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Preface


All students can learn mathematics with understanding. It is through the teacher’s actions that every student can have this experience. We believe that teachers must create a classroom environment in which students are given opportunities to solve problems and work together, using their ideas and strategies, to solve them. Effective mathematics instruction involves posing tasks that engage students in the mathematics they are expected to learn. Then, by allowing students to interact with and productively struggle with their own mathematical ideas and their own strategies, they will learn to see the connections among mathematical topics and the real world. Students value mathematics and feel empowered to use it.


Creating a classroom in which students design solution pathways, engage in productive struggle, and connect one mathematical idea to another, is complex. Questions arise, such as, “How do I get students to wrestle with problems if they just want me to show them how to do it? What kinds of tasks lend themselves to this type of engagement? Where can I learn the mathematics content I need to be able to teach in this way?” With these and other questions firmly in mind, we have several objectives in the tenth edition of this textbook:




	Illustrate what it means to teach mathematics using a problem-based approach.


	Serve as a go-to reference for all of the mathematics content suggested for grades preK–8 as recommended in the Common Core State Standards (NGA Center & CCSSO, 2010) and in standards used in other states, and for the research-based strategies that illustrate how students best learn this content.


	Present a practical resource of robust, problem-based activities and tasks that can engage students in the use of significant mathematical concepts and skills.


	Focus attention on student thinking, including the ways students might reason about numbers, and possible challenges and misconceptions they might have.





We are hopeful that you will find that this book is a valuable resource for teaching and learning mathematics!


New to this Edition


The following are highlights of the most significant changes in the tenth edition.


Common Challenges and Misconceptions


Every chapter in Part II offers at least one table that summarizes common challenges students encounter in learning that topic (Chapter 15, Fraction Operations has three). The table includes the challenge, provides an example of what that might look like in either a sample of student work or a statement, and then offers some brief ideas of what you might do to help. Knowing common student challenges and misconceptions is a critical part of planning and can greatly influence how a lesson is structured and what problems you use. The research from many sources has been merged into these practical references.


Routines


More and more classrooms are using innovative lesson designs and short discussion routines to help students develop number sense, flexibility, and the mathematical practices. In Chapter 4, we have added se new sections on: 3-Act Tasks, Number Talks, and Worked Examples. For example, worked examples are mentioned in some of the tables identifying student challenges, because there is research to suggest that analyzing worked examples is effective in helping students learn.


Mathematical Modeling


Since the ninth edition, there has been significant national dialogue about the importance of mathematical modeling and what this might look like across the grades. The Guidelines for Assessment & Instruction in Mathematical Modeling Education (GAIMME) Report (COMAP & SIAM, 2016) provides excellent guidance. Therefore, the section in Chapter 13 on mathematical modeling was completely rewritten to reflect the GAIMME report, as well as to showcase a number of excellent books and articles that have emerged recently.


Infusion of Technology


You may notice that Chapter 7 (Technology) from the previous edition is gone. Readers and reviewers have commented that this chapter is not needed in part because using technology is much more commonly understood and used, and in part because it makes far more sense to talk about technology as it relates to the mathematics. We have heard you and we have integrated technology discussions, tools, and ideas throughout the book.


MyLab Education


Digital learning and assessment resources have been expanded significantly via MyLab Education. The following resources have been designed to help you develop the pedagogical knowledge and content knowledge needed to be a successful teacher of mathematics:




	
Video examples: Embedded throughout all chapters, these examples allow you to see key concepts in action through authentic classroom video, as well as clips of children solving math problems. Additional videos feature your authors and other experts introducing and briefly explaining strategies for teaching important topics.


	
Self-checks: Designed for self-study, these multiple-choice items are tied to each chapter learning outcome, and help you assess how well you have mastered the concepts covered in the reading. These exercises are self-grading and provide a rationale for the correct answer. Similar questions are available in the book. Answers to the questions in the book are given at the end of the Self Check section.


	
Application exercises: Video and scenario-based exercises appear throughout the chapters and provide an opportunity for you to apply what you have learned to real classroom situations. There are also ten exercises on observing and responding to student thinking that include video clips of children talking through and solving problems on a whiteboard app; accompanying questions ask you to analyze and child’s reasoning, identify any misconceptions, and explain any actions or prompts you might use as the teacher to guide the student’s learning. Expert feedback is provided after submitting your response.


	
Math practice: Located at the end of most content chapters, these sets of questions provide an opportunity to practice or refresh your own mathematics skills through solving exercises associated with the content from that chapter. These questions are also self-grading.


	
Blackline masters, activity pages, and expanded lessons: These documents are linked throughout each chapter and make it easy for instructors and students to download and print classroom-ready handouts that can be used in a methods class or school settings.





Major Changes to Specific Chapters


Every chapter in the tenth edition has been revised to reflect the most current research, standards, and exemplars. This is evident in the approximately 300 new references in the tenth edition! This represents our ongoing commitment to synthesize and present the most current evidence of effective mathematics teaching. Here we share changes to what we consider the most significant (and that have not already been mentioned above).


Teaching Mathematics in the 21st Century (Chapter 1)


The new Association of Mathematics Teacher Educators (AMTE) Standards for Preparing Teachers of Mathematics (AMTE, 2017) are described in Chapter 1. We added a section on how to create a whole school agreement with a cohesive mathematics message.


Exploring What It Means to Know and Do Mathematics (Chapter 2)


Chapter 2 was revised in several significant ways, including revisions to the exemplar tasks (one in each content domain) to each have a common format, and to each have a stronger focus on multiple strategies. The discussions on theory were condensed, and making connections between theory and teaching were revised to be more succinct and explicit.


Teaching through Problem Solving (Chapter 3)


The NCTM Teaching Practices (2014) have been integrated into Chapter 3. A completely revamped section, now titled Developing Procedural Fluency, focuses on the importance of connecting conceptual and procedural knowledge, and includes a new list of ways to adapt drill-related tasks to emphasize understanding and connections (Boaler, 2016). Talk moves in the Discourse section have been revised to include eight talk moves (Chapin, O’Conner, & Anderson, 2013).


Teaching through Problem Solving (Chapter 4)


Beyond the new routines section (described above), the families section was heavily revised and the lesson plan steps condensed and formatted for easier readability.


Teaching Mathematics Equitably to All Students (Chapter 6)


We expanded our emphasis on using an asset-based approach, focusing on students’ strengths rather than deficits. We emphasize a focus on using students’ prior knowledge and experiences to drive instructional decisions. There is also a revamping of the section on gifted and talented students including attention to an excellence gap (students who may be overlooked).


Basic Facts (Chapter 9)


Recent research (e.g., Baroody et al., 2016) has uncovered a new and effective addition reasoning strategy—Use 10, which has been added to this chapter, along with new visuals and insights on teaching subtraction facts effectively.


Developing Strategies for Multiplication and Division (Chapter 12)


In new updates in this chapter, there are expanded examinations of the written records of computing multiplication and division problems including lattice multiplication, open arrays, and partial quotients. There is also a new section of the use of the break apart or decomposition strategy for division. A conversation about the selection of numbers for computational estimation problems is also shared.



Algebraic Thinking, Equations, and Functions (Chapter 13)


In addition to the new section on mathematical modeling, there are several new ideas and strategies for supporting algebraic thinking, including adapting the hundreds chart to explore patterns and options for creating tables with more structure to help students notice relationships.


Developing Fraction Concepts (Chapters 14)


Fraction concepts has an expanded focus on the fundamental ideas of sharing and iterating. This chapter also has been reorganized, has more contexts for comparing fractions, and more attention to student challenges in understanding fractions.


Ratios, Proportions, and Proportional Reasoning (Chapter 17)


The sections on additive and multiplicative reasoning have been significantly revised, including a new discussion on social justice mathematics. Additionally, significantly more literature connections are provided in this chapter and new activities.


Developing Concepts of Data Analysis (Chapter 20)


This chapter had numerous enhancements and changes! In addition to four new figures and completely updated technology options, the discussion of variability is woven throughout the chapter (including more attention to measures that are resistant to outlier), and sections on boxplots, histograms, and bivariate data were expanded and revised (see new subsection on bivariate categorical data).


An Introduction to Teaching Developmentally



If you look at the table of contents, you will see that the chapters are separated into two distinct sections. The first section consists of six chapters and covers important ideas that cross the boundaries of specific areas of content. The second section, consisting of 16 chapters, offers teaching suggestions and activities for every major mathematics topic in the preK–8 curriculum. Chapters in Part I offer perspectives on the challenging task of helping students learn mathematics. Having a feel for the discipline of mathematics—that is, to know what it means to “do mathematics”—is critical to learning how to teach mathematics well. In addition, understanding constructivist and sociocultural perspectives on learning mathematics and how they are applied to teaching through problem solving provides a foundation and rationale for how to teach and assess preK–8 students. You will be teaching diverse students including students who are English learners, are gifted, or have disabilities. In this text, you will learn how to apply instructional strategies in ways that support and challenge all learners. Formative assessment strategies and strategies for diverse learners are addressed in specific chapters in Part I (Chapters 5, and 6, respectively), and throughout Part II chapters.


Each chapter of Part II focuses on one of the major content areas in preK–8 mathematics curriculum. It begins with identifying the big ideas for that content, and provides guidance on how students best learn that content through many problem-based activities to engage them in understanding mathematics, as well as considering what challenges they may encounter and how you might help them.


Hundreds of tasks and activities are embedded in the text. Take out pencil and paper, or use technology, and try the problems, thinking about how you might solve them and how students at the intended grades might solve them. This is one way to actively engage in your learning about students learning mathematics. In so doing, this book will increase your own understanding of mathematics, the students you teach, and how to teach them effectively.



Some Special Features of This Text


By flipping through the book, you will notice many section headings, a large number of figures, and various special features. All are designed to make the book more useful as a long-term resource. Here are a few things to look for.
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Supplements for Instructors


Qualified college adopters can contact their Pearson sales representatives for information on ordering any of the supplements described below. The following instructor supplements are all posted and available for download at www.pearsonglobaleditions.com/Van de Walle:




	
Instructor’s resource manual: The Instructor’s Resource Manual for the tenth edition includes a wealth of resources designed to help instructors teach the course, including chapter notes, activity suggestions, and suggested assessment and test questions.


	
Electronic test bank: An electronic test bank (TB) contains hundreds of challenging questions as multiple-choice or short-answer questions. Instructors can choose from these questions and create their own customized exams.


	
PowerPoint™ presentation: Ideal for instructors to use for lecture presentations or student handouts, the PowerPoint presentation provides ready-to-use graphics and text images tied to the individual chapters and content development of the text.
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CHAPTER 1


Teaching Mathematics in the 21st Century


LEARNER OUTCOMES


After reading this chapter and engaging in the embedded activities and reflections, you should be able to:




	
1.1   Summarize the factors that influence the effective teaching of mathematics.


	
1.2   Describe the importance of content standards, process standards and standards of mathematical practice.


	
1.3   Explore the qualities needed to learn and grow as a professional teacher of mathematics.





Some of you will soon find yourself in front of a class of students; others of you may already be teaching. What general ideas will guide the way you will teach mathematics as you grow in the teaching profession? This book will help you become comfortable with the mathematics content of the preK–8 curriculum. You will also learn about research-based strategies that help students come to know mathematics and be confident in their ability to do mathematics. These two things—your knowledge of mathematics and how students learn mathematics—are the most important tools you can acquire to be successful.




Becoming an Effective Teacher of Mathematics


As part of your personal desire to build successful learners of mathematics, you might recognize the challenge that mathematics is sometimes seen as the subject that people love to hate. At social events of all kinds—even at parent–teacher conferences—other adults may respond to the fact that you are a teacher of mathematics with comments such as “I could never do math,” or “I can’t calculate the tip at a restaurant–I just hope they include suggestions for tips at the bottom of my receipt.” Instead of dismissing or ignoring these disclosures, consider what positive action you can take. Would people confide that they don’t read and hadn’t read a book in years—not likely. Families’ and teachers’ attitudes toward mathematics may enhance or detract from students’ ability to do math. It is important for you and for students’ families to know that mathematics ability is not inherited—anyone can learn mathematics. Moreover, learning mathematics is an essential life skill (OECD, 2016). So, you need to find ways of countering negative statements about mathematics, especially if they are declared in the presence of students. Point out that it is a myth that only some people can be successful in learning mathematics. Only in that way can the chain of passing apprehension from family member to child, or in rare cases from teacher to student, be broken. There is much joy to be had in solving mathematical problems, and it is essential that you model an excitement for learning and nurture a passion for mathematics in your students.


Ultimately, your students need to think of themselves as mathematicians in the same way as they think of themselves as readers. As students interact with our increasingly mathematical and technological world, they need to construct, modify, communicate or integrate new information in many forms. Solving novel problems and approaching new situations with a mathematical perspective should come as naturally as using reading to comprehend facts, insights, or news. Particularly because this century is a quantitative one (Hacker, 2016), we must prepare students to interpret the language and power of numeracy. Hacker states that “decimals and ratios are now as crucial as nouns and verbs” (p. 2). So, for your students’ sake, consider how important mathematics is to interpreting and successfully surviving in our complex economy and in our changing environment. Learning mathematics opens up a world of important ideas to students.


The goal of this book is to help you understand the mathematics methods that will make you an effective teacher. We also base this book on the collective wisdom of an organization of mathematics educators and mathematicians who developed a set of standards for what knowledge, skills and dispositions are important in cultivating a well-prepared beginning teacher of mathematics (Association of Mathematics Teacher Educators, 2017). This book infuses those standards for developing elementary and middle school teachers of mathematics using the suggestions of what best supports teacher candidates in methods courses. Because the authors of this book were also engaged in the creation and writing of the Standards for Preparing Teachers of Mathematics, the book is aligned with the AMTE standards. As you dig into the information in the chapters ahead, your vision of what is possible for all students and your confidence to explore and teach mathematics will grow.




A Changing World


In The World Is Flat (2007), Thomas Friedman discusses how globalization has created the need for people to have skills that are long lasting and will survive the ever-changing landscape of available jobs. He names categories of workers who regardless of the shifting terrain of job options—will always be successful in finding employment. One of these “untouchable” categories is—math lover. Friedman emphasizes that in a world that is digitized and surrounded by algorithms, math lovers will always have career opportunities and choices. Yet, there is a skills gap of qualified people as science, technology, engineering, and mathematics (STEM) jobs take more than twice as long to fill as other jobs in the marketplace (Rothwell, 2014).


Now every teacher of mathematics has the job to prepare students with career skills while developing a “love of math” in students. Lynn Arthur Steen, a well-known mathematician and educator, stated, “As information becomes ever more quantitative and as society relies increasingly on computers and the data they produce, an innumerate citizen today is as vulnerable as the illiterate peasant of Gutenberg’s time” (1997, p. xv). So, as you see there are an array of powerful reasons why children will benefit from the study of mathematics and the instructional approaches you will learn in this book. Your students need to acquire the mental tools to make sense of mathematics—in some cases for mathematical applications that might not yet be known! This knowledge serves as a lens for interpreting the world.


Our changing world influences what should be taught in preK–8 mathematics classrooms as there is a relationship between early mathematics performance and success in middle school (Bailey, Siegler, & Geary, 2014) and high school mathematics (Watts, Duncan, Siegler, & Davis-Kean, 2014). As we prepare preK–8 students for jobs that possibly do not currently exist, we can predict that there will be few jobs where just knowing simple computation is enough to be successful. We can also predict that many jobs will require interpreting complex data, designing algorithms to make predictions, and using multiple strategies to approach new problems.


As you prepare to help students learn mathematics for the future, you will need some perspective on the forces that effect change in the mathematics classroom. This chapter addresses the leadership that you, the teacher, will develop as you shape the mathematics experience for your students. Your beliefs about what it means to know and do mathematics and about how students make sense of mathematics will affect how you approach instruction and the understandings and skills your students take from the classroom. The enthusiasm you demonstrate about mathematical ideas will translate into your students’ interest in this amazing and beautiful discipline.


Factors to Consider


Over the years, there have been significant reforms in mathematics education that reflect the technological and informational needs of our society, research on how students learn mathematics, the importance of providing opportunities to learn for all students, and ideas on how and what to teach from an international perspective. Just as we would not expect doctors to be using the exact same techniques and medicines that were prevalent when you were a child, teachers’ methods are evolving and transforming via a powerful collection of expert knowledge about how the mind functions and how to design effective instruction (Wiggins, 2013).


There are several significant factors in this transformation. One factor is the public or political pressure for change in mathematics education due largely to information about student performance in national and international studies. These large-scale comparisons of student performance continue to make headlines, provoke public opinion, and pressure legislatures to call for tougher standards backed by testing. This research is important because international and national assessments provide strong evidence that mathematics teaching must change if students are to be competitive in the global market and able to understand the complex issues they will confront as responsible citizens of the world (Green, 2014).


National Assessment of Education Progress (NAEP)


Since the 1960s, the United States regularly gathers data on how fourth-, eighth-, and twelfth-grade students are doing in mathematics on the NAEP (https://nces.ed.gov/nationsreportcard). These data provide a tool for policy makers and educators to measure the overall improvement of U.S. students over time in what is called the “Nation’s Report Card.” NAEP uses four achievement levels: below basic, basic, proficient, and advanced, with proficient and advanced representing substantial grade-level achievement. The criterion-referenced test is designed to reflect the current curriculum but keeps a few stable items for purposes of long-term comparison. In the most recent NAEP mathematics assessment in 2015, less than half of all U.S. students in grades 4 and 8 performed at the desirable levels of proficient and advanced (40 percent in fourth grade and 33 percent in eighth grade) (National Center for Education Statistics, 2015). Despite encouraging gains in the NAEP scores over the last 30 years due to important shifts in instructional practices (particularly at the elementary level) (Kloosterman, Rutledge, & Kenney, 2009b), students’ performance in 2015 still reveals disappointing levels of competency. For the first time in 25 years the number of students performing at proficient and advanced dropped two points at fourth grade and three points at eighth grade (Toppo, 2015). We still have work to do!


Trends in International Mathematics and Science Study (TIMSS)


In 2015, 49 nations participated in the third International Mathematics and Science Study (https://timssandpirls.bc.edu), the largest international comparative study of students’ mathematics and science achievement—given regularly since 1995. Data are gathered in grades 4, and 8 from a randomly selected group of students resulting in a sample of more than 600,000 with approximately 20,000 of the students from the United States. The results revealed that U.S. students performed above the international average of the TIMSS countries at both the fourth grade and the eighth grade but were outperformed at the fourth-grade level by education systems in Singapore, Hong Kong, Republic of Korea, Chinese Taipei, Japan, Northern Ireland, Russian Federation, Norway, Ireland, England, Belgium, Kazakhstan, and Portugal and outperformed at the eighth-grade level by education systems in Singapore, Republic of Korea, Chinese Taipei, Hong Kong, Japan, Russian Federation, Kazakhstan, Canada, and Ireland. These data provide valuable benchmarks that allow the United States to reflect on our teaching practices and our overall competitiveness in preparing students for a global economy. If you’ve heard people talk about how mathematics is taught in Singapore—these rankings are why. But these data do not suggest that we should use the curriculum from other higher performing countries as there are many variables to consider. However we can learn a common theme from these examples: a teaching focus in these nations that emphasizes conceptual understanding and procedural fluency.Both of which are critically important to the long-term growth of problem solving skills (OECD, 2016; Rittle-Johnson, Schenider, & Star, 2015). In fact, teaching in the high-achieving countries more closely resembles the long-standing recommendations of the National Council of Teachers of Mathematics, the major professional organization for mathematics teachers, discussed next.


National Council of Teachers of Mathematics (NCTM)


One transformative factor in the teaching of mathematics is the leadership of the National Council of Teachers of Mathematics (NCTM). The NCTM, with more than 60,000 members, is the world’s largest mathematics education organization. This group holds an influential role in the support of teachers and an emphasis on what is best for learners. Their guidance in the creation and dissemination of standards for curriculum, assessment, and teaching led the way for other disciplines to create standards and for the eventual creation of the CCSS-M. For an array of resources, including the web-based Illuminations component which consists of a set of exciting instructional experiences for your students, visit the NCTM website (www.nctm.org).




The Movement toward Shared Standards


We share the history of the standards here so you have a sense of how mathematics instruction has changed over time and how external factors and emerging research play a role in that process. These important ideas are all connected to your future as a teacher of elementary or middle school mathematics.


The momentum for reform in mathematics education began in earnest in the early 1980s. The main impetus was a response to a need for more problem solving as well as the research of developmental psychologists who identified how students can best learn mathematics. Then in 1989, NCTM published the first set of standards for a subject area in the Curriculum and Evaluation Standards for School Mathematics. Many believe that no other document has had such an enormous effect on school mathematics or on any other area of the curriculum.


NCTM followed in 1991 with a set of standards for teaching that articulated a vision of teaching mathematics for all students, not just a few. In 1995, NCTM added to the collection the Assessment Standards for School Mathematics, which focused on the importance of integrating assessment with instruction and indicated the key role that assessment plays in implementing change (see Chapter 5). In 2000, NCTM released Principles and Standards for School Mathematics as an update of its original standards document. Combined, these documents prompted a revolutionary reform movement in mathematics education throughout the world.


As these documents influenced teacher practice, ongoing debate about the mathematics curriculum continued with many arguing that instead of hurrying through numerous topics every year, the curriculum needed to address content more deeply. Guidance was needed in deciding what mathematics content should be taught at each grade level and, in 2006, NCTM released Curriculum Focal Points, a little publication with a big message—the mathematics taught at each grade level needs to be focused, provide depth, and explicitly show connections. The goal of the Focal Points was to support a coherent curriculum and give clarity to teachers and students as to what should be taught at each grade. The resulting sequence of key concepts provided a “structural fiber” that helped students understand mathematics (Dossey, McCrone, & Halvorsen, 2016, p. 18).


In 2010, the National Governors Association (NGA) Center for Best Practices and Council of Chief State School Officers (CCSSO) presented the Common Core State Standards, which are grade-level specific standards which incorporate ideas from Curriculum Focal Points as well as international curriculum documents. A large majority of U.S. states adopted these as their standards and other states were stimulated to create new standards of their own. In less than 25 years, the standards movement transformed the country from having little to no coherent vision on what mathematics should be taught and when, to a more widely shared idea of what students should know and be able to do at each grade level.


In the following sections, we discuss three significant components of the standards that are critical to your work as a highly effective teacher of mathematics.


Mathematics Content Standards


As noted earlier, the dialogue on improving mathematics teaching and learning extends beyond mathematics educators. Policymakers and elected officials considered previous NCTM stanards documents, international assessments, and research on the best way to prepare students to be “college and career ready.” The National Governors Association Center for Best Practices and the Council of Chief State School Officers (CCSSO) collaborated with other professional groups and entities to develop shared expectations for K–12 students across states, a focused set of mathematics content standards and practices, and efficiency of material and assessment development (Porter, McMaken, Hwang, & Yang, 2011). As a result, they developed Common Core State Standards for Mathematics (CCSS-M) which can be downloaded at http://www.corestandards.org/math.


The CCSS-M articulates an overview of critical areas of mathematics content that are expectations for each grade from K–8 to provide a coherent curriculum built around big mathematical ideas. These larger groups of related standards are called domains, and there are eleven that relate to grades K–8 (see Figure 1.1). At this time, approximately 37 states, Washington, D.C., four territories, and Department of Defense Schools have adopted the CCSS-M. A few states chose not to adopt the standards from the start, some created their own versions, and others are still deciding their level of participation or reevaluating their own standards compared to CCSS-M. This change represents the largest shift of mathematics content in the United States in more than 100 years.




MyLab Education Video Example 1.1


Watch this video (https://www.youtube.com/watch?v=5pBOnvzC_Yw&list=PLD7F4C7DE7CB3D2E6&index=15) by one of the authors of the CCSS-M to hear more about the shifts made in these standards.
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FIGURE 1.1 Common Core State Standards domains by grade level.


The Common Core State Standards were developed with strong consideration given to the research on what is known about the development of students’ understanding of mathematics over time (Cobb & Jackson, 2011). The selection of topics at particular grades reflects not only rigorous mathematics, but also what is known from research and practice about learning progressions which are sometimes referred to as learning trajectories (Clements & Sarama, 2014; Confrey, Maloney, & Corley, 2014). These progressions can help teachers know the sequence of what came before a particular concept as well as what to expect next as students reach key points along a pathway to desired learning targets (Corcoran, Mosher, & Rogat, 2009). Although these paths are not identical for all students, they can inform the order of instructional experiences which will support movement toward understanding and application of mathematics concepts. There is a website for the “Progressions Documents for the Common Core Math Standards” (http://ime.math.arizona.edu/progressions) where progressions for the domains in the Common Core State Standards can be found.


Although you may have heard people suggest that they are not in favor of the Common Core State Standards, many of those comments reflect people’s concern with the testing that is associated with the standards, not the content standards or the mathematical practices which are described next.


The Process Standards and Standards for Mathematical Practice


To prepare students for college and career readiness and a lifetime of enjoying mathematical ideas, there are additional standards that emphasize the important processes in doing mathematics. The process standards refer to the mathematical methods and strategies which preK–12 students acquire to enhance their use of mathematical content knowledge. NCTM developed these standards as part of the Principles and Standards document (2000) and stated that the process standards should not be regarded as separate content or strands in the mathematics curriculum, rather, they are central and integral components of all mathematics learning and teaching. The five process standards and ways you can develop these elements in your students can be found in Table 1.1. Members of NCTM have free access to the Principles and Standards and nonmembers can sign up for 120 days of free access to the full document on the NCTM website (www.nctm.org) under the tab Standards and Focal Points.




TABLE 1.1 THE FIVE PROCESS STANDARDS FROM PRINCIPLES AND STANDARDS FOR SCHOOL MATHEMATICS








	Process Standard

	How Can You Develop These Processes in Your Students?










	Problem Solving

	


	Start instruction with a problem to solve—as problem solving is the vehicle for developing mathematical ideas.


	Select meaningful mathematical tasks.


	Set problems in a situation to which students can relate.


	Use a variety of strategies to solve problems.


	Have students self-assess their understanding of the problem and their strategy use.












	Reasoning and Proof

	


	Have students consider evidence of why something is true or not.


	Create opportunities for students to evaluate conjectures—do they hold true?


	Encourage students to use logical reasoning to see if something always works or their answers make sense.


	Demonstrate a variety of ways for students to justify their thinking through finding examples and counter-examples to use in a logical argument.












	Communication

	


	Invite students to talk about, write about, describe, and explain their mathematical ideas as a way to examine their thinking.


	Give students opportunities to share ideas so that others can understand and actively discuss their reasoning.


	Share examples of student work, so students can compare and assess others’ thinking.


	Present precise mathematical language and notation so that the word usage and definitions can act as a foundation for students’ future learning.












	Connections

	


	Emphasize how mathematical ideas explicitly connect to students’ prior mathematical knowledge and future learning.


	Assist students in developing the relationships between the mathematics being learned and real-world contexts and in other subject areas.












	Representation

	


	Encourage students to use multiple representations to explore relationships and communicate their thinking.


	Create opportunities for students to move from one representation of a mathematical concept or idea to another to add depth of understanding.


	Provide problems where students can use mathematical models to clarify or represent a situation.


















Source: Adapted with permission from NCTM (National Council of Teachers of Mathematics). (2000). Principles and standards for school mathematics. Reston, VA: NCTM. Copyright 2000 by the National Council of Teachers of Mathematics. All rights reserved.


The Common Core State Standards also go beyond specifying mathematics content expectations to also include Standards for Mathematical Practice. These are “‘processes and proficiencies’ with longstanding importance in mathematics education” (NGA Center & CCSSO, 2010, p. 6) that are based on the underlying frameworks of the NCTM process standards (Koestler, Felton, Bieda, & Otten, 2013). Teachers must develop these mathematical practices in each and every student (NGA Center & CCSSO, 2010, pp. 7–8) as described briefly in Table 1.2 to help them reach proficiency. A more detailed description of the Standards for Mathematical Practice can be found in Appendix A and you may find versions of these practices that spell out explanations and examples by individual grade level either through your state documents or on the web or in publications such as the Koestler, Felton, Bieda, and Otten (2013) book described in the resources section at the end of the chapter.




TABLE 1.2 THE STANDARDS FOR MATHEMATICAL PRACTICE FROM THE CCSS-M








	Mathematical Practice

	K–8 Students Should Be Able to:






	Make sense of problems and persevere in solving them.

	


	Explain what the problem is asking.


	Describe possible approaches to a solution.


	Consider similar problems to gain insights.


	Use concrete objects or drawings to think about and solve problems.


	Monitor and evaluate their progress and change strategies if needed.


	Check their answers using a different method.


	Try again with another approach if one attempt is not successful or when they feel “stuck.”












	Reason abstractly and quantitatively.

	


	Explain the relationship between quantities in problem situations.


	Represent situations using symbols (e.g., writing expressions or equations).


	Create representations that fit the word problem.


	Use flexibly the different properties of operations and objects.












	Construct viable arguments and critique the reasoning of others.

	


	Understand and use assumptions, definitions, and previous results to explain or justify solutions.


	Make conjectures by building a logical set of statements.


	Analyze situations and use examples and counterexamples.


	Explain their thinking and justify conclusions in ways that are understandable to teachers and peers.


	Compare two possible arguments for strengths and weaknesses to enhance the final argument.












	Model with mathematics.

	


	Apply mathematics to solve problems in everyday life.


	Make assumptions and approximations to simplify a problem.


	Identify important quantities and use tools or representations to connect their relationships.


	Reflect on the reasonableness of their answer based on the context of the problem.












	Use appropriate tools strategically.

	


	Consider a variety of tools, choose the most appropriate tool, and use the tool correctly (e.g., manipulative, ruler, technology) to support their problem solving.


	Use estimation to detect possible errors and establish a reasonable range of answers.


	Use technology to help visualize, explore, and compare information.












	Attend to precision.

	


	Communicate precisely using clear definitions and appropriate mathematical language.


	State accurately the meanings of symbols.


	Specify appropriate units of measure and labels of axes.


	Use a level of precision suitable for the problem context.












	Look for and make use of structure.

	


	Identify and explain mathematical patterns or structures.


	Shift viewpoints and see things as single objects or as comprised of multiple objects or see expressions in many equivalent forms.


	Explain why and when properties of operations are true in a particular context.












	Look for and express regularity in repeated reasoning.

	


	Notice if patterns in calculations are repeated and use that information to solve other problems.


	Use and justify the use of general methods or shortcuts by identifying generalizations.


	Self-assess as they work to see whether a strategy makes sense, checking for reasonableness prior to finalizing their answer.


















Source: Based on Council of Chief State School Officers. (2010). Common Core State Standards. Copyright © 2010 National Governors Association Center for Best Practices and Council of Chief State School Officers. All rights reserved.


Regardless of the standards used in your state it is your job to support the parents and families of your students to educate them about the research behind the standards used. Incorporate your classroom website, newsletters, back to school night, family math events to share examples of how concepts are being built in very purposeful ways—even if they differ from the “way the parents were taught” when they were in school (Walkowiak, 2015). There is a nonprofit website called YouCubed (www.youcubed.org) that offers a parent section where videos and resources are available to help you support parents’ understanding of these ideas and approaches.



How to Effectively Teach the Standards


NCTM also developed a publication that capitalizes on the timing of the adoption of the new standards across many states to explore the specific learning conditions, school structures, and teaching practices which will be important for a high-quality education for all students. The book Principles to Actions (2014) uses detailed classroom stories and student work samples to illustrate the careful, reflective work required of effective teachers of mathematics through 6 guiding principles (see Table 1.3 and Appendix B). A series of presentations (webcasts), led by the authors of the publication, explore several of the guiding principles and are available on the Principles to Actions portion of NCTM’s website (www.nctm.org).




TABLE 1.3 THE SIX GUIDING PRINCIPLES FROM THE PRINCIPLES TO ACTIONS








	Guiding Principle

	Suggestions for Classroom Actions That Align with the Principles










	Teaching and learning

	


	Select focused mathematics goals.


	Use meaningful instructional tasks that develop reasoning, sense making, and problem-solving strategies.


	Present and encourage a variety of mathematical representations that connect the same ideas or concepts.


	Facilitate student discussions and conversations about important mathematical ideas.


	Ask essential questions that are planned to be a catalyst for deeper levels of thinking.


	Use a strong foundation of conceptual understanding as a foundation for procedural fluency.


	Encourage productive struggle—as it is a way to deepen understanding and move toward student application of their learning.


	Generate ways for students to provide evidence of their thinking through discussions, illustrations, and written responses.












	Access and equity

	


	Establish high expectations for all students.


	Provide supports targeted to student needs (equity not equality).


	Provide instructional opportunities for students to demonstrate their competence in different ways—creating tasks with easy entry points for students who struggle and extension options for those who finish quickly.


	Identify obstacles to students’ success and find ways to bridge or eliminate those barriers.


	Develop all students’ confidence that they can do mathematics.


	Enhance the learning of all by celebrating students’ diversity.












	Curriculum

	


	Build connections across mathematics topics to capitalize on broad themes and big ideas.


	Look for both horizontal and vertical alignment to build coherence.


	Avoid thinking of a curriculum as a checklist or disconnected set of daily lessons.












	Tools and technology

	


	Include an array of technological tools and manipulatives to support the exploration of mathematical concepts, structures, and relationships.


	Think beyond computation when considering the integration of technology.


	Explore connections to how technology use for problem solving links to career readiness.












	Assessment

	


	Incorporate a continuous assessment plan to follow how students are performing and how instruction can be modified and thereby improved.


	Move beyond test results that just look at overall increases and decreases to pinpoint specific student needs.


	Consider the use of multiple assessments to capture a variety of student performance.


	Encourage students to self-assess sometimes by evaluating the work of others to enhance their own performance.


	Teach students how to check their work.












	Professionalism

	


	Develop a long-term plan for building your expertise.


	Build collaborations that will enhance the work of the group of collaborators as you enhance the performance of the students in the school.


	Take advantage of all coaching, mentoring and professional development opportunities and be a life-long learner.


	Structure in time to reflect on and analyze your instructional practices.





















[image: Pause] Pause & Reflect



Take a moment now to select one or two of the six guiding principles that seem especially significant to you and are areas in which you wish to develop more expertise. Why do you think these are the most important to your teaching?







MyLab Education Application Exercise 1.1: Helping Teachers: Coherence and Focus Click the link to access this exercise, then watch the video and answer the accompanying questions.







An Invitation to Learn and Grow


Think back to when you were a student in preK–8 classrooms. What are your remembrances of learning mathematics? Here are some thoughts from in-service and pre-service teachers of whom we asked the same question. Which description do you resonate with?


I was really good at math in lower elementary grades, but because I never understood why math works, it made it very difficult to embrace the concepts as I moved into higher grades. I started believing I wasn’t good at math so I didn’t get too upset when my grades reflected that. Kathryn


As a student, I always felt lost during mathematics instruction. It was as if everyone around me had a magic key or code that I missed out on getting. Tracy


I remember math being very challenging, intimidating, and capable of making me literally sick to my stomach. Math was a bunch of rules and formulas I was expected to memorize, but not to understand. Mary Rebekah


I consider myself to be really good at math and I enjoy mathematics-related activities, but I often wonder if I would have been GREAT at math and had a completely different career if I cared about math as much as I do now. Sometimes I feel robbed. April


Math went from engaging, interactive instruction that I excelled at and loved, to lecture-style instruction that I struggled with. I could not seek outside help, even though I tried, because the teacher’s way was so different from the way of the people trying to help me. I went from getting all As to getting low Bs and Cs without knowing how the change happened. Janelle


Math class was full of elimination games where students were pitted against each other to see who could answer a math fact the fastest. Because I have a good memory I did well, but I hated every moment. It was such a nerve-wracking experience and for the longest time that is what I thought math was. Lawrence


Math was never a problem because it was logical, everything made sense. Tova


As you can see these memories run the gamut with an array of emotions and experiences. The question now becomes, what do you hope your former students will say as they think back to your mathematics instruction? The challenge is to get each and every student to learn mathematics with understanding and enthusiasm. Would you relish hearing your students, 15 years after leaving your classroom, state that you encouraged them to be mathematically minded, curious about solving new problems, self-motivated, able to critically think about both correct and incorrect strategies, and that you nurtured them to be risk takers willing to try and persevere on challenging tasks? What will your legacy be?


The mathematics education described in this book may not be the same as the mathematics content and the mathematics teaching you experienced in grades K–8. As a practicing or prospective teacher facing the challenge of teaching mathematics from a problem-solving approach, this book may require you to confront some of your personal beliefs—beliefs about what it means to do mathematics, how one goes about learning mathematics, how to teach mathematics, and what it means to assess mathematics. Success in mathematics isn’t merely about speed or the notion that there is “one right answer.” Thinking and talking about mathematics as a means to sense making is a strategy that will serve us well in becoming a society where all citizens are confident in their ability to do math.



Becoming a Teacher of Mathematics


This book and this course of study are critical to your professional teaching career. The mathematics education course you are taking now as a pre-service teacher or the professional development you are experiencing as an in-service teacher will be the foundation for much of the mathematics instruction you do in your classroom for the next decade. The authors of this book take that seriously, as we know you do. Remember like a workout to benefit fully from this book you can’t just go and watch others exercise (or do mathematics), you must participate with enthusiasm, energy, and effort. You bring many strengths to the teaching of mathematics including your willingness to try new things, a fresh perspective on how technology can be integrated into instruction and your stance as a lifelong learner. Therefore, this section lists and describes the characteristics, habits of thought, skills, and dispositions you will continue to cultivate to reach success as an effective teacher of mathematics.


Knowledge of Mathematics


You will need to have a profound, flexible, and adaptive knowledge of mathematics content (Ma, 1999). This statement is not intended to scare you if you feel that mathematics is not your strong suit, but it is meant to help you prepare for a serious semester of learning about mathematics and how to teach it. You cannot teach what you do not know. Additionally, the “school effects” for mathematics are great, meaning that unlike other subject areas, where students have frequent interactions with their family or others outside of school on topics such as reading books, exploring nature, or discussing current events, in the area of mathematics what we do in school is often “it” for many students. An absence of in-school opportunities to gain mathematics knowledge can result in students forever being economically disadvantaged and without the potential for social mobility (OECD, 2016). This is not merely about time spent but instead on how that time is used; the quality of instruction. These findings add to the gravity of your responsibility, because a student’s learning for the year in mathematics will likely come from you. If you are not sure of a fractional concept or other aspect of mathematics content knowledge, now is the time to make changes in your depth of understanding and flexibility with mathematical ideas to best prepare for your role as an instructional leader. You will need to be able to “translate confusion into understanding” (Green, 2014, p. 105). You don’t want to work on the brink of your knowledge base—instead you need to soak up the knowledge so you will feel more confident and can speak with added passion and enthusiasm. This book and your professor or instructor will help you in that process.


Persistence


You need the ability to stave off frustration and demonstrate persistence. Dweck (2007) has described the brain as similar to a muscle—one that can be strengthened with a good workout! People are not just “wired” for learning mathematics they must perform hard work and persevere to understand new ideas. As you move through this book and work the problems yourself, you will learn methods and strategies that will help you anticipate the barriers to students’ learning and identify strategies to get them past these stumbling blocks. It is likely that what works for you as a learner will work for your students. As you conduct these mental “workouts,” if you ponder, struggle, talk about your thinking, and reflect on how these new ideas fit or don’t fit with your prior knowledge, then you will enhance your repertoire as a teacher. Remember as you model these characteristics for your students, they too will value perseverance more than speed. In fact, Einstein did not describe himself as intelligent—instead he suggested he was just someone who continued to work on problems longer than others. Creating opportunities for your students to productively struggle is part of the learning process (Stigler & Hiebert, 2009; Warshauer, 2015).


Positive Disposition


Prepare yourself by developing a positive attitude toward the subject of mathematics. Research shows that teachers with positive attitudes teach math in more successful ways that result in their students liking math more (Karp, 1991) and performing at higher levels (Palardy & Rumberger, 2008). If in your heart you say, “I never liked math,” that mindset will be evident in your instruction (Maloney, Gunderson, Ramirez, Levin, & Beilock, 2014). The good news is that research shows that changing attitudes toward mathematics is relatively easy (Tobias, 1995) and that attitude changes are long-lasting (Dweck, 2006). Additionally, math methods courses have been found to be effective in increasing positive attitudes, more so than student teaching experiences (Jong & Hodges, 2015). Also, teachers who studied key concepts in math methods classes were more effective in and attentive to planning lessons on those big ideas—even years after taking the course (Morris & Hiebert, 2017). By expanding your knowledge of the subject and trying new ways to approach problems you can learn to enjoy doing activities in class and presenting mathematics instruction in schools. Not only can you acquire a positive attitude toward mathematics, as a professional educator it is essential that you do.


To explore your students’ attitudes toward mathematics consider using this interview protocol. Here you can explore how the classroom environment may affect their attitudes.




MyLab Education Teacher Resource: Interview Protocol





Readiness for Change


 Demonstrate a readiness for change, even for change so radical that it may cause you disequilibrium. You may find that what is familiar will become unfamiliar and, conversely, what is unfamiliar will become familiar. For example, you may have always referred to “reducing fractions” as the process of changing 24 to 12, but this language is misleading as the fractions are not getting smaller. Such terminology can lead to mistaken connections. Did the reduced fraction go on a diet? A careful look will point out that reducing is not the term to use; rather, you are writing an equivalent fraction that is simplified or in lowest terms. Even though you have used the language reducing for years, you need to become familiar with more precise language such as “simplifying fractions.”


On the other hand, what is unfamiliar will become more comfortable. It may feel uncomfortable for you to be asking students, “Did anyone solve it differently?” especially if you are worried that you might not understand their approach. Yet this question is essential to effective teaching. As you bravely use this strategy, it will become comfortable (and you will learn new strategies!).


Another potentially difficult shift in practice is toward an emphasis on concepts as well as procedures. What happens in a procedure-focused classroom when a student doesn’t understand division of fractions? A teacher with only procedural knowledge is often left to repeat the procedure louder and slower, “Just change the division sign to multiplication, flip over the second fraction, and multiply.” We know the use of a memorized approach doesn’t work well if we want students to fully understand the process of dividing fractions, so let’s consider an example using 312÷12=______. You might start by relating this division problem to prior knowledge of a whole number division problem such as 25 ÷ 5 =______. A corresponding story problem might be, “How many orders of 5 pizzas are there in a group of 25 pizzas?” Then ask students to put words around the fraction division problem, such as “You plan to serve each guest 12 a pizza. If you have 312 pizzas, how many guests can you serve?” Yes, there are seven halves in 312 and therefore 7 guests can be served. Are you surprised that you can do this division of fractions problem in your head?


To respond to students’ challenges, uncertainties, and frustrations you may need to unlearn and relearn mathematical concepts, developing comprehensive conceptual understanding and a variety of representations along the way. Supporting your mathematics content knowledge on solid, well-supported terrain is your best hope of making a lasting difference in your students’ learning of mathematics—so be ready for change. What you already understand will provide you with many “Aha” moments as you read this book and connect new information to your current mathematics knowledge.


Willingness to Be a Team Player


Your school must work as a unit where all teachers are supporting children not just for the one grade they teach but in a coherent manner across the grades. When this idea of a team is implemented, then teachers agree to use the same language, symbols, models and notation to give students a familiar thread that ties the concepts and procedures together year after year. This established understanding is called a Whole School Agreement (Karp, Bush, & Dougherty, 2016) and your eager collaboration is essential in making this approach work well.


Lifelong Learning, Make Time to Be Self-Aware and Reflective


As Leinwand wrote, “If you don’t feel inadequate, you’re probably not doing the job” (2007, p. 583). No matter whether you are a preservice teacher or an experienced teacher, there is always more to learn about the content and methodology of teaching mathematics. The ability to examine oneself for areas that need improvement or to reflect on successes and challenges is critical for growth and development. The best teachers are always trying to improve their practice through the reading latest article, reading the newest book, attending the most recent conference, or signing up for the next series of professional development opportunities. These teachers don’t say, “Oh, that’s what I am already doing”; instead, they identify and celebrate each new insight. Highly effective teachers never “finish” learning nor exhaust the number of new mental connections that they make and, as a result, they never see teaching as stale or stagnant. An ancient Chinese proverb states, “The best time to plant a tree is twenty years ago; the second best time is today.” Explore this self-reflection chart on professional growth to list your strengths and indicate areas for continued growth.


Think back to the quotations from the teachers at the beginning of this section. Again, what memories will you create for your students?


As you begin this adventure let’s be reminded of what John Van de Walle said with every new edition, “Enjoy the journey!”




MyLab Education Teacher Resource: Professional Growth Chart


MyLab Education Video Example 1.2


Watch this video of John Van de Walle as he speaks to teachers about the challenges of teaching in ways focused on a problem-solving approach.
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RECOMMENDED READINGS


Articles


Buckheister, K., Jackson, C., & Taylor, C. (2015). An inside track: Fostering mathematical practices. Teaching Children Mathematics, 22(1), 28–35.


The authors share a game used with early elementary students and through teacher-student dialogue they describe how the several mathematical practices can be developed.


Hoffman, L., & Brahier, D. (2008). Improving the planning and teaching of mathematics by reflecting on research. Mathematics Teaching in the Middle School, 13(7), 412–417.


This article addresses how teachers’ beliefs influence their mathematics instruction. The authors discuss how to pose higher-level problems, ask thought-provoking questions, face students’ frustration, and use students’ mistakes to enhance their understanding of concepts.


Books


Bush, S., & Karp, K. (2015) Discovering lessons for the Common Core State Standards in grades K–5. Reston, VA: NCTM.


Bush, S., & Karp, K. (2014) Discovering lessons for the Common Core State Standards in grades 6–8. Reston, VA: NCTM.


These two books align lessons in articles from the past 15 years of NCTM journals with the Common Core State Standards and the Standards for Mathematical Practices. The books provide a way to see how the standards play out in instructional tasks for classroom use.


Koestler, C. Felton, M., Bieda, K. & Otten, S. (2013).Connecting the NCTM process standards and the CCSSM practices. Reston, VA: NCTM.


Expanding on the brief description of the Standards for Mathematical Practice in the CCSSM document, this book integrates those processes into the content with specific examples.



Self Check


Similar questions are available on MyLab Education.


Before attempting the Self-Check questions, refer to the learning outcomes (LOs) listed at the beginning of the chapter.




LO 1.1   1. Many factors influence how mathematics is taught in a school system and which mathematics is covered. What are some of the most influential factors?




	The presence of a new classroom textbook and a new teacher


	The size and wealth of the school system


	The age of the students and their geographic location


	National and international testing results





LO 1.1   2. There have been significant reforms in mathematics that reflect the technological and informational needs of our society. Which statement is a factor to consider in change?




	STEM jobs take twice as long to fill as other jobs


	Developing a “love of math” in students


	Prepare preK-12 students for jobs that do not currently exist


	U.S. student performance in national and international studies





LO 1.1   3. The National Council of Teachers of Mathematics has been transformative and influential in the changes in the teaching of mathematics. Three of the statements below are true about NCTM’s contributions. Identify the one that is not true.




	Creation and dissemination of curriculum standards


	Illuminations instructional resources


	Creation and dissemination of assessment standards


	Trends in International Mathematics and Science Study





LO 1.2   4. The six Principles and Standards for School Mathematics articulate high-quality mathematics education. Which of the following statements represents the equity principle?




	Coherence speaks to the importance of building instruction around big ideas.


	Calculators and computers should be seen as essential tools for doing and learning mathematics.


	Mathematics today requires not only computation skills, but also the ability to think and reason.


	The message of high expectations for all is intertwined with every other principle.





LO 1.2   5. The Common Core State Standards divide the content expectations for students into large groupings called what?




	Factors


	Units of study


	Domains


	Lesson plans





LO 1.2   6. A process standard refers to the mathematical processes that preK–12 students acquire and the mathematical knowledge they use. Identify the process standard that highlights how mathematical concepts relate to real-world and other subjects.




	Connections


	Problem solving


	Reasoning and proof


	Representation


	Communication





LO 1.2   7. Which one of the following Standards for Mathematical Practice asks students to analyze situations by breaking them into cases and can recognize and use counter examples?




	Express regularity in repeated reasoning


	Reason abstractly and quantitatively


	Construct viable arguments and critique reasoning of others


	Attend to precision





LO 1.3   8. Although all are important, which of the following teacher characteristics is most essential to demonstrate in order to help students persevere, think to try other strategies, and check their answers to problems?




	Lifelong learning


	Persistence


	Positive attitude


	Reflective disposition





LO 1.3   9. Which of the following statements is the best definition for the term “school effects” as it pertains to mathematics education?




	Some schools have better learning environments for mathematics than others.


	For many students, school is the only place where they get to experience mathematics.


	Schools have no effect on students’ learning of mathematics, and students’ learning is completely determined by how they interact with mathematics outside of the classroom.


	Schools affect students’ learning of mathematics by creating the daily schedule for when various content areas are taught.





LO 1.3   10. Three of the following statements are ways for teachers to maintain a positive disposition about mathematics. Which of the following would not contribute to that disposition?




	Enjoy doing activities in class


	Trying new ways to approach problems


	Expanding your knowledge of the subject


	In your heart you say, “I never liked math”





Answers: LO 1.1 - 1. D. 2. D. 3. D.; LO 1.2 - 4. D. 5. C. 6. A. 7. C.; LO 1.3 - 8. B. 9. B. 10. D.







CHAPTER 2


Exploring What It Means to Know and Do Mathematics


LEARNER OUTCOMES


After reading this chapter and engaging in the embedded activities and reflections, you should be able to:




	
2.1   Investigate what it means to do mathematics.


	
2.2   Describe essential components of mathematical proficiency, including the importance of a relational understanding.


	
2.3   Connect learning theories to effective teaching practices.





This chapter explains how to help students learn mathematics. To get at how to help students learn, however, we must first consider what is important to learn. Let’s look at a poorly understood topic, division of fractions, as an opening example. If a student has learned this topic well, what will they know and what should they be able to do? The answer is more than being able to successfully implement a procedure (e.g., commonly called the “invert and multiply” procedure). There is much more to know and understand about division of fractions:




	What does 3÷14, mean conceptually?


	What situation might this expression represent?


	Will the result be greater than or less than 3 and why?


	What strategies can we employ to solve this problem?


	What illustration or manipulative might illustrate this problem?


	How does this expression relate to subtraction? To multiplication?





All of these questions can be answered by a student who fully understands a topic such as division of fractions. We must help students reach this level of procedural fluency and conceptual understanding.


This chapter focuses on the “what” and “how” of teaching mathematics. First, what does doing mathematics look like (be ready to experience this yourself through four great tasks!) and what is important to know about mathematics? Second, how do we help students develop a strong understanding of mathematics?




What Does It Mean to Do Mathematics?


Doing mathematics means generating strategies for solving a problem, applying that strategy, and checking to see whether an answer makes sense. Doing mathematics means demonstrating mathematical process (see Table 1.1), which in the CCSS-M are effectively described in eight Mathematical Practices (see Table 1.2 and Appendix A). Doing mathematics begins with establishing goals for students that reflect these practices and then posing worthwhile tasks that open up the opportunity for such processes to develop (NCTM, 2014).


Goals for Students


One way to determine if your goals for students focus on doing mathematics is to consider the verbs in lesson and unit plans. Objectives or instructions that ask students to listen, copy, memorize, drill, and compute are lower-level thinking tasks and do not adequately prepare students for the real act of doing mathematics. In contrast, the following verbs engage students in doing higher-level mathematics:








	analyze

	design

	justify






	apply

	develop

	model






	compare

	explain

	predict






	connect

	explore

	represent






	construct

	formulate

	solve






	critique

	generalize

	use






	describe

	investigate

	verify








These verbs may look familiar to you, as they are on the higher level of Bloom’s (revised) Taxonomy (Anderson & Krathwohl, 2001) (see Figure 2.1).


[image: Figure 2.1]


FIGURE 2.1 Bloom’s (Revised) Taxonomy (Anderson & Krathwohl, 2001).


In observing a third-grade classroom where the teacher focused on doing mathematics (i.e., focusing on the process standards), researchers found that students began to (1) connect to previous material, (2) respond with information beyond the required response, and (3) conjecture or predict (Fillingim & Barlow, 2010). When students engage in mathematical processes and practices a daily basis, they receive an empowering message: “You are capable of making sense of this—you are capable of doing mathematics!”


An Invitation to Do Mathematics


As noted above, after selecting goals that focus on mathematical processes and practices, the next step is to pose worthwhile tasks. The purpose of this section is to provide you with opportunities to engage with such tasks—four different problems across the mathematical strands and across K–8. None requires mathematics beyond elementary school mathematics, but they do require higher-level thinking. For each, stop and solve first. Then read the “Explore” section. Continue to engage with the task. Then, you will be doing mathematics and seeing how others may think about the problem differently (or the same). Have fun!


Task 1. Pattern Search: Start and Jump Numbers




Begin with a number (start) and add (jump) a fixed amount. For example, start with 3 and jump by 5s. Use the Start and Jump Numbers Activity Page or write the list on a piece of paper. Examine the list and record as many patterns as you see.




MyLab Education Activity Page: Start and Jump Numbers








Explore


Here are some questions to guide your pattern search:




	Do you see at least one alternating pattern?


	Have you noticed an odd/even pattern? Why is this pattern true?


	What do you notice about the numbers in the tens place?


	Do the patterns change when the numbers are greater than 100?





Source: Anderson, L.W., & Krathwohl, D. R. (Eds.). (2001). A taxonomy for learning, teaching, and assessing: A revision of Bloom’s Taxonomy of educational objectives: Complete Edition. New York, NY: Addison Wesley, Longman.


Have you thought about what happens to your patterns after the numbers are more than 100, for example 113? One way is as 1 hundred, 1 ten, and 3 ones. But, of course, it could also be “eleventy-three,” where the tens digit has gone from 9 to 10 to 11. How do these different perspectives affect your patterns? What would happen after 999?


Extend


Sometimes when you have discovered some patterns in mathematics, it is a good idea to make some changes and see how the changes affect the patterns. What changes might you make in this problem? Your changes may be even more interesting than the following suggestions. But here are some ideas:




	Change the start number but keep the jump number equal to 5. What is the same and what is different?


	Keep the same start number and explore with different jump numbers.


	What patterns do different jump numbers make? For example, when the jump number was 5, the ones-digit pattern repeated every two numbers—it had a “pattern length” of 2. But when the jump number is 3, the length of the ones-digit pattern is 10! Do other jump numbers create different pattern lengths?


	For a jump number of 3, how does the ones-digit pattern relate to the circle of numbers in Figure 2.2? Are there similar circles of numbers for other jump numbers?


	Using the circle of numbers for 3, find the pattern for jumps of multiples of 3, that is, jumps of 6, 9, or 12.





[image: Figure 2.2]


FIGURE 2.2 For jumps of 3, this cycle of digits will occur in the ones place. The start number determines where the cycle begins.


Calculators facilitate exploration of this problem. Using calculators make the list generation accessible for young children who can’t skip count yet, and they make it possible to readily explore bigger jump numbers like 25 or 36. Most simple calculators have an automatic constant feature that will add the same number successively. For example, if you press 3 + 5 = and then keep pressing =, the calculator will keep counting by fives from the previous answer. Consider demonstrating this with an online calculator (http://calculator-1.com) or app for the white board so the class can observe and discuss the counting.


Task 2. Analyzing a Situation: Two Machines, One Job




Ron’s recycle shop started when Ron bought a used paper-shredding machine. Business was good, so Ron bought a new shredding machine. The old machine could shred a truckload of paper in 4 hours. The new machine could shred the same truckload in only 2 hours. How long will it take to shred a truck-load of paper if Ron runs both shredders at the same time?






MyLab Education Application Exercise 2.1: Observing and Responding to Student Thinking Click the link to access this exercise, then watch the video and answer the accompanying questions.





Use the Two Machines, One Job Activity Page to record your solution to this problem. Do not read on until you have an answer or are stuck. Can you check that you are correct? Can you approach the problem using a picture?




MyLab Education Activity Page: Two Machines, One Job






Explore


This task is more challenging than the last one, though you might be surprised at how it can be solved logically. Here are some things to consider:




	Have you tried to predict approximately how much time you think it should take the two machines? For example, will it be closer to 1 hour or closer to 4 hours? Estimating can sometimes lead to a new insight.


	What type of illustration might help solve this problem? For example, could you draw a rectangle or a line segment to stand for the truckload of paper?


	Is there a manipulative (chips, plastic cubes, pennies) you might use to make a collection that represents the truckload?





Strategies


Hopefully you have solved this problem in some way that makes sense to you—there are lots of ways to solve this particular task! Understanding other people’s strategies can develop our own understanding. And, teachers are always in a position where they must try to figure out how their students are thinking about a problem. The following is one explanation for solving the problem, using strips (based on Schifter & Fosnot, 1993):


“This rectangle [see Figure 2.3] stands for the whole truckload. In 1 hour, the new machine will do half of this.” The rectangle is divided in half. “In 1 hour, the old machine could shred 14 of the paper.” The rectangle is divided accordingly. “So in 1 hour, the two machines have done 34 of the truck, and there is 14 left. What is left is one-third as much as what they already did, so it should take the two machines one-third as long to do that part as it took to do the first part. One-third of an hour is 20 minutes. That means it takes 1 hour and 20 minutes to do it all.


[image: Figure 2.3]


FIGURE 2.3 Cora’s solution to the paper-shredding problem.


As with the teachers in these examples, it is important to decide whether your solution is correct through justifying why you did what you did; this reflects real problem solving rather than checking with an answer key. After you have justified that you have solved the problem in a correct manner, try to find other ways that students might solve the problem—in considering multiple ways, you are making mathematical connections.


Task 3. Generalizing Relationships: One Up, One Down


This problem has two parts, addition and multiplication. For your use, or to use with students, download One Up, One Down: Addition Activity Page or One Up, One Down: Multiplication Activity Page.




MyLab Education Activity Page: One Up, One Down: Addition


MyLab Education Activity Page: One Up, One Down: Multiplication







Addition. When you add 7 + 7, you get 14. When you make the first number 1 more and the second number 1 less, you get the same answer:


↑ ↓  7+7=148+6=14


Does it work for 5 + 5? For what other problems is this pattern true?


What else do you notice about this pattern? Why is this pattern true?







Multiplication. When you multiply 7 × 7 you get 49. When you make the first number 1 more and the second number 1 less, you get one less:


↑ ↓  7×7=498×6=48


Does this work for 5 × 5? For what other problems is this pattern true?


What else do you notice about this pattern? Why is this pattern true?





Explore


If you explored both of these, you may have noticed that there are many more patterns or generalizations in the addition situation than in the multiplication situation. Consider:




	What manipulative or picture might illustrate the patterns?


	How is the pattern altered if the sums/products begin as two consecutive numbers (e.g., 8 × 7)? If they differed by 2 or by 3?


	What if you instead go “Two up, two down”? (e.g., 7 + 7 to 9 + 5 OR 7 × 7 to 9 × 5)?


	What if both factors increase (i.e., one up, one up)?


	What manipulative or picture might illustrate why the patterns work?


	In what ways is the addition situation similar to and different than the multiplication situation?




Strategies


Let’s look at the multiplication pattern using illustrations. To compare the before and after products, draw rectangles (or arrays) with a length and height of each of the factors (see Figure 2.4[a]), then draw the new rectangle (e.g., 8-by-6-unit rectangle). You may prefer to think of multiplication as equal sets. For example, using stacks of chips, 7 × 7 is seven stacks with seven chips in each stack (set) (see Figure 2.4[b]). The expression 8 × 6 is represented by eight stacks of six (though six stacks of eight is a possible interpretation). See how the stacks for each expression compare.


[image: Figure 2.4]


FIGURE 2.4 Two physical ways to think about multiplication that might help in the exploration.


Have you made some mathematical connections and conjectures in exploring this problem? In doing so you have hopefully felt a sense of accomplishment and excitement—one of the benefits of doing mathematics.


Task 4. Experimenting and Justifying: The Best Chance of Purple




Samuel, Susan, and Sandu are playing a game. The first one to spin “purple” wins! Purple means that one spin lands on red and one spin lands on blue (see Figure 2.5). Each person chooses to spin each spinner once or one of the spinners twice. Samuel chooses to spin spinner A twice; Susan chooses to spin spinner B twice; and Sandu chooses to spin each spinner once. Who has the best chance of purple? (based on Lappan & Even, 1989).




[image: Figure 2.5]


FIGURE 2.5 You may spin A twice, B twice, or A then B. Which choice gives you the best chance of spinning a red and a blue (purple)?


Think about the problem and what you know. Experiment. Use the Best Chance of Purple Activity Page to explore this problem.




MyLab Education Activity Page: Best Chance of Purple






Explore


A good strategy for learning is to first explore a problem concretely, then analyze it abstractly. This is particularly helpful in situations involving chance or probability. Use a paper clip with the spinners on your Activity Page, or use a virtual spinner. Consider the following as you explore:




	Who is most likely to win and why?


	For Sandu’s turn (spinner A, then spinner B), would it matter if he spun B first and then A? Why or why not?


	How might you change one spinner so that Susan has the best chance at purple?





Strategies


Just like the earlier tasks, there are multiple strategies for approaching this task.


Strategy 1: Tree Diagrams. On spinner A, the four colors each have the same chance of coming up. You could make a tree diagram for A with four branches and all the branches would have the same chance (see Figure 2.6). Spinner B has different-sized sections, leading to the following questions:




	What is the relationship between the blue region and each of the others?


	How could you make a tree diagram for B with each branch having the same chance?


	How can you add to the diagram for spinner A so that it represents spinning A twice in succession?


	Which branches on your diagram represent getting purple?


	How could you make tree diagrams for each player’s choices?


	How do the tree diagrams relate to the spinners?





[image: Figure 2.6]


FIGURE 2.6 A tree diagram for spinner A in Figure 2.5.


Tree diagrams are only one way to approach this. If the strategy makes sense to you, stop reading and solve the problem. If tree diagrams do not seem like a strategy you want to use, read on.


Strategy 2: Grids. Partition squares to represent all the possible outcomes for spinner A and spinner B. Although there are many ways to divide a square into four equal parts, if you use lines going all in the same direction, you can make comparisons of all the outcomes of one event (one whole square) with the outcomes of another event (drawn on a different square). For two independent events, you can then create lines going the other direction for the second event. Samuel’s two spins are represented in Figure 2.7(a). If these two squares are overlapped, you can visually see that two parts (two-sixteenths) are “blue on red” or “red on blue.” Susan’s probability can be determined by layering the squares in Figure 2.7(b); and Sandu’s from layering one square from Figure 2.7(a) with one from Figure 2.7(b).


[image: Figure 2.7]


FIGURE 2.7 Grids can illustrate the chance of spinning purple with two spins.


Why are there four parts for spinner A and 6 parts for spinner B? How is the grid strategy alike and different from the tree diagram? One strategy may make more sense to you, and one may make more sense to another. Hearing other students’ explanations and reasoning for both strategies are important in building a strong understanding of mathematics.


Interesting mathematics problems such as the four presented here are plentiful. The Math Forum, for example, has a large collection of classic problems along with discussion, solutions, and extensions. NCTM teacher journals include monthly problems, and readers submit student solutions for these tasks, which appear in an issue a few months later.


Where Are the Answers?


Did you notice that no answers were shared for these four rich tasks? You may be wondering if your answer is correct, or if there are other answers. But, one aspect of being mathematically proficient is to rely on one’s own justification and reasoning to determine if an answer is correct. Consider the message students receive when the textbook or the teacher is the source of whether an answer is correct: “Your job is to find the answers that the teacher already has.” In the real world of problem solving and doing mathematics, there are no answer books. A person must be able to make sure they have used an appropriate strategy and reached a reasonable conclusion—we hope you feel this is the case for the tasks you solved in this section.




What Does It Mean to Know Mathematics?


In setting learning objectives for students, we often ask, “What will students know and be able to do?” The previous section focused on what students need to be able to do; this section focused on what students need to know. Procedural knowledge refers to how to complete an algorithm or procedure. Conceptual knowledge refers to connected knowledge: “mental connections among mathematical facts, procedures, and ideas” (Hiebert and Grouws 2007, p. 380). Both procedural and conceptual knowledge are foundational to procedural fluency and conceptual understanding, discussed later.


As an example, consider what is important for a student to know about a fraction such as 68? At what point do they know enough that they can claim they “understand” fractions? It is more complicated than it might first appear. Here is a partial list of what they might know or be able to do:
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CHAPTER

Developing Fraction Concepts

LEARNER OUTCOMES
At reading this cheptar and engaging i the ambadtdad actiies and rafectons, you showid be
ableto:
141 Doscribe and ghe oxamples for fracions constuets and fraction modes.
142 Explain foundational conospts of ractonal parts,incuding Heration and partionin.
143 lustrate the concept of equivalence across fractn modsls.
1.4 Doscribe statogies or comparing fractions and weys toteach this topic concaptualy.

ractionsarc ane ofthe mos imporant opi sudeats need o understand to be st

imalgebra and beyond, yet it s an arca inwhich U.S. sudents, s wel s students in many
countics, struggle (OECD, 2014) National Asecssment of Educationsl Progress (NAEP)
resuks have consiseoly shown tht sdeats have » weak understandin of faction coneepts
(Sowder & Wearne, 2006; Wesene & Konba, 2000) This lack of understanding i the trane-
ated o diffcultics with fracion computation, decimal and perceat concepts, and slgebra
(Baley, Hoard, Nogent, & Geary, 2012, Booch & Newton, 2012, Brown & Quinn, 2007,
National Mathematice Adisory Pane, 2008;Sigle, Fazio, Bailey & Zhow, 2013). Therefor,
i critcl dhat you teach fractons well, peseat fractions a iteresing and imporcant, and
cormmi & helping smdens understnd the meaning of racions.

@ BIG IDEAS

« Fractons can and should ba epressrtad across diferant ntarpretations (2. partwhola
and diision) and dferent modes: arca (e.2. & of a garde), length (... of an nc), and
set 0.2 of the marbies).

« Fractons ae equal shares cf awhol ora uit. Therefrs, squal sharing acttes
2 sandwiches share with 3 frisnds) buld o wholsumber knowldgs to todue
ol quantis.

« Partitoring and erating aro stratagas suxents can uss 1 undarstand ths maaning of
racion. Partiring can ba tholght of as spiting the whole equaly (o ., plting &
Whol ntofourths, and terating can b thougtof as makinga copy of ech pice and
counting then (5. onefourth, woourths, ).

 Equielent ractions ara ways of dseribingthe sams amourt by sing diferentsed frac-
o parts.

 Fractons can ba compered y reascnig about the elaia sz of tha fractions. Estmation
and reasoning ara important intaaching understancing of fractcns.

385

<« Learning Outcomes

To help readers know what they
should expect to learn, each chap-
ter begins with learning outcomes.
Self-checks are numbered to cover
and thus align with each learning
outcome.

<« Big Ideas

Much of the research and litera-

ture espousing a student-centered
approach suggests that teachers
plan their instruction around big ideas
rather than isolated skills or con-
cepts. At the beginning of each chap-
ter in Part Il, you will find a list of the
big mathematical ideas associated
with the chapter. Teachers find these
lists helpful to quickly envision the
mathematics they are to teach.
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Activity 21.9

CCSS-M: 7.6.8.4; 7.SP.C.6; 7.SP.C.7Tb

Chance of Hitting the Target?

Projoct 2 targetsuch as he ons ISUTatad Nore Wit Concont s having Fadlof 2 nchs, 6 nchas, 8 nchas, and 10 nchas,
en rglon shadad a dfrent color. Ask stUents o datarmina th fraclon an parcantof sach coload fegion In th cicle.

ASK studens 10 iscUss What the probabilty for Ianding on the cantar (assuming ail throws and on the a are thrown
Fandomy). Ask studnts 10 ds5uss Why data may or may not malch the I of the area that s covored (6.2, peoplo Wi
2000 i Wil b2 abia 10 N the Smaler areas mora ofta). Then, Nave SLUGGNTS PIOPOS@ WA poInt Values They WouId assign
0 cach rogion. tudents may assign Valuos Invarlous Ways. For Gxampe,they may think the sKInny outar cirle s harder o
12nd on and giv It more potnts than ot sections, aven though the area of that eglon may be more. Al therm tms to

<« Activities

The numerous activities found in every chapter of
Part Il have always been rated by readers as one of
the most valuable parts of the book. Some activity
ideas are described directly in the text and in the
illustrations. Others are presented in the numbered
Activity boxes. Every activity is a problem-based
task (as described in Chapter 3) and is designed to
engage students in doing mathematics.

Sharo thel roasoning and to cRIque others ways of assigning ponts.

Adaptations for Students with Special Needs and
English Learners »

Chapter 6 provides detailed background and strategies for how
to support students with special needs and English learners
(ELs). But, many adaptations are specific to a activity or task.
Therefore, Part Il chapters offer adaptations and instructions
within activities (look for the icon) that can meet the needs of
students with special needs and ELs.

D FORMATIVE ASSESSMENT Notes. To assess understanding of division algorithms, call
on different students to explain individual seeps using the appropriate terminology thar
conneets to the concepe of ivision. Use an Observarion Checklistto record students' responses,
indicaring how well they understand the algorithm. For students who are having difficulty, you
‘may want to conduce a shore diagnostic interview to explore their level of understanding in
‘more detail. Begin by having the student complete 115 + 9 and ask them to talk about what
they are thinking as they carry out specific stepsin the process. f there s difficulty explaining,
have the student use base-ten materials to dircetly model the problem and attempe to link the
actions to the procedure. Then ask them to discuss verbally the connections berween what was
done with the models and what was written symbolically. B

Technology Notes »

Infusing technological tools is important

in learning mathematics. We have infused
technology notes throughout Part II. A tech-
nology icon is used to identify places within
the text or activity where a technology idea or
resource is discussed. Descriptions include
open-source (free) software, applets, and
other Web-based resources, as well as ideas
for calculator use.

ACHIVIty 9.2 esump e ppe
2.00.8.2

How Many Feet in the Bed?

"Read How Many Footintho B2d? by Diane Johnston Hamm. on the sacond
ma throgh the book, ask sLUGENTS how many mora fat ars It he bed whan
2 maw person ges In. Ak studants (o Facord (s equation (8, 6 + 2)and all
oW many. TWD 1ess can bo considered as famly members gat out f the bed.
FInd opportunites o make the connacion betwaen counting on and addng.
using 2 number e, For ELs, bo ure that they Know What he pI¥asas “two.
more* and "o less” mean (and clary the meaning of foat, Which I aso used
for measuring. Acting out it studants n th classroom can be 3 great ustra
ton for bt ELS and students wih alsabiltes.

&

<« Formative Assessment
Notes

Assessment is an integral process
within instruction. Similarly, it makes
sense to think about what to be listen-
ing for (assessing) as you read about
different areas of content develop-
ment. Throughout the content chap-
ters, there are formative assessment
notes with brief descriptions of ways
to assess the topic in that section.
Reading these assessment notes as
you read the text can help you under-
stand how best to assist students
who struggle.

TECHNOLOGY Note. An amazing computer tool for
drawing two-dimensional views of block buildings is the
Tsometric Drawing Tool, available at the NCTM Illuminations
website. Using mouse clicks students can draw either whole
cubes, faces, or just lines. The drawings, however, are actually
“buildings” and can be viewed as three-dimensional objects that
when rotated can be seen from any vantage point. Prepared
investigations lead students through the features of the tool. B
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420 Chapter 14 DsvslopingFracion Concspts

Standards for
Mathematical
Practice

MP2. Reason abstractly
and quantitatively.

@ RESOURCES FOR CHAPTER 14

LITERATURE CONNECTIONS
The Doorbell Rang

Hutonins (1086)

‘Offen used o imvestigae whole-number operstions of mul-
plication and division, this book i 1o an excelent carly
introduction to fFactions. The story is  simple tal of two,
chidren preparing to sharea plae of 12 cookies Justas chey
have figured out how o share the cookics, he doorbell rings
and more children arrive, Youcan change the number of chi.-
drentocreat  sharing sication that requies ractons (e 8.
S children),

The Man Who Counted: A Collection of Mathe-
matical Adventures

Tfon(1003)

This book conains sory, “Best of Burden,” sbout s wike
mathematcan, Beremic, ad the naruor, who ar raveling
ogehe on cne cumel, They aressked by cee ecers 1o
elve s segumen Thir e b thoe 3 e
o them: bt ne i, oe 5w o b, endme-
it o he 6 thr, The sory s s ccellent comes o
Frconal paes of srs(und ading fnetens). Changig the
b ofcumels n 36 o 34, dos ot save the chalinge
beceuse che sum of b and § will neves be ane whole, 70
mare o many el ar vl See Breses (1995
{hree days of st with hisbook.

Apple Fractions
Pelota (2002)

This book offrs nteresting fcts sbout apples whil introduc-
ing racions as i shares (of apples,  healhier opcion than.
books tha focus on chocolate and cookics). In sddition,the
words for fsctons ar wed and connected 1 fraction sym-
bols, making it goed connection for fraccions i grades 13

RECOMMENDED READINGS

Articles.

Clarke, D. M, Roche, ., & Mihll A. (2008). Ten prace-
el Sps for making acons come alive and make sense.
Mathemti Tachng m he Middle s, 1307, 373250,

Ton il e for tusding acions are dicused aad
Soerie st sre sared. An sslet v of eching
actime.

Lowis, R M, Gibbors, L. K. Kazemi, E, & Lind . Q015),
Unwespping students ideas abora. rsctons. Taching.
Chidren Msthomaicr, 223, 158-168.

This cxletresd provides o bow-to o implemening -
img taksindiding sequencing of sk, uesions o i, and
Srmatinsaeomsst oo o momior sdent undronding

Freeman, D. W, & Jorgensen, T. A. QO15). Moving beyond.

browniesand piszas. Tching Children Mtbanatie 1(7),
12420,
This rtide dexribs dens hinking a1 shey compare frc-
o, In the moresU pagas, thy ffer it s of ks
it  range of st ach et g on ¢ differrt e
ioing ety S comporing e,

Books

Lamcn, 5. (2002). Tabin Facions and rtvfr ndessnd-
g Bl contnt knldg nd mtracions ot
e York, NY. Tegor & France Grop.
st sl il i bk B o sl ofinfrmtion
‘it bt wndertandin rcin nd scing Sacions
5l My ik ks and st ok e revidd g

MeNarmt, ], & Shavghacssy, M. M. Q010). Bood pisar
and pis 10 il swatgh o ngpoing rcnn e
(i 3-5). Saslie, CAc Mt Swions Publcaion.
This vk st l—dacrsom g dicsio of s
on tscing Sracivs, and oy scotion, g ednt
ek

Websites
Rasionsl Number Project (htpi/Arwwcch umn, i/
‘tionslmumberproject/mp1-09bm).
This prje offs exllent Leons and otbr matesls for
aaching rction s feciny,

<« Standards for Mathematical Practice
Margin Notes

Connections to the eight Standards of Mathe-
matical Practice from the Common Core State
Standards are highlighted in the margins. The
location of the note indicates an example of the
identified practice in the nearby text.

<« End of Chapter Resources

The end of each chapter there are Resources,
which include “Literature Connections” (found in all
Part Il chapters) and “Recommended Readings.”

Literature Connections. Here you will find exam-
ples of great children’s literature for launching into
the mathematics concepts in the chapter just read.
For each title suggested, there is a brief descrip-
tion of how the mathematics concepts in the
chapter can be connected to the story. These lit-
erature-based mathematics activities will help you
engage students in interesting contexts for doing
mathematics.

Recommended Readings. In this section, you will
find an annotated list of articles and books to aug-
ment the information found in the chapter. These
recommendations include NCTM articles and
books, and other professional resources designed
for the classroom teacher.
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