime numbers form the basis of systems such as the RSA cryptosystem in which a message is encoded, but can only be decoded by someone who has knowledge of the original prime numbers.








Example 1.8


Prime factorise the following numbers: (a) 18, (b) 693.


Solution


The technique of prime factorisation entails repeatedly dividing the number and its factors by prime numbers until no further division is possible.



	
                  Starting with the first prime, 2, we note that 18 may be written as

18=2×9

We now consider the factor 9. Clearly 2 is not a factor of 9 so we try the next prime number, 3, which is a factor.

18=2×3×3

All the factors are primes: that is, 18 has been prime factorised.

              

	
                  We note that 2 is not a factor of 693 and so try the next prime, 3. We see that 3 is a prime factor and write

693=3×231

Looking at 231, we note that 3 is a factor and write

693=3×3×77

              




Looking at 77, we note that 3 is not a factor and so try the next prime, 5. Since 5 is not a factor we try the next prime, 7, which is a factor. We write


693=3×3×7×11


All the factors are now prime and so no further factorisation is possible.








Since ancient times methods have been developed to find prime numbers. The interested reader is referred, for example, to the sieve of Eratosthenes, which is an efficient method for finding relatively small prime numbers.


The computing packages Maple and Matlab have several built-in commands for performing prime number calculations. For full details you should refer to the on-line help.








Example 1.9



	
                  Use software to determine whether the integers 1017, 5607 and 787777 are prime.

              

	
                  Use software to prime-factorise the integers in part (a) that are not prime.

              




Solution


	
                  The Maple command isprime(n) is used to test whether an integer, n, is prime. It returns true if the integer is prime, and false otherwise. Matlab can test whether each element in an array, A, is prime or not. It does this in a single command isprime(A). This returns a corresponding array containing ones or zeros with 1 corresponding to true (i.e. prime) and 0 corresponding to false (i.e. not prime).

              









Maple


> isprime(1017), isprime(5607), isprime(787777);


and Maple outputs


		false, false, true







indicating that only 787777 is a prime number.








Matlab


>> A=[1017 5607 787777]


>> isprime(A)


and Matlab outputs


A =


	1017      5607      787777




ans =


	0      0      1




again indicating that 787777 is a prime number.







	
                  The Maple command ifactor(n) produces a prime factorisation of an integer n. The Matlab command factor(n) lists all the factors of n including repeated factors from which the prime factorisation can be deduced.

              








Maple


> ifactor(1017), ifactor(5607)


and Maple outputs


113∗32;7∗32∗89


which means 1017=3×3×113, and 5607=3×3×7×89.








Matlab


>> factor(1017)


ans =


	3    3    113




from which we can deduce 1017=3×3×113.


>> factor(5607)


ans =


	 3 3 7 89




from which we can deduce 5607=3×3×7×89.








Section 1.2.1: Exercises



	﻿S1.9Explain why 2 is the only even prime number.


	
S1.10State all prime numbers between 50 and 100.


	
S1.11Prime factorise the following numbers:


	
	
a.30 ﻿


	
b.96 ﻿


	
c.500 ﻿


	
d.589 ﻿


	
e.3239 ﻿














Section 1.2.1: Solutions to exercises



	
S1.1053,59,61,67,71,73,79,83,89,97 ﻿


	S1.11


	
	
a.﻿2×3×5 ﻿


	
b.﻿2×2×2×2×2×3 ﻿


	
c.﻿2×2×5×5×5 ﻿


	
d.﻿19×31 ﻿


	
e.﻿41×79 ﻿













        

      

    

              
                
                  
                  
                  

                

              


          
            
      
        
          
1.2.2: Highest common factor


Suppose we prime factorise the numbers 12 and 90. This produces


12=2×2×3,90=2×3×3×5


Some factors are common to both numbers. For example, 2 is such a common factor, as is 3. There are no other common prime factors. Combining these common factors we see that (2×3) is common to both. Thus 6 (i.e. 2×3) is the highest number that is a factor of both 12 and 90. We call 6 the highest common factor (h.c.f.) of 12 and 90.








Key point


Given two or more numbers, the highest common factor (h.c.f.) is the largest (highest) number that is a factor of all the given numbers.







To put this another way, the h.c.f. is the highest number that divides exactly into each of the given numbers.







Example 1.10


Find the h.c.f. of 16 and 30.


Solution


We prime factorise each number:


16=2×2×2×2,30=2×3×5


There is only one prime factor common to both: 2. Hence 2 is the h.c.f. of 16 and 30.








Example 1.11


Find the h.c.f. of 30 and 50.


Solution


Prime factorisation yields


30=2×3×5,50=2×5×5


The common prime factors are 2 and 5 and so the h.c.f is 2×5=10.










          
          
              
                        [image: ] 
              

          

          

          
            
          

        


Example 1.12






Find the h.c.f. of 36, 54 and 126.


Solution


Prime factorisation yields


[image: 36 equals box enclose end enclose]


2×2×3×3 ﻿


[image: 54 equals box enclose end enclose]


2×3×3×3﻿ ﻿


[image: 126 equals box enclose end enclose]


2×3×3×7 ﻿


The common factors are [image: box enclose end enclose]


2,3,3 ﻿


Hence the h.c.f. is 2×3×3=18.


Note that the factor of 3 is included twice because 3×3 is common to all factorisations.









Section 1.2.2: Exercises



	
S1.12Calculate the h.c.f. of the following numbers:


	
a.﻿6,10 ﻿


	
b.﻿28,42 ﻿


	
c.﻿36,60,90 ﻿


	
d.﻿7,19,31 ﻿











Section 1.2.2: Solutions to exercises



	S1.12


	
	
a.﻿2 ﻿


	
b.﻿14 ﻿


	
c.﻿6 ﻿


	
d.﻿1﻿ 













        

      

    

              
                
                  
                  
                  

                

              


          
            
      
        
          
1.2.3: The Euclidean algorithm for finding the highest common factor


The Euclidean algorithm is a technique for finding the h.c.f. of two integers and makes use of the division algorithm stated in Block 1.1. It is attributed to the ancient Greek mathematician Euclid (c300BC).


To find the h.c.f. of two positive integers a and b, with a greater than b, we apply the division algorithm (as given in Block 1.1) with dividend a and divisor b to determine the quotient q and remainder r. If the remainder r is zero then b is the required h.c.f. If the remainder r is not zero, we repeat the process, applying the division algorithm with new dividend b and new divisor r. If the new remainder is not zero, the process continues. Eventually r will become 0 and the penultimate remainder is the required h.c.f. Consider the following examples.








Example 1.13


Use the Euclidean algorithm to find the h.c.f. of 147 and 105.


Solution


Applying the division algorithm to 147 and 105:


147=105×1+42.


The remainder is not zero, so we repeat the process with new dividend 105 and new divisor 42:


105=42×2+21.


Once again, the remainder is not zero, so we repeat the process with new dividend 42 and new divisor 21:


42=21×2+0,&nbsp;the&nbsp;remainder&nbsp;is&nbsp;now&nbsp;zero.


The penultimate remainder is 21, and this is the required h.c.f.








Example 1.14


Use the Euclidean algorithm to find the h.c.f. of 113 and 61.


Solution


Applying the division algorithm repeatedly until the remainder is zero:


113=61×1+5261=52×&nbsp;1+952=9×5+79=7×1+27=2×3+12=1×2+0,the&nbsp;remainder&nbsp;is&nbsp;now&nbsp;zero.


The penultimate remainder is 1, and this is the required h.c.f.








Section 1.2.3: Exercise


	
S1.13Given a=133 and b=57 find their h.c.f using the Euclidean algorithm.










Section 1.2.3: Solution to Exercises


	
S1.13h.c.f. =19.









A useful exercise, which aids understanding and develops coding skills is to write a computer programme to carry out this task. What follows is a Python programme which implements the Euclidean algorithm to find the highest common factor, given two positive integers. It makes use of built-in commands, or functions, which are explained in the comments which follow the hash symbol #.







Python Code﻿



	# The Euclidean algorithm to find the h.c.f


	# of positive integers a and b with a>b


	#


	import math # enables use of common mathematical functions


	#


	a = int(input('Enter first (positive) integer, a: '))


	b = int(input('Enter second (positive) integer, b, with b<a: '))


	#


	q = math.floor(a/b)


	# Python function floor( ) rounds


	# down to the nearest integer


	r = a-b*q


	#


	while r != 0: # meaning repeat while remainder is not zero


		a = b




		b = r




		r = a-b*math.floor(a/b)




	else:


		print('h.c.f. is',b)







Sample output



	Enter first (positive) integer, a:


	728


	Enter second (positive) integer, b, with b<a:


	427


	h.c.f. is 7











Section 1.2.3: Computer and calculator exercises


	
C1.2Write a Python (or other) programme which receives three positive integers as input and calculates their h.c.f. Note that this can be achieved by adapting the above programme. To find the h.c.f. of a, b and c, first find the h.c.f of a and b, h say, and then find the h.c.f. of h and c. The result is the h.c.f. of all three numbers.









        

      

    

              
                
                  
                  
                  

                

              


          
            
      
        
          
1.2.4: Lowest common multiple


Suppose we are given two or more numbers and wish to find numbers into which all the given numbers will divide. For example, given 4 and 6 we see that both divide exactly into 12,24,36,48, and so on. The smallest number into which they both divide is 12. We say that 12 is the lowest common multiple of 4 and 6.








Key point


The lowest common multiple (l.c.m.) of a set of numbers is the smallest (lowest) number into which all of the given numbers will divide exactly.








Example 1.15


Find the l.c.m. of 6 and 8.


Solution


There are many numbers into which both 6 and 8 divide exactly: for example, 48,96 and 120. We seek the smallest number with this property. By inspection and trial and error we see that the smallest number is 24. Hence the l.c.m. of 6 and 8 is 24.








For larger numbers it is not appropriate to use inspection as a means of finding the l.c.m.; a more systematic method is needed, and this is now explained.


The numbers are prime factorised. The l.c.m. is formed by examining the prime factorisations. All the different primes that occur in the prime factorisations are noted. The highest occurrence of each prime is also noted. The l.c.m. is then formed using the highest occurrence of each prime. Consider the following example.








Example 1.16


Find the l.c.m. of 90,120 and 242.


Solution


Each number is prime factorised to yield


90=2×3×3×5120=2×2×2×3×5242=2×11×11


The different primes are noted: these are 2,3,5 and 11. The highest occurrence of each prime is noted:



          
          
          
          
            
              
              

	Prime

	2

	3

	5

	11




	Highest occurrence

	3

	2

	1

	2




            

          

          
        

The highest occurrence of 2 is 3 since 2 occurs three times in the prime factorisation of 120. The highest occurrence of 3 is 2 since 3 occurs twice in the prime factorisation of 90.


The l.c.m. is then 2×2×2×3×3×5×11×11, which is 43560. Hence 43560 is the smallest number into which 90,120 and 242 will all divide exactly.










          
          
              
                        [image: ] 
              

          

          

          
            
          

        


Example 1.17






Find the l.c.m. of 25,35 and 45.


Solution


Prime factorisation of each number yields


[image: 25 equals begin inline style box enclose end enclose end style]


5×5 ﻿


[image: 35 equals begin inline style box enclose end enclose end style]


5×7 ﻿


[image: 45 equals begin inline style box enclose end enclose end style]


3×3×5 ﻿


Hence the primes are 3,5 and 7.


The highest occurrence of 3 is ﻿[image: begin inline style box enclose end enclose end style]


2 ﻿


The highest occurrence of 5 is [image: begin inline style box enclose end enclose end style]


2 ﻿


The highest occurrence of 7 is [image: begin inline style box enclose end enclose end style]


1﻿


Hence in its prime factorised form the l.c.m. is [image: begin inline style box enclose end enclose end style]


3×3×5×5×7﻿


The l.c.m. is 1575.









Example 1.18


Find the l.c.m. of 4,8 and 24.


Solution


Each number is prime factorised: 4=2×2,8=2×2×2 and 24=2×2 × 2×3. The l.c.m. is formed using the highest occurrence of each prime and is then 2×2×2×3=24. Note from this example that the l.c.m. of a set of numbers can be one of the numbers in the set.








Section 1.2.4: Exercises



	
S1.14Find the l.c.m. of



	
	
a.﻿6,16 ﻿


	
b.﻿6,16,20 ﻿


	
c.﻿20,30,75 ﻿


	
d.﻿22,32,45,72 ﻿


	
e.﻿11,17,21,100 ﻿














Section 1.2.4: Solutions to exercises



	S1.14


	
	
a.﻿48 ﻿


	
b.﻿240 ﻿


	
c.﻿300﻿ 


	
d.﻿15840 ﻿


	
e.﻿392700 ﻿













        

      

    

              
                
                  
                  
                  

                

              


          
            
      
        
          
Block 1.2: End of block exercises



	
B1.5Find the h.c.f. of the following sets of numbers:


	
	
a.﻿20,30,40,50 ﻿


	
b.﻿60,108,180 ﻿


	
c.﻿18,126,198,324 ﻿


	
d.﻿105,147,210,273 ﻿





	
B1.6Find the l.c.m. of the following:


	
	
a.﻿5,8,12 ﻿


	
b.﻿6,8,9,10 ﻿


	
c.﻿15,18,20,25 ﻿


	
d.﻿20,22,30,35 ﻿





	
B1.7Prime factorise the following numbers:


	
	
a.﻿315 ﻿


	
b.﻿2695 ﻿


	
c.﻿988 ﻿


	
d.﻿16905 ﻿














Block 1.2: Solutions to exercises



	B1.5


		
a.﻿10 ﻿




	
	
b.﻿12 ﻿


	
c.﻿18 ﻿


	
d.﻿21 ﻿





	B1.6


	
	
a.﻿120 ﻿


	
b.﻿360 ﻿


	
c.﻿900 ﻿


	
d.﻿4620 ﻿





	B1.7


	
	
a.﻿3×3×5×7 ﻿


	
b.﻿5×7×7×11 ﻿


	
c.﻿2×2×13×19 ﻿


	
d.﻿3×5×7×7×23 ﻿













        

      

    

              
                
                  
                  
                  

                

              


          
            
      
        
          
Chapter 1: Review exercises






	
R1.1Evaluate


	
	
a.12−(3÷3) ﻿


	
b.(12−3)÷3 ﻿


	
c.12−3÷3 ﻿


	
d.2×(6÷3) ﻿


	
e.(2×6)÷3 ﻿


	
f.2×6÷3 ﻿





	
R1.2Prime factorise the following numbers:


	
	
a.15 ﻿


	
b.16 ﻿


	
c.50 ﻿


	
d.91 ﻿


	
e.119 ﻿


	
f.323 ﻿


	
g.682 ﻿





	
R1.3Calculate the h.c.f. of the following sets of numbers:


	
	
a.6,21 ﻿


	
b.16,24,72 ﻿


	
c.30,45,60 ﻿


	
d.18,30,42,100 ﻿





	
R1.4Find the l.c.m. of the following:


	
	
a.4,10 ﻿


	
b.16,30,40 ﻿


	
c.15,16,25,32 ﻿








Review exercise: Solutions to exercises



	R1.1


	
	
a.11 ﻿


	
b.3 ﻿


	
c.11 ﻿


	
d.4 ﻿


	
e.4 ﻿


	
f.4 ﻿





	R1.2


	
	
a.3×5 ﻿


	
b.2×2×2×2 ﻿


	
c.2×5×5 ﻿


	
d.7×13 ﻿


	
e.7×17 ﻿


	
f.17×19 ﻿


	
g.2×11×31 ﻿





	R1.3


	
	
a.3 ﻿


	
b.8 ﻿


	
c.15 ﻿


	
d.2 ﻿





	R1.4


	
	
a.20 ﻿


	
b.240 ﻿


	
c.2400 ﻿














        

      

    

              
                
                  
                  
                  

                

              


          
            
      
        
          
Chapter 2


Fractions








The methods used to simplify, add, subtract, multiply and divide numerical fractions are exactly the same as those used for algebraic fractions. So it is important to understand and master those methods with numerical fractions before moving on to apply them to algebraic fractions.


Block 2.1 introduces basic terminology and the idea of equivalent fractions. Fractions that are equivalent have the same value. Using prime factorisation a fraction may be expressed in its simplest form.


Block 2.2 illustrates how to add and subtract fractions. Key to these operations is the writing of all fractions with a common denominator. Mixed fractions – those fractions that have a whole number part as well as a fractional part – are introduced. Finally multiplication and division of fractions are explained and illustrated.








Chapter 2 contents



	Block 2.1 Introducing fractions


	Block 2.2 Operations on fractions


	Chapter 2 Review exercises










        

      

    

              
                
                  
                  
                  

                

              


          
            
      
        
          Block 2.1: Introducing fractions






        

      

    


      
        
          
2.1.1: Introduction


In this block we introduce some terminology. Fractions can be classed as either proper or improper and this classification is explained. We introduce the idea of equivalent fractions. Using the prime factorisation technique of Chapter 1 we explain how to write a fraction in its simplest form.


A fraction is a number of the form pq, where p and q are whole numbers. So, for example, 23,59,113 and 1004 are all fractions.


The number p (the ‘top’ of the fraction) is called the numerator. The number q (the ‘bottom’ of the fraction) is called the denominator.








Key point


&nbsp;Fraction&nbsp;=pq=&nbsp;numerator&nbsp;&nbsp;denominator&nbsp;








Note that the denominator is never zero because division by 0 is not permissible.


Fractions can be classified as either proper fractions or improper fractions. When determining whether a fraction is proper or improper we ignore any negative signs in the numerator and denominator.


If the numerator, p, is less than the denominator, q, then the fraction is proper. If p is equal to or greater than q then the fraction is improper. Examples of proper fractions are 12,99100 and 25. Examples of improper fractions are 32,55 and 10099.








Section 2.1.1: Exercises



	
S2.1Classify each fraction as either proper or improper:


		
a.﻿79 ﻿




		
b.﻿52 ﻿




		
c.﻿55 ﻿




		
d.﻿−57 ﻿




		
e.﻿6−11 ﻿




		
f.﻿−32 ﻿













Section 2.1.1: Solutions to exercises



	S2.1


		
a.proper




		
b.improper




		
c.improper




		
d.proper




		
e.proper




		
f.improper












        

      

    

              
                
                  
                  
                  

                

              


          
            
      
        
          
2.1.2: Simplest form of a fraction




Every fraction can be expressed in different forms. For example, you may know that 12,24 and 36 all have the same value. These are examples of equivalent fractions. Equivalent fractions have the same value.




We note that multiplying or dividing both numerator and denominator of a fraction by the same number produces an equivalent fraction: that is, a fraction with the same value as the original fraction. Consider the following example.




Starting with the fraction 1624 we





	multiply both numerator and denominator by 2 to obtain 3248



	﻿﻿multiply both numerator and denominator by 10 ﻿to obtain ﻿160240



	divide both numerator and denominator by 4 to obtain ﻿46



	divide both numerator and denominator by 8 ﻿to obtain 23.







Hence 1624,3248,160240,46 and 23 are all equivalent fractions. They all have exactly the same value.




A fraction in its simplest form is one that has no factors common to both numerator and denominator. This means that it is not possible to divide both numerator and denominator exactly. For example, 1749 is in its simplest form; there is no number which can divide exactly into both 17 and 49. However, 1848 is not in its simplest form: 6 is a factor of both numerator and denominator. It is thus possible to divide both numerator and denominator by 6 to obtain 38. This is an equivalent fraction and is in its simplest form.








Example 2.1


Express 36120 in its simplest form.


Solution


We seek factors that are common to both numerator and denominator. By using prime factorisation we can find the h.c.f. of 36 and 120 to be 12. Dividing numerator and denominator by this h.c.f. yields 310. Hence in its simplest form 36120 is 310.


An alternative way to find the simplest form is to prime factorise numerator and denominator: thus


36120=2×2×3×32×2×2×3×5


We note all of the factors common to both numerator and denominator: these are 2×2×3. These factors are cancelled.


[image: fraction numerator 2 cross times 2 cross times 3 cross times 3 over denominator 2 cross times 2 cross times 2 cross times 3 cross times 5 end fraction equals fraction numerator up diagonal strike 2 cross times up diagonal strike 2 cross times up diagonal strike 3 cross times 3 over denominator up diagonal strike 2 cross times up diagonal strike 2 cross times 2 cross times up diagonal strike 3 cross times 5 end fraction equals fraction numerator 3 over denominator 2 cross times 5 end fraction equals 3 over 10]


Cancelling all the common factors is equivalent to dividing numerator and denominator by the h.c.f., 12, so these two approaches, while appearing different, are in fact the same.










          
          
              
                        [image: ] 
              

          

          

          
            
          

        


Example 2.2






Express 90210 in its simplest form.


Solution


Prime factorising numerator and denominator yields


[image: 90 over 210 equals begin inline style box enclose end enclose end style]


2 × 3 × 3 × 52 × 3 × 5 × 7 ﻿



The factors common to both numerator and denominator are 

[image: begin inline style box enclose end enclose end style]



2, 3, 5 ﻿



Cancelling the common factors yields 

[image: begin inline style box enclose end enclose end style]



37 ﻿


Hence 90210 in its simplest form is 37.








Sometimes we need to write a fraction in an equivalent form with a specified denominator. The following example illustrates the technique.







Example 2.3


Express 34 as an equivalent fraction with a denominator of 24.


Solution


The original denominator is 4; the desired denominator is 24. Thus the original denominator must be multiplied by 6. To produce an equivalent fraction, then, both numerator and denominator must be multiplied by 6. Thus


34=3×64×6=1824


Recall that multiplying both numerator and denominator by the same number does not change the value of the fraction.








Example 2.4 Mechanical Engineering – Force on a bar


The force on a metal bar is increased by 1525N. Express the increase in force as a fraction in its simplest form.


Solution


By prime factorising both numerator and denominator and then cancelling common factors we find


1525=3×55×5=35


In its simplest form, the increase in force is 35N.








Example 2.5 Thermodynamics – Temperature of a cooling liquid


Experiments are conducted to measure the rate at which the temperature of a liquid cools. The reduction in temperature over a measured time is noted. In the first 20 minutes the temperature drops by 6 °C. The average rate of fall of temperature is therefore 620°C per minute.


Express this rate of decrease in temperature as a fraction in its simplest form.


Solution


620=2×32×2×5=310


The rate of decrease in temperature is 310°C per minute.








Example 2.6 Reliability Engineering – Quality control


A quality control officer tests 300 items taken from a production line and finds that 15 of the items are faulty.



	
                  Express the number of faulty items as a fraction of those tested.

              

	
                  Express this fraction in its simplest form.

              




Solution



	
                  There are 15 faulty items from a total of 300. So the fraction of items that are faulty is 15300.

              

	
                  [image: StartFraction 15 Over 300 EndFraction equals StartFraction CrossOut 3 EndCrossOut times CrossOut 5 EndCrossOut Over 2 times 2 times CrossOut 3 EndCrossOut times CrossOut 5 EndCrossOut times 5 EndFraction equals one twentieth]

              










Section 2.1.2: Exercises



	
                  S2.2Express each fraction in its simplest form:

              

	
	
a.912 ﻿


	
b.1620 ﻿


	
c.2016 ﻿


	
d.7296 ﻿


	
e.−3042 ﻿


	
f.−20−45 ﻿





	S2.3


	
	
a.Express 35 as an equivalent fraction with a denominator of 40.


	
b.Express 930 as an equivalent fraction with a denominator of 10.


	
c.Express 6 as an equivalent fraction with a denominator of 4.





	
S2.4Express each fraction as an equivalent fraction with a denominator of 32:


	
	
a.116 ﻿


	
b.38 ﻿


	
c.14 ﻿





	
S2.5Consider the fractions 23,56 and 78.


	
	
a.Calculate the l.c.m. of their denominators.


	
b.Express each fraction as an equivalent fraction with the l.c.m. found in (a) as the denominator.





	
S2.6Reliability Engineering – Quality control.



	
	
a.Quality control checks find six faulty items from 200 that were tested. Express the number of faulty items as a fraction, in its simplest form, of the total number tested.


	
b.Improvements to the production process mean that the number of faulty items is halved. Express the number of faulty items now as a fraction of the total number tested.





	
S2.7Thermodynamics – Temperature of a metal bar. A metal bar is heated and its temperature is measured every 5 minutes. The table records the temperature readings.






          
          
          
          
            
              
              

	Time (min)

	0

	5

	10

	15

	20




	Temp (°C) 

	21

	27

	31

	33

	35




            

          

          
        

	Calculate the rate of increase of temperature in units of °C per minute




	
	
a.in the first 5 minutes


	
b.in the first 10 minutes


	
c.in the first 15 minutes


	
d.in the first 20 minutes


	
e.in the last 5 minutes


	
f.in the last 10 minutes







	In each case express your answer as a fraction in its simplest form.










Section 2.1.2: Solutions to exercises



	S2.2


	
	
a.34 ﻿


	
b.45 ﻿


	
c.54 ﻿


	
d.34 ﻿


	
e.−57 ﻿


	
f.49 ﻿





	S2.3


	
	
a.2440 ﻿


	
b.310 ﻿


	
c.244 ﻿





	S2.4


	
	
a.232 ﻿


	
b.1232 ﻿


	
c.832 ﻿





	S2.5


	
	
a.24 ﻿


	
b.1624,2024,2124 ﻿





	S2.6


	
	
a.3100 ﻿


	
b.3200 ﻿





	S2.7


	
	
a.65 ﻿


	
b.1 ﻿


	
c.45 ﻿


	
d.710 ﻿


	
e.25 ﻿


	
f.25 ﻿













        

      

    

              
                
                  
                  
                  

                

              


          
            
      
        
          
Block 2.1: Exercises



	
B2.1Classify each of the following fractions as proper or improper:


		
a.﻿67 ﻿




	
	
b.﻿76 ﻿


	
c.﻿66 ﻿


	
d.﻿2122 ﻿


	
e.﻿31 ﻿





	
B2.2Express the fraction 27 in three different equivalent forms.


	
B2.3Express each fraction in its simplest form:


	
	
a.﻿20100 ﻿


	
b.﻿1660 ﻿


	
c.﻿945 ﻿


	
d.﻿2224 ﻿


	
e.﻿5616 ﻿














Block 2.1: Solutions to exercises



	B2.1


	
	
a.proper


	
b.improper


	
c.improper


	
d.proper


	
e.improper





	
B2.2Several possible solutions, for example 414,828,2070



	B2.3


	
	
a.15 ﻿


	
b.415 ﻿


	
c.15 ﻿


	
d.1112 ﻿


	
e.72 ﻿













        

      

    

              
                
                  
                  
                  

                

              


          
            
      
        
          Block 2.2: Operations on fractions






        

      

    


      
        
          
2.2.1: Introduction




This block explains and illustrates how to perform the four arithmetic operations on fractions. Writing fractions in equivalent forms so that they all have the same denominator is a crucial first step when adding and subtracting fractions. Mixed fractions comprise a whole number component as well as a fractional component. They can be written as improper fractions and vice versa. The block concludes with multiplication and division of fractions.







        

      

    

              
                
                  
                  
                  

                

              


          
            
      
        
          
2.2.2: Addition and subtraction of fractions




To add and subtract fractions we must rewrite each fraction so that they have the same denominator. This denominator is called the common denominator as it is common to each fraction.




The common denominator is the l.c.m. of the original denominators. Once each fraction has been written in equivalent form with the common denominator, the numerators are then added or subtracted as required. In summary:





	Calculate the l.c.m. of the original denominators to find the common denominator.


	Express each fraction in equivalent form with the common denominator.


	Add/subtract numerators and divide the result by the l.c.m.











Example 2.7


Find 38+56.


Solution


The original denominators are 6 and 8. Their l.c.m. is 24. Each fraction is written in equivalent form with 24 as the denominator:


38&nbsp;is equivalent to&nbsp;924;56&nbsp;is equivalent to&nbsp;2024


So


38+56=924+2024=9+2024=2924










          
          
              
                        [image: ] 
              

          

          

          
            
          

        


Example 2.8






Find 13−14+16.


Solution


The original denominators are 3,4 and 6.


Their l.c.m. is [image: begin inline style box enclose end enclose end style]


12 ﻿


Each fraction is written in equivalent form with the l.c.m. as denominator:


13 is equivalent to ﻿[image: begin inline style box enclose end enclose end style]


412 ﻿


14 is equivalent to ﻿[image: begin inline style box enclose end enclose end style]


312 ﻿


16 is equivalent to [image: begin inline style box enclose end enclose end style]


212 ﻿


So


[image: table attributes columnalign right left end attributes row cell 1 third minus 1 fourth plus 1 over 6 end cell cell equals 4 over 12 minus 3 over 12 plus 2 over 12 end cell row blank cell equals begin inline style box enclose end enclose end style end cell end table]


312 ﻿


		
=14﻿













Section 2.2.2: Exercises



	
S2.8Find



	
	
a.﻿23+16 ﻿


	
b.﻿910−35 ﻿


	
c.﻿12−25 ﻿


	
d.﻿56−112+13 ﻿


	
e.﻿79−23+56 ﻿


	
f.﻿2−34 ﻿


	
g.﻿14−910 ﻿


	
h.﻿38+25+310 ﻿


	
i.﻿76−23+59 ﻿


	
j.﻿112+16−13−14 ﻿














Section 2.2.2: Solutions to exercises



	S2.8


	
	
a.﻿56 ﻿


	
b.﻿310 ﻿


	
c.﻿110﻿ 


	
d.﻿1312﻿ 


	
e.﻿1718﻿ 


	
f.﻿54﻿ 


	
g.−1320 ﻿


	
h.4340﻿ 


	
i.1918﻿ 


	
j.−13 ﻿













        

      

    

              
                
                  
                  
                  

                

              


          
            
      
        
          
2.2.3: Mixed fractions




We have already met proper and improper fractions. We now examine mixed fractions.




The number 423 is an example of a mixed fraction. We note that there is a whole number part, 4, and a proper fraction part, 23. The mixed fraction may be written in an equivalent form as an improper fraction:




423=4+23=123+23=143




Hence 423 is equivalent to 143.










          
          
              
                        [image: ] 
              

          

          

          
            
          

        


Example 2.9







	
                  Express 234 as an improper fraction.

              

	
                  Find 234+116.

              




Solution


	
a.﻿[image: table attributes columnalign right left end attributes row cell 2 3 over 4 end cell cell equals 2 plus 3 over 4 end cell row blank cell equals begin inline style box enclose end enclose end style end cell end table]






84+34 ﻿


	[image: table attributes columnalign right left end attributes row cell 8 over 4 plus 3 over 4 end cell equals end table begin inline style box enclose end enclose end style]




114 ﻿


	
b.﻿[image: table attributes columnalign right left end attributes row cell 2 3 over 4 plus 1 1 over 6 end cell cell equals 11 over 4 plus begin inline style box enclose end enclose end style end cell end table]





76 ﻿


	﻿[image: table attributes columnalign right left end attributes row cell 11 over 4 plus 7 over 6 end cell equals end table begin inline style box enclose end enclose end style]





3312+1412 ﻿


	﻿234+116=4712












Example 2.10


Express 4712 as a mixed fraction.


Solution


Dividing 47 by 12 results in 3, with a remainder of 11. So


4712=3+1112=31112








Section 2.2.3: Exercises



	
S2.9Express the following mixed fractions as improper fractions:


	
	
a.﻿112 ﻿


	
b.﻿213 ﻿


	
c.﻿314 ﻿


	
d.﻿325 ﻿


	
e.﻿−1025 ﻿





	
S2.10Express the following improper fractions as mixed fractions:


	
	
a.﻿54 ﻿


	
b.﻿65 ﻿


	
c.﻿125 ﻿


	
d.﻿473 ﻿


	
e.﻿−627 ﻿





	
S2.11Calculate the following, expressing your answer as an improper fraction:


	
	
a.﻿125+234 ﻿


	
b.﻿413+637 ﻿


	
c.﻿245−123 ﻿


	
d.﻿612−334+215 ﻿


	
e.﻿313−449 ﻿





	
S2.12Express the solutions to question S2.11 as mixed fractions.











Section 2.2.3: Solutions to exercises




	S2.9


	
	
a.﻿32 ﻿


	
b.﻿73 ﻿


	
c.﻿134 ﻿


	
d.﻿175 ﻿


	
e.﻿−525 ﻿





	S2.10





	
	
a.﻿114 ﻿


	
b.﻿115 ﻿


	
c.﻿225 ﻿


	
d.﻿1523 ﻿


	
e.﻿−867 ﻿





	S2.11





	
	
a.﻿8320 ﻿


	
b.﻿22621 ﻿


	
c.﻿1715 ﻿


	
d.﻿9920 ﻿


	
e.﻿−109 ﻿





	S2.12




	
	
a.﻿4320 ﻿


	
b.﻿101621 ﻿


	
c.﻿1215 ﻿


	
d.﻿41920 ﻿


	
e.﻿−119 ﻿













        

      

    

              
                
                  
                  
                  

                

              


          
            
      
        
          
2.2.4: Multiplication of fractions




To multiply two fractions we multiply their denominators to form the denominator of the answer, and multiply their numerators to form the numerator of the answer.








Example 2.11


Find 23×47.


Solution


23×47=2×43×7=821







Note that the new numerator of 8 is formed by multiplying the two original numerators. Similarly the new denominator is the product of the two original denominators. Sometimes it is possible to simplify the result.







Example 2.12


Calculate 38×1427.


Solution


38×1427=3×148×27=42216


Writing 42216 in its simplest form is 736.








The cancelling of common factors can take place at an earlier stage in the calculation.


For example, we could have written


3 × 148 × 27=148 × 9by cancelling a factor of 3=74 × 9by cancelling a factor of 2=736








Example 2.13


Calculate 912×15×2036.


Solution


The fraction 912 can be simplified to 34. Similarly 2036 can be simplified to 59. Hence


912×15×2036=34×15×59=34×11×19cancelling a factor of 5=14×11×13cancelling a factor of 3=112










          
          
              
                        [image: ] 
              

          

          

          
            
          

        


Example 2.14






Calculate (a) 38×910, (b) 38×1081.


Solution


	
                  [image: 3 over 8 cross times 9 over 10 equals begin inline style box enclose end enclose end style]﻿

              



2780 ﻿


	
                  [image: 3 over 8 cross times 10 over 81 equals begin inline style box enclose end enclose end style]

              



5108 ﻿









We are sometimes asked to calculate quantities such as ‘13 of 96’ or ‘25 of 60’. Note the use of the word ‘of’ in these expressions. When we are given such an expression we treat the ‘of’ as we would a multiplication sign. So when calculating, for example, 13 of 96 we calculate


13×96


which results in 32.








Example 2.15


Calculate 25 of 60.﻿


Solution


25×60=2×12&nbsp;(cancelling a factor of&nbsp;5)=24


So 25 of 60 is 24.








Example 2.16



	
                  Find 325 of 100.

              

	
                  Given 1 m is 100 cm, express 325m in cm.

              




Solution



	325×100=12( cancelling a factor of 25)



	
325 of 1 m is the same as 325 of 100 cm which, using the result from (a), is 12 cm.











Example 2.17 Mechanical Engineering – Extension of a metal wire


A metal wire stretches by 3100 of its original length when heavy weights are applied. If the original length of the wire is 4&nbsp;m calculate (a) the length by which the wire stretches, (b) the resulting length of the stretched wire.


Solution



	
                  The wire stretches by 3100 of 4 m.

3100×4=325(cancelling a factor of 4)

The wire stretches by 325m.

              

	
                  The resulting length of the wire is

4+325=4325

Using Example 2.16 this may be expressed as 4 m 12 cm.

              










Example 2.18


Calculate 112×314.


Solution


Mixed fractions are converted into their equivalent improper form. The multiplication is then performed.


112×314=32×134=398=478







        

      

    


      
        
          
Section 2.2.4: Exercises






	
S2.13Calculate


	
	
a.12×13 ﻿


	
b.12×23 ﻿


	
c.34×13 ﻿


	
d.34×14 ﻿





		
e.34×23 ﻿







	
S2.14Calculate


	
	
a.37×1415 ﻿


	
b.45×1021 ﻿


	
c.56×910 ﻿


	
d.79×1235 ﻿


	
e.58×1225 ﻿








	
S2.15Calculate


	
	
a.12×23×34 ﻿


	
b.25×920×1013 ﻿


	
c.34×56×1011 ﻿


	
d.67×89×2132 ﻿


	
e.23×56×79×14 ﻿








	
S2.16Calculate the following, expressing your answer as a mixed fraction:


	
	
a.112×312 ﻿


	
b.413×212 ﻿


	
c.523×1117 ﻿


	
d.434×623 ﻿


	
e.325×123 ﻿















Section 2.2.4: Solutions to exercises




	S2.13


	
	
a.﻿16 ﻿


	
b.﻿13 ﻿


	
c.﻿14 ﻿


	
d.﻿316 ﻿


	
e.﻿12 ﻿





	S2.14





	
	
a.﻿25 ﻿


	
b.﻿821 ﻿


	
c.﻿34 ﻿


	
d.﻿415 ﻿


	
e.﻿310 ﻿





	S2.15





		
a.﻿14 ﻿




	
	
b.﻿965 ﻿


	
c.﻿2544 ﻿


	
d.﻿12 ﻿


	
e.﻿35324 ﻿





	S2.16




	
	
a.﻿514 ﻿


	
b.﻿1056 ﻿


	
c.﻿6 ﻿


	
d.﻿3123 ﻿


	
e.﻿523 ﻿













        

      

    

              
                
                  
                  
                  

                

              


          
            
      
        
          
2.2.5: Division of fractions




Division of one fraction by another is a similar process to multiplication of fractions. When dividing one fraction by another there is one additional step involved: the second fraction is inverted and then the calculation continues as a multiplication. To invert a fraction we interchange numerator and denominator.








Example 2.19


Calculate 38÷56.


Solution


The second fraction, 56, is inverted to 65. The calculation is now carried out as a multiplication.


38÷56=38×65=920








Example 2.20


Calculate 223÷116.


Solution


223÷116=83÷76=83×67=167=227










          
          
              
                        [image: ] 
              

          

          

          
            
          

        


Example 2.21







Calculate


	
67÷221,


	
5÷214.






Solution



	
                  [image: table attributes columnalign right left end attributes row cell 6 over 7 divided by 2 over 21 end cell cell equals 6 over 7 cross times end cell end table begin inline style box enclose end enclose end style]

              


	
212 ﻿



	[image: table attributes columnalign right left end attributes row cell 6 over 7 cross times 21 over 2 end cell cell equals begin inline style box enclose end enclose end style end cell end table]



	
9 ﻿



	[image: 5 divided by 2 1 fourth equals 5 divided by begin inline style box enclose end enclose end style]




	
94 ﻿


	[image: 5 divided by 9 over 4 equals 5   cross times   begin inline style box enclose end enclose end style]


	
49 ﻿


	
[image: table attributes columnalign center left end attributes row cell 5 cross times 4 over 9 equals end cell cell 20 over 9 end cell row blank cell begin inline style equals box enclose end enclose end style end cell end table]﻿


	
229 ﻿













We may encounter fractions of the form


abcd.


These are called stacked fractions. They may look complex due to being written over four lines. We can simplify such fractions as follows:


abcd=ab÷cd=ab×dc=adbc.








Example 2.22



Evaluate


	
1223,


	 4734.﻿






Solution



	1223=12÷23=12×32=34.


	4734=47÷34=47×43=1621.












Section 2.2.5: Exercises




	
S2.17Calculate


	
	
a.﻿89÷56 ﻿


	
b.﻿1617÷89 ﻿


	
c.﻿710÷1415 ﻿


	
d.﻿1013÷539 ﻿


	
e.﻿712÷4950 ﻿








	
S2.18Calculate the following, expressing your answer as a mixed fraction:


	
	
a.﻿512÷312 ﻿


	
b.﻿623÷114 ﻿


	
c.﻿915÷1112 ﻿


	
d.﻿825÷514 ﻿


	
e.﻿1423÷627 ﻿








	
S2.19Simplify each stacked fraction as much as possible.


	
	
a.﻿4556 ﻿


	
b.﻿9103 ﻿


	
c.﻿2332 ﻿















Section 2.2.5: Solutions to exercises




	S2.17


	
	
a.﻿1615 ﻿


	
b.﻿1817 ﻿


	
c.﻿34 ﻿


	
d.6 ﻿


	
e.﻿2542 ﻿





	S2.18





	
	
a.﻿147 ﻿


	
b.﻿513 ﻿


	
c.﻿45 ﻿


	
d.﻿135 ﻿


	
e.﻿213 ﻿





	S2.19




	
	
a.﻿2425 ﻿


	
b.﻿310 ﻿


	
c.﻿49 ﻿













        

      

    

              
                
                  
                  
                  

                

              


          
            
      
        
          
Block 2.2: Exercises



	
B2.4Evaluate


	
	
a.45+310 ﻿


	
b.78−13 ﻿


	
c.56×815 ﻿


	
d.34÷98 ﻿





	
B2.5Evaluate, expressing your answer as a mixed fraction:


	
	
a.134+212 ﻿


	
b.423−112 ﻿


	
c.234×313 ﻿


	
d.516÷214 ﻿





	
B2.6Evaluate


		
112+313425−113 ﻿




	
B2.7Simplify each fraction as much as possible


	
	
a.7345 ﻿


	
b.3467 ﻿


	
c.91053 ﻿














Block 2.2: Solutions to exercises




	B2.4


	
	
a.1110 ﻿


	
b.1324 ﻿


	
c.49 ﻿


	
d.23 ﻿





	B2.5




	
	
a.414 ﻿


	
b.316 ﻿


	
c.916 ﻿


	
d.2827 ﻿






	
B2.615392 ﻿




	B2.7


	
	
a.3512 


	
b.78 


	
c.2750 














        

      

    

              
                
                  
                  
                  

                

              


          
            
      
        
          
Chapter 2: Review exercises





	
R2.1Express each of the following fractions in their simplest form:


	
	
a.1260 ﻿


	
b.936﻿ 


	
b.2781﻿ 


	
c.692﻿ 


	
d.377390 ﻿





	
R2.2Express each of the following mixed fractions as an improper fraction:


	
	
a.323﻿ 


	
b.525﻿ 


	
c.712﻿ 


	
d.−934 ﻿


	
e.1047﻿ 





	
R2.3Express each of the following improper fractions as mixed fractions:


	
	
a.203 ﻿


	
b.327﻿ 


	
c.609﻿ 


	
e.10250 ﻿


	
d.12011 ﻿





	
R2.4Calculate


	
	
a.34+13 ﻿


	
b.12+35 ﻿


	
c.56−13 ﻿


	
d.1011−12 ﻿


	
e.47+12−23 ﻿





	
R2.5Calculate the following, expressing your answer as a mixed fraction:


	
	
a.214+313﻿ 


	
b.245−123﻿ 


	
c.523−112+215 ﻿


	
d.5−427+13﻿ 


	
e.910+67−125 ﻿





	
R2.6Calculate


	
	
a.67×1427﻿ 


	
b.710×45×3049 ﻿


	
c.89×1825﻿ 


	
d.(−45)×(−34) ﻿


	
e.1621×(−34)﻿ 





	
R2.7Calculate the following, expressing your answer as a mixed fraction:


	
	
a.﻿234×212 ﻿


	
b.613×125﻿ 


	
c.(−314)×256 ﻿


	
d.313×313﻿ 


	
e.434×(−245) ﻿





	
R2.8Calculate


	
	
a.79÷23﻿ 


	
b.815÷45 ﻿


	
c.910÷920 ﻿


	
d.611÷712﻿ 


	
e.1213÷67﻿ 





	
R2.9Calculate the following, expressing your answer as a mixed fraction:


	
	
a.323÷112 ﻿


	
b.614÷223﻿ 


	
c.1034÷215 ﻿


	
d.−1225÷314 ﻿


	
e.1056÷(−412) ﻿





	
R2.10Calculate


	
	
a.14 of 60 ﻿


	
b.23 of 75 ﻿


	
c.38 of 64 ﻿


	
d.25 of 1516 ﻿


	
e.34 of 2021 ﻿





	expressing each answer as a fraction in its simplest form.


	
R2.11Evaluate


	
	
a.623÷4 ﻿


	
b.10÷213 ﻿


	
c.(12+13)÷(23+15) ﻿


	
d.(6−213)×(412−134) ﻿


	
e.212 + 113623 − 214﻿ 





	
R2.12Thermodynamics – Cooling of a liquid.



	The temperature of a liquid is measured every 20 minutes and the results recorded in the table below.








          
          
          
          
            
              
              

	Time (min)

	0

	20

	40

	60

	80

	100

	120




	Temp (°C) 

	96

	88

	81

	76

	72

	70

	68




            

          

          
        



	Calculate the rate of decrease of temperature in units of °C per minute:






	
	
a.in the first 20 minutes


	
b.in the first 40 minutes


	
c.in the first 60 minutes


	
d.in the last 60 minutes


	
e.in the last 20 minutes









	In each case express your answer as a fraction in its simplest form.







	
R2.13Dynamics – Pressure in a vessel.




	The pressure in a vessel is 30&nbsp;Ncm-2. If the pressure is reduced by 7100 of its original value, calculate (a) the decrease in pressure, (b) the resulting pressure in the vessel.










        

      

    


      
        
          
Review exercise: Solutions to exercises






	R2.1


	
	
a.15 ﻿


	
b.14 ﻿


	
c.13 ﻿


	
d.346 ﻿


	
e.2930 ﻿





	R2.2





	
	
a.113 ﻿


	
b.275 ﻿


	
c.152 ﻿


	
d.−394 ﻿


	
e.747 ﻿





	R2.3





	
	
a.623 ﻿


	
b.447 ﻿


	
c.623 ﻿


	
d.2125 ﻿


	
e.101011 ﻿





	R2.4





	
	
a.1312 ﻿


	
b.1110 ﻿


	
c.12 ﻿


	
d.922 ﻿


	
e.1742 ﻿





	R2.5





	
	
a.5712 ﻿


	
b.1215 ﻿


	
c.61130 ﻿


	
d.1121 ﻿


	
e.514 ﻿





	R2.6





	
	
a.49 ﻿


	
b.1235 ﻿


	
c.1625 ﻿


	
d.35 ﻿


	
e.−47 ﻿





	R2.7





	
	
a.678 ﻿


	
b.81315 ﻿


	
c.−9524 ﻿


	
d.1119 ﻿


	
e.−13310 ﻿





	R2.8





	
	
a.76 ﻿


	
b.23 ﻿


	
c.2 ﻿


	
d.7277 ﻿


	
e.1413 ﻿





	R2.9





	
	
a.249 ﻿


	
b.21132 ﻿


	
c.43944 ﻿


	
d.−35365 ﻿


	
e.−21127 ﻿





	R2.10





	
	
a.15 ﻿


	
b.50 ﻿


	
c.24 ﻿


	
d.38 ﻿


	
e.57 ﻿





	R2.11





	
	
a.53 ﻿


	
b.307 ﻿


	
c.2526 ﻿


	
d.12112 ﻿


	
e.﻿4653 ﻿





	R2.12





	
	
a.﻿25 ﻿


	
b.﻿38 ﻿


	
c.﻿13 ﻿


	
d.﻿215 ﻿


	
e.﻿110 ﻿





	R2.13




	
	
a.﻿2110&nbsp;Ncm−2 ﻿


	
b.﻿27910Ncm−2 ﻿













        

      

    

              
                
                  
                  
                  

                

              


          
            
      
        
          
Chapter 3


Decimal numbers








In Chapter 2 we saw how to write both proper and improper fractions. This chapter introduces an alternative way of writing fractions using decimal notation.


It is often necessary to write a number to a given accuracy. This is usually denoted by stating the number of decimal places to be used or the number of significant figures to be used. Both of these are explained in this chapter.








Chapter 3 contents



	Block 3.1 Introduction to decimal numbers


	Block 3.2 Significant figures


	Chapter 3 Review exercises










        

      

    

              
                
                  
                  
                  

                

              


          
            
      
        
          Block 3.1: Introduction to decimal numbers






        

      

    


      
        
          
3.1.1: Introduction




This section gives a quick overview of the decimal system by way of revision. Recall that our number system is based on 10. The number 5276 means




5000+200+70+6




or, to write it another way,




(5×1000)+(2×100)+(7×10)+(6×1)




This reminds us of the ‘thousands’, ‘hundreds’, ‘tens’ and ‘units’ from early school days.




To deal with fractions we extend this system to include ‘tenths’, ‘hundredths’, ‘thousandths’, and so on. We separate the whole number part and fractional part by using a decimal point ‘.’ .




Consider 37.92. There is a whole number part, 37, and a fractional part, .92. This number represents




(3×10)+(7×1)+(9×110)+(2×1100)




The 9 is referred to as being in the first decimal place; the 2 is in the second decimal place. Similarly 2.1006 represents




(2×1)+(1×110)+(0×1100)+(0×11000)+(6×110000)




Note that the 6 is in the fourth decimal place.








Example 3.1


Express (a) 0.2, (b) 0.25, (c) 0.624 as fractions in their simplest form.


Solution




	
a.﻿0.2 is equivalent to 2×110. So


	0.2=2×(110)=210=15




	
b.﻿[image: table attributes columnalign center center left end attributes row cell 0.25 end cell equals cell 2 cross times open parentheses 1 over 10 close parentheses plus 5 cross times open parentheses 1 over 100 close parentheses end cell row blank equals cell 2 over 10 plus 5 over 100 end cell row blank equals cell 25 over 100 end cell row blank equals cell 1 fourth end cell end table]




	
c.﻿0.624=610+2100+41000=6241000=78125












From the above example we note that


0.2=210,0.25=25100,0.624=6241000


We can similarly deduce, for example, that


0.3049=304910000,0.12348=12348100000










          
          
              
                        [image: ] 
              

          

          

          
            
          

        


Example 3.2






Express (a) 5.156, (b) 3.045 as mixed fractions in their simplest form.


Solution


	
a.﻿5.156=5+1561000=5+39250=539250





	
b.﻿[image: table attributes columnalign right left end attributes row cell text 3.045 end text end cell cell equals 3   plus   end cell end table begin inline style box enclose end enclose end style]





451000 ﻿


	﻿[image: table attributes columnalign right left end attributes row cell 3 plus 45 over 1000 end cell cell equals 3   plus   end cell end table begin inline style box enclose end enclose end style]





9200 ﻿


	[image: table attributes columnalign right left end attributes row cell 3 plus 9 over 200 end cell cell equals   end cell end table begin inline style box enclose end enclose end style]




39200 ﻿









Example 3.3


Write the following as decimal numbers:



	
                  34,

              

	
                  38,

              

	
                  49,

              

	
                  625.

              




Solution


The easiest way to convert a fraction to a decimal number is to use a calculator. Check that you can obtain the following using a calculator.



	
                  0.75 ﻿

              

	
                  0.375 ﻿

              

	
                  0.444… ﻿

              

	
                  6.4 ﻿

              










Example 3.4 Materials Engineering – Strain experienced by a stressed material


In materials engineering, testing techniques include subjecting a specimen to a force which causes an extension. An important quantity is strain, ϵ, defined as


ϵ=ℓ−ℓ0ℓ0


where ℓ0 is the original length of the specimen, and ℓ is the length once the force is applied.


It is important to be able to test materials for their tensile strength – this is the amount of stress the material is able to stand before it breaks. In carrying out such a test an engineer will need to calculate the strain.


Engineers also use the strain when mathematically modelling the extension or compression of an elastic material that is subjected to tensile or compressive forces.


Suppose a block of material of length 0.5&nbsp;m is subject to a force which causes the material to extend to a length of 0.51&nbsp;m. Calculate the strain in the material and express it as both a proper fraction and a decimal fraction.


Solution


Here ℓ0 is the original length and so ℓ0=0.5. Once the force is applied, the length becomes ℓ=0.51. Then


ℓ−ℓ0=0.51−0.5=0.01


The strain is then


ϵ=ℓ−ℓ0ℓ0=0.010.5=0.02


As a proper fraction this is 2100=150.








Section 3.1.1: Exercises



	
S3.1Express the following decimal numbers as proper fractions in their simplest form:


	
	
a.﻿0.8 ﻿


	
b.﻿0.80 ﻿


	
c.﻿0.08 ﻿


	
d.﻿0.080 ﻿


	
e.﻿0.800 ﻿





	
S3.2
Express the following decimal numbers as proper fractions in their simplest form:


	
	
a.﻿0.2 ﻿


	
b.﻿0.25 ﻿


	
c.﻿0.225 ﻿


	
d.﻿0.025 ﻿


	
e.﻿0.2025 ﻿





	
S3.3
Express the following decimal numbers as proper fractions in their simplest form:


	
	
a.﻿0.16 ﻿


	
b.﻿0.88 ﻿


	
c.﻿0.108 ﻿


	
d.﻿0.555 ﻿


	
e.﻿0.965 ﻿





	
S3.4Write each of the following as a decimal number:


	
	
a.﻿15 ﻿


	
b.﻿320 ﻿


	
c.﻿740 ﻿


	
d.﻿2184 ﻿


	
e.﻿11020 ﻿














Section 3.1.1: Solutions to exercises



	S3.1


	
	
a.﻿45 ﻿


	
b.﻿45 ﻿


	
c.﻿225 ﻿


	
d.﻿225 ﻿


	
e.﻿45 ﻿





	
S3.2



	
	
a.﻿15 ﻿


	
b.﻿14 ﻿


	
c.﻿940 ﻿


	
d.﻿140 ﻿


	
e.﻿81400 ﻿





	
S3.3



	
	
a.﻿425 ﻿


	
b.﻿2225 ﻿


	
c.﻿27250 ﻿


	
d.﻿111200 ﻿


	
e.﻿193200 ﻿





	S3.4



	
	
a.﻿0.2 ﻿


	
b.﻿0.15 ﻿


	
c.﻿0.175 ﻿


	
d.﻿0.25 ﻿


	
e.﻿5.5 ﻿













        

      

    

              
                
                  
                  
                  

                

              


          
            
      
        
          
3.1.2 Writing to a given number of decimal places




We are often required to write a number to a given number of decimal places (d.p.), usually 2, 3 or 4.




When asked to write to 1 d.p. we need to consider the first two decimal places, when writing to 2 d.p. we need to consider the first three decimal places, and so on.




If the final digit is less than 5, we simply ignore it. This is called rounding down. If the final digit is 5 or more we increase the previous digit by 1. This is called rounding up.








Example 3.5


Write 6.38623 to (a) 4 d.p., (b) 3 d.p., (c) 2 d.p., (d) 1 d.p.


Solution



	When writing to 4 d.p. we need to consider the first five decimal places: in this case that is 6.38623. The final digit is 3. Since this is less than 5 we simply ignore it and are left with 6.3862. Thus to 4 d.p. the number 6.38623 is 6.3862. Note that 6.3862 is less than 6.38623 and so we have rounded down. The number 6.3862 is closer to 6.38623 than any other number with four decimal places.



	
                  To write to 3 d.p. we consider the first four d.p.: that is, we consider 6.3862. The final digit is a 2. This is less than 5 and so is simply ignored, leaving 6.386. So, to 3 d.p., the number 6.38623 is 6.386.

              


	Since 6.386 is less than 6.38623 we have rounded down. The number 6.386 is closer to 6.38623 than any other number with 3 d.p.



	
                  To write to 2 d.p. we consider the first 3 d.p.: that is, 6.386. The final digit is 6. Since this is greater than or equal to 5 the previous digit, 8, is increased by 1 to 9. So to 2 d.p. we have 6.39.

              


	Since 6.39 is greater than 6.38623 we have rounded up. The number 6.39 is closer to 6.38623 than any other number with 2 d.p.



	
                  Writing to 1 d.p. we consider the first 2 d.p.: that is, 6.38. The final digit is 8 and so the previous digit, 3, is rounded up to 4. Thus to 1 d.p. we have 6.4.

              










Example 3.6


Write 1.9751 to (a) 2 d.p., (b) 1 d.p.


Solution



	
                  We consider the first 3 d.p.: that is, 1.975. The final digit is 5 and so the previous digit, 7, is rounded up to 8. This results in 1.98.

              

	
                  To write to 1 d.p. we consider the first 2 d.p.: that is, 1.97. The final digit is 7 and so the 9 must be increased. Clearly the 9 cannot be increased to 10 and so we increase the 1.9 to 2.0. Thus to 1 d.p. we have 2.0. Note that it is important to write 2.0 and not simply 2. The 2.0 signifies that the number is written to 1 d.p.

              










Section 3.1.2: Exercises



	
S3.5Write 2.152637 to


	
	
a.﻿5 d.p.,


	
b.﻿4 d.p.,


	
c.﻿3 d.p.,


	
d.﻿2 d.p.,


	
e.1 d.p.





	
S3.6Write 9.989 to


	
	
a.﻿2 d.p.,


	
b.﻿1 d.p.





	
S3.7Write 9.999 to


	
	
a.﻿2 d.p.,


	
b.﻿1 d.p.














Section 3.1.2: Solutions to exercises



	
S3.5



	
	
a.﻿2.15264 ﻿


	
b.﻿2.1526 ﻿


	
c.﻿2.153 ﻿


	
d.﻿2.15 ﻿


	
e.﻿2.2 ﻿





	
S3.6



	
	
a.9.99 ﻿


	
b.﻿10.0 ﻿





	S3.7


	
	
a.﻿10.00 ﻿


	
b.﻿10.0 ﻿













        

      

    

              
                
                  
                  
                  

                

              


          
            
      
        
          
Block 3.1: Exercises



	
B3.1Write the following numbers to 3 d.p.:


	
	
a.﻿7.6931 ﻿


	
b.﻿-2.0456 ﻿


	
c.﻿0.0004 ﻿


	
d.﻿3.9999 ﻿





	
B3.2To 1 d.p. a number, X, is 4.3. State


	
	
a.the smallest,


	
b.the largest possible value of X.





	
B3.3Convert the following decimal numbers to fractions in their simplest form:


	
	
a.﻿0.80 ﻿


	
b.﻿0.55 ﻿


	
c.﻿0.12 ﻿


	
d.﻿0.125 ﻿


	
e.﻿0.625 ﻿





	
B3.4Express the following fractions as decimal numbers to 3 d.p.:


	
	
a.﻿47 ﻿


	
b.﻿211 ﻿


	
c.﻿35 ﻿


	
d.﻿−29 ﻿














Block 3.1: Solutions to exercises



	B3.1


	
	
a.﻿7.693 ﻿


	
b.﻿-2.046 ﻿


	
c.﻿0.000 ﻿


	
d.﻿4.000 ﻿





	B3.2


	
	
a.﻿4.25 ﻿


	
b.﻿4.34999… ﻿





	B3.3


	
	
a.﻿45 ﻿


	
b.﻿1120 ﻿


	
c.﻿325 ﻿


	
d.﻿18 ﻿


	
e.﻿58 ﻿





	B3.4


	
	
a.﻿0.571 ﻿


	
b.﻿0.182 ﻿


	
c.﻿0.600 ﻿


	
d.﻿-0.222 ﻿













        

      

    

              
                
                  
                  
                  

                

              


          
            
      
        
          Block 3.2 Significant figures






        

      

    


      
        
          
3.2.1: Introduction




We have seen how a number can be written to so many decimal places. Similar to, but nevertheless distinct from, writing to so many decimal places is writing to so many significant figures (s.f.).







        

      

    

              
                
                  
                  
                  

                

              


          
            
      
        
          
3.2.2: Writing to a given number of significant figures




When writing to so many significant figures we consider digits both before and after the decimal point. When writing to 2 s.f. we consider the first three digits, when writing to 3 s.f. we consider the first four digits, and so on. We always consider one more digit than the number of significant figures required.




To write a number to 2 s.f. we can use at most two non-zero digits, to write to 3 s.f. we use at most three non-zero digits, and so on. Rounding up and rounding down follow the same rules as detailed in the previous block.








Example 3.7


Write 86.97529 to (a) 5 s.f., (b) 4 s.f., (c) 3 s.f., (d) 2 s.f., (e) 1 s.f.


Solution



	
                  Writing to 5 s.f. we consider the first six digits: that is, 86.9752. The final digit is 2 and so this is ignored: that is, we round down. Hence to 5 s.f. the number is 86.975. Note that there are no more than five non-zero digits in the final answer. The number 86.975 is closer to 86.97529 than any other five-digit number.

              

	
                  We consider the first five digits: that is, 86.975. The final digit is 5 and so the previous digit, 7, is rounded up to 8. Thus to 4 s.f. we have 86.98.

              

	
                  The first four digits are 86.97. The final digit is 7 and so the previous digit is rounded up. We cannot round up a 9 to a 10 and so 86.9 is rounded up to 87.0.

              

	
                  Writing to 2 s.f. we consider the first three digits, namely 86.9. The final digit, 9, means that the 6 is rounded up to 7, producing 87.

              

	
                  Writing to 1 s.f. we consider the first two digits: 86. The final digit, 6, means the 8 is rounded to 9, producing 90. Note that although the number has been written to 1 s.f. there are two digits in the final answer. However, there is only one non-zero digit.

              










Example 3.8


Write 99.99 to (a) 3 s.f., (b) 2 s.f., (c) 1 s.f.


Solution



	
                  The first four digits are considered: that is, 99.99. The final digit is 9 and so there must be rounding up. Here 99.99 is rounded up to 100.0.

              

	
                  The first three digits are considered: that is, 99.9. The final digit is a 9 and so rounding up takes place to produce 100.

              

	
                  The first two digits are considered: that is, 99. When rounded up this becomes 100. Note that, although we are writing to 1 s.f., there are three digits in the final answer. However, there is only one non-zero digit.

              









Zeros at the beginning of a number are ignored when counting digits. For example, to write 0.000164 to 1 s.f. we consider the number 0.00016. The leading 0s have not been counted. The 1 is rounded up to 2 producing 0.0002 to 1 s.f. Note that there is only one non-zero digit.






        

      

    

              
                
                  
                  
                  

                

              


          
            
      
        
          
Block 3.2: Exercises



	
B3.5Write 28.403951 to


	
	
a.6 s.f.,


	
b.﻿5 s.f.,


	
c.﻿4 s.f.,


	
d.﻿3 s.f.,


	
e.﻿2 s.f.,


	
f.1 s.f.





	
B3.6Write 9.0046 to


	
	
a.3 s.f.,


	
b.﻿2 s.f.,


	
c.﻿1 s.f.





	
B3.7Written to 2 s.f. a number is 86. Calculate


	
	
a.the maximum value,


	
b.the minimum value of the original number.





	
B3.8
Write 0.550 to


	
	
a.2 s.f.,


	
b.1 s.f.





	
B3.9Write 5.5550 to


	
	
a.2 s.f.,


	 b.1 s.f.














Block 3.2: Solutions to exercises



	B3.5


	
	
a.﻿28.4040 ﻿


	
b.﻿28.404 ﻿


	
c.﻿28.40 ﻿


	
d.﻿28.4 ﻿


	
e.﻿28 ﻿


	
f.﻿30 ﻿





	B3.6


	
	
a.﻿9.00 ﻿


	
b.﻿9.0 ﻿


	
c.﻿9 ﻿





	B3.7


	
	
a.﻿86.4999… ﻿


	
b.﻿85.5 ﻿





	B3.8


	
	
a.﻿0.55 ﻿


	
b.﻿0.6 ﻿





	B3.9


	
	
a.﻿5.6 ﻿


	
b.﻿6 ﻿













        

      

    

              
                
                  
                  
                  

                

              


          
            
      
        
          

Chapter 3: Review exercises



	
R3.1Write each of the following as a proper fraction in its simplest form:


	
	
a.﻿0.12 ﻿


	
b.﻿0.125 ﻿


	
c.﻿0.1250 ﻿


	
d.﻿0.85 ﻿


	
e.﻿0.76 ﻿





	
R3.2Write the following fractions as decimals:


	
	
a.﻿35 ﻿


	
b.﻿310 ﻿


	
c.﻿320 ﻿


	
d.﻿340 ﻿


	
e.﻿3100 ﻿





	
R3.3Write the following fractions as decimals, giving your answer to 3 d.p.:


	
	
a.﻿13 ﻿


	
b.﻿23 ﻿


	
c.﻿19 ﻿


	
d.﻿411 ﻿


	
d.﻿67 ﻿





	
R3.4Write 19.919 to


	
	
a.2 d.p.,


	
b.﻿1 d.p.





	
R3.5Write 19.99 to


	
	
a.3 s.f.,


	
b.﻿2 s.f.,


	
c.1 s.f.





	
R3.6Write 0.0982 to


	
	
a.﻿3 d.p.,


	
b.2 d.p.,


	
c.1 d.p.,


	
d.2 s.f.,


	
e.1 s.f.





	
R3.7To 4 d.p. a number is 9.9190. State


	
	
a.the maximum possible value,


	
b.the minimum possible value of the original number.





	
R3.8To three significant figures a number is 3.60. State the maximum and minimum possible values of the number.


	
R3.9To four significant figures a number is 0.3452. State the maximum and minimum possible values of the number.


	
R3.10A block of material of length 0.9&nbsp;m is subject to a force which causes the material to extend to a length of 0.93&nbsp;m. Calculate the strain in the material and express it as both a proper fraction and a decimal fraction stating your answer to four decimal places.









Review exercise: Solutions to exercises




	
R3.1



	
	
a.﻿325 ﻿


	
b.﻿18 ﻿


	
c.﻿18 ﻿


	
d.﻿1720 ﻿


	
e.﻿1925 ﻿





	R3.2


	
	
a.﻿0.6 ﻿


	
b.﻿0.3 ﻿


	
c.﻿0.15 ﻿


	
d.﻿0.075 ﻿


	
e.﻿0.03 ﻿





	R3.3


		
a.﻿0.333 ﻿




		
b.﻿0.667 ﻿




		
c.﻿0.111 ﻿







		
d.﻿0.364 ﻿




		
e.﻿0.857 ﻿




	R3.4


	
	
a.﻿19.92 ﻿


	
b.﻿19.9 ﻿





	R3.5


		
a.﻿20.0 ﻿




		
b.﻿20 ﻿




		
c.﻿20 ﻿




	R3.6


	
	
a.0.098 ﻿


	
b.﻿0.10 ﻿


	
c.0.1 ﻿


	
d.0.098 ﻿


	
e.0.1 ﻿





	R3.7


	
	
a.﻿9.91904999… 


	
b.9.91895 ﻿





	
R3.83.604999…,3.595 ﻿


	
R3.90.34524999…,0.34515 ﻿


	
R3.10130,0.0333 ﻿
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Example

Find = — =42

O

Solution
The lowest common multiple of 9, 2 and 6 is 18.
To see this observe that
multiples of 9 are 9, 18, 27, ...
multiples of 2 are 2, 4, 6, 8, 10, 12, 14, 16, 18, 20 ....
multiples of 6 are 6, 12, 18, 24, ....
Each fraction is rewritten so that its denominator is 18

8 9 15 8-9+15 14

8 18718 18 18

1+5_
2 6
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Exponential functions

This figure displays the graph of the exponential function f (z) =c- a** 4 d. You can adjust parameters ¢, a, k,
and d, and see how changing parameters changes the graph of the function.

See if you can determine the effect that each parameter has on the shape of the graph. Can you determine why
each effect occurs? In particular, try to reason out why changing a and k appear to have similar effects.

Interactive Figure

c=1
_G_
a= 19
_——
k=1
d= 10

f(z)=c-a**+d

flz)y=1-19" -
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