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                                 Preface



                                The third edition of Calculus: Early Transcendentals supports a three-semester or four-quarter calculus sequence typically taken by students studying mathematics, engineering, the natural sciences, or economics. The third edition has the same goals as the first edition:

  
	        to motivate the essential ideas of calculus with a lively narrative, demonstrating the utility of calculus with applications in diverse fields;

	        to introduce new topics through concrete examples, applications, and analogies, appealing to students’ intuition and geometric instincts to make calculus natural and believable; and

	        once this intuitive foundation is established, to present generalizations and abstractions and to treat theoretical matters in a rigorous way.




The third edition both builds on the success of the previous two editions and addresses the feedback we have received. We have listened to and learned from the instructors who used the text. They have given us wise guidance about how to make the third edition an even more effective learning tool for students and a more powerful resource for instructors. Users of the text continue to tell us that it mirrors the course they teach—and, more important, that students actually read it! Of course, the third edition also benefits from our own experiences using the text, as well as from our experiences teaching mathematics at diverse institutions over the past 30 years.


                     New to the Third Edition



                     Exercises



The exercise sets are a major focus of the revision. In response to reviewer and instructor feedback, we’ve made some significant changes to the exercise sets by rearranging and relabeling exercises, modifying some exercises, and adding many new ones. Of the approximately 10,400 exercises appearing in this edition, 18% are new, and many of the exercises from the second edition were revised for this edition. We analyzed aggregated student usage and performance data from MyLab™ Math for the previous edition of this text. The results of this analysis helped us improve the quality and quantity of exercises that matter the most to instructors and students. We have also simplified the structure of the exercises sets from five parts to the following three:

      
	                                Getting Started contains some of the former Review Questions but goes beyond those to include more conceptual exercises, along with new basic skills and short-answer exercises. Our goal in this section is to provide an excellent overall assessment of understanding of the key ideas of a section.

	                                                        Practice Exercises consist primarily of exercises from the former Basic Skills, but they also include intermediate-level exercises from the former Further Explorations and Application sections. Unlike previous editions, these exercises are not necessarily organized into groups corresponding to specific examples. For instance, instead of separating out Product Rule exercises from Quotient Rule exercises in Section 3.4, we have merged these problems into one larger group of exercises. Consequently, specific instructions such as “Use the Product Rule to find the derivative of the following functions” and “Use the Quotient Rule to find the derivative of the given functions” have been replaced with the general instruction “Find the derivative of the following functions.” With Product Rule and Quotient Rule exercises mixed together, students must first choose the correct method for evaluating derivatives before solving the problems.

	                                Explorations and Challenges consist of more challenging problems and those that extend the content of the section.




                                We no longer have a section of the exercises called “Applications,” but (somewhat ironically) in eliminating this section, we feel we are providing better coverage of applications because these exercises have been placed strategically throughout the exercise sets. Some are in Getting Started, most are in Practice Exercises, and some are in Explorations and Challenges. The applications nearly always have a boldface heading so that the topic of the application is readily apparent.


Regarding the boldface heads that precede exercises: These heads provide instructors with a quick way to discern the topic of a problem when creating assignments. We heard from users of earlier editions, however, that some of these heads provided too much guidance in how to solve a given problem. In this edition, therefore, we eliminated or reworded run-in heads that provided too much information about the solution method for a problem.


                                Finally, the Chapter Review exercises received a major revamp to provide more exercises (particularly intermediate-level problems) and more opportunities for students to choose a strategy of solution. More than 26% of the Chapter Review exercises are new.


                     Content Changes



Below are noteworthy changes from the previous edition of the text. Many other detailed changes, not noted here, were made to improve the quality of the narrative and exercises. Bullet points with a  icon represent major content changes from the previous edition.
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                     Chapter 1 Functions


  
	                                                                                Example 2 in Section 1.1 was modified with more emphasis on using algebraic techniques to determine the domain and range of a function. To better illustrate a common feature of limits, we replaced part (c) with a rational function that has a common factor in the numerator and denominator.

	                                                                                                        Examples 7 and 8 in Section 1.1 from the second edition (2e) were moved forward in the narrative so that students get an intuitive feel for the composition of two functions using graphs and tables; compositions of functions using algebraic techniques follow.

	                                                        Example 10 in Section 1.1, illustrating the importance of secant lines, was made more relevant to students by using real data from a GPS watch during a hike. Corresponding exercises were also added.

	                                Exercises were added to Section 1.3 to give students practice at finding inverses of functions using the properties of exponential and logarithmic functions.

	                                New application exercises (investment problems and a biology problem) were added to Section 1.3 to further illustrate the usefulness of logarithmic and exponential functions.




                     Chapter 2 Limits


  
	                                                                                                        Example 4 in Section 2.2 was revised, emphasizing an algebraic approach to a function with a jump discontinuity, rather than a graphical approach.

	                                                                                                        Theorems 2.3 and 2.13 were modified, simplifying the notation to better connect with upcoming material.

	                                                                                                        Example 7 in Section 2.3 was added to solidify the notions of left-, right-, and two-sided limits.

	                                                                                                                                The material explaining the end behavior of exponential and logarithmic functions was reworked, and Example 6 in Section 2.5 was added to show how substitution is used in evaluating limits.

	                                                                                                        Exercises were added to Section 2.5 to illustrate the similarities and differences between limits at infinity and infinite limits. We also included some easier exercises in Section 2.5 involving limits at infinity of functions containing square roots.

	                                                                                                                                Example 5 in Section 2.7 was added to demonstrate an epsilon-delta proof of a limit of a quadratic function.

	                                                                                We added 17 epsilon-delta exercises to Section 2.7 to provide a greater variety of problems involving limits of quadratic, cubic, trigonometric, and absolute value functions.




                     Chapter 3 Derivatives


  
	                                                                                                                                                        Chapter 3 now begins with a look back at average and instantaneous velocity, first encountered in Section 2.1, with a corresponding revised example in Section 3.1.

	                                                                                                                                The derivative at a point and the derivative as a function are now treated separately in Sections 3.1 and 3.2.
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	                                                        After defining the derivative at a point in Section 3.1 with a supporting example, we added a new subsection: Interpreting the Derivative (with two supporting examples).

	                                                        Several exercises were added to Section 3.3 that require students to use the Sum and Constant Rules, together with geometry, to evaluate derivatives.

	                                                                                                                                                                                                                                                        The Power Rule for derivatives in Section 3.4 is stated for all real powers (later proved in Section 3.9). Example 4 in Section 3.4 includes two additional parts to highlight this change, and subsequent examples in upcoming sections rely on the more robust version of the Power Rule. The Power Rule for Rational Exponents in Section 3.8 was deleted because of this change.
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	                                                        We combined the intermediate-level exercises in Section 3.4 involving the Product Rule and Quotient Rule together under one unified set of directions.

	                                                                                                        The derivative of ex still appears early in the chapter, but the derivative of ekx is delayed; it appears only after the Chain Rule is introduced in Section 3.7.
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	                                                        In Section 3.7, we deleted references to Version 1 and Version 2 of the Chain Rule. Additionally, Chain Rule exercises involving repeated use of the rule were merged with the standard exercises.

	                                                                                                                                                        In Section 3.8, we added emphasis on simplifying derivative formulas for implicitly defined functions; see Examples 4 and 5.

	                                                                                                        Example 3 in Section 3.11 was replaced; the new version shows how similar triangles are used in solving a related-rates problem.




                     Chapter 4 Applications of the Derivative


  	                                                                                                                                                                                The Mean Value Theorem (MVT) was moved from Section 4.6 to 4.2 so that the proof of Theorem 4.7 is not delayed. We added exercises to Section 4.2 that help students better understand the MVT geometrically, and we included exercises where the MVT is used to prove some well-known identities and inequalities.
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	                                                                                                        Example 5 in Section 4.5 was added to give guidance on a certain class of optimization problems.

	                                                                                Example 3b in Section 4.7 was replaced to better drive home the need to simplify after applying l’Hôpital’s Rule.

	                                                        Most of the intermediate exercises in Section 4.7 are no longer separated out by the type of indeterminate form, and we added some problems in which l’Hôpital’s Rule does not apply.

	                                                                                                                                                                                Indefinite integrals of trigonometric functions with argument ax (Table 4.9) were relocated to Section 5.5, where they are derived with the Substitution Rule. A similar change was made to Table 4.10.
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	                                                                                                                                                        Example 7b in Section 4.9 was added to foreshadow a more complete treatment of the domain of an initial value problem found in Chapter 9.

	                                                        We added to Section 4.9 a significant number of intermediate antiderivative exercises that require some preliminary work (e.g., factoring, cancellation, expansion) before the antiderivatives can be determined.




                     Chapter 5 Integration


  
	                                                                                                                                                                                                                                                        Examples 2 and 3 in Section 5.1 on approximating areas were replaced with a friendlier function where the grid points are more transparent; we return to these approximations in Section 5.3, where an exact result is given (Example 3b).

	                                                                                                                                                                                Three properties of integrals (bounds on definite integrals) were added in Section 5.2 (Table 5.5); the last of these properties is used in the proof of the Fundamental Theorem (Section 5.3).

	                                                                                                        Exercises were added to Sections 5.1 and 5.2 where students are required to evaluate Riemann sums using graphs or tables instead of formulas. These exercises will help students better understand the geometric meaning of Riemann sums.

	                                                        We added to Section 5.3 more exercises in which the integrand must be simplified before the integrals can be evaluated.

	                                                                                                        A proof of Theorem 5.7 is now offered in Section 5.5.

	                                                                                                                                                                                                                                                                                Table 5.6 lists the general integration formulas that were relocated from Section 4.9 to Section 5.5; Example 4 in Section 5.5 derives these formulas.




                     Chapter 6 Applications of Integration



                     Chapter 7 Logarithmic, Exponential, and Hyperbolic Functions


  	                                                                                                                                Chapter 6 from the 2e was split into two chapters in order to match the number of chapters in Calculus (Late Transcendentals). The result is a compact Chapter 7.
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	                                                        Exercises requiring students to evaluate net change using graphs were added to Section 6.1.

	                                                                                                        Exercises in Section 6.2 involving area calculations with respect to x and y are now combined under one unified set of directions (so that students must first determine the appropriate variable of integration).

	                                                                                                                                We increased the number of exercises in Sections 6.3 and 6.4 in which curves are revolved about lines other than the x- and y-axes. We also added introductory exercises that guide students, step by step, through the processes used to find volumes.

	                                                                                                        A more gentle introduction to lifting problems (specifically, lifting a chain) was added in Section 6.7 and illustrated in Example 3, accompanied by additional exercises.

	                                                                                                        The introduction to exponential growth (Section 7.2) was rewritten to make a clear distinction between the relative growth rate (or percent change) of a quantity and the rate constant k. We revised the narrative so that the equation y=y0ekt applies to both growth and decay models. This revision resulted in a small change to the half-life formula.

	                                                        The variety of applied exercises in Section 7.2 was increased to further illustrate the utility of calculus in the study of exponential growth and decay.




                     Chapter 8 Integration Techniques


  
	                                                                                                                                                                                                        Table 8.1 now includes four standard trigonometric integrals that previously appeared in the section Trigonometric Integrals (8.3); these integrals are derived in Examples 1 and 2 in Section 8.1.

	        A new section (8.6) was added so that students can master integration techniques (that is, choose a strategy) apart from the context given in the previous five sections.
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	                                                        In Section 8.5 we increased the number and variety of exercises where students must set up the appropriate form of the partial fraction decomposition of a rational function, including more with irreducible quadratic factors.

	                                                                                                        A full derivation of Simpson’s Rule was added to Section 8.8, accompanied by Example 7, additional figures, and an expanded exercise set.

	                                                                                                                                                        The Comparison Test for improper integrals was added to Section 8.9, accompanied by Example 7, a two-part example. New exercises in Section 8.9 include some covering doubly infinite improper integrals over infinite intervals.
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                     Chapter 9 Differential Equations


  	        The chapter on differential equations that was available only online in the 2e was converted to a chapter of the text, replacing the single-section coverage found in the 2e.
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  	        More attention was given to the domain of an initial value problem, resulting in the addition and revision of several examples and exercises throughout the chapter.



                     Chapter 10 Sequences and Infinite Series


  	                                                                                                                                                                                                                                                                                                                                The second half of Chapter 10 was reordered: Comparison Tests (Section 10.5), Alternating Series (Section 10.6, which includes the topic of absolute convergence), The Ratio and Root Tests (Section 10.7), and Choosing a Convergence Test (Section 10.8; new section). We split the 2e section that covered the comparison, ratio, and root tests to avoid overwhelming students with too many tests at one time. Section 10.5 focuses entirely on the comparison tests; 39% of the exercises are new. The topic of alternating series now appears before the Ratio and Root Tests so that the latter tests may be stated in their more general form (they now apply to any series rather than only to series with positive terms). The final section (10.8) gives students an opportunity to master convergence tests after encountering each of them separately.
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	                                                                                                        The terminology associated with sequences (10.2) now includes bounded above, bounded below, and bounded (rather than only bounded, as found in earlier editions).

	                                                                                                                                                                                Theorem 10.3 (Geometric Sequences) is now developed in the narrative rather than within an example, and an additional example (10.2.3) was added to reinforce the theorem and limit laws from Theorem 10.2.


	                                                                                                        Example 5c in Section 10.2 uses mathematical induction to find the limit of a sequence defined recursively; this technique is reinforced in the exercise set.

	                                                                                                        Example 3 in Section 10.3 was replaced with telescoping series that are not geometric and that require re-indexing.

	        We increased the number and variety of exercises where the student must determine the appropriate series test necessary to determine convergence of a given series.

	                                                                                                        We added some easier intermediate-level exercises to Section 10.6, where series are estimated using nth partial sums for a given value of n.

	                                                                                                                                                                                                                                                                                                        Properties of Convergent Series (Theorem 10.8) was expanded (two more properties) and moved to Section 10.3 to better balance the material presented in Sections 10.3 and 10.4. Example 4 in Section 10.3 now has two parts to give students more exposure to the theorem.




                     Chapter 11 Power Series


  
	                                                                                                        Chapter 11 was revised to mesh with the changes made in Chapter 10.

	                                                        We included in Section 11.2 more exercises where the student must find the radius and interval of convergence.

	                                                                                                        Example 2 in Section 11.3 was added to illustrate how to choose a different center for a series representation of a function when the original series for the function converges to the function on only part of its domain.

	                                                        We addressed an issue with the exercises in Section 11.2 of the previous edition by adding more exercises where the intervals of convergence either are closed or contain one, but not both, endpoints.

	        We addressed an issue with exercises in the previous edition by adding many exercises that involve power series centered at locations other than 0.




                     Chapter 12 Parametric and Polar Curves


  	                                                        The arc length of a two-dimensional curve described by parametric equations was added to Section 12.1, supported by two examples and additional exercises. Area and surfaces of revolution associated with parametric curves were also added to the exercises.
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	                                                                                                        In Example 3 in Section 12.2, we derive more general polar coordinate equations for circles.

	                                                        The arc length of a curve described in polar coordinates is given in Section 12.3.




                     Chapter 13 Vectors and the Geometry of Space


  	        The material from the 2e chapter Vectors and Vector- Valued Functions is now covered in this chapter and the following chapter.
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	                                                                                                        Example 5c in Section 13.1 was added to illustrate how to express a vector as a product of its magnitude and its direction.

	                                                        We increased the number of applied vector exercises in ­Section 13.1, starting with some easier exercises, resulting in a wider gradation of exercises.

	                                                                                                        We adopted a more traditional approach to lines and planes; these topics are now covered together in Section 13.5, followed by cylinders and quadric surfaces in Section 13.6. This arrangement gives students early exposure to all the basic three-dimensional objects that they will encounter throughout the remainder of the text. 
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  	                                                                                                                                                        A discussion of the distance from a point to a line was moved from the exercises into the narrative, supported with Example 3 in Section 13.5. Example 4 finds the point of intersection of two lines. Several related exercises were added to this section.
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  	                                                        In Section 13.6 there is a larger selection of exercises where the student must identify the quadric surface associated with a given equation. Exercises are also included where students design shapes using quadric surfaces. 



                     Chapter 14 Vector-Valued Functions


  
	                                                                                                        More emphasis was placed on the surface(s) on which a space curve lies in Sections 14.1 and 14.3.

	                                                        We added exercises in Section 14.1 where students are asked to find the curve of intersection of two surfaces and where students must verify that a curve lies on a given ­surface.

	                                                                                Example 3c in Section 14.3 was added to illustrate how a space curve can be mapped onto a sphere.

	                                                                                                                                                                                Because the arc length of plane curves (described parametrically in Section 12.1 and with polar coordinates in Section 12.3) was moved to an earlier location in the text, Section 14.4 is now a shorter section.




                     Chapter 15 Functions of Several Variables


  	                                                        Equations of planes and quadric surfaces were removed from this chapter and now appear in Chapter 13.
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	                                                                                                        The notation in Theorem 15.2 was simplified to match changes made to Theorem 2.3.

	                                                                                                        Example 7 in Section 15.4 was added to illustrate how the Chain Rule is used to compute second partial derivatives.

	                                                                                                        We added more challenging partial derivative exercises to ­Section 15.3 and more challenging Chain Rule exercises to Section 15.4.

	                                                                                                        Example 7 in Section 15.5 was expanded to give students more practice finding equations of curves that lie on surfaces.

	                                                                                                                                                        Theorem 15.13 was added in Section 15.5; it’s a three- dimensional version of Theorem 15.11.

	                                                                                                        Example 7 in Section 15.7 was replaced with a more interesting example; the accompanying figure helps tell the story of maximum/minimum problems and can be used to preview Lagrange multipliers.

	                                                        We added to Section 15.7 some basic exercises that help students better understand the second derivative test for functions of two variables.

	                                                                                                        Example 1 in Section 15.8 was modified so that using Lagrange multipliers is the clear path to a solution, rather than eliminating one of the variables and using standard techniques. We also make it clear that care must be taken when using the method of Lagrange multipliers on sets that are not closed and bounded (absolute maximum and minimum values may not exist).
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                     Chapter 16 Multiple Integration


  
	                                                                                                                                                        Example 2 in Section 16.3 was modified because it was too similar to Example 1.

	                                                        More care was given to the notation used with polar, cylindrical, and spherical coordinates (see, for example, Theorem 16.3 and the development of integration in different coordinate systems).

	                                                                                                                                Example 3 in Section 16.4 was modified to make the integration a little more transparent and to show that changing variables to polar coordinates is permissible in more than just the xy-plane.

	                                                                                                                                                        More multiple integral exercises were added to Sections 16.1, 16.2, and 16.4, where integration by substitution or integration by parts is needed to evaluate the integrals.

	                                                                                                                                In Section 16.4 we added more exercises in which the integrals must first be evaluated with respect to x or y instead of z. We also included more exercises that require triple integrals to be expressed in several orderings.




                     Chapter 17 Vector Calculus


  	                                                                                                        Our approach to scalar line integrals was stream­lined; Example 1 in Section 17.2 was modified to reflect this fact.


 [image: A red colored key is shown.]


  
	                                                        We added basic exercises in Section 17.2 emphasizing the geometric meaning of line integrals in a vector field. A subset of exercises was added where line integrals are grouped so that the student must determine the type of line integral before evaluating the integral.

	                                                                                                                                                                                                                                                                                Theorem 17.5 was added to Section 17.3; it addresses the converse of Theorem 17.4. We also promoted the area of a plane region by a line integral to theorem status (Theorem 17.8 in Section 17.4).

	                                                                                Example 3 in Section 17.7 was replaced to give an example of a surface whose bounding curve is not a plane curve and to provide an example that buttresses the claims made at the end of the section (that is, Two Final Notes on Stokes’ Theorem).

	                                                        More line integral exercises were added to Section 17.3 where the student must first find the potential function before evaluating the line integral over a conservative vector field using the Fundamental Theorem of Line Integrals.

	                                                        We added to Section 17.7 more challenging surface integrals that are evaluated using Stokes’ Theorem.




                     New to MyLab Math


  
	                                Assignable Exercises To better support students and instructors, we made the following changes to the assignable exercises:
	        Updated the solution processes in Help Me Solve This and View an Example to better match the techniques used in the text.

	        Added more Setup & Solve exercises to better mirror the types of responses that students are expected to provide on tests. We also added a parallel “standard” version of each Setup & Solve exercise, to allow the instructor to determine which version to assign.

	        Added exercises corresponding to new exercises in the text.

	        Added exercises where MyLab Math users had identified gaps in coverage in the 2e.

	        Added extra practice exercises to each section (clearly labeled EXTRA). These “beyond the text” exercises are perfect for chapter reviews, quizzes, and tests.

	        Analyzed aggregated student usage and performance data from MyLab Math for the previous edition of this text. The results of this analysis helped improve the quality and quantity of exercises that matter the most to instructors and students.





	                                Instructional Videos For each section of the text, there is now a new full-lecture video. Many of these videos make use of Interactive Figures to enhance student understanding of concepts. To make it easier for students to navigate to the specific content they need, each lecture video is segmented into shorter clips (labeled Introduction, Example, or Summary). Both the full lectures and the video segments are assignable within MyLab Math. The videos were created by the following team: Matt Hudelson (Washington State University), Deb Carney and Rebecca Swanson (Colorado School of Mines), Greg Wisloski and Dan Radelet (Indiana University of Pennsylvania), and Nick Ormes (University of Denver).

	                                Enhanced Interactive Figures Incorporating functionality from several standard Interactive Figures makes Enhanced Interactive Figures mathematically richer and ideal for in-class demonstrations. Using a single figure, instructors can illustrate concepts that are difficult for students to visualize and can make important connections to key themes of calculus.

	                                Enhanced Sample Assignments These section-level assignments address gaps in precalculus skills with a personalized review of prerequisites, help keep skills fresh with spaced practice using key calculus concepts, and provide opportunities to work exercises without learning aids so students can check their understanding. They are assignable and editable.

	                                Quick Quizzes have been added to Learning Catalytics™ (an in-class assessment system) for every section of the text.

	                                                                                Maple™, Mathematica®, and Texas Instruments® Manuals and Projects have all been updated to align with the latest software and hardware.




                     Noteworthy Features



                     Figures



Given the power of graphics software and the ease with which many students assimilate visual images, we devoted considerable time and deliberation to the figures in this text. Whenever possible, we let the figures communicate essential ideas using annotations reminiscent of an instructor’s voice at the board. Readers will quickly find that the figures facilitate learning in new ways.

                                               Figure 6.40 


[image: Two parts are shown. The first part shows a curve on the x y coordinate plane. The second image shows the solid that is formed when the curve rotates around the y axis.]




                     Annotated Examples



Worked-out examples feature annotations in blue to guide students through the process of solving the example and to emphasize that each step in a mathematical argument must be rigorously justified. These annotations are designed to echo how instructors “talk through” examples in lecture. They also provide help for students who may struggle with the algebra and trigonometry steps within the solution process.


                     Quick Checks



The narrative is interspersed with Quick Check questions that encourage students to do the calculus as they are reading about it. These questions resemble the kinds of questions instructors pose in class. Answers to the Quick Check questions are found at the end of the section in which they occur.


                     Guided Projects



MyLab Math contains 78 Guided Projects that allow students to work in a directed, step-by-step fashion, with various objectives: to carry out extended calculations, to derive physical models, to explore related theoretical topics, or to investigate new applications of calculus. The Guided Projects vividly demonstrate the breadth of calculus and provide a wealth of mathematical excursions that go beyond the typical classroom experience. A list of related Guided Projects is included at the end of each chapter.


                     Incorporating Technology



We believe that a calculus text should help students strengthen their analytical skills and demonstrate how technology can extend (not replace) those skills. Calculators and graphing utilities are additional tools in the kit, and students must learn when and when not to use them. Our goal is to accommodate the different policies regarding technology adopted by various instructors.


                                                        Throughout the text, exercises marked [image: ] indicate that the use of technology—ranging from plotting a function with a graphing calculator to carrying out a calculation using a computer algebra system—may be needed. See page xx for information regarding our technology resource manuals covering Maple, Mathematica, and Texas Instruments graphing calculators.


                     Text Versions


  
	                                eBook with Interactive Figures The text is supported by a groundbreaking and award-winning electronic book created by Eric Schulz of Walla Walla Community College. This “live book” runs in Wolfram CDF Player (the free version of Mathematica) and contains the complete text of the print book plus interactive versions of approximately 700 figures. Instructors can use these interactive figures in the classroom to illustrate the important ideas of calculus, and students can explore them while they are reading the text. Our experience confirms that the interactive figures help build students’ geometric intuition of calculus. The authors have written Interactive Figure Exercises that can be assigned via MyLab Math so that students can engage with the figures outside of class in a directed way. Available only within MyLab Math, the eBook provides instructors with powerful new teaching tools that expand and enrich the learning experience for students.

	                                                        Other eBook Formats The text is also available in various stand-alone eBook formats. These are listed in the Pearson online catalog: www.pearson.com. MyLab Math also contains an HTML eBook that is screen-reader accessible.

	                                                                                                                                                                                                                                                        Other Print Formats The text is also available in split editions (Single Variable [Chapters 1–12] and Multivariable [Chapters 10–17]) and in unbound (3-hole punched) formats. Again, see the Pearson online catalog for details: www.pearson.com.
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                     Chapter Preview



                                                        Mathematics is a language with an alphabet, a vocabulary, and many rules. Before beginning your calculus journey, you should be familiar with the elements of this language. Among these elements are algebra skills; the notation and terminology for various sets of real numbers; and the descriptions of lines, circles, and other basic sets in the coordinate plane. A review of this material is found in Appendix B. This chapter begins with the fundamental concept of a function and then presents the entire cast of functions needed for calculus: polynomials, rational functions, algebraic functions, exponential and logarithmic functions, and the trigonometric functions, along with their inverses. Before you begin studying calculus, it is important that you master the ideas in this chapter.





                                 1.1 Review of Functions



                                                        Everywhere around us we see relationships among quantities, or variables. For example, the consumer price index changes in time and the temperature of the ocean varies with latitude. These relationships can often be expressed by mathematical objects called functions. Calculus is the study of functions, and because we use functions to describe the world around us, calculus is a universal language for human inquiry.


 


                     Definition: Function



                                                                                                                                                                                                                                                                                                                                                                                                                                A function f is a rule that assigns to each value x in a set D a unique value denoted fx. The set D is the domain of the function. The range is the set of all values of fx produced as x varies over the entire domain (Figure 1.1).

                       Figure 1.1

[image: A pictorial representation of a function, its input, and its output is shown. ]



  


                                                                                                                                                                                                                                                                                                                                The independent variable is the variable associated with the domain; the dependent variable belongs to the range. The graph of a function f is the set of all points x,y in the xy-plane that satisfy the equation y=fx. The argument of a function is the expression on which the function works. For example, x is the argument when we write fx. Similarly, 2 is the argument in f2 and x2+4 is the argument in          f          (               x             2              +          4          )          .      


                     QUICK CHECK 1


          	                                                                                                        If f(x)=x2−2x, find f(−1),f(x2),f(t), and  f(p−1).




                                                                                                                                The requirement that a function assigns a unique value of the dependent variable to each value in the domain is expressed in the vertical line test (Figure 1.2a). For example, the outside temperature as it varies over the course of a day is a function of time (Figure 1.2b).

                       Figure 1.2

[image: A figure consisting of 2 different curves labeled ("a"), and (b) are shown on the x y coordinate system, and a Time versus Temperature system, respectively.]




 


                     Vertical Line Test



                                A graph represents a function if and only if it passes the vertical line test: Every vertical line intersects the graph at most once. A graph that fails this test does not represent a function.

  


 

  	                                                        If the domain is not specified, we take it to be the set of all values of x for which f is defined. We will see shortly that the domain and range of a function may be restricted by the context of the problem.


  


 

  	                                                        A set of points or a graph that does not correspond to a function represents a relation between the variables. All functions are relations, but not all relations are functions.


  


 


                                                     Example 1: Identifying Functions


  
 
                                                         State whether each graph in Figure 1.3 represents a function.

                       Figure 1.3

[image: A figure consisting of 4 different curves labeled ("a"), (b), ( c ), and (d) are shown on four x y coordinate systems, respectively.]



  
 
                      SOLUTION



                                                        The vertical line test indicates that only graphs (a) and (c) represent functions. In graphs (b) and (d), there are vertical lines that intersect the graph more than once. Equivalently, there are values of x that correspond to more than one value of y. Therefore, graphs (b) and (d) do not pass the vertical line test and do not represent functions.


                                                                                                                                Related Exercise 3

  


 


                                                     Example 2: Domain and Range


  
 
 Determine the domain and range of each function.

      
	                                f(x)=x2+1 

	                                g(x)=4−x2 

	                                hx =x2 − 3x + 2x − 1 



  
 
                      SOLUTION


          	                                                                                                                                                                                                                                                                                                        Note that f is defined for all values of x; therefore, its domain is the set of all real numbers, written (−∞,∞) or ℝ. Because x2≥0 for all x, it follows that x2+1≥1,  which implies that the range of f is [1,∞). Figure 1.4 shows the graph of f along with its domain and range.


                       Figure 1.4

[image: A parabola is graphed on the x y coordinate plane and has the following equation: y equals x squared plus 1. ]



          	                                                                                                                                                                                                                                                                                                                                Functions involving square roots are defined provided the quantity under the root is nonnegative (additional restrictions may also apply). In this case, the function g is defined provided 4−x2≥0, which means x2≤4, or −2≤x≤2. Therefore, the domain of g is [−2, 2]. The graph of gx =4−x2 is the upper half of a circle centered at the origin with radius 2 (Figure 1.5; see Appendix B). From the graph we see that the range of g is [0,2]. 


                       Figure 1.5

[image: A circle with the equation y equals StartRoot 4 minus x squared EndRoot is graphed on the x y coordinate plane.]



          	                                                                                ​The function h is defined for all values o​f x≠1, so its domain is {x: x≠1}. Factoring the numerator, we find that



                                hx =x2 − 3x + 2x − 1=(x − 1)(x − 2)x − 1=x−2, provided x≠1.


          	                                                                                                                                                                                                                                The graph of y=h(x), shown in Figure 1.6, is identical to the graph of the line y=x−2 except that it has a hole at (1,-1) because h is undefined at x=1. Therefore, the range of h is {y:y≠−1}.


                       Figure 1.6

[image: A line is graphed on the x y coordinate plane. The equation of the line is y equals x minus 2; x not equal to 1. ]




                                                                                                                                                                                                        Related Exercises 23, 25

  


 


                                                     Example 3: Domain and Range in Context


  
 
                                                                                                                                 At time t=0, a stone is thrown vertically upward from the ground at a speed of 30 m/s. Its height h above the ground in meters (neglecting air resistance) is approximated by the function f(t)=30t−5t2, where t is measured in seconds. Find the domain and range of f in the context of this particular problem.

  
 
                      SOLUTION



                                                                                                                                Although f is defined for all values of t, the only relevant times are between the time the stone is thrown (t=0) and the time it strikes the ground, when h=0.  Solving the equation h=30t-5t2=0, we find that


                                30t−5t2=05t(6−t)=0Factor.5t=0or6−t=0Set each factor equal to 0.t=0ort=6.Solve.  



                                                                                                                                                                                                                                                                                                        Therefore, the stone leaves the ground at t=0 and returns to the ground at t=6. An appropriate domain that fits the context of this problem is {t: 0≤t≤6}. The range consists of all values of h=30t−5t2 as t varies over [0, 6]. The largest value of h occurs when the stone reaches its highest point at t=3 (halfway through its flight), which is h=f(3)=45. Therefore, the range is [0,45]. These observations are confirmed by the graph of the height function (Figure 1.7). Note that this graph is not the trajectory of the stone; the stone moves vertically. 

                       Figure 1.7

[image: The position of a stone is graphed at different time intervals on the x y coordinate plane. The graph is a parabola and has the following equation: h equals 30 t minus 5 t squared. ]




                                                                                                                                Related Exercises 8–9

  


                     QUICK CHECK 2


          	                                State the domain and range of fx =(x2+1)−1.







                                 Composite Functions



                                                                                                                                Functions may be combined using sums (f+g), differences (f−g), products fg, or quotients f/g. The process called composition also produces new functions.


 


                     Definition: Composite Functions



                                                                                                                                                                                                                                                                                                                                Given two functions f and g, the composite function f∘g is defined by (f∘g)(x)=f(g(x)). It is evaluated in two steps: y=f(u), where u=g(x). The domain of f∘g consists of all x in the domain of g such that u=g(x) is in the domain of f (Figure 1.8).

                       Figure 1.8

[image: A pictorial representation of a composite function, its input, and its output is shown. ]



  


 

  	                                                                                                                                In the composition y=f(g(x)),  f is the outer function and g is the inner function.


  


 

  	        Three different notations for intervals on the real number line will be used throughout the text:


  
	                                [−2, 3) is an example of interval notation,

	                                −2≤x<3 is inequality notation, and

	                                {x:−2≤x<3} is set notation.



  


 


                                                     Example 4: Using Graphs to Evaluate Composite Functions


  
 
                                                                                                         Use the graphs of f and g in Figure 1.9 to find the following values.

                       Figure 1.9

[image: Two polynomial functions are graphed on the x y coordinate plane. ]



      
	                                f(g(3)) 

	                                g(f(3)) 

	                                f(f(4)) 

	                                f(g(f(8))) 



  
 
                      SOLUTION


          
	                                                                                The graphs indicate that g(3)=4 and f(4)=8, so f(g(3))=f(4)=8. 

	                                                        We see that g(f(3))=g(5)=1. Observe that f(g(3))≠g(f(3)). 

	                                In this case, f(f4⏟8)=f8 =6.  

	        Starting on the inside




                                f(g(f(8)⏟6))=f(g(6)⏟)1=f1 =6.  



                                                                                                                                Related Exercise 15 

  


 


                                                     Example 5: Using a Table to Evaluate Composite Functions


  
 
 Use the function values in the table to evaluate the following composite functions.

      
	                                (f∘g)(0)


	                                g(f(−1))


	                                f(g(g(−1)))







	x
	-2
	-1
	0
	1
	2



	f(x)
	0
	1
	3
	4
	2



	g(x)
	-1
	0
	-2
	-3
	-4







  
 
                      SOLUTION


      
	                                                                                 Using the table, we see that g(0)=−2 and f(−2)=0. Therefore, (f∘g)(0)=0.


	                                                                                Because f(−1)=1 and g(1)=−3, it follows that g(f(−1))=−3.


	        Starting with the inner function,




                                f(g(g(−1))⏟0))=f(g(0)⏟−2)=f(−2)=0.



                                                                                                                                Related Exercise 16

  


 


                                                     Example 6: Composite Functions and Notation


  
 
                                                         Let fx =3x2−x and g(x)=1/x. Simplify the following expressions.

      
	                                f(5p+1) 

	                                g1/x 

	                                fgx 

	                                gfx 



  
 
                      SOLUTION



In each case, the functions work on their arguments.

      	                                                                                The argument of f is 5p+1, so



                                f5p+1 = 3(5p+1)2 − 5p+1 = 75p2 + 25p + 2. 


          
	                                                                                                                                Because g requires taking the reciprocal of the argument, we take the reciprocal of 1/x and find that g(1/x)=1/(1/x)=x.


	                                                                                                        The argument of f is gx, so




                                f(g(x))=f1x =3(1x)2− 1x =3x2−1x=3 − xx2. 


          	                                                                                The argument of g is fx, so



                                gf(x) =g3x2−x =13x2 − x. 



                                                                                                                                Related Exercises 33–37

  


 

  	                                                        Examples 6c and 6d demonstrate that, in general,



                                f(g(x))≠g(f(x)).


  


 


                                                     Example 7: Working with Composite Functions


  
 
 Identify possible choices for the inner and outer functions in the following composite functions. Give the domain of the composite function.

      
	                                hx =9x−x2 

	                                hx =2(x2 − 1)3 



  
 
                      SOLUTION


          	                                                                                                                                                                                                                                                        An obvious outer function is fx = x, which works on the inner function gx = 9x - x2. Therefore, h can be expressed as h = f∘g or hx = fgx. The domain of f∘g consists of all values of x such that 9x - x2 ≥ 0. Solving this inequality gives x: 0 ≤ x ≤ 9 as the domain of f∘g.


          	                                                                                                                                                                                                                                A good choice for an outer function is fx = 2/x3 = 2x-3,  which works on the inner function gx = x2 - 1. Therefore, h can be expressed as h = f∘g or hx = fgx. The domain of f∘g consists of all values of gx such that gx ≠ 0, which is x: x ≠ ±1.




                                                                                                                                Related Exercises 44–45

  


 

  	                                                        Techniques for solving inequalities are discussed in Appendix B. 


  


 


                                                     Example 8: More Composite Functions 


  
 
                                                         Given f(x)=x3 and gx =x2−x−6, find the following composite functions and their domains.

      
	                                g∘f


	                                g∘g




  
 
                      SOLUTION


      	        We have



                                g∘fx =gfx =g(x3)=(x3)⏟f(x)2−x3⏟f(x)−6=x2/3−x1/3−6.  


          	                                                                                                                                 Because the domains of f and g are -∞,∞ the domain of f∘g is also -∞,∞



          	        In this case, we have the composition of two polynomials:



                                (g∘g)(x)=g(g(x))=g(x2−x−6)=x2−x−6⏟g(x)2−x2−x−6⏟g(x)−6=x4−2x3−12x2+13x+36. 


      	                                The domain of the composition of two polynomials is (−∞,∞).




                                                                                                                                Related Exercises 47–48

  


                     QUICK CHECK 3


          	                                                                                                        If f(x)=x2+1 and g(x)=x2, find f∘g and g∘f.







                                 Secant Lines and the Difference Quotient



                                                                                                                                                                                                                                                                                                                                                        As you will see shortly, slopes of lines and curves play a fundamental role in calculus. Figure 1.10 shows two points P(x,f(x)) and Q(x+h,f(x+h)) on the graph of y=f(x) in the case that h>0. A line through any two points on a curve is called a secant line; its importance in the study of calculus is explained in Chapters 2 and 3. For now, we focus on the slope of the secant line through P and Q, which is denoted msec and is given by


                                msec=change in ychange in x=f(x + h) − f(x)(x + h) − x=f(x + h) − f(x)h. 


                                               Figure 1.10


[image: Two points P and Q are plotted on the graph of a function in the x y coordinate plane.]




                                                                                                                                                                                                                                                                                                                                                        The slope formula f(x + h) − f(x)h is also known as a difference quotient, and it can be expressed in several ways depending on how the coordinates of P and Q are labeled. For example, given the coordinates P(a,f(a)) and Q(x,f(x)) (Figure 1.11), the difference quotient is 


                                msec=f(x) − f(a)x − a. 


                       Figure 1.11

[image: Two points P and Q plotted on the graph of a function in the x y coordinate plane.]




                                                                                We interpret the slope of the secant line in this form as the average rate of change of f over the interval a,x.


 


                                                     Example 9: Working with Difference Quotients


  
 
       
	                                                        Simplify the difference quotient f (x + h) − f (x)h, for f(x)=3x2−x.


	                                                        Simplify the difference quotient f(x) − f(a)x − a, for f(x)=x3.




  
 
                      SOLUTION


      	                                First note that fx+h =3(x+h)2− x+h. We substitute this expression into the difference quotient and simplify:



                                f(x + h) − f(x)h=3(x + h)2 − (x + h)⏞ f(x + h)− (3x2 − x)⏞f(x)h=3(x2 + 2xh + h2) − (x + h) − (3x2 − x)hExpand(x+h)2.=3x2 + 6xh + 3h2 − x − h − 3x2 + xhDistribute.=6xh + 3h2 − hhSimplify.=h(6x + 3h − 1)h=6x+3h−1.Factor and simplify. 


          	        The factoring formula for the difference of perfect cubes is needed:



                                f(x) − f(a)x − a=x3 − a3x − a=(x − a)(x2 + ax + a2)x − aFactoring formula=x2 + ax + a2.Simplify.  



                                                                                                                                                                                                        Related Exercises 66, 72

  


 

  	                                                                                                                                                        Treat f(x+h) like the composition fgx, where x+h plays the role of gx. It may help to establish a pattern in your mind before evaluating f(x+h). For instance, using the function in Example 9a, we have



                                fx=3x2−x;f12=3⋅122−12;fb=3b2−b;fmath=3⋅math2−math;


          	        therefore,



                                fx+h =3x+h2−x+h. 


  


 

  	        See the front papers of this text for a review of factoring formulas.


  


 


                                                     Example 10: Interpreting the Slope of the Secant Line


  
 
                                                                                                                                                         The position of a hiker on a trail at various times t is recorded by a GPS watch worn by the hiker. These data are then uploaded to a computer to produce the graph of the distance function d=f(t) shown in Figure 1.12, where d measures the distance traveled on the trail in kilometers and t is the elapsed time in hours from the beginning of the hike.

                                               Figure 1.12 


[image: ]



      
	        Find the slope of the secant line that passes through the points on the graph corresponding to the trail segment between km 3 and km 5, and interpret the result.

	                                                                                                        Estimate the slope of the secant line that passes through points A and B in Figure 1.12, and compare it to the slope of the secant line found in part (a).



  
 
                      SOLUTION


      	                                                                                We see from the graph of d=f(t) that 1.76 hours (about 1 hour and 46 minutes) has elapsed when the hiker arrives at km 3, while km 5 is reached 3.33 hours into the hike. This information is also expressed as f(1.76)=3 and f(3.33)=5. To find the slope of the secant line through these points, we compute the change in distance divided by the change in time:



                                msec=f(3.33) − f(1.76)3.33 − 1.76=5 − 33.33 − 1.76≈1.3kmh.


      	        The units provide a clue about the physical meaning of the slope: It measures the average rate at which the distance changes per hour, which is the average speed of the hiker. In this case, the hiker walks with an average speed of approximately 1.3 km/h between km 3 and 5.


          	                                                                                                                                                        From the graph we see that the coordinates of points A and B are approximately (4.2, 5.3) and (4.4, 5.8), respectively, which implies the hiker walks 5.8− 5.3 =0.5km in 4.4− 4.2 =0.2h. The slope of the secant line through A and B is



                                msec=change in dchange in t≈0.50.2=2.5kmh.


      	                                                        For this segment of the trail, the hiker walks at an average speed of about 2.5 km/h, nearly twice as fast as the average speed computed in part (a). Expressed another way, steep sections of the distance curve yield steep secant lines, which correspond to faster average hiking speeds. Conversely, any secant line with slope equal to 0 corresponds to an average speed of 0. Looking one last time at Figure 1.12, we can identify the time intervals during which the hiker was resting alongside the trail—whenever the distance curve is horizontal, the hiker is not moving.



                                                                                                                                Related Exercise 75

  


 

  	                                                                                                        Figure 1.12 contains actual GPS data collected in Rocky Mountain National Park. See Exercises 75–76 for another look at the data set.


  


                     QUICK CHECK 4


          	                                                        Refer to Figure 1.12. Find the hiker’s average speed during the first kilometer of the trail and then determine the hiker’s average speed in the time interval from 3.9 to 4.1 hours.






                                 Symmetry



                                The word symmetry has many meanings in mathematics. Here we consider symmetries of graphs and the relations they represent. Taking advantage of symmetry often saves time and leads to insights.


 


                     Definition: Symmetry in Graphs



                                                                                                                                                                                A graph is symmetric with respect to the y-axis if whenever the point x,y is on the graph, the point (−x,y) is also on the graph. This property means that the graph is unchanged when reflected across the y-axis (Figure 1.13a).

                       Figure 1.13

[image: A figure consisting of 3 different curves labeled ("a"), (b), and ( c ) are shown on three x y coordinate systems, respectively.]




                                                                                                                                                                                A graph is symmetric with respect to the x-axis if whenever the point x,y is on the graph, the point (x,−y) is also on the graph. This property means that the graph is unchanged when reflected across the x-axis (Figure 1.13b).


                                                                                                                                                                                A graph is symmetric with respect to the origin if whenever the point x,y is on the graph, the point (−x,−y) is also on the graph (Figure 1.13c). Symmetry about both the x- and y-axes implies symmetry about the origin, but not vice versa.

  


 


                     Definition: Symmetry in Functions



                                                                                                                                                                                An even function f has the property that f(−x)=f(x), for all x in the domain. The graph of an even function is symmetric about the y-axis. 


                                                                                                                                                        An odd function f has the property that f(−x)=−f(x), for all x in the domain. The graph of an odd function is symmetric about the origin.

  


                                                                                                        Polynomials consisting of only even powers of the variable (of the form               x                   2                n                   ,       where n is a nonnegative integer) are even functions. Polynomials consisting of only odd powers of the variable (of the form               x                   2                n                +                1                   ,       where n is a nonnegative integer) are odd functions.


                     QUICK CHECK 5


          	                                                         Explain why the graph of a nonzero function is never symmetric with respect to the x-axis.



 


                                                     Example 11: Identifying Symmetry in Functions


  
 
 Identify the symmetry, if any, in the following functions.

      
	                                f(x)=x4−2x2−20 

	                                g(x)=x3−3x+1 

	                                h(x)=1x3 − x  



  
 
                      SOLUTION


          	                                                                                                                                                                                                        The function f consists of only even powers of x (where 20=20⋅1=20x0 and x0 is considered an even power). Therefore, f is an even function (Figure 1.14). This fact is verified by showing that f-x =fx:



                                f(−x)=(−x)4−2(−x)2−20=x4−2x2−20=f(x). 


                       Figure 1.14

[image: A polynomial function is graphed on the x y coordinate plane.]



          	                                                                                                                                                        The function g consists of two odd powers and one even power (again, 1=x0 is an even power). Therefore, we expect that g has no symmetry about the y-axis or the origin (Figure 1.15). Note that



                                g−x=(−x)3−3−x+1=−x3+3x+1,  


      	                                                                                                        so g(−x) equals neither g(x) nor −g(x); therefore, g has no symmetry.


                       Figure 1.15

[image: A polynomial function is graphed on the x y coordinate plane.]



          	                                                                                In this case, h is a composition of an odd function f(x)=1/x with an odd function g(x)=x3−x. Note that 



                                h−x=1(−x)3− −x=−1x3−x=−hx.   


      	                                                                                Because h(−x)=−h(x),h is an odd function (Figure 1.16).


                       Figure 1.16

[image: A polynomial function is graphed on the x y coordinate plane.]




                                                                                                                                Related Exercises 79–81

  


 

  	                                                        The symmetry of compositions of even and odd functions is considered in Exercises 101–104.


  






                                 Section 1.1 Exercises



                     Getting Started


      
	                                                                                                        Use the terms domain, range, independent variable, and dependent variable to explain how a function relates one variable to another variable.

	        Is the independent variable of a function associated with the domain or range? Is the dependent variable associated with the domain or range?

	                                                        Decide whether graph A, graph B, or both represent functions.



 [image: Two functions are graphed on the x y coordinate plane.]


          	                                                        The entire graph of f is given. State the domain and range of f.


 [image: A polynomial function is graphed on the x y coordinate plane.]


          
	                                                                                                        Which statement about a function is true? (i) For each value of x in the domain, there corresponds one unique value of y in the range; (ii) for each value of y in the range, there corresponds one unique value of x in the domain. Explain. 

	                                                        Determine the domain and range of g(x)=x2 − 1x − 1. Sketch a graph of g.

	                                Determine the domain and range of fx =3x2−10.

	                                                                                                        Throwing a stone A stone is thrown vertically upward from the ground at a speed of 40 m/s at time t=0. Its distance d (in meters) above the ground (neglecting air resistance) is approximated by the function f(t)=40t−5t2. Determine an appropriate domain for this function. Identify the independent and dependent variables.

	                                                                                                        Water tower A cylindrical water tower with a radius of 10 m and a height of 50 m is filled to a height of h. The volume V of water (in cubic meters) is given by the function g(h)=100πh. Identify the independent and dependent variables for this function, and then determine an appropriate domain.

	                                                                                Let fx =1/x3+1. Compute f2 and fy2.

	                                                                                                        Let f(x)=2x+1 and g(x)=1/(x−1). Simplify the expressions f(g(1/2)),g(f(4)), and g(f(x)).


	                                                                                                                                                        Find functions f and g such that fgx =(x2+1)5. Find a different pair of functions f and g that also satisfy fgx =(x2+1)5.


	                                                                                Explain how to find the domain of f∘g if you know the domain and range of f and g.

	                                                                                                        If f(x)=x and gx =x3−2, simplify the expressions (f∘g)(3),(f∘f)(64),(g∘f)(x), and (f∘g)(x).

	                                                        Use the graphs of f and g in the figure to determine the following function values.



 [image: Two polynomial functions are graphed on the x y coordinate plane.]


          
	                                                        a. f∘g2 

	                                                        b. gf2 

	                                                        c. fg4 

	                                                        d. gf5 

	                                                        e. ff8 

	                                                        f. gfg5 



          	        Use the table to ev​​aluate the given compositions.





	x
	-1
	0
	1
	2
	3
	4



	f(x)
	3
	1
	0
	-1
	-3
	-1



	g(x)
	-1
	0
	2
	3
	4
	5



	h(x)
	0
	-1
	0
	3
	0
	4







          
	                                                        a. hg0 

	                                                        b. gf4 

	                                                        c. hh0 

	                                                        d. ghf4 

	                                                        e. fff1 

	                                                        f. hhh0 

	                                                        g. fhg2 

	                                                        h. gfh4 

	                                                        i. ggg1 

	                                                        j. ffh3




          
	                                                                                                        Rising radiosonde The National Weather Service releases approximately 70,000 radiosondes every year to collect data from the atmosphere. Attached to a balloon, a radiosonde rises at about 300 m/min until the balloon bursts in the upper atmosphere. Suppose a radiosonde is released from a point 2 m above the ground and that 5 seconds later, it is 25 m above the ground. Let ft represent the height (in meters) that the radiosonde is above the ground t seconds after it is released. Evaluate f(5) − f(0)5 − 0 and interpret the meaning of this quotient.

	                                                                                                                                                        World record free fall On October 14, 2012, Felix Baumgartner stepped off a balloon capsule at an altitude of 38,969.4 meters and began his free fall. It is claimed that Felix reached the speed of sound 34 seconds into his fall at an altitude of 33,446 meters and that he continued to fall at supersonic speed for 30 seconds until he was at an altitude of 22,960.7 meters. Let f(t) equal the distance that Felix had fallen t seconds after leaving his capsule. Calculate f(0), f(34), f(64), and his average supersonic speed f(64) − f(34)64 − 34 (in m/s) over the time interval [34, 64]. (Source: http://www.redbullstratos.com)

	                                                                                                                                                                                Suppose f is an even function with f(2)=2 and g is an odd function with g(2)=−2. Evaluate f(−2),g(−2), fg2, and g(f(−2)).

	                                                        Complete the left half of the graph of g if g is an odd function.



 [image: A polynomial function is graphed on the x y coordinate plane.]


          	                                                                                State whether the functions represented by graphs A, B, and C in the figure are even, odd, or neither.


 [image: Three functions labeled “A,” B, and C, respectively, are graphed on the x y coordinate plane.]


          	                                                                                State whether the functions represented by graphs A, B, and C in the figure are even, odd, or neither. 


 [image: Three polynomial functions are graphed on the x y coordinate plane.]






                                 Practice Exercises



                                                        23–26. Domain and range State the domain and range of the function.

          
	                                         f          (          x          )          =                                    x                      2                          −                   5                   x                   +                   6                             x                   −                   2                      

	                                         f          (          x          )          =                            x                   −                   2                             2                   −                   x                      

	                                         f          (          x          )          =                     7                −                       x                   2                      

	                                         f          (          x          )          =          −                     25                −                       x                   2                      




                                                        27–30. Domain State the domain of the function.

          
	                                hu =u−13


	                                Fw =2−w4


	                                f(x)=(9−x2)3/2


	                                g(t)=11 + t2




          	                                                                                                        [image: ] Launching a rocket A small rocket is launched vertically upward from the edge of a cliff 25 m above the ground at a speed of 30 m/s. Its height (in meters) above the ground is given by h(t)=−5t2+30t+25, where t represents time measured in seconds.


          
	                                                                                a. Assuming the rocket is launched at t=0, what is an appropriate domain for h?

	                                                        b. Graph h and determine the time at which the rocket reaches its highest point. What is the height at that time?



          	                                                                                                                                                        Draining a tank (Torricelli’s law) A cylindrical tank with a cross-sectional area of 10 m2 is filled to a depth of 25 m with water. At t=0 s, a drain in the bottom of the tank with an area of 1 m2 is opened, allowing water to flow out of the tank. The depth of water in the tank (in meters) at time t≥0 is dt =(5−0.22t)2.



          
	                                                        a. Check that d(0)=25, as specified.

	                                b. At what time is the tank empty?

	                                                        c. What is an appropriate domain for d?




                                                                                                        33–42. Composite functions and notation Let f(x)=x2−4,g(x)=x3, and F(x)=1/(x−3). Simplify or evaluate the following expressions.

          
	                                g(1/z)


	                                F(y4)


	                                F(g(y))


	                                f(g(w))


	                                g(f(u))


	                                f(2 + h) − f(2)h 


	                                F(F(x))


	                                g(F(f(x)))


	                                f(x+4)


	                                F3x + 1x 





                                                                                                                                                        43–46. Working with composite functions Find possible choices for outer and inner functions f and g such that the given function h equals f∘g.

          
	                                hx =(x3−5)10


	                                hx =2(x6 + x2 + 1)2 


	                                hx =x4+2 


	                                hx =1x3 − 1 





                                                                                                        47–54. More composite functions Let f(x)=|x|,g(x)=x2−4,F(x)=x, and G(x)=1/(x−2). Determine the following composite functions and give their domains.

          
	                                f∘g


	                                g∘f


	                                f∘G


	                                f∘g∘G


	                                G∘g∘f


	                                g∘F∘F


	                                g∘g


	                                G∘G





                                                                                                        55–60. Missing piece Let g(x)=x2+3. Find a function f that produces the given composition.

          
	                                f∘gx =x2 


	                                f∘gx =1x2 + 3


	                                f∘gx =x4+6x2+9


	                                f∘gx =x4+6x2+20


	                                g∘fx =x4+3


	                                g∘fx =x2/3+3


	                                Explain why or why not Determine whether the following statements are true and give an explanation or counterexample.



          
	                                                        a. The range of f(x)=2x−38 is all real numbers.

	                                                                                                                                                        b. The relation y=x6+1 is not a function because y=2 for both x=-1 and x=1.

	                                                                                c. If fx =x−1, then f(1/x)=1/f(x).


	                                                        d. In general, ff(x) =(f(x))2.

	                                                        e. In general, f(g(x))=g(f(x)).

	                                                        f. By definition, f(g(x))=(f∘g)(x).

	                                                                                                                                g. If f(x) is an even function, then cf(ax) is an even function, where a and c are nonzero real numbers.

	                                                                                                        h. If f(x) is an odd function, then f(x)+d is an odd function, where d is a nonzero real number.

	                                                                                                                                i. If f is both even and odd, then f(x)=0 for all x.




                                                                                62–68. Working with difference quotients Simplify the difference quotient f(x + h) − f(x)h for the following functions.

          
	                                f(x)=10


	                                f(x)=3x


	                                f(x)=4x−3


	                                f(x)=x2


	                                f(x)=2x2−3x+1


	                                fx=2x


	                                fx =xx + 1





                                                                                                        69–74. Working with difference quotients Simplify the difference quotient f(x) − f(a)x − a for the following functions.

          
	                                f(x)=x2+x


	                                f(x)=4−4x−x2


	                                f(x)=x3−2x


	                                f(x)=x4


	                                fx =−4x2


	                                f(x)=1x−x2


	                                                                                GPS data A GPS device tracks the elevation E (in meters) of a hiker walking in the mountains. The elevation t hours after beginning the hike is given in the figure.



 [image: ]


          
	                                                                                                        a. Find the slope of the secant line that passes through points A and B. Interpret your answer as an average rate of change over the interval 1≤t≤3.

	                                                                                b. Repeat the procedure outlined in part (a) for the secant line that passes through points P and Q.

	                                                        c. Notice that the curve in the figure is horizontal for an interval of time near t=5.5h. Give a plausible explanation for the horizontal line segment.



          	                                                        Elevation vs. Distance The following graph, obtained from GPS data, shows the elevation of a hiker as a function of the distance d from the starting point of the trail.


 [image: ]


          
	                                                                                                        a. Find the slope of the secant line that passes through points A and B. Interpret your answer as an average rate of change over the interval 1≤d≤3. 

	                                                                                b. Repeat the procedure outlined in part (a) for the secant line that passes through points P and Q. 

	                                                                                c. Notice that the elevation function is nearly constant over the segment of the trail from km d=4.5 to km d=5. Give a plausible explanation for the horizontal line segment. 




                                                                                                        77–78. Interpreting the slope of secant lines In each exercise, a function and an interval of its independent variable are given. The endpoints of the interval are associated with points P and Q on the graph of the function.

          
	                                                                                Sketch a graph of the function and the secant line through P and Q.


	                                Find the slope of the secant line in part (a), and interpret your answer in terms of an average rate of change over the interval. Include units in your answer.




          
	                                                                                                        After t seconds, an object dropped from rest falls a distance d=5t2, where d is measured in meters and 2≤t≤5.

	                                                                                                        The volume V of an ideal gas in cubic centimeters is given by V=2/p, where p is the pressure in atmospheres and 0.5 ≤p≤2.




                                                        79–86. Symmetry Determine whether the graphs of the following equations and functions are symmetric about the x-axis, the y-axis, or the origin. Check your work by graphing.

          
	                                f(x)=x4+5x2−12


	                                f(x)=3x5+2x3−x


	                                f(x)=x5−x3−2


	                                f(x)=2|x|


	                                x2/3+y2/3=1


	                                x3−y5=0


	                                f(x)=x|x|


	                                |x|+|y|=1








                                 Explorations and Challenges


          	                                                                                                                                Composition of even and odd functions from graphs Assume f is an even function and g is an odd function. Use the (incomplete) graphs of f and g in the figure to determine the following function values.


 [image: Two polynomial functions are graphed on the x y coordinate plane.]


      
	                                                        a. f(g(−2))


	                                                        b. g(f(−2))


	                                                        c. f(g(−4))


	                                                        d. g(f(5)−8)


	                                                        e. g(g(−7))


	                                                        f. f(1−f(8))




          	                                                                                Composition of even and odd functions from tables Assume f is an even function, g is an odd function, and both are defined at 0. Use the (incomplete) table to evaluate the given compositions.



                      



	x
	1
	2
	3
	4



	f(x)
	2
	-1
	3
	-4



	g(x)
	-3
	-1
	-4
	-2






        

        


      
	                                                        a. f(g(−1))


	                                                        b. g(f(−4))


	                                                        c. f(g(−3))


	                                                        d. f(g(−2))


	                                                        e. g(g(−1))


	                                                        f. f(g(0)−1)


	                                                        g. f(g(g(−2)))


	                                                        h. g(f(f(−4)))


	                                                        i. g(g(g(−1)))




          
	                                                                                                        Absolute value graphs Use the definition of absolute value (see Appendix B) to graph the equation |x|−|y|=1. Use a graphing utility to check your work.

	                                                        Graphing semicircles Show that the graph of fx =10+−x2+10x−9 is the upper half of a circle. Then determine the domain and range of the function.

	                                                        Graphing semicircles Show that the graph of gx =2−−x2+6x+16 is the lower half of a circle. Then determine the domain and range of the function.

	                                Even and odd at the origin




          
	                                                                                                        a. If f(0) is defined and f is an even function, is it necessarily true that f(0)=0? Explain.

	                                                                                                        b. If f(0) is defined and f is an odd function, is it necessarily true that f(0)=0? Explain.




                                                                                                                                93–96. [image: ] Polynomial calculations Find a polynomial f that satisfies the following properties. (Hint: Determine the degree of f; then substitute a polynomial of that degree and solve for its coefficients.)

          
	                                f(f(x))=9x−8


	                                (f(x))2=9x2−12x+4


	                                f(f(x))=x4−12x2+30


	                                (f(x))2=x4−12x2+36





                                                                                                        97–100. Difference quotients Simplify the difference quotients f(x + h) - f(x)h and f(x) - f(a)x - a by rationalizing the numerator.

          
	                                f(x)=x


	                                f(x)=1−2x


	                                fx =−3x


	                                fx=x2+1





                                                                                                        101–104. Combining even and odd functions Let E be an even function and O be an odd function. Determine the symmetry, if any, of the following functions.

          
	                                E+O


	                                E⋅O


	                                O∘E


	                                E∘O





                     Quick Check Answers


      
	                                3,x4−2x2,t2−2t,p2−4p+3 

	                                Domain is all real numbers; range is {y:0<y≤1}.

	                                                        f∘gx =x4+1 and g∘fx =x2+12


	                                                                                Average speed ≈2.2 km/h for first kilometer; average speed =0 on 3.9≤t≤4.1. 


	                                If the graph were symmetric with respect to the x-axis, it would not pass the vertical line test.







                                 1.2 Representing Functions



We consider four approaches to defining and representing functions: formulas, graphs, tables, and words.





                                 Using Formulas



                                The following list is a brief catalog of the families of functions that are introduced in this chapter and studied systematically throughout this text; they are all defined by formulas.


 

  	                                                                                One version of the Fundamental Theorem of Algebra states that a nonzero polynomial of degree n has exactly n​ (possibly complex) roots, counting each root up to its multiplicity.


  


      	                                Polynomials are functions of the form



                                px =anxn+an−1xn−1+⋯+a1x+a0, 


      	                                                                                                                                                                                                                                                                                                                                where the coefficients                a             0              ,               a             1              ,                     …          ,               a             n           are real numbers with               a             n              ≠          0       and the nonnegative integer n is the degree of the polynomial. The domain of any polynomial is the set of all real numbers. An nth-degree polynomial can have as many as n real zeros or roots—values of x at which          p          (          x          )          =          0      ; the zeros are points at which the graph of p intersects the x-axis.


          
	                                                                                                        Rational functions are ratios of the form f(x)=p(x)/q(x), where p and q are polynomials. Because division by zero is prohibited, the domain of a rational function is the set of all real numbers except those for which the denominator is zero.

	                                                                                Algebraic functions are constructed using the operations of algebra: addition, subtraction, multiplication, division, and roots. Examples of algebraic functions are fx =2x3+4 and gx =x1/4x3+2. In general, if an even root (square root, fourth root, and so forth) appears, then the domain does not contain points at which the quantity under the root is negative (and perhaps other points).

	                                                                                                                                                                                Exponential functions have the form f(x)=bx, where the base b≠1 is a positive real number. Closely associated with exponential functions are logarithmic functions of the form f(x)=logbx, where b>0 and b≠1. Exponential functions have a domain consisting of all real numbers. Logarithmic functions are defined for positive real numbers.




 

  	                                                        Exponential and logarithmic functions are introduced in Section 1.3.


  


      	                                                                                                                                                                                The natural exponential function is          f          (          x          )          =               e             x          , with base          b          =          e          ,       where          e          ≈          2.71828          …       is one of the fundamental constants of mathematics. Associated with the natural exponential function is the natural logarithm function f(x)=lnx, which also has the base          b          =          e          .      



          	                                                                                                                                                                                                        The trigonometric functions ar​e sin x, cosx, tanx, cotx, secx, and cscx; they are funda​mental to mathematics and many areas of application. Also important are their relatives, the inverse trigonometric functions.



 

  	                                                        Trigonometric functions and their inverses are introduced in Section 1.4.


  


          	                                                                                Trigonometric, exponential, and logarithmic functions are a few examples of a large family called transcendental functions. Figure 1.17 shows the organization of these functions, which are explored in detail in upcoming chapters.


                       Figure 1.17

[image: Two big ellipses are shown next to each other. Each big ellipse contains smaller ellipses inside it.]




                     QUICK CHECK 1


          	        Are all polynomials rational functions? Are all algebraic functions polynomials?






                                 Using Graphs



                                                        Although formulas are the most compact way to represent many functions, graphs often provide the most illuminating representations. Two of countless examples of functions and their graphs are shown in Figure 1.18. Much of this text is devoted to creating and analyzing graphs of functions.

                       Figure 1.18

[image: Two graphs, each representing a function are shown.]




There are two approaches to graphing functions.

  
	                                Graphing calculators and graphing software are easy to use and powerful. Such technology easily produces graphs of most functions encountered in this text. We assume you know how to use a graphing utility.

	                                Graphing utilities, however, are not infallible. Therefore, you should also strive to master analytical methods (pencil-and-paper methods) in order to analyze functions and make accurate graphs by hand. Analytical methods rely heavily on calculus and are presented throughout this text.




                                The important message is this: Both technology and analytical methods are essential and must be used together in an integrated way to produce accurate graphs.


                     Linear Functions



                                                                                                                                                                                One form of the equation of a line (see Appendix B) is y=mx+b, where m and b are constants. Therefore, the function f(x)=mx+b has a straight-line graph and is called a linear function.


 


                                                     Example 1: Linear Functions and Their Graphs


  
 
                                                                                                                                                                                                                                 Determine the function represented by (a) line A in Figure 1.19 and (b) line B in Figure 1.19.

                       Figure 1.19

[image: Two lines are graphed on the x y coordinate plane.]



  
 
                      SOLUTION


          	                                                        From the graph, we see that the y-intercept of line A is (0, 6). Using the points (0, 6) and (7, 3), we find that the slope of the line is



                                m=3 − 67 − 0=−37.


      	                                Therefore, the line is described by the function fx =−37x+6. 



          	                                                        Line B passes through the points (2, 1) and (5, 7), so the slope of this line is



                                m=7 − 15 −2=2,


      	                                                                                                        which implies that the line is described by a function of the form g(x)=2x+b. To determine the value of b, note that g2 =1:




                                g(2)=2⋅2+b=1.


      	                                                                                                        Solving for b, we find that b=1−4=−3. Therefore, the line is described by the function g(x)=2x−3.



                                                                                                                                                                                                        Related Exercises 3, 15–16

  


 

  	                                                                                                                                                        In the solution to Example 1b, we used the point (2,1) to determine the value of b. Using the point (5,7)—or, equivalently, the fact that g(5)=7—leads to the same result.


  


 


                                                     Example 2: Demand Function for Pizzas 


  
 
                                                                                                         After studying sales for several months, the owner of a pizza chain knows that the number of two-topping pizzas sold in a week (called the demand) decreases as the price increases. Specifically, her data indicate that at a price of $14 per pizza, an average of 400 pizzas are sold per week, while at a price of $17 per pizza, an average of 250 pizzas are sold per week. Assume the demand d is a linear function of the price p. 

      
	                                                                                                                                                                                Find the constants m and b in the demand function d=f(p)=mp+b. Then graph f.

	        According to this model, how many pizzas (on average) are sold per week at a price of $20?



  
 
                      SOLUTION


      	                                Two points on the graph of the demand function are given: (p,d)=(14,400) and (17, 250). Therefore, the slope of the demand line is



                                m=400 − 25014 − 17=−50 pizzas per dollar.


      	        It follows that the equation of the linear demand function is



                                d−250=−50p−17. 


      	                                                                                                                                Expressing d as a function of p, we have d=fp =−50p+1100 (Figure 1.20).


                       Figure 1.20

[image: A line is graphed on a coordinate plane. The equation of the line is d equals negative 50 p plus 1100.]



          	                                Using the demand function with a price of $20, the average number of pizzas that could be sold per week is f20=100.




                                                                                                                                Related Exercise 21

  


 

  	        The units of the slope have meaning: For every dollar the price is reduced, an average of 50 more pizzas can be sold.


  


                     Piecewise Functions



                                                        A function may have different definitions on different parts of its domain. For example, income tax is levied in tax brackets that have different tax rates. Functions that have different definitions on different parts of their domain are called piecewise functions. If all the pieces are linear, the function is piecewise linear. Here are some examples.


 


                                                     Example 3: Defining a Piecewise Function


  
 
                                                                                 The graph of a piecewise linear function g is shown in Figure 1.21. Find a formula for the function.

                       Figure 1.21

[image: A piecewise functions is shown in the x y plane.]



  
 
                      SOLUTION



                                                                                                                                                                                                        For x<2, the graph is linear with a slope of 1 and a y-intercept of 0,0; its equation is y=x. For x>2, the slope of the line is −12 and it passes through 4,3; an equation of this piece of the function is


                                y−3=−12x−4ory=−12x+5. 



                                                        For x=2, we have g(2)=3. Therefore,


                                gx ={xif x<23if x=2−12x+5if x>2.  



                                                                                                                                Related Exercises 25–26

  


 


                                                     Example 4: Graphing Piecewise Functions


  
 
 Graph the following functions.

          
	                                fx ={x2−5x+6x−2if x≠21if x=2 

	                                                        fx =|x|, the absolute value function



  
 
                      SOLUTION


      	                                                                                The function f is simplified by factoring and then canceling x−2, assuming x≠2: 



                                x2 − 5x + 6x − 2=(x − 2)(x − 3)x − 2=x − 3.


      	                                                                                                                                                        Therefore, the graph of f is identical to the graph of the line y=x−3 when x≠2. We are given that f2 =1 (Figure 1.22).


                       Figure 1.22

[image: A polynomial function is graphed on the x y coordinate plane.]



          	        The absolute value of a real number is defined as



                                fx = x ={xif x≥0−xif x<0.  


      	                                                                                                                                                        Graphing y=−x, for x<0, and y=x, for x≥0, produces the graph in Figure 1.23.


                       Figure 1.23

[image: ]




                                                                                                        Related Exercises 29–30

  


                     Power Functions



                                                                                                                                                                                                                                                        Power functions are a special case of polynomials; they have the form fx =xn, where n is a positive integer. When n is an even integer, the function values are nonnegative and the graph passes through the origin, opening upward (Figure 1.24). For odd integers, the power function fx =xn has values that are positive when x is positive and negative when x is negative (Figure 1.25).

                       Figure 1.24

[image: Three polynomial functions are graphed on the x y coordinate plane.]



                       Figure 1.25

[image: Three polynomial functions are graphed on the x y coordinate plane]




                     QUICK CHECK 2


          	                                                                                What is the range of fx =x7? What is the range of fx =x8?




                     Root Functions



                                                                                                                                                        Root functions are a special case of algebraic functions; they have the form fx =x1/n, where n>1 is a positive integer. Notice that when n is even (square roots, fourth roots, and so forth), the domain and range consist of nonnegative numbers. Their graphs begin steeply at the origin and flatten out as x increases (Figure 1.26).

                       Figure 1.26

[image: Three polynomial functions are graphed on the x y coordinate plane.]




                                                                                                                                                                                                                                                        By contrast, the odd root functions (cube roots, fifth roots, and so forth) are defined for all real values of x, and their range is all real numbers. Their graphs pass through the origin, open upward for x<0 and downward for  x>0, and flatten out as x increases in magnitude (Figure 1.27). 

                       Figure 1.27

[image: Two polynomial functions are graphed on the x y coordinate plane.]




 

  	                                                                                                        Recall that if n is a positive integer, then x1/n is the nth root of x; that is, fx =x1/n=xn.



  


                     Rational Functions 



Rational functions appear frequently in this text, and much is said later about graphing rational functions. The following example illustrates how analysis and technology work together.


                     QUICK CHECK 3


          	                                                        What are the domain and range of fx =x1/7? What are the domain and range of fx =x1/10?




 


                                                     Example 5: Technology and Analysis


  
 
 Consider the rational function


                                fx =3x3 − x − 1x3 + 2x2 − 6. 


          
	                                What is the domain of f?

	                                Find the roots (zeros) of f.

	        Graph the function using a graphing utility.

	        At what points does the function have peaks and valleys?

	                                                        How does f behave as x grows large in magnitude? 



  
 
                      SOLUTION


      
	                                                                                The domain consists of all real numbers except those at which the denominator is zero. A graphing utility shows that the denominator has one real zero at x≈1.34 and therefore, the domain of f is {x:x≠1.34}.


	                                The roots of a rational function are the roots of the numerator, provided they are not also roots of the denominator. Using a graphing utility, the only real root of the numerator is x≈0.85.


	                                                                                                                                                        After experimenting with the graphing window, a reasonable graph of f is obtained (Figure 1.28). At the point x≈1.34, where the denominator is zero, the function becomes large in magnitude, and f has a vertical asymptote.



                       Figure 1.28

[image: A polynomial function is graphed on the x y coordinate plane.]



          
	                                                                                                                                                        The function has two peaks (soon to be called local maxima), one near x=−3.0 and one near x=0.4. The function also has two valleys (soon to be called local minima), one near x=−0.3 and one near x=2.6.


	                                                                                                                                                                                By zooming out, it appears that as x increases in the positive direction, the graph approaches the horizontal asymptote y=3 from below, and as x becomes large and negative, the graph approaches y=3 from above.




                                                                                                                                Related Exercises 35–36

  


 

  	                                                        In Chapter 4, we show how calculus is used to locate the local maximum and local minimum values of a function.


  






                                 Using Tables



                                                                                                                                                                                                                                                                                Sometimes functions do not originate as formulas or graphs; they may start as numbers or data. For example, suppose you do an experiment in which a marble is dropped into a cylinder filled with heavy oil and is allowed to fall freely. You measure the total distance d, in centimeters, that the marble falls at times t=0, 1, 2, 3, 4, 5, 6, and 7 seconds after it is dropped (Table 1.1). The first step might be to plot the data points (Figure 1.29). 


                                              Table 1.1 




	t (s)
	d (cm)



	0
	  0



	1
	  2



	2
	  6



	3
	14



	4
	24



	5
	34



	6
	44



	7
	54








                       Figure 1.29

[image: A function is plotted on a coordinate plane.]




                                                                                                        The data points suggest that there is a function d=ft that gives the distance that the marble falls at all times of interest. Because the marble falls through the oil without abrupt changes, a smooth graph passing through the data points (Figure 1.30) is reasonable. Finding the function that best fits the data is a more difficult problem, which we discuss later in the text.

                       Figure 1.30

[image: A polynomial function is graphed on a coordinate plane.]







                                 Using Words



Using words may be the least mathematical way to define functions, but it is often the way in which functions originate. Once a function is defined in words, it can often be tabulated, graphed, or expressed as a formula.


 


                                                     Example 6: A Slope Function


  
 
                                                                                                                                                                                                                                 Let S be the slope function for a given function f. In words, this means that S(x) is the slope of the curve y=f(x) at the point (x,f(x)). Find and graph the slope function for the function f in Figure 1.31.

                       Figure 1.31

[image: Three lines are graphed on the x y coordinate plane.]



  
 
                      SOLUTION 



                                                                                                                                                                                                                                                                                                                                For x<1, the slope of y=fx is 2. The slope is 0 for 1<x<2, and the slope is −1 for x>2. At x=1 and x=2, the graph of f has a corner, so the slope is undefined at these points. Therefore, the domain of S is the set of all real numbers except x=1 and x=2, and the slope function (Figure 1.32) is defined by the piecewise function


                                Sx ={2if x<10if 1<x<2−1if x>2.  


                       Figure 1.32

[image: A piecewise function is graphed on the x y coordinate plane. ]




                                                                                Related Exercises 47–48

  


 


                                                     Example 7: An Area Function


  
 
                                                                                                                                                                                                                                                         Let A be an area function for a positive function f. In words, this means that Ax is the area of the region bounded by the graph of f and the t-axis from t=0 to t=x. Consider the function (Figure 1.33)


                                ft ={2tif 0≤t≤36if t>3.  


                       Figure 1.33

[image: A piecewise function is graphed on the x y coordinate plane. ]



          
	                                                        Find A2 and A5. 

	                                Find a piecewise formula for the area function for f.



  
 
                      SOLUTION


      	                                                                                                                                                                                The value of A2 is the area of the shaded region between the graph of f and the t-axis from t=0 to t=2 (Figure 1.34a). Using the formula for the area of a triangle,



                                A2 =1224 =4.  


                       Figure 1.34

[image: Two line graphs are shown]



      	                                                                                                                                                                                                        The value of A5 is the area of the shaded region between the graph of f and the t-axis on the interval 0,5 (Figure 1.34b). This area equals the area of the triangle whose base is the interval 0,3 plus the area of the rectangle whose base is the interval 3,5:



                                A5 =1236⏞area of thetriangle+36⏞area of therectangle=21. 


          	                                                                                                                                                                                For 0≤x≤3 (Figure 1.35a), Ax is the area of the triangle whose base is the interval [0,x]. Because the height of the triangle at t=x is fx,



                                Ax =12xfx =12x(2x⏟f(x))=x2.  


                       Figure 1.35

[image: Two line graphs are shown]



      	                                                                                                                                                        For x>3 (Figure 1.35b), Ax is the area of the triangle on the interval 0,3 plus the area of the rectangle on the interval 3,x:



                                Ax =1236⏞area of thetriangle+x-36⏞area of therectangle=6x−9. 


      	                                                                                Therefore, the area function A (Figure 1.36) has the piecewise definition



                                Ax ={x2if 0≤x≤36x−9if x>3.  


                       Figure 1.36

[image: A polynomial function is graphed on the x y coordinate plane.]




                                                                                                                                Related Exercises 51–52

  


 

  	        Slope functions and area functions reappear in upcoming chapters and play an essential part in calculus.


  






                                 Transformations of Functions and Graphs



                                                                                                                                                                                                                                                        There are several ways to transform the graph of a function to produce graphs of new functions. Four transformations are common: shifts in the x- and y-directions and scalings in the x- and y-directions. These transformations, summarized in Figures 1.37–1.42, can save time in graphing and visualizing functions.

                       Figure 1.37

[image: Graphs of polynomial functions are shown. The polynomial curve has 2 turning points and is asymmetrical about either axis.]



                       Figure 1.38

[image: Three polynomial functions are graphed on the x y coordinate plane.]



                       Figure 1.39

[image: Three parabolas are graphed on the x y coordinate plane.]



                       Figure 1.40

[image: Three parabolas are graphed on the x y coordinate plane. ]



                       Figure 1.41

[image: Three parabolas are graphed on the x y coordinate plane. ]



                       Figure 1.42

[image: Three polynomial functions are graphed on the x y coordinate plane.]




 


                                                     Example 8: Transforming Parabolas


  
 
                                                                                                                                                         The graphs A, B, and C in Figure 1.43 are obtained from the graph of fx =x2 using shifts and scalings. Find the function that describes each graph.

                       Figure 1.43

[image: Graph of four parabolas facing upward is shown in the x y coordinate plane. ]



  
 
                      SOLUTION


      	                                                                                                        Graph A is the graph of f shifted to the right by 2 units. It represents the function



                                fx−2 =(x−2)2=x2−4x+4. 


          	                                                                                                        Graph B is the graph of f shifted down by 4 units. It represents the function



                                fx − 4=x2−4.  


          	                                                                                                                                                                                                        Graph C is a vertical scaling of the graph of f shifted down by 1 unit. Therefore, it represents cfx − 1=cx2−1, for some value of c, with 0<c<1 (because the graph is vertically compressed). Using the fact that graph C passes through the points (±2,0), we find that c=14. Therefore, the graph represents



                                y=14fx − 1=14x2−1. 



                                                                                                                                                                                                        Related Exercises 55, 58

  


 

  	                                                                                You should verify that graph C also corresponds to a horizontal stretch and a vertical shift. It has the equation y=f(ax)−1, where a=12.



  


                     QUICK CHECK 4


          	                                                        How do you modify the graph of f(x)=1/x to produce the graph of g(x)=1/(x+4)?




 


                                                     Example 9: Scaling and Shifting 


  
 
                                 Graph gx = 2x+1.

  
 
                      SOLUTION 



                                                                                                                                                                                                                                We write the function as gx =|2x+12|. Letting f(x)=|x|, we have gx =f2x+12. Therefore, the graph of g is obtained by horizontally compressing the graph of f by a factor of 12 and shifting it 12 unit to the left (Figure 1.44).

                       Figure 1.44

[image: Graph of three different functions are shown. ]




                                                                                                                                Related Exercise 64

  


 

  	                                                                                 Note that we can also write gx =2|x+12|, which means the graph of g may also be obtained by vertically stretching the graph of f by a factor of 2, followed by a horizontal shift. 


  


 


                     Summary: Transformations



                                                                                                                                                                                                                                                                                                        Given real numbers a, b, c, and d and a function f, the graph of y=cf(a(x−b))+d can be obtained from the graph of y=f(x) in the following steps.


                                y=f(x) ——————————————————→horizontal scaling by a factor of 1/a(and reflection across the y‐axis if a < 0)  y=f(ax) ——————————————————→horizontal shift by b units                             y=f(a(x-b))  ——————————————————→vertical scaling by a factor of c(and reflection across the x‐axis if c < 0)  y=cf(a(x-b)) ——————————————————→vertical  shift by d units                            y=cf(a(x-b))+d2



        


  






                                 Section 1.2 Exercises



                     Getting Started


      
	        Give four ways in which functions may be defined and represented.

	        What is the domain of a polynomial?

	                                                                                Determine the function f represented by the graph of the line y=f(x) in the figure. 




 [image: A line is graphed on the x y coordinate plane.]


          
	                                                                                                        Determine the linear function g whose graph is parallel to the line y=2x+1 and passes through the point (5,0).

	        What is the domain of a rational function?

	        What is a piecewise linear function?

	                                Write a definition of the piecewise linear function y=f(x) that is given in the graph.



 [image: Two lines are graphed on the x y coordinate plane.]


          
	                                The graph of          y          =               x           is shifted 2 units to the right and 3 units up. Write an equation for this transformed graph.

	                                                        How do you obtain the graph of y=f(x+2) from the graph of y=f(x)?

	                                                        How do you obtain the graph of y=−3f(x) from the graph of y=f(x)?

	                                                        How do you obtain the graph of y=f(3x) from the graph of y=f(x)?

	                                                        How do you obtain the graph of y=4(x+3)2+6 from the graph of y=x2?

	                                                                                                                                                                                                                                The graphs of the functions f and g in the figure are obtained by vertical and horizontal shifts and scalings of y=|x|. Find formulas for f and g. Verify your answers with a graphing utility.



 [image: Six lines are graphed on the x y coordinate plane.]


          	                                                        Transformations Use the graph of f in the figure to plot the following functions.


          
	                                                        a. y=−f(x)


	                                                        b. y=f(x+2)


	                                                        c. y=f(x−2)


	                                                        d. y=f(2x)


	                                                        e. y=f(x−1)+2


	                                                        f. y=2f(x)




 [image: Four lines are graphed on the x y coordinate plane.]






                                 Practice Exercises


          
	                                                                                ​​Graph of a linear function Find and graph the linear function that passes through the points 1,3 and 2,5.

	                                                                                Graph of a linear function Find and graph the linear function that passes through the points (2,−3) and 5,0.

	                                                                                Linear function Find the linear function whose graph passes though the point 3,2 and is parallel to the line y=3x+8.

	                                                                                Linear function Find the linear function whose graph passes though the point (−1,4) and is perpendicular to the line y=14x−7.




                                                                                                                                                                                19–20. Yeast growth Consider a colony of yeast cells that has the shape of a cylinder. As the number of yeast cells increases, the cross-sectional area A (in mm2) of the colony increases but the height of the colony remains constant. If the colony starts from a single cell, the number of yeast cells (in millions) is approximated by the linear function N(A)=CsA, where the constant Cs is known as the cell-surface coefficient. Use the given information to determine the cell-surface coefficient for each of the following colonies of yeast cells, and find the number of yeast cells in the colony when the cross-sectional area A reaches 150 mm2. (Source: Letters in Applied Microbiology, 594, 59, 2014)

          
	                                                        The scientific name of baker’s or brewer’s yeast (used in making bread, wine, and beer) is Saccharomyces cerevisiae. When the cross-sectional area of a colony of this yeast reaches 100 mm2, there are 571 million yeast cells. 

	                                                        The yeast Rhodotorula glutinis is a laboratory contaminant. When the cross-sectional area of a colony reaches 100 mm2, there are 226 million yeast cells.

	                                Demand function Sales records indicate that if Blu-ray players are priced at $250, then a large store sells an average of 12 units per day. If they are priced at $200, then the store sells an average of 15 units per day. Find and graph the linear demand function for Blu-ray sales. For what prices is the demand function defined?

	                                                                                                                                Fundraiser The Biology Club plans to have a fundraiser for which $8 tickets will be sold. The cost of room rental and refreshments is $175. Find and graph the function p=f(n) that gives the profit from the fundraiser when n tickets are sold. Notice that f(0)=−$175; that is, the cost of room rental and refreshments must be paid regardless of how many tickets are sold. How many tickets must be sold for the fundraiser to break even (zero profit)?

	                                Bald eagle population After DDT was banned and the Endangered Species Act was passed in 1973, the number of bald eagles in the United States increased dramatically. In the lower 48 states, the number of breeding pairs of bald eagles increased at a nearly linear rate from 1875 pairs in 1986 to 6471 pairs in 2000.



          
	                                                                                a. Use the data points for 1986 and 2000 to find a linear function p that models the number of breeding pairs from 1986 to 2000 (0≤t≤14).

	                                b. Using the function in part (a), approximately how many breeding pairs were in the lower 48 states in 1995?



 
[image: A histogram is shown. The horizontal axis is labeled Year. The vertical axis is labeled Number of pairs.]

                                (​Source: U.S. F​ish and Wildlife Service)


          	                                                                                                        Taxicab fees A taxicab ride costs $3.50 plus $2.50 per kilometer. Let m be the distance (in kilometers) from the airport to a hotel. Find and graph the function cm that represents the cost of taking a taxi from the airport to the hotel. Also determine how much it will cost if the hotel is 9 kilometers from the airport.



                                                        25–26. Defining piecewise functions Write a definition of the function whose graph is given.

          	        ​​


 [image: Two lines are graphed on the x y coordinate plane.]


          	        ​​


 [image: A piecewise functions is shown in the x y plane.]


          
	                                                                                                                                                                                Parking fees Suppose that it costs 5¢ per minute to park at the airport, with the rate dropping to 3¢ per minute after 9 p.m. Find and graph the cost function ct for values of t satisfying 0≤t≤120. Assume that t is the number of minutes after 8 P.M.

	                                                                                                        Taxicab fees A taxicab ride costs $3.50 plus $2.50 per kilometer for the first 5 kilometer, with the rate dropping to $1.50 per kilometer after the fifth kilometer. Let m be the distance (in kilometer) from the airport to a hotel. Find and graph the piecewise linear function ck that represents the cost of taking a taxi from the airport to a hotel k kilometers away.




                                                        29–34. Piecewise linear functions Graph the following functions.

          
	                                ​​fx ={x2−xx−1if x≠12if x=1 


	                                fx ={x2−x−2x−2if x≠24if x=2   

	                                fx ={3x−1if x≤0−2x+1if x>0  

	                                fx ={3x−1if x<1x+1if x≥1 

	                                fx ={−2x−1if x<−11if−1≤x≤12x−1if x>1 

	                                fx ={2x+2if x<0x+2if 0≤x≤23−x2if x>2 




                                                        35–40. [image: ] Graphs of functions

      
	                                Use a graphing utility to produce a graph of the given function. Experiment with different windows to see how the graph changes on different scales. Sketch an accurate graph by hand after using the graphing utility.


	                                Give the domain of the function.


	                                                                                Discuss interesting features of the function, such as peaks, valleys, and intercepts (as in Example 5).




          
	                                f(x) =x3−2x2+6 

	                                fx =2x2−83  

	                                gx = |x2 − 4x + 3|  

	                                fx =3x2 − 12x + 1 

	                                f(x)=3−|2x−1| 

	                                fx ={|x−1|x−1if x≠10if x=1 



          	                                                                                Features of a graph Consider the graph of the function f shown in the figure. Answer the following questions by referring to the points A–I.


 [image: A polynomial function is graphed on the x y coordinate plane. ]


          
	                                                        a. Which points correspond to the roots (zeros) of f?

	                                                                                                        b. Which points on the graph correspond to high points of peaks (soon to be called local maximum values of f )? 

	                                                                                                        c. Which points on the graph correspond to low points of valleys (soon to be called local minimum values of f )?

	                                                        d. As you move along the curve in the positive x-direction, at which point is the graph rising most rapidly?

	                                                        e. As you move along the curve in the positive x-direction, at which point is the graph falling most rapidly?



          	                                                                                ​​Features of a graph Consider the graph of the function g shown in the figure.


 [image: A polynomial function is graphed on the x y coordinate plane. ]


          
	                                                                                a. Give the approximate roots (zeros) of g.


	                                                                                                                                b. Give the approximate coordinates of the high points or peaks (soon to be called local maximum values of g).


	                                                                                                                                c. Give the approximate coordinates of the low points or valleys (soon to be called local minimum values of g).


	                                                                                                        d. Imagine moving along the curve in the positive x-direction on the interval [0, 3]. Give the approximate coordinates of the point at which the graph is rising most rapidly.


	                                                                                                        e. Imagine moving along the curve in the positive x-direction on the interval [0, 3]. Give the approximate coordinates of the point at which the graph is falling most rapidly.




          	                                                                                                        [image: ] Relative acuity of the human eye The fovea centralis (or fovea) is responsible for the sharp central vision that humans use for reading and other detail-oriented eyesight. The relative acuity of a human eye, which measures the sharpness of vision, is modeled by the function



                                Rθ =0.5680.331|θ| + 0.568,  


          	                                where θ (in degrees) is the angular deviation of the line of sight from the center of the fovea (see figure).


          
	                                                                                a. Graph R, for −15≤θ≤15.

	                                                                                                        b. For what value of θ is R maximized? What does this fact indicate about our eyesight?

	                                                                                c. For what values of θ do we maintain at least 90% of our maximum relative acuity? (Source: The Journal of Experimental Biology, 203, 24, Dec 2000)



 [image: The anatomy of the human eye with the eyeball facing upward is shown. ]



                                                                                44–48. Slope functions Determine the slope function Sx for the following functions.

          
	                                         f          (          x          )          =          3      


	                                         f          (          x          )          =          2          x          +          1      


	                                         f          (          x          )          =          |          x          |      


	                                Use the figure for Exercise 7.

	                                Use the figure for Exercise 26.




                                                                                                                                                                                49–52. Area functions Let Ax be the area of the region bounded by the t-axis and the graph of y=f(t) from t=0 to t=x. Consider the following functions and graphs.

      
	                                                        Find A2.


	                                                                                Find A6.


	                                                                                                        Find a formula for Ax. 




          	                                         f          (          t          )          =          6      



 [image: A line is graphed on a coordinate plane.]


          	                                ft =t2 


 [image: A line is graphed on a coordinate plane.]


          	                                ft ={−2t+8if t≤32if t>3 


 [image: Two lines are graphed on a coordinate plane.]


          	                                ft =|t−2|+1 


 [image: Two lines are graphed on a coordinate plane.]


          	                                Explain why or why not Determine whether the following statements are true and give an explanation or counterexample.


          
	                                a. All polynomials are rational functions, but not all rational functions are polynomials.

	                                                                                b. If f is a linear polynomial, then f∘f is a quadratic polynomial.

	                                                                                                                                c. If f and g are polynomials, then the degrees of f∘g and g∘f are equal.

	                                                                                d. The graph of g(x)=f(x+2) is the graph of f shifted 2 units to the right.



          
	                                                                                                        Shifting a graph Use a shift to explain how the graph of fx =−x2+8x+9 is obtained from the graph of gx =25−x2. Sketch a graph of f.

	                                                                                                        Transformations of f(x) =x2 Use shifts and scalings to transform the graph of fx =x2 into the graph of g. Use a graphing utility to check your work.



          
	                                                        a. g(x)=f(x−3)


	                                                        b. g(x)=f(2x−4)


	                                                        c. g(x)=−3f(x−2)+4


	                                                        d. gx =6f(x−23)+1




          	                                                                                                        Transformations of f(x)=x Use shifts and scalings to transform the graph of fx =x into the graph of g. Use a graphing utility to check your work.


          
	                                                        a. g(x)=f(x+4)


	                                                        b. g(x)=2f(2x−1)


	                                                        c. g(x)=x-1


	                                                        d. g(x)=3x-1-5 




                                                                                57–64. [image: ] Shifting and scaling Use shifts and scalings to graph the given functions. Then check your work with a graphing utility. Be sure to identify an original function on which the shifts and scalings are performed.

          
	                                         f          (          x          )          =                     (                x                −                2                )                  2              +          1      


	                                                        fx=x2-2x+3 (Hint: Complete the square first.)

	                                gx=-3x2


	                                gx=2x3-1


	                                gx=2x+32


	                                px=x2+3x-5


	                                hx=-4x2-4x+12


	                                hx=3x-6+1





                                                        65–67. Intersection problems Find the following points of intersection.

          
	                                                        The point(s) of intersection of the curves y=42x and          y          =          2               x             2          


	                                                        The point(s) of intersection of the parabola y=x2+2 and the line          y          =          x          +          4      


	                                                        The point(s) of intersection of the parabolas y=x2 and          y          =          −               x             2              +          8          x      








                                 Explorations and Challenges


          
	                                                                                                                                Two semicircles The entire graph of fconsists of the upper half of a circle of radius 2 centered at the origin and the lower half of a circle of radius 3 centered at (5, 0). Find a piecewise function for f and plot a graph of f.


	                                Piecewise function Plot a graph of the function




                                fx ={32xif 0≤x≤23+x−2if 2<x≤625−(x−6)2if 6<x≤11. 


          
	                                                                                                        Floor function The floor function, or greatest integer function, f(x)=⌊x⌋, gives the greatest integer less than or equal to x. Graph the floor function for −3≤x≤3.

	                                                                                                        Ceiling function The ceiling function, or smallest integer function, f(x)=⌈x⌉, gives the smallest integer greater than or equal to x. Graph the ceiling function for −3≤x≤3.

	                                Sawtooth wave Graph the sawtooth wave defined by




                                fx ={⋮x+1if −1≤x<0xif 0≤x<1x−1if 1≤x<2x−2if 2≤x<3⋮ 


          	                                 Square wave Graph the square wave defined by



                                fx ={0if x<01if 0≤x<10if 1≤x<21if 2≤x<3⋮ 



                                                        74–76. Roots and powers Sketch a graph of the given pairs of functions. Be sure to draw the graphs accurately relative to each other.

          
	                                                        y=x4 and y=x6


	                                                        y=x3 and y=x7


	                                                        y=x1/3 and y=x1/5


	                                                                                Tennis probabilities Suppose the probability of a server winning any given point in a tennis match is a constant p, with 0≤p≤1. Then the probability of the server winning a game when serving from deuce is




                                fp =p21 − 2p(1 − p).  


          
	                                                        a. Evaluate f0.75 and interpret the result.

	                                                        b. Evaluate f0.25 and interpret the result.

	                                (Source: The College Mathematics Journal, 38, 1, Jan 2007)



          	                                Temperature scales



          
	                                                                                                                                                        a. Find the linear function C=f(F) that gives the reading on the Celsius temperature scale corresponding to a reading on the Fahrenheit scale. Use the facts that C=0 when F=32 (freezing point) and C=100 when F=212 (boiling point).

	                                b. At what temperature are the Celsius and Fahrenheit readings equal?



          	                                Automobile lease vs. purchase A car dealer offers a purchase option and a lease option on all new cars. Suppose you are interested in a car that can be bought outright for $25,000 or leased for a start-up fee of $1200 plus monthly payments of $350.


          
	                                                                                a. Find the linear function y=f(m) that gives the total amount you have paid on the lease option after m months.

	                                b. With the lease option, after a 48-month (4-year) term, the car has a residual value of $10,000, which is the amount that you could pay to purchase the car. Assuming no other costs, should you lease or buy?



          	                                                                                                                                                        [image: ] Walking and rowing Kelly has finished a picnic on an island that is 200 m off shore (see figure). She wants to return to a beach house that is 600 m from the point P on the shore closest to the island. She plans to row a boat to a point on shore x meters from P and then jog along the (straight) shore to the house.


 [image: An island is on the upper left and a house is on the lower right of the shore.]


          
	                                                                                a. Let dx be the total length of her trip as a function of x. Find and graph this function.

	                                                                                                        b. Suppose that Kelly can row at 2 m/s and jog at 4 m/s. Let Tx be the total time for her trip as a function of x. Find and graph y=T(x).

	                                c. Based on your graph in part (b), estimate the point on the shore at which Kelly should land to minimize the total time of her trip. What is that minimum time?  



          	                                                                                                                                [image: ] Optimal boxes Imagine a lidless box with height h and a square base whose sides have length x. The box must have a volume of 5m3.


          
	                                                                                a.  Find and graph the function Sx that gives the surface area of the box, for all values of x>0


	                                                        b.  Based on your graph in part (a), estimate the value of x that produces the box with a minimum surface area.  



          	                                                                                                                                Composition of polynomials Let f be an nth-degree polynomial and let g be an mth-degree polynomial. What is the degree of the following polynomials?


          
	                                                        a. f⋅f


	                                                        b. f∘f


	                                                        c. f⋅g


	                                                        d. f∘g




          
	                                                                                                        Parabola vertex property Prove that if a parabola crosses the x-axis twice, the x-coordinate of the vertex of the parabola is halfway between the x-intercepts.

	                                                                                Parabola properties Consider the general quadratic function fx =ax2+bx+c, with a≠0.



          
	                                                                                                                                a. Find the coordinates of the vertex of the graph of the parabola y=f(x) in terms of a, b, and c.

	                                                                                                                                                        b. Find the conditions on a, b, and c that guarantee that the graph of f crosses the x-axis twice.



          	                                                                                [image: ] Factorial function The factorial function is defined for positive integers as n!=n(n−1)(n−2)⋯3⋅2⋅1. 


          
	                                                        a. Make a table of the factorial function, for n=1,2,3,4,5.


	                                b. Graph these data points and then connect them with a smooth curve. 

	                                                                                c. What is the least value of n for which n!>106?




                     Quick Check Answers


      
	        Yes; no

	                                (−∞,∞);[0,∞)


	                                                        Domain and range are (−∞,∞). Domain and range are [0,∞).


	                                Shift the graph of f horizontally 4 units to the left.







                                 1.3 Inverse, Exponential, and Logarithmic Functions



                                                        Exponential functions are fundamental to all of mathematics. Many processes in the world around us are modeled by exponential functions—they appear in finance, medicine, ecology, biology, economics, anthropology, and physics (among other disciplines). Every exponential function has an inverse function, which is a member of the family of logarithmic functions, also discussed in this section.


                     Exponential Functions



                                                                                                                                                                                                                                Exponential functions have the form fx =bx, where the base          b          ≠          1       is a positive real number. An important question arises immediately: For what values of x can               b             x           be evaluated? We certainly know how to compute               b             x          when x is an integer. For example,               2             3              =          8       and               2                   −                4                   =          1          /               2             4              =          1          /          16          .       When x is rational, the numerator and denominator are interpreted as a power and root, respectively:

 [image: One line of math is shown.]



 

  	        Exponent Rules


          	                                                                                For any base b>0 and real numbers x and y, the following relations hold:


      
	                                                        E1. bxby=bx+y


	                                                        E2. bxby=bx−y





                                (which includes 1by=b−y)


      
	                                                        E3. (bx)y=bxy


	                                                                                E4. bx>0, for all x




  


 

  	                                                        163/4 can also be computed as 1634=40964=8.



  


                                                                                                                                                                                                        But what happens when x is irrational? For example, how should 2π be understood? Your calculator provides an approximation to 2π, but where does the approximation come from? These questions will be answered eventually. For now, we assume that bx can be defined for all real numbers x and that it can be approximated as closely as desired by using rational numbers as close to x as needed. In Section 7.1, we prove that the domain of an exponential function is all real numbers.





                                            Properties of Exponential Functions fx =bx


      
	                                                                                                                                                                                Because bx is defined for all real numbers, the domain of f is {x:−∞<x<∞}. Because bx>0 for all values of x, the range of f is {y:0<y<∞}.


	                                                        For all b>0,b0=1, and therefore f(0)=1.


	                                                                                                                                                                                                                                If b>1, then f is an increasing function of x (Figure 1.45). For example, if b=2, then 2x>2y whenever x>y.




                       Figure 1.45

[image: Four exponential functions are graphed on the x y coordinate plane.]



          	                                                                                                        If 0<b<1, then f is a decreasing function of x. For example, if b=12, then



                                fx =(12)x=12x=2−x, 


          	                                                                                                                                and because 2x increases with x,2-x decreases with x (Figure 1.46).


                                               Figure 1.46

[image: Three exponential functions are graphed on the x y coordinate plane.]




                     QUICK CHECK 1


          	                                Is it possible to raise a positive number b to a power and obtain a negative number? Is it possible to obtain zero?



                     QUICK CHECK 2


          	                                Explain why fx =13x is a decreasing function.



                     The Natural Exponential Function



                                                        One of the bases used for exponential functions is special. For reasons that will become evident in upcoming chapters, the special base is e, one of the fundamental constants of mathematics. It is an irrational number with a value of          e          =          2.718281828459          …          .       


 

  	                                                        The notation e was proposed by the Swiss mathematician Leonhard Euler (pronounced oiler) (1707–1783).


  


 


                     Definition: The Natural Exponential Function



                                                                                The natural exponential function is fx =ex, which has the base e=2.718281828459….

  


                                                                                                                                                                                                                                                                                                                                                                                                                                                        The base e gives an exponential function that has a valuable property. As shown in Figure 1.47a, the graph of y=ex lies between the graphs of y=2x and y=3x (because 2<e<3). At every point on the graph of  y=ex it is possible to draw a tangent line (discussed in Chapters 2 and 3) that touches the graph only at that point. The natural exponential function is the only exponential function with the property that the slope of the tangent line at x=0 is 1 (Figure 1.47b); therefore, ex has both value and slope equal to 1 at x=0. This property—minor as it may seem—leads to many simplifications when we do calculus with exponential functions.

                       Figure 1.47

[image: Two graphs labeled ("a") and (b), respectively, are depicted.]







                                 Inverse Functions



                                                                                                                                                                                                        Consider the linear function f(x)=2x, which takes any value of x and doubles it. The function that reverses this process by taking any value of f(x)=2x and mapping it back to x is called the inverse function of f, denoted               f                   −                1                   .       In this case, the inverse function is               f                   −                1                   (          x          )          =          x          /          2          .       The effect of applying these two functions in succession looks like this:


                                x→f2x→f−1x.



some horizontal lines intersect the graphWe now generalize this idea.


 


                     Definition: Inverse Function



                                                                                                                                                        Given a function f, its inverse (if it exists) is a function f−1 such that whenever y=fx, then f−1y =x (Figure 1.48).

                       Figure 1.48

[image: Function and its relationship with its inverse are shown. Two points labeled x and y equals f of x are shown. An arrow from x toward y equals f of x is labeled f. Another arrow from y equals f of x toward x is labeled f inverse of x. ]



  


                     QUICK CHECK 3


          	                                                        What is the inverse of fx =13x? What is the inverse of fx =x−7?




                                                                                                                                Because the inverse “undoes” the original function, if we start with a value of x, apply f﻿ to it, and then apply               f                   −                1                to the result, we recover the original value of x; that is,

 [image: The domain and range information for two functions are given.]



                                                                                                        Similarly, if we apply               f                   −                1                to a value of y and then apply f to the result, we recover the original value of y; that is,

 [image: The domain and range information for two functions are given.]



 

  	                                                                                                                                The notation f−1 for the inverse can be confusing. The inverse is not the reciprocal; that is,f−1x is not  1/fx =fx−1. We adopt the common convention of using simply inverse to mean inverse function.


  


                     One-to-One Functions



                                                                                                                                We have defined the inverse of a function, but said nothing about when it exists. To ensure that f has an inverse on a domain, f must be one-to-one on that domain. This property means that every output of the function f corresponds to exactly one input. The one-to-one property is checked graphically by using the horizontal line test.


 


                     Definition: One-to-One Functions and the Horizontal Line Test



                                                                                                                                                                                                                                                                                                                                                                                                        A function f is one-to-one on a domain D if each value of fx corresponds to exactly one value of x in D. More precisely, f is one-to-one on D if f(x1)≠f(x2) whenever x1≠x2, for x1 and x2 in D. The horizontal line test says that every horizontal line intersects the graph of a one-to-one function at most once (Figure 1.49).

                       Figure 1.49

[image: Two polynomial functions are graphed on two x y coordinate planes. ]



  


                                                                                                                                                                                                                                                        For example, in Figure 1.50, some horizontal lines intersect the graph of fx =x2 twice. Therefore, f does not have an inverse function on the interval -∞,∞. However, if the domain of f is restricted to one of the intervals (-∞,0] or [0,∞),  then the graph of f passes the horizontal line test, and f is one-to-one on these intervals.

                       Figure 1.50

[image: The domains of a parabola are shown using three graphs. ]




 


                                                     Example 1: One-to-one Functions


  
 
                                                                                 Determine the (largest possible) intervals on which the function fx =2x2−x4 (Figure 1.51) is one-to-one.

                       Figure 1.51

[image: A polynomial function is graphed on the x y coordinate plane.]



  
 
                      SOLUTION



                                                                                The function is not one-to-one on the entire real line because it fails the horizontal line test. However, on the intervals (−∞,−1],[−1,0],[0,1], and [1,∞), f is one-to-one. The function is also one-to-one on any subinterval of these four intervals.


                                                                                                                                Related Exercises 5–6

  


                     Existence of Inverse Functions



                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                Figure 1.52a illustrates the actions of a one-to-one function f and its inverse f−1. We see that f maps a value of x to a unique value of y. In turn, f−1 maps that value of y back to the original value of x. This procedure cannot be carried out if f is not one-to-one (Figure 1.52b).

                                               Figure 1.52 


[image: The actions of a one-to-one function ƒ and its inverse are shown in two parts.]




 

  	        The statement that a one-to-one function has an inverse is plausible based on its graph. However, the proof of this theorem is fairly technical and is omitted.


  


 


                     Theorem 1.1: Existence of Inverse Functions



                                                                                                                                                                                                                                                                                                                                                        Let f be a one-to-one function on a domain D with a range R. Then f has a unique inverse f−1 with domain ​R and range D such that


                                f−1fx =xandff-1y =y, 



                                                                                                                                                                                                        where x is in D and y is in R.

  


                     QUICK CHECK 4


          	                                The function that gives degrees Fahrenheit in terms of degrees Celsius is F=9C/5+32. Why does this function have an inverse?



 


                                                     Example 2: Does an Inverse Exist?


  
 
                                 Determine the largest intervals on which fx =x2−1 has an inverse function.

  
 
                      SOLUTION



                                                                                                                                                                                On the interval (−∞,∞) the function does not pass the horizontal line test and is not one-to-one (Figure 1.53). However, if the domain of f is restricted to the interval (−∞,0] or [0,∞), then f is one-to-one and an inverse exists.

                       Figure 1.53

[image: An unbound parabola is graphed on the x y coordinate plane and has the following equation: y equals x squared minus 1. ]




                                                        Related Exercise 25

  


                     Finding Inverse Functions



                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                        The crux of finding an inverse for a function f is solving the equation y=fx for x in terms of y. If it is possible to do so, then we have found a relationship of the form x=f−1y. Interchanging x and y in x=f−1y so that x is the independent variable (which is the customary role for x), the inverse has the form y=f−1x. Notice that if f is not one-to-one, this process leads to more than one inverse function.


 

  	                                                                                Once you find a formula for f−1, you can check your work by verifying that f−1fx =x and ff-1x =x.



  


 


                     Procedure: Finding an Inverse Function



                                                                                                                                Suppose f is one-to-one on an interval I. To find f−1, use the following steps.

      
	                                                                                                                                Solve y=fx for x. If necessary, choose the function that corresponds to I.

	                                                                                                                                Interchange x and y and write y=f−1x.




  


 


                                                     Example 3: Finding Inverse Functions


  
 
                                 Find the inverse(s) of the following functions. Restrict the domain of f if necessary.

      
	                                                        a. fx = 2x+6


	                                                        b. fx = x2−1




  
 
                      SOLUTION


          	                                                        Linear functions (except constant linear functions) are one-to-one on the entire real line. Therefore, an inverse function for f exists for all values of x.


          
	                                                                                                                                                        Step 1: Solve y=f(x) for x: We see that y=2x+6 implies that 2x=y−6, or x=12y−3. 

	                                                                                                        Step 2: Interchange x and y, and write y=f−1x:





                                y=f−1x=12x−3. 


      	                                                        It is instructive to verify that the inverse relations f(f−1(x))=x and f−1(f(x))=x are satisfied:



                                ff-1x =f12x-3 =212x-3 + 6⏟fx = 2x + 6=x-6+6=x,f-1fx =f-12x+6 =122x+6 - 3⏟f−1(x)=12x-3=x+3-3=x. 


          	                                                                                                                                                        As shown in Example 2, the function fx =x2−1 is not one-to-one on the entire real line; however, it is one-to-one on (−∞,0] and on [0,∞) (Figure 1.54a). If we restrict our attention to either of these intervals, then an inverse function can be found.


                       Figure 1.54

[image: Two parabola graphs are shown.]



      	                                                                                                        Step 1: Solve y=f(x) for x:



                                y=x2−1x2=y+1x={y+1−y+1.


      	        Each branch of the square root corresponds to an inverse function.


      	                                                                                                                                                        Step 2: Interchange x and y and write y=f−1x:




                                y=f−1x =x+1ory=f−1x =−x+1. 


      	                                                                                                                                                                                                                                                        The interpretation of this result is important. Taking the positive branch of the square root, the inverse function y=f−1x =x+1 gives positive values of y; it corresponds to the branch of fx =x2−1 on the interval [0,∞) (Figure 1.54b). The negative branch of the square root, y=f−1x =−x+1, is another inverse function that gives negative values of y; it corresponds to the branch of fx =x2−1 on the interval (−∞,0].




                                                                                                                                                                                                                                                        Related Exercises 9–10, 33–34

  


 

  	        A constant function (whose graph is a horizontal line) fails the horizontal line test and does not have an inverse.


  


                     QUICK CHECK 4


          	                                On what interval(s) does the function fx =x3 have an inverse?






                                 Graphing Inverse Functions



The graphs of a function and its inverse have a special relationship, which is illustrated in the following example.


 


                                                     Example 4: Graphing Inverse Functions


  
 
                                                                                 Find f−1, and then plot f and f−1 on the same coordinate axes.

      
	                                                        a. f(x)=2x+6


	                                                        b. f(x)=x−1




  
 
                      SOLUTION


      	                                                        The inverse of f(x)=2x+6, found in Example 3, is 



                                y=f−1x =12x−3.  


      	                                                                                                                                                                                The graphs of f and f−1 are shown in Figure 1.55. Notice that both f and f−1 are increasing linear functions that intersect at (−6, −6).



                       Figure 1.55

[image: Three lines are graphed on the x y coordinate plane.]



          	                                                                                                        The domain of f(x)=x−1 is [1,∞) and its range is [0,∞). On this domain, f is one-to-one and has an inverse. It can be found in two steps:


          	                                                                                                        Step 1: Solve y=x−1 for x:



                                y2=x−1orx=y2+1.


      	                                                                                                                                                        Step 2: Interchange x and y and write y=f−1x:




                                y=f−1x =x2+1.  


      	                                                                                                                                                                                                        The graphs of f and f−1 are shown in Figure 1.56. Notice that the domain of f−1 (which is x≥0) corresponds to the range of f (which is y≥0).


                       Figure 1.56

[image: Two polynomial functions and a line are graphed on the x y coordinate plane.]




                                                                                                        Related Exercises 28–29

  


                                                                                                                                                                                                                                                                                The graph of the logarithmic functionLooking closely at the graphs in Figure 1.55 and Figure 1.56, you see a symmetry that always occurs when a function and its inverse are plotted on the same set of axes. In each figure, one curve is the reflection of the other curve across the line  y=x. These curves have symmetry about the line  y=x, which means that the point a,b is on one curve whenever the point b,a is on the other curve (Figure 1.57).

                       Figure 1.57

[image: Two curves labeled y equals f of x and y equals f inverse of x, and a line labeled y equals x is shown on the x y coordinate system.]




                                                                                                                                                                                                                                                                                                                                The explanation for the symmetry comes directly from the definition of the inverse. Suppose that the point a,b is on the graph of  y=f(x), which means that  b=f(a). By the definition of the inverse function, we know that  a=f−1(b), which means that the point b,a is on the graph of  y=f−1(x). This argument applies to all relevant points a,b, so whenever a,b is on the graph of f, b,a is on the graph of  f−1. As a consequence, the graphs are symmetric about the line  y=x. 


                     Logarithmic Functions



                                                                                                        Everything we learned about inverse functions is now applied to the exponential function          f          (          x          )          =               b             x              .       For any          b          >          0          ,       with          b          ≠          1          ,       this function is one-to-one on the interval          (          −          ∞          ,                     ∞          )          .       Therefore, it has an inverse.


 


                                             Definition: Logarithmic Function Base b




                                                                                                                                                                                                                                For any base b>0, with b≠1, the logarithmic function base b, denoted y=logbx, is the inverse of the exponential function y=bx. The inverse of the natural exponential function with base b=e is the natural logarithm function, denoted y=lnx.

  


The inverse relationship between logarithmic and exponential functions may be stated concisely in several ways. First, we have


                                y=logbxif and only ifby=x.



Combining these two conditions results in two important relations.


 

  	                                                                                                                                                        Logarithms were invented around 1600 for calculating purposes by the Scotsman John Napier and the Englishman Henry Briggs. Unfortunately, the word logarithm, derived from the Greek for reasoning (logos) with numbers (arithmos), doesn’t help with the meaning of the word. When you see logarithm, you should think exponent.



  


 


                     Inverse Relations for Exponential and Logarithmic Functions



                                                        For any base b>0, with b≠1, the following inverse relations hold.

      
	                                                                                I1. blogbx=x, for x>0


	                                                                                                        I2. logbbx=x, for real values of x




  


                     Properties of Logarithmic Functions



                                                                                                                                                        The graph of the logarithmic function is generated using the symmetry of the graphs of a function and its inverse. Figure 1.58 shows how the graph of y=bx, for b>1, is reflected across the line y=x to obtain the graph of y=logbx.

                                               Figure 1.58

[image: Two logarithmic functions and a line are graphed on the x y coordinate plane. The equations of the functions and the line are given.]




                                                                                                                                                        The graphs of y=logbx are shown (Figure 1.59) for several bases b>1. Logarithms with bases 0<b<1, although well defined, are generally not used (and they can be expressed in terms of bases with b>1).

                                               Figure 1.59

[image: Four curves of logarithmic functions are drawn on the x y coordinate plane. The equations of the curves are also given.]




                                                                                                        Logarithmic functions with base b>0 satisfy properties that parallel the properties of the exponential functions on 1.3 Inverse, Exponential, and Logarithmic Functions.


 

  	        Logarithm Rules


          	                                                                                                                                                                                For any base b>0 (b≠1), positive real numbers x and y, and real numbers z, the following relations hold:


      
	                                                        L1. logb xy=logbx+logby


	                                                        L2. logbxy=logbx−logby





                                includes logb1y=−logby 


      
	                                                        L3. logb xz=zlogbx


	                                                        L4. logb b=1




          	                                                                                                        Specifically, these properties hold with b=e, in which case log bx=log ex=ln x. See Exercises 92–94.


  


      
	                                                                                                        Because the range of bx is (0,∞), the domain of logbx is (0,∞).


	                                                                                                        The domain of bx is (−∞,∞), which implies that the range of logbx is (−∞,∞).

	                                                        Because b0=1, it follows that                     log                  b              1          =          0          .      


	                                                                                                                                                                                                        If b>1, then logbx is an increasing function of x. For example, if b=e, then ln x>ln y whenever x>y (Figure 1.59).




                     QUICK CHECK 6


          	                                                        What is the domain of fx =logbx2? What is the range of fx =logbx2?




 


                                                     Example 5: Using Inverse Relations


  
 
                                                         One thousand grams of a particular radioactive substance decays according to the function mt =1000e−t/850, where t≥0 measures time in years. When does the mass of the substance reach the safe level, deemed to be 1 g?

  
 
                      SOLUTION



                                                        Setting m(t)=1, we solve 1000e−t/850=1 by dividing both sides by 1000 and taking the natural logarithm of both sides:


                                ln (e−t/850)=ln (11000).



                                                        This equation is simplified by calculating ln(1/1000)≈−6.908 and observing that ln(e−t/850)=−t850 (inverse property I2). Therefore,


                                −t850≈−6.908.



                                                                                Solving for t, we find that t≈(−850)(−6.908)≈5872 years.


                                                                                                                                Related Exercise 61 

  


 

  	                                Provided the arguments are positive, we can take the logb of both sides of an equation and produce an equivalent equation.


  






                                 Change of Base



                                When working with logarithms and exponentials, it doesn’t matter in principle which base is used. However, there are practical reasons for switching between bases. For example, most calculators have built-in logarithmic functions in just one or two bases. If you need to use a different base, then the change-of-base rules are essential.


                                                                                                                                                        Consider changing bases with exponential functions. Specifically, suppose you want to express bx (base b) in the form ey (base e), where y must be determined. Taking the natural logarithm of both sides of ey=bx, we have


                                ln ey⏟y=ln bx⏟xlnbwhich implies that y=x ln b.



                                                                                                        It follows that bx=ey=exlnb. For example, 4x=exln4. This result is derived rigorously in Section 7.1.


 

  	                                                        A similar argument is used to derive more general formulas for changing from base b to any other positive base c.


  


                                                                                                                                                                                The formula for changing from logbx to ln x is derived in a similar way. We let y=logbx, which implies that x=by. Taking the natural logarithm of both sides of x=by gives ln x=ln by=y ln b. Solving for y gives


                                y=logbx=ln xln b.



 


                     Change-of-Base Rules



                                                                                Let b be a positive real number with b≠1. Then


                                bx=exlnb,for all xandlogbx=lnxlnb,for x>0.



                                                                                More generally, if c is a positive real number with c≠1, then


                                bx=cxlogcb,for all xandlogbx=logcxlogcb,for x>0.


  


 


                                                     Example 6: Changing Bases


  
 
       
	                                                                                Express 2x+4 as an exponential function with base e.

	                                                                                Express log2x using base e and base 32.



  
 
                      SOLUTION


      	                                a. Using the change-of-base rule for exponential functions, we have



                                2x+4=e(x+4)ln2. 


      	                                b. Using the change-of-base rule for logarithmic functions, we have



                                log2 x=ln xln 2.


      	        To change from base 2 to base 32, we use the general change-of-base formula:



                                log2x=log32xlog322=log32x1/5=5log32x.


      	                                                        The second step follows from the fact that 2=321/5, so log322=15.




                                                                                                                                                                                                        Related Exercises 67, 71

  






                                 Section 1.3 Exercises



                     Getting Started


      
	                                                        For b>0, what are the domain and range of f(x)=b  x?


	        Give an example of a function that is one-to-one on the entire real number line.

	                                                        Sketch a graph of a function that is one-to-one on the interval (−∞,0] but is not one-to-one on (−∞,∞).

	                                                                                Sketch a graph of a function that is one-to-one on the intervals (−∞,−2] and [−2,∞) but is not one-to-one on (−∞,∞).

	                                                        Find three intervals on which f is one-to-one, making each interval as large as possible.



 [image: A polynomial function is graphed on the x y coordinate plane. ]


          	                                                        Find four intervals on which f is one-to-one, making each interval as large as possible. 



 [image: A polynomial function is graphed on the x y coordinate plane. ]


          
	                                                                                                        ​​​​Explain why a function that is not one-t​o-one on an interval I cannot have an inverse function on I.​

	                                                                                                        Use the graph of f to find f−1(2),f−1(9), and f−1(12).



 [image: A polynomial function is graphed on the x y coordinate plane. ]


          
	                                                                                Find the inverse of the function          f          (          x          )          =          2          x          .      Verify that          f          (               f                   −                1                   (          x          )          )          =          x       and               f                   −                1                   (          f          (          x          )          )          =          x      .

	                                                                                                        Find the inverse of the function f(x)=x, for x≥0. Verify that f(f−1(x))=x and f−1(f(x))=x.

	                                Sketch the graph of the inverse of f.



 [image: A straight line and a function curve are graphed on an x y coordinate plane.]


          	                                                                                ​​​​Sketch the graph of the inv​erse of ​f.​​


 [image: A polynomial function and a line are graphed on the x y coordinate plane.]



                                                                                                                                13–14. The parabola y=x2+1 consists of two one-to-one functions, g1(x) and g2(x). Complete each exercise and confirm that your answers are consistent with the graphs displayed in the figure.

 [image: Two parabolas and a line are graphed on the x y coordinate plane.]


          
	                                                        Find formulas for  g1(x) and  g1−1(x). State the domain and range of each function.

	                                                        Find formulas for  g2(x) and  g2−1(x). State the domain and range of each function.

	                                Explain the meaning of  logbx.

	                                                        How is the property  bx+y=bxby related to the property  logb(xy)=logbx+logby?

	                                                                                For  b>0 with  b≠1, what are the domain and range of  f(x)=logbx and why?

	                                                                                Express  25 using base e.


	                                Evaluate each expression without a calculator.




          
	                                                        a. log101000


	                                                        b. log216


	                                                        c. log100.01


	                                                        d. ln e3


	                                                        e. ln e




          	                                                                                                        For a certain constant a>1, ln a≈3.8067. Find approximate values of log2a and loga2 using the fact that ln 2≈0.6931.






                                 Practice Exercises



                                                        21–26. Where do inverses exist? Use analytical and/or graphical methods to determine the largest possible sets of points on which the following functions have an inverse.

          
	                                fx=3x+4


	                                f(x)=|2x+1|


	                                                                                [image: ] f(x)=1/(x−5)




          
	                                fx=-6-x2


	                                                                                [image: ] fx =1/x2




          	                                                                 f          (          x          )          =               x             2              −          2          x          +          8       (Hint: Complete the square.)



                                                                                                        27–32. Graphing inverse functions Find the inverse function (on the given interval, if specified) and graph both f and f−1 on the same set of axes. Check your work by looking for the required symmetry in the graphs.

          
	                                fx =8−4x


	                                fx =3x+5


	                                                        fx =x+2,  for x≥−2


	                                                        fx =3−x,  for  x≤3


	                                                        fx =(x−2)2−1,  for  x≥2


	                                                        fx  =x2+4, for  x≥0





                                                                                33–42. Finding inverse functions Find the inverse f-1x of each function (on the given interval, if specified).

          
	                                                        fx =2/(x2+1), for x≥0


	                                                        fx =6/(x2−9), for x>3


	                                fx =e2x+6


	                                fx =4e5x


	                                f(x)=ln (3x+1)


	                                f(x)=log104x


	                                fx =10−2x


	                                fx =1/(ex+1)


	                                f(x)=ex/(ex+2)


	                                                        f(x)=x/(x−2), for x>2


	                                                                                                        Splitting up curves The unit circle x2+y2=1 consists of four one-to-one functions, f1(x),f2(x),f3(x), and f4(x) (see figure).



          
	                                a. Find the domain and a formula for each function.

	                                                        b. Find the inverse of each function and write it as y=f−1x.




 [image: A unit circle is graphed on the x y coordinate plane.]


          	                                                                                                        Splitting up curves The equation y4=4x2 is associated with four one-to-one functions, f1(x),f2(x),f3(x), and f4(x) (see figure).


          
	                                a. Find the domain and a formula for each function. 

	                                                        b. Find the inverse of each function and write it as y=f−1x.



 [image: Two parabolas are graphed on the x y coordinate plane.]



                                                                                                                                                        45–50. Properties of logarithms Assume log bx=0.36,log by=0.56, and log bz=0.83. Evaluate the following expressions.

          
	                                logbxy


	                                logbx2


	                                logbxz


	                                logbxyz


	                                logbxz3


	                                logbb2x5/2y





                                                        51–60. Solving equations Solve the following equations.

          
	                                log10x=3


	                                log5x=−1


	                                log8x=13


	                                logb125=3


	                                ln x=−1


	                                ln y=3


	                                7x=21


	                                2x=55


	                                33x−4=15


	                                53x=29




          	                                                                                                        [image: ] Using inverse relations One hundred grams of a particular radioactive substance decays according to the function mt =100e−t/650, where t>0 measures time in years. When does the mass reach 50 grams?


          	                                                                                                                                                                                [image: ] Mass of juvenile desert tortoises In a study conducted at the University of New Mexico, it was found that the mass mt (in grams) of juvenile desert tortoises t days after a switch to a particular diet is accurately described by the function m(t)=m0e0.004t, where m0 is the mass of the tortoise at the time of the diet switch. According to this function, how long does it take a juvenile desert tortoise to reach a mass of 150 g if it had a mass of 64 g when its diet was switched? (Source: Physiological and Biochemical Zoology, 85, 1, 2012)



                                                                                                                                                                                                                                63–64. [image: ] Investment Problems An investment of P dollars in deposited in a savings account that is compounded monthly with an annual interest rate of r, where r is expressed as a decimal. The amount of money A in the account after t years is given by A=P(1+r/12)12t. Use this equation to complete the following exercises. 

          
	                                Determine the time it takes an investment of $1000 to increase to $1100 dollars if it is placed in an account that is compounded monthly with an annual interest rate of 1%(r=0.01).


	        Determine the time it takes an investment of $20,000 to increase to $22,000 if it is placed in an account that is compounded monthly with an annual interest rate of 2.5%.

	                                                                                                                                [image: ] Height and time The height in meters of a baseball hit straight up from the ground with an initial velocity of 20 m/s is given by h=ft =20t−5t2, where t is measured in seconds after the hit. 




          
	                                                        a. Is this function one-to-one on the interval 0≤t≤4?

	                                                                                                                                b. Find the inverse function that gives the time t at which the ball is at height h as the ball travels upward. Express your answer in the form t=f−1h. 

	                                                                                                                                c. Find the inverse function that gives the time t at which the ball is at height h as the ball travels downward. Express your answer in the form t=f−1h. 

	                                d. At what time is the ball at a height of 12 m on the way up?

	                                e. At what time is the ball at a height of 4 m on the way down? 



          	                                                                                                                                                                                                                                                        [image: ] Velocity of a skydiver The velocity of a skydiver (in m/s) t seconds after jumping from the plane is vt =600(1−e−kt/60)/k, where k>0 is a constant. The terminal velocity of the skydiver is the value that vt approaches as t becomes large. Graph v with k=11 and estimate the terminal velocity.



                                                                                67–70. [image: ] Calculator base change Write the following logarithms in terms of the natural logarithm. Then use a calculator to find the value of the logarithm, rounding your result to four decimal places.

          
	                                                    log                  2              15      


	                                log330


	                                log440


	                                log660





                                                        71–76. Changing bases Convert the following expressions to the indicated base.

          
	                                                        2x using base e


	                                                                                3sinx  using base e


	                                                        ln|x| using base 5

	                                                        log2(x2+1) using base e


	                                                                                                        a1/lna using base e, for a>0 and a≠1


	                                                                                a1/log10a using base 10, for a>0 and a≠1


	                                Explain why or why not Determine whether the following statements are true and give an explanation or counterexample.



          
	                                                                                a. If y=3x, then x=y3.


	                                                        b. logbxlogby=logbx−logby


	                                                        c. log546=4log56


	                                                        d. 2=10log102


	                                                        e. 2=ln 2e


	                                                                                f. If fx =x2+1, then f−1x =1x2  +  1.


	                                                                                g. If f(x)=1/x, then f−1x =1/x.




          	                                                         Graphs of exponential functions The following figure shows the graphs of y=2x,y=3x,y=2−x, and y=3−x. Match each curve with the correct function. 


 [image: Four curves are graphed on the x y coordinate plane.]


          	                                                                                Graphs of logarithmic functions The following figure shows the graphs of y=log2x,y=log4x, and y=log10x. Match each curve with the correct function.


 [image: Three curves are graphed on the x y coordinate plane.]


          
	                                                                                                        Graphs of modified exponential functions Without using a graphing utility, sketch the graph of y=2x. Then on the same set of axes, sketch the graphs of y=2−x,y=2x−1,y=2x+1, and y=22x.

	                                                                                                        Graphs of modified logarithmic functions Without using a graphing utility, sketch the graph of y=log2x. Then on the same set of axes, sketch the graphs of y=log2x-1,y=log2x2,y=(log2x)2, and y=log2x+1.







                                 Explorations and Challenges


          	                                                                                Population model A culture of bacteria has a population of 150 cells when it is first observed. The population doubles every 12 hours, which means its population is governed by the function pt =150⋅2t/12, where t is the number of hours after the first observation.


          
	                                                        a. Verify that p(0)=150, as claimed.

	                                b. Show that the population doubles every 12 hours, as claimed.

	                                c. What is the population 4 days after the first observation?

	                                d. How long does it take the population to triple in size?

	                                e. How long does it take the population to reach 10,000? 



          	                                                                                                                                                                                                                                                                                                        [image: ] Charging a capacitor A capacitor is a device that stores electrical charge. The charge on a capacitor accumulates according to the function Qt =a(1−e−t/c), where t is measured in seconds, and a and c>0 are physical constants. The steady-state charge is the value that Qt approaches as t becomes large.



          
	                                                                                                        a. Graph the charge function for t≥0 using a=1 and c=10. Find a graphing window that shows the full range of the function.

	                                                                                                        b. Vary the value of a while holding c fixed. Describe the effect on the curve. How does the steady-state charge vary with a?

	                                                                                                        c. Vary the value of c while holding a fixed. Describe the effect on the curve. How does the steady-state charge vary with c?

	                                                                                d. Find a formula that gives the steady-state charge in terms of a and c.



          	                                                                                                                                [image: ] Large intersection point Use any means to approximate the intersection point(s) of the graphs of f(x)=ex and gx =x123. (Hint: Consider using logarithms.)



                                                        85–90. Finding all inverses Find all the inverses associated with the following functions, and state their domains.

          
	                                                                                ​​         f          (          x          )          =               x             2              −          2          x          +          6       (Hint: Complete the square first.)

	                                                        fx =−x2−4x−3 (Hint: Complete the square first.)

	                                fx =(x+1)3 

	                                fx =(x−4)2 

	                                fx =2/(x2+2) 

	                                f(x)=2x/(x+2) 

	                                                                                                        Reciprocal bases Assume that b>0 and b≠1. Show that log1/bx=−logbx.

	                                                        Proof of rule L1 Use the following steps to prove that logbxy=logbx+logby.




          
	                                                                                                                                                                                a. Let x=bp and y=bq. Solve these expressions for p and q, respectively.

	                                                                                                                                                                                                                                                        b. Use property E1 for exponents (1.3 Inverse, Exponential, and Logarithmic Functions) to express xy in terms of b, p, and q.

	                                                        c. Compute logbxy and simplify.



          
	                                                                                Proof of rule L2 Modify the proof outlined in Exercise 92 and use property E2 for exponents to prove that logbxy=logbx−logby.


	                                                         Proof of rule L3 Use the following steps to prove that logbxz=z logbx.



          
	                                                                                                        a. Let x=bp. Solve this expression for p.

	                                                                                                                                b. Use property E3 for exponents to express xz in terms of b and p.

	                                                        c. Compute logbxz and simplify.



          	                                                                                [image: ] Inverses of a quartic Consider the quartic polynomial y=fx =x4−x2.



          
	                                                                                a. Graph f and find the largest intervals on which it is one-to-one. The goal is to find the inverse function on each of these intervals. 

	                                                                                                                                                                                b. Make the substitution u=x2 to solve the equation y=f(x) for x in terms of y. Be sure you have included all possible solutions. 

	                                                        c. Write each inverse function in the form y=f−1x for each of the intervals found in part (a). 



          	                                Inverse of composite functions



          
	                                                                                                                                                                                a. ​Let g(x)=2x+3 and hx =x3. Consider the composite function f(x)=g(h(x)). Find f−1 directly and then express it in terms of g−1 and h−1.


	                                                                                                                                                                                b. Let gx =x2+1 and h(x)=x. Consider the composite function f(x)=g(h(x)). Find f−1 directly and then express it in terms of g−1 and h−1.


	                                                                                                                                                        c. Explain why if g and h are one-to-one, the inverse of f(x)=g(h(x)) exists.



          	                                                                                                         Nice property Prove that (logbc)(logcb)=1, for b>0,c>0,b≠1, and c≠1. 



                     Quick Check Answers


          
	                                                                                                                                bx is always positive (and never zero) for all x and for positive bases b.

	                                                                                                                                                                                Because (1/3)x=1/3x and 3x increases as x increases, it follows that (1/3)x decreases as x increases.

	                                f−1x =3x;f−1x =x+7. 

	        For every Fahrenheit temperature, there is exactly one Celsius temperature, and vice versa. The given relation is also a linear function. It is one-to-one, so it has an inverse function.

	                                                                                                        The function fx =x3 is one-to-one on (−∞,∞), so it has an inverse for all values of x.

	                                                                                                        The domain of logbx2 is all real numbers except zero (because x2 is positive for x≠0). The range of logbx2 is all real numbers.







                                 1.4 Trigonometric Functions and Their Inverses



This section is a review of what you need to know in order to study the calculus of trigonometric functions. Once the trigonometric functions are on stage, it makes sense to present the inverse trigonometric functions and their basic properties.





                                 Radian Measure



                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                        Calculus typically requires that angles be measured in radians (rad). Working with a circle of radius r, the radian measure of an angle  θ is the length of the arc associated with  θ, denoted s, divided by the radius of the circle r (Figure 1.60a). Working on a unit circle  (r=1), the radian measure of an angle is simply the length of the arc associated with  θ (Figure 1.60b). For example, the length of a full unit circle is  2π; therefore, an angle with a radian measure of  π corresponds to a half circle  (θ=180°) and an angle with a radian measure of  π/2 corresponds to a quarter circle  (θ=90°). 

                                               Figure 1.60

[image: Two parts show the radian measure of angle theta.]






	Degrees
	Radians



	   0
	     0



	 30
	 π/6﻿




	 45
	π/4



	 60
	 π/3﻿




	 90
	π/2



	120
	2π/3



	135
	3π/4



	150
	5π/6



	180
	      π








                     QUICK CHECK 1


          	                                                        What is the radian measure of a 270° angle? What is the degree measure of a 5π/4-rad angle?






                                 Trigonometric Functions



                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                        For acute angles, the trigonometric functions are defined as ratios of the lengths of the sides of a right triangle (Figure 1.61). To extend these definitions to include all angles, we work in an xy-coordinate system with a circle of radius r centered at the origin. Suppose that Px,y is a point on the circle. An angle θ is in standard position if its initial side is on the positive x-axis and its terminal side is the line segment OP between the origin and P. An angle is positive if it is obtained by a counterclockwise rotation from the positive x-axis (Figure 1.62). When the right-triangle definitions of Figure 1.61 are used with the right triangle in Figure 1.62, the trigonometric functions may be expressed in terms of x, y, and the radius of the circle, r=x2+y2.

                                               Figure 1.61

[image: A right-angled triangle is shown.]



                                               Figure 1.62

[image: A trigonometric function is represented on a circle with its center at the origin and radius r units in the x y coordinate plane.]




 

  	                                When working on a unit circle (r=1), these definitions become



                                sin θ=ycos θ=xtan θ=yxcot θ=xysec θ=1xcsc θ=1y 


  


 


                     Definition: Trigonometric Functions



                                                                                                                                Let Px,y be a point on a circle of radius r associated with the angle θ. Then


                                sin θ=yr,cos θ=xr,tan θ=yx,cot θ=xy,sec θ=rx,csc θ=ry. 


  


                                                                                                        To evaluate the trigonometric functions at the standard angles (multiples of  30° and  45°), it is helpful to know the radian measure of those angles and the coordinates of the associated points on the unit circle (Figure 1.63).

                                               Figure 1.63

[image: The figure illustrates the trigonometric points as coordinates in the x y coordinate plane for some special angles. ]




 


                     Standard triangles


 [image: A pair of right triangles are shown. ]


  


                                                        Combining the definitions of the trigonometric functions with the coordinates shown in Figure 1.63, we may evaluate these functions at any standard angle. For example,


                                sin2π3=32,cos5π6=−32,tan7π6=13,tan3π2 is undefined,cot5π3=−13,sec7π4=2,csc3π2=−1,secπ2 is undefined. 



 


                                                     Example 1: Evaluating Trigonometric Functions


  
 
 Evaluate the following expressions.

      
	                                sin (8π/3) 

	                                csc (−11π/3) 



  
 
                      SOLUTION


          	                                                                                                                                                                                                                                The angle 8π/3=2π+2π/3 corresponds to a counterclockwise revolution of one full circle (2π radians) plus an additional 2π/3 radians (Figure 1.64). Therefore, this angle has the same terminal side as the angle 2π/3, and the corresponding point on the unit circle is (−1/2,3/2). It follows that sin (8π/3)=y=3/2.



                       Figure 1.64

[image: A unit circle with 12 evenly spread radii is shown.]



          	                                                                                                                                                                                                                                The angle θ=−11π/3=−2π−5π/3 corresponds to a clockwise revolution of one full circle (2π radians) plus an additional 5π/3 radians (Figure 1.65). Therefore, this angle has the same terminal side as the angle π/3. The coordinates of the corresponding point on the unit circle are (1/2, 3/2), so csc (−11π/3)=1/y=2/3.



                       Figure 1.65

[image: A unit circle with 12 evenly spread radii is shown.]




                                                                                                                                                                                                        Related Exercises 20, 24

  


                     QUICK CHECK 2


          	                                                        Evaluate cos (11π/6) and sin (5π/4). 






                                 Trigonometric Identities



Trigonometric functions have a variety of properties, called identities, that are true for all angles in their domain. Here is a list of some commonly used identities.


 

  	                                                                                                        In addition, to these identities, you should be familiar with the Law of Cosines and the Law of Sines. See Exercises 100 and 101.


  


 


                     Trigonometric Identities



                                Reciprocal Identities


                                tan θ=sin θcos θcot θ=1tan θ=cos θsin θcsc θ=1sin θsec θ=1cos θ 



                                Pythagorean Identities


                                sin2θ+cos2θ=11+cot2θ=csc2θtan2θ+1=sec2θ



                                Double- and Half-Angle Identities


                                sin 2θ=2 sin θ cos θcos 2θ=cos2θ−sin2θcos2θ=1  +  cos  2θ2sin2θ=1  −  cos  2θ2


  


 

  	                                The half-angle identities for cosine and sine are also known as Power-Reducing Identities.



  


                     QUICK CHECK 3


          	                                                        Use sin2θ+cos2θ=1 to prove that 1+cot2θ=csc2θ.




 


                                                     Example 2: Solving Trigonometric Equations


  
 
 Solve the following equations.

      
	                                2 sin x+1=0


	                                                        cos 2x=sin 2x, where 0≤x<2π




  
 
                      SOLUTION


          	                                                                                                                                                                                                        First, we solve for sinx to obtain sin x=−1/2=−2/2. From the unit circle (Figure 1.63), we find that sin x=−2/2 if x=5π/4 or x=7π/4. Adding integer multiples of 2π produces additional solutions. Therefore, the set of all solutions is



                                x=5π4+2nπandx=7π4+2nπ,for n=0, ±1, ±2, ±3,…. 


          	                                                                                                                                                        Dividing both sides of the equation by cos2x (assuming cos 2x≠0), we obtain tan 2x=1. Letting θ=2x gives us the equivalent equation tan θ=1. This equation is satisfied by



                                θ=π4, 5π4, 9π4, 13π4, 17π4,…. 


          	                                Dividing by two and using the restriction 0≤x<2π gives the solutions



                                x=θ2=π8, 5π8, 9π8, and 13π8. 



                                                                                                                                                                                                                                                        Related Exercises 39, 44

  


 

  	                                By rationalizing the denominator, observe that 12=12⋅22=22.



  


 

  	                                                        Notice that the assumption cos2x≠0 is valid for these values of x.


  






                                 Graphs of the Trigonometric Functions



                                                                                                                                                                                                                                Trigonometric functions are examples of periodic functions: Their values repeat over every interval of some fixed length. A function f  is said to be periodic if  f(x+P)=f(x), for all x in the domain, where the period P is the smallest positive real number that has this property. 


 


                     Period of Trigonometric Functions



                                                                                The functions sin θ, cos θ, sec θ, and csc θ have a period of 2π:


                                sin (θ+2π)=sin θcos (θ+2π)=cos θsec(θ+2π)=sec θcsc (θ+2π)=csc θ,



                                for all θ in the domain.


                                                                                The functions tan θ and cot θ have a period of π:


                                tan (θ+π)=tanθcot (θ+π)=cotθ,



                                for all θ in the domain.

  


                                                                                                                                                                                                                                                        The graph of y=sinθ is shown in Figure 1.66a. Because cscθ=1/sinθ, these two functions have the same sign, but y=cscθ is undefined with vertical asymptotes at θ=0,±π,±2π,…. The functions cosθ and secθ have a similar relationship (Figure 1.66b).

                                               Figure 1.66

[image: Two graphs and its inverse graph are shown.]




                                                                                                                                The graphs of tanθ and cotθ are shown in Figure 1.67. Each function has points, separated by π units, at which it is undefined.

                                               Figure 1.67

[image: Two polynomial graphs are shown.]







                                 Transforming Graphs



                                                        Many physical phenomena, such as the motion of waves and the rising and setting of the sun, can be modeled using trigonometric functions; the sine and cosine functions are especially useful. Using the transformation methods introduced in Section 1.2, we can show that the functions


                                y=Asin (B(θ−C))+Dandy=Acos (B(θ−C))+D,



                                                                                                                                                                                                                                                                                when compared to the graphs of y=sinθ and y=cosθ, have a vertical scaling (or amplitude) of |A|, a period of 2π/|B|, a horizontal shift (or phase shift) of C, and a vertical shift of D (Figure 1.68).

                                               Figure 1.68

[image: A graph of the function y equals “A” sine (B times (theta minus C)) plus D is shown.]




                                For example, at latitude          40          °       north (Beijing, Madrid, Philadelphia), there are 12 hours of daylight on the equinoxes (approximately March 21 and September 21), with a maximum of 14.8 hours of daylight on the summer solstice (approximately June 21) and a minimum of 9.2 hours of daylight on the winter solstice (approximately December 21). Using this information, it can be shown that the function


                                D(t)=2.8 sin (2π365(t−81))+12 



                                                                                                                                                                                models the number of daylight hours t days after January 1 (Figure 1.69; Exercise 112). The graph of this function is obtained from the graph of y=sint by (1) a horizontal stretch by a factor of 365/2π, (2) a horizontal shift of 81, (3) a vertical stretch by a factor of 2.8, and (4) a vertical shift of 12.

                                               Figure 1.69

[image: A function showing the number of daylight hours is graphed on the x y coordinate plane. Daylight function gives length of day throughout the year.]







                                 Inverse Trigonometric Functions



                                                        The notion of inverse functions led from exponential functions to logarithmic functions (Section 1.3). We now carry out a similar procedure—this time with trigonometric functions.


                     Inverse Sine and Cosine



                                                                                                                                                                                                                                                                                                                                                        Our goal is to develop the inverses of the sine and cosine in detail. The inverses of the other four trigonometric functions then follow in an analogous way. So far, we have asked this question: Given an angle x, what is sinx or cosx? Now we ask the opposite question: Given a number y, what is the angle x such that          sin                     x          =          y          ?       Or what is the angle x such that          cos                     x          =          y          ?       These are inverse questions.


                                                                                                                                                                                                                                                                                                                                There are a few things to notice right away. First, these questions don’t make sense if |y|>1, because −1≤sinx≤1 and −1≤cosx≤1. Next, let’s select an acceptable value of y, say, y=12, and find the angle x that satisfies sinx=y=12. It is apparent that infinitely many angles satisfy sinx=12; all angles of the form π/6±2nπ and 5π/6±2nπ, where n is an integer, answer the inverse question (Figure 1.70). A similar situation occurs with the cosine function.

                                               Figure 1.70

[image: A function y equals sin x is graphed in the x y coordinate plane.]




                                                                                                                                                                                                                                                                                                                                                        These inverse questions do not have unique answers because sinx and cosx are not one-to-one on their domains. To define their inverses, these functions are restricted to intervals on which they are one-to-one. For the sine function, the standard choice is [−π/2,π/2]; for cosine, it is 0,π (Figure 1.71). Now when we ask for the angle x on the interval [−π/2,π/2] such that sinx=12, there is one answer: x=π/6. When we ask for the angle x on the interval [0,π] such that cosx=−12, there is one answer:          x          =          2          π          /          3          .      

                                               Figure 1.71

[image: The figure illustrates two graphs of different functions graphed in the x y coordinate plane. ]




                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                We define the inverse sine, or arcsine, denoted          y          =                     sin                        −                1                   x       or          y          =          arcsin                     x          ,       such that y is the angle whose sine is x, with the provision that y lies in the interval          [          −          π          /          2          ,                     π          /          2          ]          .       Similarly, we define the inverse cosine, or arccosine, denoted          y          =                     cos                        −                1                   x       or          y          =          arccos                     x          ,       such that y is the angle whose cosine is x, with the provision that y lies in the interval          [          0          ,                     π          ]          .      


 

  	                                                                                                                                                                                                                                                        The notation for the inverse trigonometric functions invites confusion: sin−1x and cos−1x do not mean the reciprocals of sin x and cos x. The expression sin−1x should be read “angle whose sine is x,” and cos−1x should be read “angle whose cosine is x.” The values of sin−1x and cos−1x are angles.


  


 


                     Definition: Inverse Sine and Cosine



                                                                                                                                y=sin−1x is the value of y such that x=sin y, where −π/2≤y≤π/2.


                                                                                                                                y=cos−1x is the value of y such that x=cos y, where 0≤y≤π.


                                                                                The domain of both sin−1x and cos−1x is {x:−1≤x≤1}.

  


Recall that any invertible function and its inverse satisfy the properties


                                f(f−1(y))=yandf−1(f(x))=x.



These properties apply to the inverse sine and cosine, as long as we observe the restrictions on the domains. Here is what we can say:

  
	                                                                                sin (sin−1x)=x and cos (cos−1x)=x, for −1≤x≤1.


	                                                        sin−1(sin y)=y, for −π/2≤y≤π/2. 

	                                                        cos−1(cos y)=y, for 0≤y≤π.





                     QUICK CHECK 4


          	                                                        Explain why sin−1(sin 0)=0, but sin−1(sin 2π)≠2π.




 


                                                     Example 3: Working with Inverse sine and cosine


  
 
 Evaluate the following expressions.

      
	                                sin−1(3/2) 

	                                cos−1(−3/2) 

	                                cos−1(cos 3π) 

	                                sin−1sin3π4 



  
 
                      SOLUTION


      
	                                                                                                        sin−1(3/2)=π/3 because sin (π/3)=3/2 and π/3 is in the interval [−π/2, π/2].


	                                                                                                        cos−1(−3/2)=5π/6 because cos (5π/6)=−3/2 and 5π/6 is in the interval [0, π].


	                                                                                                        It’s tempting to conclude that cos−1(cos 3π)=3π, but the result of an inverse cosine operation must lie in the interval [0,π]. Because cos (3π)=−1 and cos−1(−1)=π, we have




                                cos−1(cos 3π)⏟−1=cos−1-1 =π.  


          	                                sin-1(sin3π4)⏟2/2=sin-122=π4




                                                                                                                                Related Exercises 49–56

  


                     Graphs and Properties



                                                                                                                                                                                                                                Recall from Section 1.3 that the graph of f-1 is obtained by reflecting the graph of f about the line y=x. This operation produces the graphs of the inverse sine (Figure 1.72) and inverse cosine (Figure 1.73). The graphs make it easy to compare the domain and range of each function and its inverse.

                                               Figure 1.72

[image: Graph of sine x and sine inverse x is shown on the x y coordinate plane. ]



                                               Figure 1.73

[image: A graph of y equals cos x and inverse cos x is shown. The graphs are labeled y equals cos x and y equals inverse cos x. ]




 


                                                     Example 4: Right-triangle Relationships


  
 
       
	                                                                                Suppose θ=sin−1(2/5). Find cos θ and tan θ.

	                                                                                Find an alternative form for cot (cos−1(x/4)) in terms of x.



  
 
                      SOLUTION


          	                                                                                                                                                                                Relationships between the trigonometric functions and their inverses can often be simplified using a right-triangle sketch. Notice that 0 < θ < π2. The right triangle in Figure 1.74 satisfies the relationship sin θ = 25, or, equivalently, θ = sin-1 25. We label the angle θ and the lengths of two sides; then the length of the third side is 21 (by the Pythagorean theorem). Now it is easy to read directly from the triangle:



                                cos θ=215andtan θ=221.


                       Figure 1.74

[image: A right-angled triangle is shown.]



          	                                                                                                                                                                                We draw a right triangle with an angle θ satisfying cos θ=x/4, or, equivalently, θ=cos−1(x/4), where x>0 (Figure 1.75). The length of the third side of the triangle is 16−x2. It now follows that



                                cot(cos−1x4)⏟θ=x16 − x2; 



                                this relationship is valid for |x|<4. 

                       Figure 1.75

[image: A right triangle with the base angle labeled theta is shown. The base has the length x, the opposite side has the length StartRoot 16 minus x squared EndRoot, and the hypotenuse has the length 4. Note: cos theta equals x by 4.]




                                                                                                                                                                                                                                                        Related Exercises 59, 62

  


 


                                                     Example 5: A Useful Identity


  
 
                                 Use right triangles to explain why cos−1x+sin−1x=π/2.

  
 
                      SOLUTION 



                                                                                                                                                                                                                                                        We draw a right triangle in a unit circle and label the acute angles θ and φ (Figure 1.76). These angles satisfy cos θ=x, or θ=cos−1x, and sin φ=x, or φ=sin−1x. Because θ and φ are complementary angles, we have


                                π2=θ+φ=cos−1x+sin−1x.


                       Figure 1.76

[image: A quarter of a unit circle graphed in the first quadrant of the x y coordinate plane is shown. A right triangle is drawn within the unit circle.]




                                                        This result holds for 0≤x≤1. An analogous argument extends the property to −1≤x≤1.


                                                                                                                                Related Exercises 71–72

  






                                 Other Inverse Trigonometric Functions



The procedures that led to the inverse sine and inverse cosine functions can be used to obtain the other four inverse trigonometric functions. Each of these functions carries a restriction that must be imposed to ensure that an inverse exists.

  
	                                                        The tangent function is one-to-one on (−π/2, π/2), which becomes the range of y=tan−1x. 

	                                                        The cotangent function is one-to-one on (0, π), which becomes the range of y=cot−1x. 

	                                                                                The secant function is one-to-one on [0, π], excluding x=π/2; this set becomes the range of y=sec−1x. 

	                                                                                The cosecant function is one-to-one on [−π/2, π/2], excluding x=0; this set becomes the range of y=csc−1x.





The inverse tangent, cotangent, secant, and cosecant are defined as follows.


 

  	                                                                                Tables, books, and computer algebra systems differ on the definition of the inverses of the secant, cosecant, and cotangent. For example, in some books, sec−1x is defined to lie in the interval [−π,−π/2) when x<0.



  


 


                     Definition: Other Inverse Trigonometric Functions



                                                                                                                                y=tan−1x is the value of y such that x=tan y, where −π/2<y<π/2.


                                                                                                                                y=cot−1x is the value of y such that x=cot y, where 0<y<π.


                                                                                The domain of both tan−1x and cot−1x is {x:−∞<x<∞}.


                                                                                                                                                        y=sec−1x is the value of y such that x=sec y, where 0≤y≤π, with y≠π/2.


                                                                                                                                                        y=csc−1x is the value of y such that x=csc y, where −π/2≤y≤π/2, with y≠0.


                                                                                The domain of both sec−1x and csc−1x is {x:|x|≥1}.

  


                                                                                                                                                                                                                                                                                The graphs of these inverse functions are obtained by reflecting the graphs of the original trigonometric functions about the line y=x (Figures 1.77–1.80). The inverse secant and cosecant are somewhat irregular. The domain of the secant function (Figure 1.79) is restricted to the set [0, π], excluding x=π/2, where the secant has a vertical asymptote. This asymptote splits the range of the secant into two disjoint intervals (−∞, −1] and [1, ∞), which, in turn, splits the domain of the inverse secant into the same two intervals. A similar situation occurs with the cosecant function.

                       Figure 1.77

[image: A graph of y equals tan x and inverse tan x is shown on the x y coordinate plane.]



                       Figure 1.78

[image: Graph of cot x and inverse cot x is shown on the x y coordinate plane.]



                       Figure 1.79

[image: A graph of secant x and inverse secant x is shown on the x y coordinate plane.]



                       Figure 1.80

[image: Graph of cosecant x and inverse cosecant x is shown on the x y coordinate plane.]




 


                                                     Example 6: Working with Inverse Trigonometric Functions


  
 
 Evaluate or simplify the following expressions.

      
	                                tan−1(−1/3)


	                                sec−1(−2)


	                                sin (tan−1x)




  
 
                      SOLUTION


          	                                 The result of an inverse tangent operation must lie in the interval (−π/2, π/2). Therefore,



                                tan−1(−13)=−π6becausetan(−π6)=−13.


          	                                                        The result of an inverse secant operation when x≤−1 must lie in the interval (π/2, π]. Therefore,



                                sec−1(−2)=2π3becausesec2π3=−2.


          	                                                                                                                                Figure 1.81 shows a right triangle with the relationship x=tan θ or θ=tan−1x, in the case that 0≤θ<π/2. We see that



                                sin (tan−1x)⏟θ=x1 + x2.


                       Figure 1.81

[image: A right triangle with the base angle labeled theta is shown. The base has the length 1, the opposite side has the length x, and the hypotenuse has the length StartRoot 1 plus x squared EndRoot.]



      	                                                                                The same result follows if −π/2<θ<0, in which case x<0 and sin θ<0.




                                                                                                                                                                                                                                                                                                                                                        Related Exercises 75, 77, 83

  


                     QUICK CHECK 5


          	                                                        Evaluate sec−11 and tan−11.







                                 Section 1.4 Exercises



                     Getting Started


      
	        Define the six trigonometric functions in terms of the sides of a right triangle.

	                                                                                                        For the given angle θ corresponding to the point P(−4,−3) in the figure, evaluate sin θ, cos θ, tan θ, cot θ, sec θ, and csc θ.




 [image: A point labeled P is marked on the x y coordinate plane at (negative 4, negative 3). A line segment is drawn between point P and the origin. The line segment makes an angle theta with the positive x axis in the counterclockwise direction.]


          
	                                                                                                                                                        A projectile is launched from at an angle of θ above the horizontal with an initial speed of v m/s and travels over level ground. The time of flight t (the time it takes, in seconds, for the projectile to return to the ground) is approximated by the equation t=v  sin θ5. Determine the time of flight of a projectile if θ=π/6 and v=30. 

	                                                                                A boat approaches a 15-m-high lighthouse whose base is at sea level. Let d be the distance between the boat and the base of the lighthouse. Let L be the distance between the boat and the top of the lighthouse. Let θ be the angle of elevation between the boat and the top of the lighthouse. 



          
	                                                                                                        a. Express d as a function of θ.


	                                                                                                                                b. Express L as a function of θ. 




          
	        How is the radian measure of an angle determined?

	        Explain what is meant by the period of a trigonometric function. What are the periods of the six trigonometric functions?

	        What are the three Pythagorean identities for the trigonometric functions?

	                                                                                                        Given that sin θ=1/5 and cos θ=−2/5, use trigonometric identities to find the values of tan θ, cot θ, sec θ, and csc θ.

	                                                        Solve the equation sin θ=−1, for 0≤θ<2π.

	                                                        Solve the equation sin 2θ=1, for 0≤θ<2π.

	        Where is the tangent function undefined?

	        What is the domain of the secant function?

	        Explain why the domain of the sine function must be restricted in order to define its inverse function.

	                                                        Why do the values of cos−1x lie in the interval [0, π]?

	                                Evaluate cos−1(cos(5π/4)).

	                                Evaluate sin−1(sin(11π/6)).

	                                                                                The function tan x is undefined at x=±π/2. How does this fact appear in the graph of y=tan−1x?

	                                State the domain and range of sec−1x.







                                 Practice Exercises



                                                        19–34. Evaluating trigonometric functions Without using a calculator, evaluate the following expressions or state that the quantity is undefined.

          
	                                cos (2π/3)


	                                sin2π/3


	                                tan-3π/4


	                                tan15π/4


	                                cot-13π/3


	                                sec7π/6


	                                cot-17π/3


	                                sin16π/3


	                                cos 0


	                                sin-π/2


	                                cos-π


	                                sin 3π


	                                sec5π/2


	                                cot π


	                                                        cosπ/12 (Hint: Use a half-angle formula.)

	                                sin3π/8





                                                        35–46. Solving trigonometric equations Solve the following equations.

          
	                                tan x=1


	                                2θcos θ+θ=0


	                                sin2θ=14, 0≤θ<2π


	                                cos2θ=12, 0≤θ<2π


	                                2 sin x−1=0


	                                sin2θ−1=0


	                                sin θ cos θ=0, 0≤θ<2π


	                                sin 3x=22, 0≤x<2π


	                                cos 3x=sin 3x, 0≤x<2π


	                                tan22θ=1, 0≤θ<π


	                                                                                [image: ] sin 2θ=15, 0≤θ≤π2




          	                                                                                [image: ] cos 3θ=37, 0≤θ≤π




                                                                                                                                                        47–48. [image: ] Projectile range A projectile is launched from the ground at an angle θ above the horizontal with an initial speed v in m/s. The range (the horizontal distance traveled by the projectile over level ground) is approximated by the equation x=v232sin 2θ. Find all launch angles that satisfy the following conditions; express your answers in degrees.

          
	        Initial speed of 45 m/s; range of 120 m

	        Initial speed of 50 m/s; range of 110 m




                                                        49–58. Inverse sines and cosines Without using a calculator, evaluate the following expressions or state that the quantity is undefined.

          
	                                sin-1 1


	                                cos-1 -1


	                                sin-1 -12


	                                cos-1 -22


	                                 sin-132


	                                cos-1 2


	                                cos−1−12


	                                sin-1-1


	                                coscos-1-1


	                                cos-1cos7π/6





                                                        59–60. Using right triangles Use a right-triangle sketch to complete the following exercises.

          
	                                                                                Suppose          θ          =                     cos                        −                1                   (          5          /          13          )      . Find          sin                     θ       and          tan                     θ      .​​

	                                                                                Suppose          θ          =                     tan                        −                1                   (          4          /          3          )      . Find          sec                     θ       and          csc                     θ      .




                                                                                61–66. Right-triangle relationships Draw a right triangle to simplify the given expressions. Assume x>0.

          
	                                cossin-1x


	                                cossin-1x/2


	                                sincos-1x/2


	                                                        sin−1(cos θ), for 0≤θ≤π2


	                                                                                sin (2 cos−1x) (Hint: Use sin 2θ=2 sin θ cos θ.)

	                                                                                cos (2 sin−1x) (Hint: Use cos 2θ=cos2θ−sin2θ.)




                                                        67–74. Identities Prove the following identities.

          
	                                         sec                     θ          =                     1                       cos                                       θ                     


	                                         tan                     θ          =                            sin                                       θ                             cos                                       θ                      

	                                                    tan                  2              θ          +          1          =                     sec                  2              θ       

	                                                           sin                                       θ                             csc                                       θ                         +                            cos                                       θ                             sec                                       θ                         =          1       

	                                         sec                     (          π          /          2          −          θ          )          =          csc                     θ       

	                                         sec                     (          x          +          π          )          =          −          sec                     x       

	                                                    cos                        −                1                   x          +                     cos                        −                1                   (          −          x          )          =          π       

	                                                    sin                        −                1                   y          +                     sin                        −                1                   (          −          y          )          =          0       




                                                        75–82. Evaluating inverse trigonometric functions Without using a calculator, evaluate the following expressions.

          
	                                                    tan                        −                1                        3          ​​

	                                                    cot                        −                1                        (                   −                1                /                       3                        )           

	                                                    sec                        −                1                   2       

	                                                    csc                        −                1                   (          −          1          )       

	                                                    tan                        −                1                   (          tan                     (          π          /          4          )          )       

	                                                    tan                        −                1                   (          tan                     (          3          π          /          4          )          )       

	                                                    csc                        −                1                   (          sec                     2          )       

	                                         tan                     (               tan                   −                1                   1          )       




                                                                                83–88. Right-triangle relationships Use a right triangle to simplify the given expressions. Assume x>0. 

          
	                                         cos                     (                     tan                        −                1                   x          )      ​​

	                                         tan                     (                     cos                        −                1                   x          )       

	                                         cos                     (                     sec                        −                1                   x          )       

	                                         cot                     (                     tan                        −                1                   2          x          )       

	                                sin sec−1x2 + 164  

	                                costan−1x9 − x2  




                                                                                                        89–90. Right-triangle pictures Express θ in terms of x using the inverse sine, inverse tangent, and inverse secant functions.

          	        


 [image: A right triangle with its base angle labeled theta is shown. The hypotenuse and the side opposite to theta are labeled 6 and x, respectively.]


          	        


 [image: A right triangle is shown. The length of the hypotenuse is 12. ]


          	                                 Explain why or why not Determine whether the following statements are true and give an explanation or counterexample.


          
	                                                        a. sin (a+b)=sin a+sin b


	                                                        b. The equation cos θ=2 has multiple solutions.

	                                                        c. The equation sin θ=12 has exactly one solution.

	                                                        d. The function sin (πx/12) has a period of 12.

	                                                        e. Of the six basic trigonometric functions, only tangent and cotangent have a range of (−∞, ∞).


	                                                        f. sin−1xcos−1x=tan−1x


	                                                        g. cos−1(cos (15π/16))=15π/16


	                                                        h. sin−1x=1/sin x





                                                        92–95. One function gives all six Given the following information about one trigonometric function, evaluate the other five functions.

          
	                                                                 sin                     θ          =          −                     4                5                and          π          <          θ          <                            3                   π                      2               


	                                                                 cos                     θ          =                     5                       13                      and          0          <          θ          <                     π                2               


	                                                                 sec                     θ          =                     5                3                and                            3                   π                      2                   <          θ          <          2          π      


	                                                                 csc                     θ          =                            13                             12                      and          0          <          θ          <                     π                2               





                                                        96–99. Amplitude and period Identify the amplitude and period of the following functions.

          
	                                         f          (          θ          )          =          2                     sin                     2          θ      


	                                         g          (          θ          )          =          3                     cos                     (          θ          /          3          )       

	                                         p          (          t          )          =          2.5                     sin                     (                     1                2                   (          t          −          3          )          )       

	                                         q          (          x          )          =          3.6                     cos                     (          π          x          /          24          )       







                                 Explorations and Challenges


          	                                                                                Law of Cosines Use the figure to prove the Law of Cosines (which is a generalization of the Pythagorean theorem): c2=a2+b2−2ab cos θ​​​.



 [image: An obtuse triangle is shown on the x y coordinate plane. ]


          	                                                        Law of Sines Use the figure to prove the Law of Sines: sin  Aa=sin  Bb=sin  Cc.​​


 [image: A triangle with its three angles labeled “A”, B, and C, respectively, is shown. ]


          	                                Anchored sailboats A sailboat named Ditl is anchored 60 meters north and 90 meters east of an observer standing on shore, while a second sailboat named Windborne is anchored 75 meters north and 30 meters west of the observer. Find the angle between the two sailboats as determined by the observer on shore.


 [image: ]


          	                                                                                                                                Area of a circular sector Prove that the area of a sector of a circle of radius r associated with a central angle θ (measured in radians) is A=12r2θ. 



 [image: A sector of a circle of radius r is shown. The sector subtends an angle theta at the center.]



                                                                                                        104–107. Graphing sine and cosine functions Beginning with the graphs of y=sin x or y=cos x, use shifting and scaling transformations to sketch the graph of the following functions. Use a graphing utility to check your work.

          
	                                         f          (          x          )          =          3                     sin                     2          x      ​​

	                                         g          (          x          )          =          −          2                     cos                     (          x          /          3          )       

	                                         p          (          x          )          =          3                     sin                     (          2          x          −          π          /          3          )          +          1       

	                                         q          (          x          )          =          3.6                     cos                     (          π          x          /          24          )          +          2       




                                                        108–109. Designer functions Design a sine function with the given properties.

          
	                                                                                It has a period of 12 with a minimum value of −4 at t=0 and a maximum value of 4 at t=6.

	                                                        It has a period of 24 with a minimum value of 10 at t=3 and a maximum value of 16 at t=15.

	                                                                                                                                                                                                                                                        [image: ] Field goal attempt During the 1950 Rose Bowl football game, The Ohio State University prepared to kick a field goal at a distance of 21.031 meters from the end line at point A on the edge of the kicking region (see figure). But before the kick, Ohio State committed a penalty and the ball was backed up 4.572 meters to point B. After the game, the Ohio State coach claimed that his team deliberately committed a penalty to improve the kicking angle. Given that a successful kick must go between the goal posts G1 and G2, is ∠G1BG2 greater than ∠G1AG2? (In 1950, the goal posts were 7.112 meters apart, equidistant from the origin on the end line.) The boundaries of the kicking region are 16.256 meters apart and are equidistant from the y-axis. (Source: The College Mathematics Journal, 27, 4, Sep 1996)



 [image: ]


          	                                                                                [image: ] A surprising result Earth is approximately circular in cross section, with a circumference at the equator of 40,075 kilometers. Suppose we use two ropes to create two concentric circles: one by wrapping a rope around the equator and another using a rope 13 m longer (see figure). How much space is between the ropes?


 [image: Two concentric circles are shown. The edges of the circles are in close to each other.]


          	                                                        Daylight function for 40°N Verify that the function



                                D(t)=2.8 sin (2π365(t−81))+12 


          	                                                                                                        has the following properties, where t is measured in days and D is the number of hours between sunrise and sunset.


          
	                                a. It has a period of 365 days.

	                                                                                b. Its maximum and minimum values are 14.8 and 9.2, respectively, which occur approximately at t=172 and t=355, respectively (corresponding to the solstices).

	                                                                                c. D(81)=12 and D(264)≈12 (corresponding to the equinoxes).



          	                                                                                                                                                        Block on a spring A light block hangs at rest from the end of a spring when it is pulled down 10 cm and released (see figure). Assume the block oscillates with an amplitude of 10 cm on either side of its rest position with a period of 1.5 s. Find a trigonometric function d(t) that gives the displacement of the block t seconds after it is released, where d(t)>0 represents downward displacement.​​


 [image: A block is attached to a spring suspended from a horizontal surface. ]


          	                                                                                Viewing angles An auditorium with a flat floor has a large flat-panel television on one wall. The lower edge of the television is 1 m above the floor and the upper edge is 4 m above the floor (see figure). Express θ in terms of x.


 [image: ]


          	                                                                                                                                                                                Ladders Two ladders of length a lean against opposite walls of an alley with their feet touching (see figure). One ladder extends h meters up the wall and makes a 75° angle with the ground. The other ladder extends k meters up the opposite wall and makes a 45° angle with the ground. Find the width of the alley in terms of h. Assume the ground is horizontal and perpendicular to both walls.


 [image: Two ladders are shown leaning against the walls of two opposite buildings in an alley.]


          	                                                                                                                                                                                                        Pole in a corner A pole of length L is carried horizontally around a corner where a 0.9-m-wide hallway meets a 1.2-m-wide hallway. For 0<θ<π/2, find the relationship between L and θ at the moment when the pole simultaneously touches both walls and the corner P. Estimate θ when L=3 m.


 [image: ]



                     Quick Check Answers


          
	                                3π/2; 225°


	                                3/2;−2/2


	                                                        Divide both sides of sin2θ+cos2θ=1 by sin2θ.


	                                                        sin−1(sin0)=sin−10=0 and sin−1(sin (2π))=sin−10=0


	                                0, π/4








                                 Chapter 1 Review Exercises


          	                                 Explain why or why not Determine whether the following statements are true and give an explanation or counterexample. 


          
	                                a. Every function can be represented graphically.

	                                                        b. If fx=11 - x, then fofof is an identity function on its domain.

	                                                                                                        c. The domain of f1+f2 is equal to dom f1 ∪ dom f2 under the condition dom f1=dom f2.

	                                                                                d. The functions fx=x and φx=x2 are identical.

	                                                                                                                                e. If fx is a polynomial satisfying fx·f1x=fx + f1x, and f4=65, then f5=126.


	                                                        f. sin-1x+cos-1x=π/2,-1≤x≤1.


	                                                                                g. sin-1x>cos-1x holds for all values of x




          	                                                                                                                                 Functions Decide whether graph A, graph B, or both represent functions.  



 [image: Two polynomial functions are graphed on the x y coordinate plane]


          	                                                                                                                                One-to-one functions Decide whether f, g, or both represent one-to-one functions.​​


 [image: Two polynomial functions are graphed on the x y coordinate plane.]



                                4–7. Domain and range Find the domain and range of the following functions.

          
	                                fx=x-1+6-x


	                                f(w)=2w2−3w−2w−2


	                                fx=x-1+6-x


	                                hz=1-1-Z2


	                                                                                                                                Suppose f and g are even functions with  and g(2)=− 2. Evaluate fg2 and gƒ-2.

	                                                                                                        Is it true that tan tan-1 x= x for all x? Is it true that tan-1 tan x= x for all x?




                                                                                                                                                                                10–18. Evaluating functions from graphs Assume f is an odd function and that both f and g are one-to-one. Use the (incomplete) graph of f and the graph of g to find the following function values.

 [image: Two polynomial functions are graphed on the x y coordinate plane. ]


          
	                                fg4


	                                gf4


	                                f-110


	                                g-15


	                                f-1g-14


	                                g-1f3


	                                f-1-8


	                                f-11+f-3


	                                g1-ff-1-7


	                                                                                Composite functions Let f(x)=x2,g(x)=cosx, and h(x)=x+1 .



          
	                                                        a. Evaluate h(g(π/2)).

	                                                        b. Find hfx.


	                                                        c. Find fghx. 

	                                                        d. Find the domain of g∘f.


	                                                        e. Find the range of f∘g.




          	                                                                                                                                                        Composite functions Find functions f and g such that h=f∘g. 


          
	                                                        a. h(x)=sin (x2+1)


	                                                        b. hx=(x2−4)−3


	                                                        c. h(x)=ecos 2x





                                                                                                                                                        21–24. Simplifying difference quotients Evaluate and simplify the difference quotients fx+h-fxh and fx-fax-a for each function.

          
	                                f(x)=x2−4x+7


	                                f(x)=5−9x


	                                f(x)=x3+2x+1


	                                f(x)=9x+5


	                                Equations of lines In each part below, find an equation of the line with the given properties.



          
	                                                        a. The line passing through the points (2, −3) and (4, 2) 

	                                                                                                        b. The line with slope 34 and x-intercept (-4, 0)


	                                                        c. The line with intercepts (4, 0) and (0, −2)




          
	                                                                                Population function The population of a small town was 500 in 2018 and is growing at a rate of 24 people per year. Find and graph the linear population function pt that gives the population of the town t years after 2018. Then use this model to predict the population in 2033.

	                                                                                                                                                        Boiling-point function Water boils at 100° C at sea level and at 90° C at an elevation of 3000 m. Assume the boiling point B varies linearly with altitude a. Find the function B=f(a) that describes the dependence.

	                                Publishing costs A small publisher plans to spend $1000 for advertising a paperback book and estimates the printing cost is $2.50 per book. The publisher will receive $7 for each book sold.



          
	                                                                                                        a. Find the function C=f(x) that gives the cost of producing x books. 

	                                                                                                        b. Find the function R=g(x) that gives the revenue from selling x books. 

	                                c. Graph the cost and revenue functions; then find the number of books that must be sold for the publisher to break even. 



          	                                 Graphing equations Graph the following equations. 


          
	                                                        a. 2x−3y+10=0 

	                                                        b. y=x2+2x−3


	                                                        c. x2+2x+y2+4y+1=0


	                                                        d. x2-2x+y2-8y+5=0





                                                        30–32. Graphing functions Sketch a graph of each function.

          
	                                f(x)={2xif x≤13−xif x>1


	                                gx ={4−2xif x≤1(x−1)2+2if x>1 


	                                hx ={3x2−7x+2x−2if x≠26if x=2 


	                                                                                                                                                                                Let ft ={tif 0≤t≤48−tif 4<t≤8 and let Ax equal the area of the region bounded by the graph of f and the t-axis from t=0 to t=x, where 0≤x≤8.



          
	                                                                                a. Plot a graph of f.


	                                                                                                                                                        b. Find A2 and A6.


	                                                                                                                                c. Find a piecewise formula for Ax.




          
	                                                                                                                                Piecewise linear functions The parking costs in a city garage are $2 for the first half hour and $1 for each additional half hour. Graph the function C=f(t) that gives the cost of parking for t hours, where 0≤t≤3.


	                                                        Graphing absolute value Consider the function f(x)=2(x−|x|). Express the function in two pieces without using the absolute value. Then graph the function.

	                                                                                                                                                        Root functions Graph the functions f(x)=x1/3 and g(x)=x1/4. Find all points where the two graphs intersect. For x>1 , is f(x)>g(x) or is g(x)>f(x)?


	                                                                                Root functions Find the domain and range of the functions f(x)=x1/7 and g(x)=x1/4.


	                                                                                Intersection points Graph the equations y=x2 and x2+y2−7y+8=0. At what point(s) do the curves intersect?

	                                                                                Transformation of graphs How is the graph of y=x2+6x−3 obtained from the graph of y=x2?

	                                                                                Shifting and scaling The graph of f is shown in the figure. Graph the following functions.



          
	                                                        a. f(x+1)


	                                                        b. 2f(x-1)


	                                                        c. −f(x/2)


	                                                        d. f2(x-1)




 [image: A polynomial function is graphed on the x y coordinate plane. ]


          	                                 Symmetry Identify the symmetry (if any) in the graphs of the following equations. 


          
	                                                        a. y=cos 3x


	                                                        b. y=3x4−3x2+1


	                                                        c. y2−4x2=4





                                                        42–50. Solving equations Solve each equation.

          
	                                48=6e4k


	                                log10x2+3log10x=log1032


	                                ln3x+ln(x+2)=0


	                                3ln(5t+4)=12


	                                7y−3=50


	                                1−2sin2θ=0,0≤θ<2π


	                                sin22θ=1/2, −π/2≤θ≤π/2


	                                4cos22θ=3,−π/2≤θ≤π/2


	                                2sin3θ+1=2,0≤θ≤π


	                                                                                                                                                        [image: ] Using inverse relations The population P of a small town grows according to the function P(t)=100et/50 , where t is the number of years after 2010. How long does it take the population to double?



          	                                                                                Graphs of logarithmic and exponential functions The figure shows the graphs of y=2x,y=3−x , and y=−lnx . Match each curve with the correct function.​​


 [image: Three curves are graphed on the x y coordinate plane.]



                                                                                53–54. [image: ] Existence of inverses Determine the largest intervals on which the following functions have an inverse.

          
	                                         f          (          x          )          =               x             3              −          3               x             2           

	                                ​​         g          (          t          )          =          2                     sin                     (          t          /          3          )      





                                                        55–62. Finding inverses Find the inverse function.

          
	                                ƒx = 6 - 4x


	                                f(x)=3x−4


	                                                        f(x)=x2−4x+5 , for x≥2


	                                                        fx =4x2x2  +  10 , for x≥0 

	                                                        f(x)=3x2+1 , for x≤0 

	                                                        f(x)=1/x2 , for x>0


	                                                        fx =ex2+1 , for x≥0


	                                                        f(x)=ln(x2+1) , for x≥0




          
	                                                                                                                                                                                                                                [image: ] Domain and range of an inverse Find the inverse of fx =6xx  +  2. Graph both f and f−1 on the same set of axes. (Hint: The range of fx is [0,6).)

	                                Graphing sine and cosine functions Use shifts and scalings to graph the following functions, and identify the amplitude and period.



          
	                                                        a. f(x)=4 cos (x/2) 

	                                                        b. g(θ)=2 sin (2πθ/3) 

	                                                        c. h(θ)=−cos (2(θ−π/4))




          	                                                                                Designing functions Find a trigonometric function f that satisfies each set of properties. Answers are not unique.



          
	                                                                                                        a. It has a period of 6 with a minimum value of -2 at t=0 and a maximum value of 2 at t=3.

	                                                                                b. It has a period of 24 with a maximum value of 20 at t=6 and a minimum value of 10 at t=18.



          	                                                                                Graph to function Find a trigonometric function f represented by the graph in the figure.


 [image: A periodic function is graphed on the x y coordinate plane.]


          	                                Matching Match each function a–f with one of the graphs A–F. 


          
	                                                        a. f(x)=−sin x


	                                                        b. f(x)=cos 2x


	                                                        c. f(x)=tan (x/2)


	                                                        d. f(x)=−sec x


	                                                        e. f(x)=cot 2x


	                                                        f. f(x)=sin2x




 [image: Graphs of six different functions are shown. Each function is depicted as a curve.]



                                                        68–69. Intersection points Find the points at which the curves intersect on the given interval.

          
	                                                                                         y          =          sec                     x       and          y          =          2       on          (          −          π          /          2          ,                     π          /          2          )      


	                                                                                         y          =          sin                     x       and          y          =          −                     1                2                on          (          0          ,                     2          π          )      


	                                                        Evaluating sine Find the exact value of sin5π8.


	                                                        Evaluating cosine Find the exact value of cos7π8.





                                                        72–78. Inverse sines and cosines Evaluate or simplify the following expressions without using a calculator.

          
	                                sin-112


	                                tan-113


	                                sin-1-12


	                                cos-112


	                                coscos-132


	                                sin-1sinπ2


	                                tantan-11


	                                                                                                                                Right triangles Given that θ=tan−11213, evaluate sinθ,cosθ, cotθ,secθ, and cosecθ.




                                                                                                                                80–85. Right-triangle relationships Draw a right triangle to simplify the given expression. Assume x>0 and 0≤θ≤π/2 .

          
	                                         csc                     (               cot                   −                1                   x          )       

	                                         sin                     (               cos                   −                1                   (          x          /          4          )          )      


	                                         tan                     (               sec                   −                1                   (          x          /          2          )          )       

	                                                    cot                        −                1                   (          tan                     θ          )       

	                                                    csc                        −                1                   (          sec                     θ          )       

	                                                    sin                        −                1                   x          +                     sin                        −                1                   (          −          x          )       




                                                        86–87. Identities Prove the following identities.

          
	                                sin θ1 + cos θ=1 - cos θsin θ


	                                tan 2θ=2tanθ1  −  tan2θ


	                                                                                                                                                                                                                                                        Stereographic projections A common way of displaying a sphere (such as Earth) on a plane (such as a map) is to use a stereographic projection. Here is the two-dimensional version of the method, which maps a circle to a line. Let P be a point on the right half of a circle of radius R identified by the angle φ . Find the function x=F(φ) that gives the x-coordinate (x≥0) corresponding to φ for 0≤φ≤π .



 [image: Stereographic projection of the Earth is shown. The Earth is depicted as a circle of radius R. The circle has the horizontal x axis tangent to it at a point labeled 0. ]


          	                                                                                                                                [image: ] Sum of squared integers Let Tn =12+22+⋯+n2, where n is a positive integer. It can be shown that Tn =n(n  +  1)(2n  +  1)6.



          
	                                                                                a. Make a table of Tn, for n=1,2,…,10.

	                                b. How would you describe the domain of this function?

	                                                                                c. What is the least value of n for which T(n)>1000?



          	                                                                                                                                [image: ] Sum of integers Let S(n)=1+2+⋯+n , where n is a positive integer. It can be shown that S(n)=n(n+1)/2 .


          
	                                                                                a. Make a table of Sn, for n=1,2,…,10.

	                                b. How would you describe the domain of this function? 

	                                                                                c. What is the least value of n for which S(n)>1000?



          	                                                                                                                                                                                                                                                                                Little-known fact The shortest day of the year occurs on the winter solstice (near December 21) and the longest day of the year occurs on the summer solstice (near June 21). However, the latest sunrise and the earliest sunset do not occur on the winter solstice, and the earliest sunrise and the latest sunset do not occur on the summer solstice. At latitude 40° north, the latest sunrise occurs on January 4 at 7:25 A.M. (14 days after the solstice), and the earliest sunset occurs on December 7 at 4:37 P.M. (14 days before the solstice). Similarly, the earliest sunrise occurs on July 2 at 4:30 A.M. (14 days after the solstice) and the latest sunset occurs on June 7 at 7:32 P.M. (14 days before the solstice). Using sine functions, devise a function st that gives the time of sunrise t days after January 1 and a function St that gives the time of sunset t days after January 1. Assume s and S are measured in minutes and that s=0 and S=0 correspond to 4:00 A.M. Graph the functions. Then graph the length of the day function D(t)=S(t)−s(t) and show that the longest and shortest days occur on the solstices.






                                 Chapter 1 Guided Projects



                                Applications of the material in this chapter and related topics can be found in the following Guided Projects. For additional information, see the Preface.

  
	        Problem-solving skills

	        Constant rate problems

	        Functions in action I

	        Functions in action II

	        Supply and demand

	        Phase and amplitude

	                                Atmospheric                     CO                  2          


	        Acid, noise, and earthquakes







                                 Test Your Understanding






                    Chapter 2 Limits


  Learning Objectives
 
         2.1 The Idea of Limits


        2.2 Definitions of Limits


        2.3 Techniques for Computing Limits


        2.4 Infinite Limits


        2.5 Limits at Infinity


        2.6 Continuity


        2.7 Precise Definitions of Limits

 



                     Chapter Preview



                                                        All of calculus is based on the idea of a limit. Not only are limits important in their own right but they also underlie the two fundamental operations of calculus: differentiation (calculating derivatives) and integration (evaluating integrals). Derivatives enable us to talk about the instantaneous rate of change of a function, which, in turn, leads to concepts such as velocity and acceleration, population growth rates, marginal cost, and flow rates. Integrals enable us to compute areas under curves, surface areas, and volumes. Because of the incredible reach of this single idea, it is essential to develop a solid understanding of limits. We first present limits intuitively by showing how they arise in computing instantaneous velocities and finding slopes of tangent lines. As the chapter progresses, we build more rigor into the definition of the limit and examine the different ways in which limits arise. The chapter concludes by introducing the important property of continuity and by giving the formal definition of a limit.





                                 2.1 The Idea of Limits



This brief opening section illustrates how limits arise in two seemingly unrelated problems: finding the instantaneous velocity of a moving object and finding the slope of a line tangent to a curve. These two problems provide important insights into limits on an intuitive level. In the remainder of the chapter, we develop limits carefully and fill in the mathematical details.





                                 Average Velocity



                                                                                Suppose you want to calculate your average velocity as you travel along a straight highway. If you pass km 100 at noon and km 140 at 12:30 P.M., you travel 40 kilometers in a half hour, so your average velocity over this time interval is (40 km)/(0.5 h)=80 km/h. By contrast, even though your average velocity may be 80 km/h, it’s almost certain that your instantaneous velocity, the speed indicated by the speedometer, varies from one moment to the next.


 


                                                     Example 1: Average Velocity


  
 
                                 A rock is launched vertically upward from the ground with a speed of 30 m/s. Neglecting air resistance, a well-known formula from physics states that the position of the rock after t seconds is given by the function


                                s(t)=−5t2+30t. 



                                                        The position s is measured in meters with s=0 corresponding to the ground. Find the average velocity of the rock between each pair of times.

      
	                                                        t=1 s  and t=3 s


	                                                        t=1 s  and t=2 s




  
 
                      SOLUTION



                                                                                                        Figure 2.1 shows the position function of the rock on the time interval 0≤t≤3. The graph is not the path of the rock. The rock travels up and down on a vertical line.

                                               Figure 2.1 


[image: ]



      	                                The average velocity of the rock over any time interval [t0,t1]​ ​is the change in position divided by the elapsed time:



                                vav=s(t1) − s(t0)t1 − t0. 


      	                                Therefore, the average velocity over the interval [1, 3] is



                                vav=s(3) − s(1)3 − 1=45 m − 25 m3 s − 1 s=20 m2 s=10 m/s. 


      	                                                                                                                                Here is an important observation: As shown in Figure 2.2a, the average velocity is simply the slope of the line joining the points 1, s1 and 3, s3 on the graph of the position function.


                                               Figure 2.2 


[image: ]



          	                                The average velocity of the rock over the interval [1, 2] is



                                vav=s(2) − s(1)2 − 1=40 m − 25 m2 s − 1 s=15 m1 s=15 m/s. 


      	                                                                                                        Again, the average velocity is the slope of the line joining the points (1, s(1)) and (2, s(2)) on the graph of the position function (Figure 2.2b).



                                                                                                                                                                                                        Related Exercises 13, 15

  


                     QUICK CHECK 1


          	                                                                                 In Example 1, what is the average velocity between t=2 and t=3?




                                                                                                                                                                                                                                                                                In Example 1, we computed slopes of lines passing through two points on a curve. Any such line joining two points on a curve is called a secant line. The slope of the secant line, denoted msec, for the position function in Example 1 on the interval t0,t1 is


                                msec=s(t1) − s(t0)t1 − t0.



 

  	                                                        See Section 1.1 for a discussion of secant lines.


  


                                                                                                        Example 1 demonstrates that the average velocity is the slope of a secant line on the graph of the position function; that is, vav=msec (Figure 2.3).

                                               Figure2.3 


[image: ]







                                 Instantaneous Velocity



                                                                                                                                                                                                        To compute the average velocity, we use the position of the object at two distinct points in time. How do we compute the instantaneous velocity at a single point in time? As illustrated in​ Example 2, ​the instantaneous velocity at a point          t          =               t             0           is determined by computing average velocities over intervals          [               t             0              ,               t             1              ]       that decrease in length. As               t             1           approaches               t             0              ,       the average velocities typically approach a unique number, which is the instantaneous velocity. This single number is called a limit.


                     QUICK CHECK 2


          	        Explain the difference between average velocity and instantaneous velocity.



 


                                                     Example 2: Instantaneous Velocity


  
 
                                                                                 Estimate the instantaneous velocity of the rock in Example 1 at the single point t=1.

  
 
                      SOLUTION



                                                         We are interested in the instantaneous velocity at t=1, so we compute the average velocity over smaller and smaller time intervals [1,t ] using the formula


                                vav=s(t) − s(1)t − 1.



                                                                                                                                                                                                                                                        Notice that these average velocities are also slopes of secant lines, several of which are shown in Table 2.1. For example, the average velocity on the interval [1, 1.0001] is 19.9995 m/s. Because this time interval is so short, the average velocity gives a good approximation to the instantaneous velocity at t=1. We see that as t approaches 1, the average velocities appear to approach 20 m/s. In fact, we could make the average velocity as close to 20 m/s as we like by taking t sufficiently close to 1. Therefore, 20 m/s is a reasonable estimate of the instantaneous velocity at t=1.


                                              Table 2.1 




	Time interval
	Average velocity



	[1, 2]
	15 m/s



	[1, 1.5]
	17.5 m/s



	[1, 1.1]
	19.5 m/s



	[1, 1.01]
	19.95 m/s



	[1, 1.001]
	19.995 m/s



	[1, 1.0001]
	19.9995 m/s









                                                                                                                                                                                                                                                        Related Exercises 17, 19

  


 

  	                                                                                                        The same instantaneous velocity is obtained as t approaches 1 from the left (with t<1) and as t approaches 1 from the right (with t>1).


 [image: A horizontal arrow labeled t with scales marked on it is shown.]


  


                                                                                                                                                                                                                                                        In language to be introduced in Section 2.2, we say that the limit of vav as t approaches 1 equals the instantaneous velocity vinst, which is 20 m/s. This statement is illustrated in Figure 2.4 and written compactly as


                                vinst=limt→1vav=limt→1s(t) − s(1)t − 1=20 m/s.


                                               Figure2.4 


[image: ]







                                 Slope of the Tangent Line



                                                                                                                                                                                                                                Several important conclusions follow from Examples 1 and 2. Each average velocity in Table 2.1 corresponds to the slope of a secant line on the graph of the position function (Figure 2.5). Just as the average velocities approach a limit as t approaches 1, the slopes of the secant lines approach the same limit as t approaches 1. Specifically, as t approaches 1, two things happen:

                                               Figure2.5 


[image: ]



      
	                                The secant lines approach a unique line called the tangent line.

	                                                                                The slopes of the secant lines               m                   sec                approach the slope of the tangent line               m                   tan                at the point (1, s(1)). Therefore, the slope of the tangent line is also expressed as a limit:




                                mtan=limt→1msec=limt→1s(t) − s(1)t − 1=20.



 

  	                                                                                                                                                                                We define tangent lines carefully in Section 3.1. For the moment, imagine zooming in on a point P on a smooth curve. As you zoom in, the curve appears more and more like a line passing through P. This line is the tangent line at P. Because a smooth curve approaches a line as we zoom in on a point, a smooth curve is said to be locally linear at any given point.


 [image: A zoomed-in view of a point marked on a curve on the x y coordinate axis is shown.]


  


                                                        This limit is the same limit that defines the instantaneous velocity. Therefore, the instantaneous velocity at          t          =          1       is the slope of the line tangent to the position curve at          t          =          1          .      


                                                                                                                                The parallels between average and instantaneous velocities, on one hand, and between slopes of secant lines and tangent lines, on the other, illuminate the power behind the idea of a limit. As t→1, slopes of secant lines approach the slope of a tangent line. And as t→1, average velocities approach an instantaneous velocity. Figure 2.6 summarizes these two parallel limit processes. These ideas lie at the foundation of what follows in the coming chapters.


                     QUICK CHECK 3


          	                                                                                                                                                        In Figure 2.5, is mtan at t=2 greater than or less than mtan at t=1?


                                               Figure 2.6 


[image: ]







                                 Section 2.1 Exercises



                     Getting Started


      
	                                                                                Suppose s(t) is the position of an object moving along a line at time t≥0. What is the average velocity between the times t=a and ?

	                                                                                Suppose s(t) is the position of an object moving along a line at time t≥0. Describe a process for finding the instantaneous velocity at t=a.

	                                                                                                                                The function s(t) represents the position of an object at time t moving along a line. Suppose s(2)=39 and s(3)=47. Find the average velocity of the object over the interval of time [2, 3].

	                                                                                                                                The function s(t) represents the position of an object at time t moving along a line. Suppose s(1)=27 and s(4)=45. Find the average velocity of the object over the interval of time [1, 4].

	                                                        The table gives the position s(t) of an object moving along a line at time t, over a two-second interval. Find the average velocity of the object over the following intervals.



          
	                                                        a. [0, 2]


	                                                        b. [0, 1.5]


	                                                        c. [0, 1]


	                                                        d. [0, 0.5]







	t
	0
	0.5
	1
	1.5
	2



	
s(t)

	0
	15
	26
	33
	36







          	                                                                                The graph gives the position s(t) of an object moving along a line at time t, over a 2.5-second interval. Find the average velocity of the object over the following intervals.


          
	                                                        a. [0.5, 2.5]


	                                                        b. [0.5, 2]


	                                                        c. [0.5, 1.5]


	                                                        d. [0.5, 1]




 [image: ]


          	                                                                                                                                                        [image: ] The following table gives the position s(t) of an object moving along a line at time t. Determine the average velocities over the time intervals [1, 1.01], [1, 1.001], and [1, 1.0001]. Then make a conjecture about the value of the instantaneous velocity at          t          =          1      .



                      



	t
	1
	1.0001
	1.001
	1.01



	
s(t)

	20
	20.00159984
	20.015984
	20.1584






        

        


          	                                                                                                                                                        [image: ] The following table gives the position s(t) of an object moving along a line at time t. Determine the average velocities over the time intervalsa [2, 2.01], [2, 2.001], and [2, 2.0001]. Then make a conjecture about the value of the instantaneous velocity at          t          =          2      .



                      



	t
	2
	2.0001
	2.001
	2.01



	
s(t)

	18
	17.99959984
	17.995984
	17.9584






        

        


          
	                                                                                What is the slope of the secant line that passes through the points (a, f(a)) and (b, f(b)) on the graph of f?

	                                                        Describe a process for finding the slope of the line tangent to the graph of f at (a, f(a)).


	        Describe the parallels between finding the instantaneous velocity of an object at a point in time and finding the slope of the line tangent to the graph of a function at a point on the graph.

	                                                        [image: ] Given the function f(x)=−5x2+20x, complete the following.                                        
	                                                                                                        Find the slopes of the secant lines that pass though the points (x, f(x)) and (2, f(2)), for x=1.5,1.9,1.99,1.999, and 1.9999 (see figure). 

	                                                                                Make a conjecture about the value of the limit of the slopes of the secant lines that pass through (x, f(x)) and (2, f(2)) as x approaches 2.

	                                What is the relationship between your answer to part (b) and the slope of the line tangent to the curve at x=2 (see figure)?







 [image: A graph is a downward opening parabolic curve y = f of x, with vertex at (2, f of 2). A horizontal line from f of 2 passes through the vertex. A secant line from the y axis passes through the points (x, f of x) and (2, f of 2) on the parabolic curve.]






                                 Practice Exercises


          	                                                                                [image: ] Average velocity The position of an object moving vertically along a line is given by the function s(t)=−5t2+40t. Find the average velocity of the object over the following intervals.


      
	                                                        a. [1, 4]


	                                                        b. [1, 3]


	                                                        c. [1, 2]


	                                                                                                        d. [1,1+h], where h>0 is a real number



          	                                                                                [image: ] Average velocity The position of an object moving vertically along a line is given by the function s(t) =−5t2+30t+20. Find the average velocity of the object over the following intervals.


      
	                                                        a. [0, 3]


	                                                        b. [0, 2]


	                                                        c. [0, 1]


	                                                                                d. [0, h], where h>0 is a real number



          	                                                                                                                                                        [image: ] Average velocity Consider the position function st =−5t2+32.5t representing the position of an object moving vertically along a line. Sketch a graph of s with the secant line passing through (0.5, s(0.5)) and (2, s(2)). Determine the slope of the secant line and explain its relationship to the moving object.


          
	                                                                                                                                Average velocity Consider the position function s(t)=sin πt representing the position of an object moving along a line on the end of a spring. Sketch a graph of s together with the secant line passing through (0, s(0)) and (0.5, s(0.5)). Determine the slope of the secant line and explain its relationship to the moving object.

	                                                                                                                                [image: ] Instantaneous velocity Consider the position function s(t)=−5t2+40t (Exercise 13). Complete the following table with the appropriate average velocities. Then make a conjecture about the value of the instantaneous velocity at t=1.






	Time interval
	[1, 2]
	[1, 1.5]
	[1, 1.1]
	[1, 1.01]
	[1, 1.001]



	Average velocity
	
	
	
	
	







          	                                                                                                                                [image: ] Instantaneous velocity Consider the position function s(t)=−5t2+30t+20 (Exercise 14). Complete the following table with the appropriate average velocities. Then make a conjecture about the value of the instantaneous velocity at t=2.



                      



	Time interval
	[2, 3]
	[2, 2.5]
	[2, 2.1]
	[2, 2.01]
	[2, 2.001]



	Average velocity
	
	
	
	
	






        

        


          	                                                                                                        [image: ] Instantaneous velocity Consider the position function s(t)=−5t2+35t. Complete the following table with the appropriate average velocities. Then make a conjecture about the value of the instantaneous velocity at t=3.





	Time interval
	Average velocity



	[2, 3]
	



	[2.9, 3]
	



	[2.99, 3]
	



	[2.999, 3]
	



	[2.9999, 3]
	







          	                                                                                                        [image: ] Instantaneous velocity Consider the position function s(t)=3 sin t that describes a block bouncing vertically on a spring. Complete the following table with the appropriate average velocities. Then make a conjecture about the value of the instantaneous velocity at t=π/2.



                      



	Time interval
	Average velocity



	[π/2,π]
	



	[π/2,π/2+0.1]
	



	[π/2,π/2+0.01]
	



	[π/2,π/2+0.001]
	



	[π/2,π/2+0.0001]
	






        

        



                                                                                                                                                        21–24. [image: ] Instantaneous velocity For the following position functions, make a table of average velocities similar to those in Exercises 19–20 and make a conjecture about the instantaneous velocity at the indicated time. 

          
	                                                        s(t)=−5t2+25t+20 at t=3


	                                                        s(t)=20 cos t at t=π/2


	                                                        s(t)=40 sin 2t at t=0


	                                                        s(t)=20/(t+1) at t=0





                                                                                                        25–28. [image: ] Slopes of tangent lines For the following functions, make a table of slopes of secant lines and make a conjecture about the slope of the tangent line at the indicated point. 

          
	                                                        f(x)=2x2 at x=2


	                                                        f(x)=3 cos x at x=π/2


	                                                        f(x)=ex at x=0


	                                                        f(x)=x3−x at x=1








                                 Explorations and Challenges
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INSTANTANEOUS VELOCITY
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~— > TANGENT LINE
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the change in s divided by
the change in #:
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=1

As the interval on the
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the secant line approaches
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line at (1, 25) is the limit
of the slopes of the secant
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For a < 0, the graph of y = f(ax) is the graph of y = f(x) reflected
across the y-axis and scaled horizontally (if @ # —1) by a factor of
1/|al: compressed if 0 < 1/|a| < 1 and stretched if 1/ja] > 1.
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OEBPS/js/highlightjs-line-numbers.js
// jshint multistr:true



(function (w, d) {

    'use strict';



    var TABLE_NAME = 'hljs-ln',

        LINE_NAME = 'hljs-ln-line',

        CODE_BLOCK_NAME = 'hljs-ln-code',

        NUMBERS_BLOCK_NAME = 'hljs-ln-numbers',

        NUMBER_LINE_NAME = 'hljs-ln-n',

        DATA_ATTR_NAME = 'data-line-number',

        BREAK_LINE_REGEXP = /\r\n|\r|\n/g;



    if (w.hljs) {

        w.hljs.initLineNumbersOnLoad = initLineNumbersOnLoad;

        w.hljs.lineNumbersBlock = lineNumbersBlock;

        w.hljs.lineNumbersValue = lineNumbersValue;



        addStyles();

    } else {

        w.console.error('highlight.js not detected!');

    }



    function isHljsLnCodeDescendant(domElt) {

        var curElt = domElt;

        while (curElt) {

            if (curElt.className && curElt.className.indexOf('hljs-ln-code') !== -1) {

                return true;

            }

            curElt = curElt.parentNode;

        }

        return false;

    }



    function getHljsLnTable(hljsLnDomElt) {

        var curElt = hljsLnDomElt;

        while (curElt.nodeName !== 'TABLE') {

            curElt = curElt.parentNode;

        }

        return curElt;

    }



    // Function to workaround a copy issue with Microsoft Edge.

    // Due to hljs-ln wrapping the lines of code inside a <table> element,

    // itself wrapped inside a <pre> element, window.getSelection().toString()

    // does not contain any line breaks. So we need to get them back using the

    // rendered code in the DOM as reference.

    function edgeGetSelectedCodeLines(selection) {

        // current selected text without line breaks

        var selectionText = selection.toString();



        // get the <td> element wrapping the first line of selected code

        var tdAnchor = selection.anchorNode;

        while (tdAnchor.nodeName !== 'TD') {

            tdAnchor = tdAnchor.parentNode;

        }



        // get the <td> element wrapping the last line of selected code

        var tdFocus = selection.focusNode;

        while (tdFocus.nodeName !== 'TD') {

            tdFocus = tdFocus.parentNode;

        }



        // extract line numbers

        var firstLineNumber = parseInt(tdAnchor.dataset.lineNumber);

        var lastLineNumber = parseInt(tdFocus.dataset.lineNumber);



        // multi-lines copied case

        if (firstLineNumber != lastLineNumber) {



            var firstLineText = tdAnchor.textContent;

            var lastLineText = tdFocus.textContent;



            // if the selection was made backward, swap values

            if (firstLineNumber > lastLineNumber) {

                var tmp = firstLineNumber;

                firstLineNumber = lastLineNumber;

                lastLineNumber = tmp;

                tmp = firstLineText;

                firstLineText = lastLineText;

                lastLineText = tmp;

            }



            // discard not copied characters in first line

            while (selectionText.indexOf(firstLineText) !== 0) {

                firstLineText = firstLineText.slice(1);

            }



            // discard not copied characters in last line

            while (selectionText.lastIndexOf(lastLineText) === -1) {

                lastLineText = lastLineText.slice(0, -1);

            }



            // reconstruct and return the real copied text

            var selectedText = firstLineText;

            var hljsLnTable = getHljsLnTable(tdAnchor);

            for (var i = firstLineNumber + 1 ; i < lastLineNumber ; ++i) {

                var codeLineSel = format('.{0}[{1}="{2}"]', [CODE_BLOCK_NAME, DATA_ATTR_NAME, i]);

                var codeLineElt = hljsLnTable.querySelector(codeLineSel);

                selectedText += '\n' + codeLineElt.textContent;

            }

            selectedText += '\n' + lastLineText;

            return selectedText;

        // single copied line case

        } else {

            return selectionText;

        }

    }



    // ensure consistent code copy/paste behavior across all browsers

    // (see https://github.com/wcoder/highlightjs-line-numbers.js/issues/51)

    document.addEventListener('copy', function(e) {

        // get current selection

        var selection = window.getSelection();

        // override behavior when one wants to copy line of codes

        if (isHljsLnCodeDescendant(selection.anchorNode)) {

            var selectionText;

            // workaround an issue with Microsoft Edge as copied line breaks

            // are removed otherwise from the selection string

            if (window.navigator.userAgent.indexOf('Edge') !== -1) {

                selectionText = edgeGetSelectedCodeLines(selection);

            } else {

                // other browsers can directly use the selection string

                selectionText = selection.toString();

            }

            e.clipboardData.setData('text/plain', selectionText);

            e.preventDefault();

        }

    });



    function addStyles () {

        var css = d.createElement('style');

        css.type = 'text/css';

        css.innerHTML = format(

            '.{0}{border-collapse:collapse}' +

            '.{0} td{padding:0}' +

            '.{1}:before{content:attr({2})}',

        [

            TABLE_NAME,

            NUMBER_LINE_NAME,

            DATA_ATTR_NAME

        ]);

        d.getElementsByTagName('head')[0].appendChild(css);

    }



    function initLineNumbersOnLoad (options) {

        if (d.readyState === 'interactive' || d.readyState === 'complete') {

            documentReady(options);

        } else {

            w.addEventListener('DOMContentLoaded', function () {

                documentReady(options);

            });

        }

    }



    function documentReady (options) {

        try {

            var blocks = d.querySelectorAll('code.hljs,code.nohighlight');



            for (var i in blocks) {

                if (blocks.hasOwnProperty(i)) {

                    if (!isPluginDisabledForBlock(blocks[i])) {

                        lineNumbersBlock(blocks[i], options);

                    }

                }

            }

        } catch (e) {

            w.console.error('LineNumbers error: ', e);

        }

    }



    function isPluginDisabledForBlock(element) {

        return element.classList.contains('nohljsln');

    }



    function lineNumbersBlock (element, options) {

        if (typeof element !== 'object') return;



        async(function () {

            element.innerHTML = lineNumbersInternal(element, options);

        });

    }



    function lineNumbersValue (value, options) {

        if (typeof value !== 'string') return;



        var element = document.createElement('code')

        element.innerHTML = value



        return lineNumbersInternal(element, options);

    }



    function lineNumbersInternal (element, options) {



        var internalOptions = mapOptions(element, options);



        duplicateMultilineNodes(element);



        return addLineNumbersBlockFor(element.innerHTML, internalOptions);

    }



    function addLineNumbersBlockFor (inputHtml, options) {

        var lines = getLines(inputHtml);



        // if last line contains only carriage return remove it

        if (lines[lines.length-1].trim() === '') {

            lines.pop();

        }



        if (lines.length > 1 || options.singleLine) {

            var html = '';



            for (var i = 0, l = lines.length; i < l; i++) {

                html += format(

                    '<tr>' +

                        '<td class="{0} {1}" {3}="{5}">' +

                            '<div class="{2}" {3}="{5}"></div>' +

                        '</td>' +

                        '<td class="{0} {4}" {3}="{5}">' +

                            '{6}' +

                        '</td>' +

                    '</tr>',

                [

                    LINE_NAME,

                    NUMBERS_BLOCK_NAME,

                    NUMBER_LINE_NAME,

                    DATA_ATTR_NAME,

                    CODE_BLOCK_NAME,

                    i + options.startFrom,

                    lines[i].length > 0 ? lines[i] : ' '

                ]);

            }



            return format('<table class="{0}">{1}</table>', [ TABLE_NAME, html ]);

        }



        return inputHtml;

    }



    /**

     * @param {HTMLElement} element Code block.

     * @param {Object} options External API options.

     * @returns {Object} Internal API options.

     */

    function mapOptions (element, options) {

        options = options || {};

        return {

            singleLine: getSingleLineOption(options),

            startFrom: getStartFromOption(element, options)

        };

    }



    function getSingleLineOption (options) {

        var defaultValue = false;

        if (!!options.singleLine) {

            return options.singleLine;

        }

        return defaultValue;

    }



    function getStartFromOption (element, options) {

        var defaultValue = 1;

        var startFrom = defaultValue;



        if (isFinite(options.startFrom)) {

            startFrom = options.startFrom;

        }



        // can be overridden because local option is priority

        var value = getAttribute(element, 'data-ln-start-from');

        if (value !== null) {

            startFrom = toNumber(value, defaultValue);

        }



        return startFrom;

    }



    /**

     * Recursive method for fix multi-line elements implementation in highlight.js

     * Doing deep passage on child nodes.

     * @param {HTMLElement} element

     */

    function duplicateMultilineNodes (element) {

        var nodes = element.childNodes;

        for (var node in nodes) {

            if (nodes.hasOwnProperty(node)) {

                var child = nodes[node];

                if (getLinesCount(child.textContent) > 0) {

                    if (child.childNodes.length > 0) {

                        duplicateMultilineNodes(child);

                    } else {

                        duplicateMultilineNode(child.parentNode);

                    }

                }

            }

        }

    }



    /**

     * Method for fix multi-line elements implementation in highlight.js

     * @param {HTMLElement} element

     */

    function duplicateMultilineNode (element) {

        var className = element.className;



        if ( ! /hljs-/.test(className)) return;



        var lines = getLines(element.innerHTML);



        for (var i = 0, result = ''; i < lines.length; i++) {

            var lineText = lines[i].length > 0 ? lines[i] : ' ';

            result += format('<span class="{0}">{1}</span>\n', [ className,  lineText ]);

        }



        element.innerHTML = result.trim();

    }



    function getLines (text) {

        if (text.length === 0) return [];

        return text.split(BREAK_LINE_REGEXP);

    }



    function getLinesCount (text) {

        return (text.trim().match(BREAK_LINE_REGEXP) || []).length;

    }



    ///

    /// HELPERS

    ///



    function async (func) {

        w.setTimeout(func, 0);

    }



    /**

     * {@link https://wcoder.github.io/notes/string-format-for-string-formating-in-javascript}

     * @param {string} format

     * @param {array} args

     */

    function format (format, args) {

        return format.replace(/\{(\d+)\}/g, function(m, n){

            return args[n] !== undefined ? args[n] : m;

        });

    }



    /**

     * @param {HTMLElement} element Code block.

     * @param {String} attrName Attribute name.

     * @returns {String} Attribute value or empty.

     */

    function getAttribute (element, attrName) {

        return element.hasAttribute(attrName) ? element.getAttribute(attrName) : null;

    }



    /**

     * @param {String} str Source string.

     * @param {Number} fallback Fallback value.

     * @returns Parsed number or fallback value.

     */

    function toNumber (str, fallback) {

        if (!str) return fallback;

        var number = Number(str);

        return isFinite(number) ? number : fallback;

    }



}(window, document));
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OEBPS/js/script.js
let stylesheet_name = document.querySelector("link[rel='stylesheet']").getAttribute("href").replace("../css/", "")

let question_action_css = ["CANADA_Student-Theme.css", "CANADA_Teacher-Theme.css"]

let question_action = question_action_css.includes(stylesheet_name) ? true : false;

let ShowHideAction_Elements = document.querySelectorAll('.divWidgetShowHide')

let stackedItem_Elements = document.querySelectorAll('.stackitem')

ShowHideAction_Elements.forEach(element => {

    let hide_element = element.querySelector('.divWidgetShowHideAnswerText')

    if (question_action == true) {

        let action_button = element.querySelector('.divWidgetShowHideQuestionText')

        action_button.addEventListener("click", () => {

            hide_element.style.display = hide_element.style.display === 'block' ? 'none' : 'block';

            action_button.classList.toggle("active")    

        });

    }

    else {

        let hide_button_content = element.querySelector('.divWidgetHideActionText')

        let show_button_content = element.querySelector('.divWidgetShowActionText')

        let old_show_button_content = element.querySelector('.divWidgetShowHideActionText')

        let action_button = Object.assign(document.createElement('div'), {className: 'showButton' });

        element.appendChild(action_button)

        action_button.innerHTML = old_show_button_content ? old_show_button_content.innerHTML : action_button.innerHTML = show_button_content.innerHTML

        action_button.addEventListener("click", () => {

            hide_element.style.display = hide_element.style.display === 'block' ? 'none' : 'block';

            hide_element.classList.toggle('active')

            action_button.classList.toggle('active')

            if (old_show_button_content) {

                action_button.innerHTML = hide_element.classList.contains('active') ? "Hide" : old_show_button_content.innerHTML

            }

            else {

                action_button.innerHTML = hide_element.classList.contains('active') ? hide_button_content.innerHTML : show_button_content.innerHTML

            }

        });

    }

});



stackedItem_Elements.forEach(element => {

    let stack_title = element.querySelector(".stackTitle")

    let stack_container = element.querySelector(".stackContainer")

    stack_title.addEventListener("click", () => {

        stack_container.style.height = stack_container.style.height === 'auto' ? '0' : 'auto';

        element.classList.toggle("open")

        });

});
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