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To the Student




Mathematics is an exciting, living study. Its applications shape the world around you and influence your everyday life. We hope that as you read this book you will realize just how important mathematics is and gain an appreciation of both its usefulness and its beauty. We also hope you learn some practical mathematics that you can use every day and that will prepare you for further mathematics courses.




The primary purpose of this text is to provide material that you can read, understand, and enjoy. To this end, we have used straightforward language and tried to relate the mathematical concepts to everyday experiences. The concepts, definitions, and formulas that deserve special attention are in boxes or are set in boldface, italics, or color type. We have also provided many detailed examples for you to follow.




Be sure to read the chapter summary, work the review exercises, and take the chapter test at the end of each chapter. The answers to the odd-numbered exercises, all review exercises, and all chapter test exercises appear in the answer section in the back of the text. You should, however, use the answers only to check your work. The answers to all Recreational Mathematics exercises are provided either in the Recreational Math boxes themselves or in the back of the book.




It is difficult to learn mathematics without becoming involved. To be successful, we suggest that you read the text carefully and work each exercise in each assignment in detail, for it is in doing the math that you really learn and enjoy it. If you are using this text within MyLab Math, you’ll find a wealth of other learning aids available there, including tutorial videos and homework help.




We welcome your suggestions and your comments. You may contact us at math@pearson.com. (Please use the subject line “Angel Survey of Math.”) Good luck with your adventure in mathematics!




Allen R. Angel




Christine D. Abbott




Dennis C. Runde







        

      

    

              
                
                  
                  
                  

                

              


          
            
      
        
          
Preface




We present A Survey of Mathematics with Applications, Twelfth Edition, with the knowledge that we use mathematics every day. In this edition, we stress how mathematics is used in our daily lives and why it is important. Our primary goal is to give students a text they can read, understand, and enjoy while learning how mathematics affects the world around them. Numerous real-life applications are used to motivate topics. A variety of interesting and useful exercises demonstrate the real-life nature of mathematics and its importance in students’ lives.




The text is intended for students who require a broad-based general overview of mathematics, especially those majoring in the liberal arts, elementary education, the social sciences, business, nursing, and allied health fields. It is particularly suitable for those courses that satisfy the minimum competency requirement in mathematics for graduation or transfer.







        

      

    


      
        
          
New to This Edition


New Within the Textbook



	
                  Now Try Exercises – After each example, students are guided to a corresponding exercise in the exercise set that closely resembles the example. This allows students to assess their comprehension by solving the similar exercise. In the exercise sets, these Now Try exercises are indicated with a green color and underline, such as 15.

              

	
                  Financial Literacy – For problems which involve financial applications, you’ll see the icon [FL]. We’ve increased the number of exercises relating to money and finance because of their importance in consumer education.﻿

              




	
                  Downloadable Data Sets – For problems and examples in which students are expected to analyze a set of data, you’ll see the icon [DS], which indicates that the data is available to download in *.txt and *.csv formats. We’ve greatly increased the number of exercises in the text that use these downloadable data sets. All of the data sets are housed in MyLab Math and also at https://bit.ly/48bwKME.

              




	
                  Data and Context Updates – We’ve updated time-sensitive data to the most current available or changed the context of a problem or narrative so that it is more relevant to students.

              

	
                  Instructor Resources Boxes – In the annotated instructor’s editions of the text, new boxes have been added before the exercise sets in each section which list the available resources available in MyLab.

              




New Within MyLab Math



	
                  Projects – Brand new activities and projects have been created, written specifically to pair with this text. You can find two projects per chapter to be assigned for group or individual work, delving into real-world applications to showcase the practical side of mathematical concepts. Emphasizing engagement and creativity, these projects encourage active learning, problem solving, and critical thinking, providing an adaptable and engaging math experience.

              

	
                  Corequisite Support – Corequisite material in the MyLab Math course has received a complete overhaul. The corequisite content offers a wide array of topics to cover any that may be required prior to taking a liberal arts math course. The corequisite support resources provide all the content and assessment resources necessary for students and instructors by offering videos, worksheets, and exercises for each objective.

              

	
                  Integrated Review – Integrated Review narrows down the corequisite content to a smaller subset of objectives that could be used to help fill students' prerequisite gaps, or for a corequisite course. Integrated Review prebuilt assignments include a chapter-level Skills Check on relevant prerequisite skills, and follow-up personalized assignments and resources to learn. This content has been revised to include resources specifically made for a liberal arts math corequisite course.


	
                  Skills Check Quizzes by chapter assess the prerequisite skills students need for that chapter.

              

	
                  Skills Review Homework, again by chapter, is personalized (based on the results of the Skills Check Quiz) to provide students with help on the prerequisite skills they are lacking. Students receive just the help they need—no more, no less.

              



              

	
                  Exercise Labeling – When creating assignments in the Assignment Manager, you will now have the ability to filter the available questions using Question Source to more easily find the Now Try, Financial Literacy, and Data Set exercises. Financial Literacy exercises have also been tagged with a “-FL” in their exercise number to identify them more easily.

              




Continuing and Revised Features



	
                  Chapter Openers – Interesting and motivational applications introduce each chapter, which includes the Why This Is Important section, and illustrate the real-world nature of the chapter topics.

              

	
                  Problem Solving – Beginning in Chapter 1, students are introduced to problem solving and critical thinking. We continue the theme of problem solving throughout the text and present special problem-solving exercises in the exercise sets.

              

	
                  Critical Thinking Skills – In addition to a focus on problem solving, this book also features sections on inductive and deductive reasoning, estimation, and dimensional analysis.

              

	
                  Profiles in Mathematics – Brief historical sketches and vignettes present stories of people who have advanced the discipline of mathematics. In this edition, we included more diversity among the mathematicians included.

              

	
                  Did You Know? – These colorful, engaging, and lively features highlight the connections of mathematics to history, the arts and sciences, technology, and a broad variety of disciplines.

              

	
                  Mathematics Today – These features discuss current real-life uses of the mathematical concepts in the chapter. Each box ends with Why This Is Important.

              

	
                  Recreational Math – In these features, students are invited to apply the math in puzzles, games, and brain teasers. Answers are given at the bottom of the feature or (for longer answers) at the back of the book. In addition, Recreational Mathematics problems appear in the exercise sets so that they can be assigned as homework.

              

	
                  Technology Tips – The material in these features explains how students can use technology including calculators, spreadsheets, and smartphone apps to explore various mathematical concepts and solve application problems.

              

	
                  Timely Tips – These easy-to-identify boxes offer helpful information to make the material under discussion more understandable.

              

	
                  Key-Idea Boxes – Important definitions, formulas, and procedures are boxed, making key information easy to identify for students.

              

	
                  Animations – Located throughout the narrative you’ll find Animation icons like the one pictured below. They are designed to facilitate active learning and visualization of key concepts. These Animations are housed within MyLab Math and are ideal for classroom use during lecture or by students independently. They were created in GeoGebra and are usable on any type of device. They are also editable.
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                  StatCrunch – Located throughout the narrative you’ll find StatCrunch® icons like the one pictured below. Like the Animation features, they are designed to facilitate active learning and exploration. They are also housed within MyLab Math. StatCrunch is Pearson’s online statistical software.

              



StatCrunch










	
                  Learning Catalytics – Learning Catalytics is a “bring your own device” student polling and assessment system, available in MyLab Math. Each section of the Annotated Instructor’s Edition features keywords that can be entered into Learning Catalytics to bring you directly to questions for use in lecture for that section. Detailed instructions for using these keywords can be found at http://bit.ly/485Yna8.

              

	
                  Chapter Summaries, Review Exercises, and Chapter Tests – The end-of-chapter summary charts provide an easy study experience by directing students to the location in the text where specific concepts are discussed. Review Exercises and Chapter Tests also help students review material and prepare for exams.

              




Student Resources


MyLab Math is tightly integrated with each author team’s style, offering a learning and practice experience that gives students a consistent experience from text to MyLab.


MyLab Math includes assignable algorithmic exercises for unlimited practice opportunities. The complete eText is available for learning in any environment. And a comprehensive gradebook gives instructors and students alike insight into how they are doing at any time.


Additionally, the following resources are available to enrich student learning.



	
                  Section Lecture Videos – Lecture videos for each section, broken down to the objective-level as well, offer a modern, engaging approach that incorporates animations, applets, and StatCrunch. All videos have closed captioning available. Video assessment questions in the Assignment Manager check for student understanding of the video they just watched, making the videos assignable.

              

	
                  Interactive Concept Check Videos – These videos walk students through key concepts and pause to ask them questions, requiring student interaction throughout. For each incorrect answer, the video follows a different path focusing on the reason or misconception for selecting that particular incorrect answer. Students are then presented with another interactive question to gauge understanding. Assignable exercises are available for instructors to assess student understanding.
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                          The video player control options are located at the bottom. The instruction above the question reads, "Your turn! Choose the option that best answers the question."
 The question stem displayed on the screen reads, "Identify the true statement." Three options below the question stem are listed as follows:
 Option A: For any number n, the number 2 to the n power minus 1 is odd, and the number 2 to the n minus 1 power OpenParenthesis 2 to the n power minus 1 CloseParenthesis is even.
 Option B: For any number n, the number 2 to the n power minus 1 is a Mersenne Prime, and the number 2 to the n minus 1 power OpenParenthesis 2 to the n power minus 1 CloseParenthesis is a Perfect Number.
 Option C: For any number n, the number 2 to the n power minus 1 is a Perfect Number, and the number 2 to the n minus 1 power OpenParenthesis 2 to the n power minus 1 CloseParenthesis is a Mersenne Prime.
 An interactive answer selection pop-up appears on the screen.
 The topic "1. Primes and Perfect Numbers" is displayed above three answer choices.
 The choices to be selected are listed as follows:
 A radio button labeled a).
 A radio button labeled b).
 A radio button labeled c).
 A button labeled Close is shown at the bottom right.
      
    
          

        

	
                  Animations – Animations let students interact with the math in a visual, tangible way. These interactive figures, powered by GeoGebra, allow students to explore and manipulate the mathematical concepts, leading to more durable understanding. They can also be used by instructors in the classroom to enhance instruction. Look for the Animation icons in the margins.
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                          A Venn diagram with three intersecting circles is shown. The Venn diagram has a universal set U. The intersecting circles are labeled A, B, and C. The intersecting circles result in eight parts of the figure as follows: Part 1 is circle A without overlapped region, Part 3 is circle B without overlapped region, and Part 7 is circle C without overlapped region. Part 4 is a common overlapped region of circles A, B, and C. Part 5 is an overlapped region of circles A and C except Part 4. Part 6 is overlapped region of circles B and C except Part 4. Part 2 is overlapped region of circles A and B except Part 4. Part 8 is the universal set U except circles A, B, and C. Parts 1, 5, and 7 are shaded in green. The example diagram illustrates the set notation "OpenParenthesis A union C CloseParenthesis intersection B prime."
 An instruction at the top of the Venn diagram reads "Click on the numbers in the Venn diagram to shade those particular area in order to match the prompted set notation.
 A check box with the instruction "Check your Venn!" is provided on the lower right side.
 A button labeled New Notation is shown below.
      
    
          

        

	
                  StatCrunch – StatCrunch is a powerful web-based statistical software that allows users to collect, crunch, and communicate with data. Now integrated into this MyLab Math course, StatCrunch can be used to analyze and understand statistical concepts. [DS] icons in the text indicate that a data set is available to download online and analyze in statistical software, such as StatCrunch or Excel. StatCrunch applets are available in the MyLab Math course.
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                          The video player control options are located at the bottom. A tube-like chamber mounted on a truss frame is shown on the left. A rod connected to the chamber extends toward the right. A mechanical device is attached to the end of the rod that hangs above a platform mounted on a truss frame. The text, "EFFORT AND EFFECTIVE STRATEGIES" is on top of the platform. A woman wearing a helmet is standing on the right end of the platform. A funnel placed on top of a brain is shown in the middle.
      
    
          

        


	
                  Mindset Videos – These videos and assignable, open-ended exercises foster a growth mindset in students. This material encourages them to maintain a positive attitude about learning, value their own ability to grow, and view mistakes as learning opportunities—which so often presents a hurdle for math students.

              

	
                  Integrated Review – Ideal for a corequisite course, or simply to get underprepared students up to speed, Integrated Review includes assessments, assignments, and resources on prerequisite topics. For each chapter, pre-made, assignable (and editable) quizzes assess students’ understanding of the prerequisite skills needed for that chapter. Personalized follow-up homework assignments and remediation resources, in the form of videos and worksheets, are available for any gaps in skills that are identified.

              

	
                  Student Solutions Manual – This manual provides detailed worked-out solutions to odd-numbered exercises, and to all Chapter Review and Test exercises.

              




Instructor Resources


Your course is unique. Whether you want to create custom assignments, teach multiple sections, or set prerequisites, MyLab Math provides the flexibility to effortlessly tailor a course that suits your requirements.



	
                  Annotated Instructor’s Edition – All answers are included. When possible, answers are on the page with the exercises. Longer answers are in the back of the book. The AIE now includes Instructor Resource boxes for each section to inform what is available in MyLab Math for each section. A version of the AIE is also available in the Instructor Resources section of the MyLab Math course.

              

	
                  Corequisite Support – Corequisite material in the MyLab Math course has received a complete overhaul. The corequisite content offers a wide array of topics to cover any that may be required prior to taking a liberal arts math course. The corequisite support resources provide all the content and assessment resources necessary for students and instructors by offering videos, worksheets, and exercises for each objective.

              

	
                  PowerPoint Lecture Slides – Fully editable slides correlated with the textbook are available. Accessible, screen reader-friendly versions of the slides are also available.

              

	
                  Learning Catalytics – Integrated into the MyLab course, Learning Catalytics uses students’ devices in the classroom for an engagement, assessment, and classroom intelligence system that gives instructors real-time feedback on student learning. To make it easy to integrate this learning tool into the classroom, keywords are available in the Annotated Instructor’s Edition at point of use. Detailed instructions for using these keywords can be found at http://bit.ly/485Yna8.

              

	
                  Instructor’s Solutions Manual – This manual includes fully worked solutions to all text exercises.

              

	
                  Instructor’s Testing Manual – This manual includes tests with answer keys for each chapter of the text.

              

	
                  TestGen® – TestGen® (www.pearson.com/testgen) enables instructors to build, edit, print, and administer tests using a computerized bank of questions developed to cover all the objectives of the text.

              

	
                  Accessibility – Pearson works continuously to ensure that our products are as accessible as possible to all students. Currently, we are working toward achieving WCAG 2.0 AA for our existing products (2.1 AA for future products) and Section 508 standards, as expressed in the Pearson Guidelines for Accessible Educational Web Media (wps.pearsoned.com/accessibility).
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Chapter 1




Critical Thinking Skills








Sections



	
1.1Inductive and Deductive Reasoning



	
1.2Estimation Techniques



	
1.3Problem-Solving Procedures












Why This Is Important


Everyday life presents us with a wide range of problems that we must solve. For example, you may need to decide which classes to take in the next semester of college. Or you may need to decide whether it is more cost effective in the long run to repair your car or buy a new car. If you do buy a new car, you may need to decide between a gasoline-powered, hybrid, or electric-powered car. Decisions such as these can have long-term consequences for your financial future.


The information you encounter in this chapter will help sharpen your critical thinking skills. These skills will help you make better decisions as you solve the problems that you encounter in your everyday life.







        

      

    

              
                
                  
                  
                  

                

              


          
            
      
        
          
Section 1.1: Inductive and Deductive Reasoning










Learning Goals


Upon completion of this section, you will be able to:



	
                  •Understand and use inductive reasoning to solve problems.

              

	
                  •Understand and use deductive reasoning to solve problems.
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The science of biometrics involves the measurement and analysis of unique physical characteristics. Biometrics are usually used as a means of verifying personal identity. Fingerprints, iris patterns in eyes, facial recognition, DNA, and voice patterns can all be used for personal identification. Some smartphones can be unlocked by pressing a button that recognizes a unique fingerprint or by using facial recognition. Crime scene investigation often involves fingerprint and DNA evidence. Voice recognition software uses voice patterns of callers to help prevent fraud and to improve customer service.


Why This Is Important


Using biometrics for personal identification involves reasoning to a general conclusion through observation of specific cases. In this section, we will discuss how inductive and deductive reasoning are essential critical thinking skills used in biometrics and in many other applications.







        

      

    


      
        
          
Inductive Reasoning


Before looking at some examples of inductive reasoning and problem solving, let us first review a few facts about certain numbers. The natural numbers or counting numbers are the numbers 1, 2, 3, 4, 5, 6, 7, 8, .... The three dots, called an ellipsis, mean that 8 is not the last number but that the numbers continue in the same manner. A word that we sometimes use when discussing the counting numbers is “divisible.” If a÷b has a remainder of zero, then a is divisible by b. The counting numbers that are divisible by 2 are 2, 4, 6, 8, ﻿.... These numbers are called the even counting numbers. The counting numbers that are not divisible by 2 are 1, 3, 5, 7, 9, ﻿.... These numbers are the odd counting numbers. When we refer to odd numbers or even numbers, we mean odd or even counting numbers.


Recognizing patterns is sometimes helpful in solving problems, as Examples 1 and 2 illustrate.








Example 1: The Product of Two Even Numbers


If two even numbers are multiplied together, will the product be an even number or an odd number?


Solution


To answer this question, we will examine the products of several pairs of even numbers to see if there is a pattern.


2×2=44×4=166×6=362×4=84×6=246×8=482×6=124×8=326×10=60


We see that all the products are even numbers. Thus, we might predict from these examples that the product of any two even numbers is always an even number.


Now try Exercise 25








Example 2: The Sum of an Odd Number and an Even Number


If an odd number and an even number are added, will the sum be an odd number or an even number?


Solution


Let’s look at a few examples in which one number is odd and the other number is even.


3+4=79+6=1523+18=415+12=175+14=1981+32=113


All these sums are odd numbers. Therefore, we might predict that the sum of an odd number and an even number is an odd number.


Now try Exercise 27







In Examples 1 and 2, we cannot conclude that the results are true for all counting numbers. From the patterns developed, however, we can make predictions. This type of reasoning process, arriving at a general conclusion from specific observations or examples, is called inductive reasoning, or induction.








Definition: Inductive Reasoning


Inductive reasoning is the process of reasoning to a general conclusion through observations of specific cases.








Induction often involves observing a pattern and from that pattern predicting a conclusion. Imagine an endless row of dominoes. You knock down the first, which knocks down the second, which knocks down the third, and so on. Assuming the pattern will continue uninterrupted, you conclude that any one domino that you select in the row will eventually fall, even though you may not witness the event.


Inductive reasoning is often used by mathematicians and scientists to develop theories and predict answers to complicated problems. For this reason, inductive reasoning is part of the scientific method. When a scientist or mathematician makes a prediction based on specific observations, it is called a hypothesis or conjecture. After looking at the products in Example 1, we might conjecture that the product of two even numbers will be an even number. After looking at the sums in Example 2, we might conjecture that the sum of an odd number and an even number is an odd number.


As described in the opening paragraph of this section, the science of biometrics is used for personal identification. By studying the biometrics of millions of people, scientists have never found two people who have the exact same fingerprints, iris patterns, DNA, or voice patterns. By induction, then, a conclusion can be reached that each of these biometrics provides a unique identification. A general conclusion is reached through the observation of specific cases. Therefore, the science of biometrics makes use of inductive reasoning.


Examples 3 and 4 illustrate how we arrive at a conclusion using inductive reasoning.








Example 3: Products Involving 5




	
                  Select some natural numbers and multiply the numbers by 5.

              

	
                  Observe the ones digit (the rightmost digit) of the products from part (a). Use inductive reasoning and make a conjecture regarding products involving 5 and natural numbers.

              




Solution



	
                  5×1=55×6=305×2=105×7=355×3=155×8=405×4=205×9=455× 5=255×10=50

              

	
                  Notice that the ones digit of the products are either 5 or 0. Based on these examples, we can make the conjecture that products involving 5 and natural numbers will have a ones digit of 5 or 0. As we will discuss in Section 5.1, this statement is indeed true.

              




Now try Exercise 29








Did You Know?


An Experiment Revisited



          
          
              
                        [image: A photo shows the astronaut David Scott on the moon.] David Scott on the moon
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Apollo 15 astronaut David Scott used the moon as his laboratory to show that a heavy object (a hammer) does indeed fall at the same rate as a light object (a feather). Had Galileo dropped a hammer and feather from the Tower of Pisa, the hammer would have fallen more quickly to the ground and he still would have concluded that a heavy object falls faster than a lighter one. If it is not the object’s mass that is affecting the outcome, then what is it? The answer is air resistance or friction: Earth has an atmosphere that creates friction on falling objects. The moon does not have an atmosphere; therefore, no friction is created.








Example 4: Use Inductive Reasoning to Make a Conjecture


Pick any number and multiply the number by 4. Next, add 2 to the product and divide the sum by 2. Finally, subtract 1 from the quotient.



	
                  What is the relationship between the number you started with and the final answer?

              

	
                  Repeat this procedure for several different numbers. Note the original number and the final number.

              

	
                  Use inductive reasoning to make a conjecture about the relationship between the original number and the final number.

              




Solution


	
                  We will go through the procedure step by step.

              



Pick a number:say, 5Multiply the number by 4:5×4=20Add 2 to the product:20+2=22Divide the sum by 2:22÷2=11Subtract 1 from the quotient:11−1=10


	
                  Notice that we started with the number 5 and ended with the number 10.

              




	
                  If we repeat the procedure, this time starting with the number 6, we will end with the number 12. If we start with the number 9, we will end with the number 18. If we start with the number 15, we will end with the number 30—verify these results for yourself.

              

	
                  Based on the examples from parts a) and b), we can conjecture that when we follow the given procedure, the number you end with will always be twice the original number.

              




Now try Exercise 37








The result reached by inductive reasoning is often correct for the specific cases studied but not correct for all cases. History has shown that not all conclusions arrived at by inductive reasoning are correct. For example, Aristotle (384–322 B.C.) reasoned inductively that heavy objects fall at a faster rate than light objects. About 2000 years later, Galileo (1564 –1642) dropped two pieces of metal—one 10 times heavier than the other—from the Leaning Tower of Pisa in Italy. He found that both hit the ground at exactly the same moment, so they must have traveled at the same rate. See the Did You Know?: An Experiment Revisited for a similar experiment carried out on the moon by astronaut David Scott.


When forming a general conclusion using inductive reasoning, you should test it with several special cases to see whether the conclusion appears correct. If a special case is found that satisfies the conditions of the conjecture but produces a different result, such a case is called a counterexample. A counterexample proves that the conjecture is false because only one exception is needed to show that a conjecture is not valid. Galileo’s counterexample disproved Aristotle’s conjecture. If a counterexample cannot be found, the conjecture is neither proven nor disproven.


Consider the statement “All birds fly.” A penguin is a bird that does not fly. Therefore, a penguin is a counterexample to the statement “All birds fly.”







        

      

    


      
        
          
Deductive Reasoning


A second type of reasoning process is called deductive reasoning, or deduction. Mathematicians use deductive reasoning to prove conjectures true or false.









Definition: Deductive Reasoning


Deductive reasoning is the process of reasoning to a specific conclusion from a general statement.








Timely Tip


The following diagram helps explain the difference between inductive reasoning and deductive reasoning. Inductive reasoning is the process of reasoning to a general conclusion through observations of specific cases. Deductive reasoning is the process of reasoning to a specific conclusion from a general statement.



          
          
              
                        [image: A diagram explains the difference between “Inductive Reasoning” and “Deductive Reasoning.”] 
              

          

          

          
                          The words "General" and "Specific" are written at opposite ends. An arrow that runs from "General" to "Specific" is labeled "Deductive Reasoning." The arrow that runs from "Specific" to "General" is labeled "Inductive Reasoning."
      
    
          

        






Example 5 illustrates deductive reasoning.







Example 5: Use Deductive Reasoning to Prove a Conjecture


Prove, using deductive reasoning, that the procedure given in Example 4 will always result in twice the original number selected.


Solution


To use deductive reasoning, we begin with the general case rather than specific examples. In Example 4, specific cases were used. Let’s select the letter n to represent any number.


[image: ]


Note that for any number n selected, the result is 2n, or twice the original number selected. Since n represented any number, we are beginning with the general case. Thus, this is deductive reasoning.


Now try Exercise 41









Animation﻿



Number Tricks Using Deductive Reasoning







In Example 4, we conjectured, using specific examples and inductive reasoning, that the result would be twice the original number selected. In Example 5, we proved, using deductive reasoning, that the result will always be twice the original number selected.






        

      

    

              
                
                  
                  
                  

                

              


          
            
      
        
          Section 1.1: Exercises







Warm Up Exercises


In Exercises 1–8, fill in the blank with an appropriate word, phrase, or symbol(s).



	
                  Another name for the counting numbers is the ________ numbers.

              

	
                  If a÷b has a remainder of 0, then a is ________ by b.

              

	
                  A specific case that satisfies the conditions of a conjecture but shows the conjecture is false is called a ________.

              

	
                  A belief based on specific observations that has not been proven or disproven is called a conjecture or ________.

              

	
                  The process of reasoning to a general conclusion through observation of specific cases is called ________ reasoning.

              

	
                  The process of reasoning to a specific conclusion from a general statement is called ________ reasoning.

              

	
                  The type of reasoning used to prove a conjecture is called ________ reasoning.

              

	
                  The type of reasoning generally used to arrive at a conjecture is called ________ reasoning.

              









        

      

    


      
        
          
Practice the Skills




In Exercises 9–12, use inductive reasoning to predict the next line in the pattern.





	
                  5×1=55×2=105×3=155×4=20

              

	
                  15×10=15016×10=16017×10=17018×10=180

              







	





          
          
              
                        [image: An illustration shows a pattern of numbers lined up like a pyramid.] 
              

          

          

          
                          The top row has only one number. Each subsequent row has one number more than the previous row. The numbers in the rows from top to bottom are: Row 1: 1. Row 2: 1 and 1. Row 3: 1, 2, and 1. Row 4: 1, 3, 3, and 1. Row 5: 1, 4, 6, 4, and 1. From row 4, arrows point to numbers in row 5 as follows:

From the first 1 and first 3 to the first 4 in row 5

From each 3 to 6 in row 5

From the second 3 and second 1 to the second 4 in row 5.
      
    
          

        





	
                  10=101100=1021000=10310,000=104

              



In Exercises 13–16, draw the next figure in the pattern (or sequence).






	





          
          
              
                        [image: An illustration shows a pattern of figures in a horizontal sequence. From left to right, they are a shaded triangle, a shaded square, a shaded pentagon, and so on. Each figure contains a small circle within it.] 
              

          

          

          
            
          

        





	
                  
              





          
          
              
                        [image: An illustration shows a pattern of 6 face figures with expressions in a horizontal sequence. From left to right, they are smiling, frowning, neutral, smiling, frowning, neutral, and so on.] 
              

          

          

          
            
          

        





	





          
          
              
                        [image: An illustration shows a pattern of four shaded figures in a horizontal sequence.] 
              

          

          

          
                          From left to right, they are a triangle, a square, a pentagon, a hexagon, and so on. The apex of the triangle shows a short vertical line with a dot at the top end like an antenna. The top edge of the square shows two short lines, each with a dot at the top end. The top vertex of the pentagon shows a short vertical line with a dot at the top end. The top edge of the hexagon shows two short lines, each with a dot at the top end.
      
    
          

        









	
                  
              





          
          
              
                        [image: An illustration shows a pattern of five shaded figures in a horizontal sequence.] 
              

          

          

          
                          The figures are 5 smiling faces, each with an extending line. The faces have various orientations. The faces from left to right are as follows:

Face with a line extending down

Upside-down face with a line extending down

Face with a line extending up

Upside-down face with a line extending up

Left-sided face with a line extending left, and so on.
      
    
          

        









In Exercises 17–24, use inductive reasoning to predict the next three numbers in the pattern (or sequence).



	
                  1, 3, 5, 7, ﻿…

              

	
                  4, 7, 10, 13, ﻿…

              

	
                  1, -2, 4, -8, ﻿…

              

	
                  -3, 9, -27, 81, ﻿…

              

	
                  1, 12, 13, 14, …

              

	
                  12, 34, 56, 78, …

              

	
                  1, 1, 2, 3, 5, 8, 13, 21, ﻿…

              

	
                  1, 3, 4, 7, 11, 18, 29, 47, ﻿…

              










        

      

    


      
        
          
Problem Solving




In Exercises 25–28, choose several pairs of appropriate numbers to determine the sum or product indicated. Use these results to form a conjecture. See Example 1.






	
                  The Product of Two Odd Numbers If two odd numbers are multiplied together, is the product an even number or an odd number?

              

	
                  The Product of an Even Number and an Odd Number If an even number is multiplied by an odd number, is the product an even number or an odd number?

              





	
                  The Sum of Two Even Numbers If two even numbers are added together, is the sum an even number or an odd number?

              

	
                  The Sum of Two Odd Numbers If two odd numbers are added together, is the sum an even number or an odd number?

              




	
                  Products of 10


	
                  Select some natural numbers and multiply the numbers by 10.

              

	
                  Observe the ones digit (the rightmost digit) of the products from part (a). Use inductive reasoning to make a conjecture regarding products involving 10 and natural numbers.

              



              




	
                  Sum of the Digits


	
                  Select a variety of one- and two-digit numbers between 1 and 99 and multiply each by 9. Record your results.

              

	
                  Determine the sum of the digits in each of your products in part (a). If the sum is not a one-digit number, determine the sum of the digits of the resulting sum again until you obtain a one-digit number.

              

	
                  Make a conjecture about the sum of the digits when a one- or two-digit number is multiplied by 9.

              



              

	
                  A Square Pattern The ancient Greeks labeled certain numbers as square numbers. The numbers 1, 4, 9, 16, ﻿25, and so on are square numbers.

              








          
          
              
                        [image: A figure illustrates a pattern of square numbers 1, 4, 9, 16, and 25.] 
              

          

          

          
                          Each square number is represented by rows of dots that form squares. The number of dots in each square equals the square number. The square numbers are represented as follows:

1: a single dot

4: 2 rows of 2 dots each

9: 3 rows of 3 dots each

16: 4 rows of 4 dots each

25: 5 rows of 5 dots each
      
    
          

        



	
	Determine the next three square numbers. 


	Describe a procedure to determine the next five square numbers without drawing the figures.


	Is 72 a square number? Explain how you determined your answer.









	
                  A Triangular Pattern The ancient Greeks labeled certain numbers as triangular numbers. The numbers 1, 3, 6, 10, 15, ﻿21, and so on are triangular numbers.

              






          
          
              
                        [image: A figure illustrates a pattern of the triangular numbers 1, 3, 6, 10, 15, and 21.] 
              

          

          

          
                          Each triangular number is represented by rows of dots that form triangles as described below:

Each row contains one dot more than the previous one.

In each row, the dots are positioned between two dots of the row below it.

The number of dots in each triangle equals the triangular number.

The triangular numbers are represented as follows:

1: a single dot.

3: A base row of 2 dots and a row of 1 dot above it.

6: A base row of 3 dots, a second row of 2 dots, and a third row of 1 dot.

10: A base row of 4 dots, a second row of 3 dots, a third row of 2 dots, and a fourth row of 1 dot.

15: A base row of 5 dots, a second row of 4 circles, a third row of 3 dots, a fourth row of 2 dots, and a fifth row of 1 dot.

21: A base row of 6 dots, a second row of 5 circles, a third row of 4 dots, a fourth row of 3 dots, a fifth row of 2 dots, and a sixth row of 1 dot.
      
    
          

        



	
	Can you determine the next two triangular numbers?


	Describe a procedure to determine the next five triangular numbers without drawing the figures.


	Is 72 a triangular number? Explain how you determined your answer.









	
                  Quilt Design The pattern shown is taken from a quilt design known as a triple Irish chain. Complete the color pattern by indicating the color assigned to each square.

              






          
          
              
                        [image: A visual problem shows a triple Irish chain quilt pattern formed by color-coded squares.] 
              

          

          

          
                          From top to bottom, the number of squares is as follows: Line 1: 10 squares: 5 squares of colors blue, purple, blue, purple, yellow, a blank, 5 squares of yellow, purple, blue, purple, blue. Line 2: 9 squares: blue, purple, blue, purple, yellow, purple, blue, purple, blue. Line 3: 7 squares: yellow, purple, blue, purple, blue, purple, yellow. Line 4: 5 squares: yellow, purple, blue, purple, yellow. Line 5: 7 squares: yellow, purple, blue, purple, 1, 2, 3. Line 6: 9 squares: blue, purple, blue, purple, yellow, 4, 5, 6, 7. Line 7: 10 squares: 5 squares of colors blue, purple, blue, purple, yellow, a blank, 5 squares labeled 8, 9, 10, 11, and 12.
      
    
          

        



	
                  Triangles in a Triangle Four rows of a triangular figure are shown.

              






          
          
              
                        [image: A figure shows a pattern of triangles in a triangle.] 
              

          

          

          
                          There are 4 rows of small triangles each placed on top of the row below it, making a larger triangle. Each row has alternately color-coded (in two shades; triangles of the same orientation are shaded using the same color) triangles, except the top row. The pattern is described below. Row 4 (bottom row): 4 normally oriented triangles and 3 inverted triangles. The inverted triangles are shown between the four normal ones. Row 3: 3 normally oriented triangles and 2 inverted triangles. The inverted triangles are shown between the three normal ones. Row 2: 2 normally oriented triangles and 1 inverted triangle. The inverted triangle is shown between the two normal ones. Row 1: A single normally oriented triangle.
      
    
          

        



	
	If you added six additional rows to the bottom of this triangle, using the same pattern displayed, how many triangles would appear in the 10th row?


	If the triangles in all 10 rows were added, how many triangles would appear in the entire figure?









	
                  Community College Tuition The following graph shows the annual tuition, to the nearest hundred dollars, at Clarence Community College for the years 2020–2024.


	
                  Assuming this trend continues, use the graph to predict the annual tuition for the year 2025.

              

	
                  Explain how you are using inductive reasoning to determine your answer.

              



              






          
          
              
                        [image: The line graph depicts the annual tuition at Clarence Community College.] 
              

          

          

          
                          The horizontal axis is labeled Year and ranges from 2020 to 2024 in increments of 1 unit. The vertical axis is labeled Annual Tuition and ranges from 0 dollars to 4000 dollars in increments of 500 dollars. The line passes through the following data points: (2021, 2950), (2022, 3200), (2023, 3400), and (2024, 3500). The area below the line is shaded. All values are approximate.
      
    
          

        



	
                  Gym Membership Fees The following graph shows the annual membership fees for Crackle Fitness for the years 2020–2024.


	
                  Assuming this trend continues, use the graph to predict the annual membership fee for the year 2025.

              

	
                  Explain how you are using inductive reasoning to determine your answer.

              



              






          
          
              
                        [image: The line graph depicts the annual membership fees for crackle fitness.] 
              

          

          

          
                          The horizontal axis is labeled Year and ranges from 2020 to 2024 in increments of 1 unit. The vertical axis is labeled annual membership fees and ranges from 0 dollars to 450 dollars in increments of 50 units. The line passes through the following data points: (2020, 290), (2021, 320), (2022, 340), (2023, 375), and (2024, 395). The area below the line is shaded. All values are approximate.
      
    
          

        




	
                  Pick any number, multiply the number by 3, add 6 to the product, divide the sum by 3, and subtract 2 from the quotient. See Example 5.


	
                  What is the relationship between the number you started with and the final number?

              

	
                  Arbitrarily select some different numbers and repeat the process, recording the original number and the result.

              

	
                  Make a conjecture about the relationship between the original number and the final number.

              



              



	
                  Pick any number and multiply the number by 4. Add 6 to the product. Divide the sum by 2 and subtract 3 from the quotient.


	
                  What is the relationship between the number you started with and the final answer?

              

	
                  Arbitrarily select some different numbers and repeat the process, recording the original number and the results.

              

	
                  Make a conjecture about the relationship between the original number and the final number.

              



              



	
                  Pick any number and add 1 to it. Determine the sum of the new number and the original number. Add 9 to the sum. Divide the new sum by 2 and subtract the original number from the quotient.


	
                  What is the final number?

              

	
                  Arbitrarily select some different numbers and repeat the process. Record the results.

              

	
                  Make a conjecture about the final number.

              



              



	
                  Pick any number and add 5 to it. Determine the sum of the new number and the original number. Add 11 to the sum. Divide the new sum by 2 and subtract the original number from the quotient.


	
                  What is the result?

              

	
                  Arbitrarily select some different numbers and repeat the process. Record the results.

              

	
                  Make a conjecture about the final number.

              



              




	
                  Prove, using deductive reasoning, the conjecture you made in Exercise 37 part c).

              

	
                  Prove, using deductive reasoning, the conjecture you made in Exercise 38 part c).

              

	
                  Prove, using deductive reasoning, the conjecture you made in Exercise 39 part c).

              

	
                  Prove, using deductive reasoning, the conjecture you made in Exercise 40 part c).

              







In Exercises 45–50, determine a counterexample to show that each statement is incorrect.





	
                  The product of any two counting numbers is divisible by 2.

              

	
                  The sum of any three two-digit numbers is a three-digit number.

              

	
                  When a counting number is added to 3 and the sum is divided by 2, the quotient will be an even number.

              

	
                  The product of any two three-digit numbers is a five-digit number.

              

	
                  The difference of any two counting numbers will be a counting number.

              

	
                  The sum of any two odd numbers is divisible by 4.

              

	
                  Interior Angles of a Triangle

              







          
          
              
                        [image: The figure illustrates three triangles shaded in red, blue, and yellow.] 
              

          

          

          
                          The leftmost triangle is an acute-angle triangle shaded in red. The triangle in the middle is an obtuse angle triangle and is shaded in blue. The rightmost triangle is a right triangle and is shaded in yellow.
      
    
          

        



	
	Construct a triangle and measure the three interior angles with a protractor. What is the sum of the measures?


	Construct three other triangles, measure the angles, and record the sums. Are your answers the same?


	Make a conjecture about the sum of the measures of the three interior angles of a triangle.









	
                  Interior Angles of a Quadrilateral


	
                  Construct a quadrilateral (a four-sided figure) and measure the four interior angles with a protractor. What is the sum of the measures?

              

	
                  Construct three other quadrilaterals, measure the angles, and record the sums. Are your answers the same?

              

	
                  Make a conjecture about the sum of the measures of the four interior angles of a quadrilateral.

              



              








        

      

    


      
        
          
Concept/Writing Exercises





	
                  Computer Log On While logging on to your computer, you type in your username followed by what you believe is your password. The computer indicates that a mistake has been made and asks you to try again. You retype your username and the same password. Again, the computer indicates a mistake has been made. You decide not to try again, reasoning you will get the same error message from the computer. What type of reasoning did you use? Explain.

              

	
                  Lottery Ticket You have purchased one lottery ticket each week for many months and have not won more than $5.00. You decide, based on your past experience, that you are not going to win the grand prize and so you stop playing the lottery. What type of reasoning did you use? Explain.

              









        

      

    


      
        
          
Challenge Problems/Group Activities




	
                  Complete the following square of numbers. Explain how you determined your answer.

              





1234251017310255241752?




	
                  Determine the next three numbers in the sequence.

              





	
                  1,8,11,88,101,111,181,808,818,888,1001,1111,…

              








        

      

    


      
        
          
Recreational Mathematics





	
                  
              





          
          
              
                        [image: A figure shows a horizontally oriented hexagon inside a circle with a small circle at its center and another small, shaded circle outside the hexagon, touching its leftmost vertex.] 
              

          

          

          
            
          

        


is to




          
          
              
                        [image: A figure shows a vertically oriented hexagon inside a circle with a small circle shaded in red at its center and another small circle shaded in yellow outside the hexagon, touching its topmost vertex.] 
              

          

          

          
            
          

        


as




          
          
              
                        [image: A figure shows a triangle inside a circle with an apex that points down. It has a small, shaded circle at its center and another small circle outside that touches the apex.] 
              

          

          

          
            
          

        


is to






		







          
          
              
                        [image: A figure shows a triangle inside a circle with an apex that points up. It has a small circle at its center and another small circle outside that touches the apex.] 
              

          

          

          
            
          

        





		







          
          
              
                        [image: A figure shows a triangle inside a circle with an apex that points down. It has a small circle at its center and another small circle outside that touches the apex.] 
              

          

          

          
            
          

        





		







          
          
              
                        [image: The figure illustrates an equilateral triangle shaded in green inside a circle. A red dot is marked inside the triangle. A white dot is marked on the triangle's vertex, which is pointing to the left side.] 
              

          

          

          
            
          

        





		







          
          
              
                        [image: A figure shows a triangle inside a circle with an apex that points to the right. It has a small circle at its center and another small circle outside that touches the apex. The small circle at the center is shaded in red.] 
              

          

          

          
            
          

        





		







          
          
              
                        [image: The figure illustrates an equilateral triangle shaded in green inside a circle. A red dot is marked inside the triangle. A white dot is marked on the triangle's vertex, which is pointing to the left side.] 
              

          

          

          
            
          

        







        

      

    


      
        
          
Research Activities




	
                  Biometrics Write a report on the use of biometrics as a means for verifying personal identity. Include a variety of biometrics such as fingerprints, iris patterns, DNA, voice recognition, and facial recognition. Also, include in your report a description of how inductive reasoning is used.

              






          
          
              
                        [image: A photograph of a human eye is shown.] 
              

          

          AngeliqueD/Shutterstock



          
            
          

        




	
                  Inductive Reasoning Using StatCrunch, the internet, magazines, or other sources, gather a set of data that involves a series of years. For two examples of such data, review Exercises 35–36.


	
                  Use a computer spreadsheet such as Excel or StatCrunch to create a graph using the data set.

              

	
                  Use the graph of the data set to predict the outcomes for the next two years.

              

	
                  Explain how inductive reasoning was used to reach the conclusion.

              



              

	
                  Jury Decision When a jury decides whether a defendant is guilty or not guilty, do the jurors collectively use primarily inductive reasoning, primarily deductive reasoning, or an equal amount of each? Write a brief report supporting your answer.

              









        

      

    

              
                
                  
                  
                  

                

              


          
            
      
        
          
Section 1.2: Estimation Techniques










Learning Goal


Upon completion of this section, you will be able to:


	
                  •Use estimation techniques to determine an approximate answer to a question.

              










          
          
              
                        [image: A photograph of four individuals enjoying spending time at a campsite beside a lake is shown. Two individuals are playing guitar and the other two individuals are enjoying drinking hot beverages. Two tents are located beside the individuals.] 
              

          

          Charnchai saeheng/123RF



          
            
          

        

The cost to rent a campsite is $29 per night plus 7% sales tax. What would be the approximate cost to rent the campsite over Labor Day weekend? The cost to print T-shirts to promote a local charity is $8.99 per T-shirt. What would be the approximate cost to print 150 T-shirts? The payments on a new car would be $409 per month for 48 months. What is the approximate total amount of all these car payments? In this section, we will introduce estimation techniques that will allow us to answer these questions.


Why This Is Important


Estimation techniques are helpful whenever we need to make financial decisions. By making an accurate estimate prior to making a financial decision, we often can make better financial choices and may be able to avoid unpleasant outcomes.







        

      

    


      
        
          
Estimation Techniques


An important step in solving mathematical problems—or, in fact, any problem—is to make sure that the answer you’ve arrived at makes sense. One technique for determining whether an answer is reasonable is to estimate. Estimation is the process of arriving at an approximate answer to a question. This section demonstrates several estimation methods.


To estimate, or approximate, an answer, we often round numbers, as illustrated in the following examples. The symbol ≈ means is approximately equal to.








Example 1: Estimating the Cost of Chocolate Chip Cookies






          
          
              
                        [image: A photograph of chocolate chip cookies arranged on a plate is shown.] 
              

          

          Paul Maguire/Shutterstock



          
            
          

        


Malley decides to purchase chocolate chip cookies for a party. Estimate her cost if she purchases 21 cookies at $1.95 each.






Solution


We may round the amounts as follows to obtain an estimate.






[image: table attributes columnalign right end attributes row bold Number row cell begin inline style bottom enclose table attributes columnalign right columnspacing 1em end attributes row 21 row cell cross times space $ 1.95 end cell end table end enclose end style end cell end table]



Number Rounded20× $2.00$40.00






Thus, the 21 cookies would cost approximately $40.00, written ≈$40.00.


Now try Exercise 25








In Example 1, the true cost is $1.95×21, or $40.95. Estimates are not meant to give exact values for answers but are a means of determining whether your answer is reasonable. If you calculated an answer of $40.95 and then did a quick estimate to check it, you would know that the answer is reasonable because it is close to your estimated answer.







Example 2: Two Ways to Estimate


At a local discount retail store, Raj purchased a rug for $15.89, toothpaste for $1.49, diapers for $19.77, shampoo for $4.93, dog food for $12.88, and candy for $0.81. The cashier said the total bill was $69.51. Use estimation to determine whether this amount is reasonable.


Solution


The most expensive item is $19.77 and the least expensive is $0.81. How should we estimate? We will estimate two different ways. First, we will round the cost of each item to the nearest 10 cents. For the second method, we will round the cost of each item to the nearest dollar. Rounding to the nearest 10 cents is more accurate. To determine whether the total bill is reasonable, however, we may need to round only to the nearest dollar.



          
          
              
                        [image: A table shows the estimated data of six items, rounded to the nearest 10 cents and the nearest dollar.] 
              

          

          

          
                          

	
	Round to the Nearest 10 Cents
	Round to the Nearest Dollar



	Rug
	15.89 dollars
	15.90 dollars
	15.89 dollars
	16.00 dollars



	Toothpaste
	1.49
	1.50
	1.49
	1.00



	Diapers
	19.77
	19.80
	19.77
	20.00



	Shampoo
	4.93
	4.90
	4.93
	5.00



	Dog food
	12.88
	12.90
	12.88
	13.00



	Candy
	0.81
	0.80 (single underlined)
	0.81
	1.00 (single underlined)



	
	
	55.80 dollars
	
	56.00 dollars



      
    
          

        

Using either estimate, we find the bill of $69.51 is quite high. Therefore, Raj should check the bill carefully before paying it. Adding the prices of all six items gives a true cost of $55.77.


Now try Exercise 29








Example 3: Select the Best Estimate


The numbers of bushels of grapes produced at a vineyard are 71,309 Cabernet Sauvignon, 123,879 French Colombard, 106,490 Chenin Blanc, 5960 Charbono, and 12,104 Chardonnay. Select the best estimate of the total number of bushels produced by the vineyard.



	
                  500,000

              

	
                  30,000

              

	
                  300,000

              

	
                  5,000,000

              




Solution


Following are suggested roundings. On the left, the numbers are rounded to thousands. For a less accurate estimate, round to ten thousands, as illustrated on the right.



          
          
              
                        [image: A table shows the estimated values, rounded to the nearest thousand and the nearest ten thousand.] 
              

          

          

          
                          

	Round to the Nearest Thousand
	Round to the Nearest Ten Thousand



	71,309
	71,000
	71,309
	70,000



	123,879
	124,000
	123,879
	120,000



	106,490
	106,000
	106,490
	110,000



	5,960
	6,000
	5,960
	10,000



	12,104
	12,000 (single underlined)
	12,104
	10,000 (single underlined)



	
	319,000
	
	320,000



      
    
          

        

Either rounding procedure indicates that the best estimate is (c), or 300,000.


Now try Exercise 35








Example 4: Using Estimation in Calculations






          
          
              
                        [image: A photograph of the Gateway Arch located in St. Louis, Missouri is shown.] Gateway Arch in St. Louis, MO.

 
              

          

          Amolson7/Shutterstock



          
            
          

        



The Travis family traveled 1276 miles from their home in Portland, Maine, to the Gateway Arch in St. Louis, Missouri.



	
                  If their trip took 19.9 hours of driving time, estimate the average speed, in miles per hour, that their car traveled.

              

	
                  If their car used 52 gallons of gasoline, estimate the average gas mileage of their car, in miles per gallon.

              

	
                  If the cost of gasoline averaged $3.95 per gallon, estimate the total cost of the gasoline used.

              









Solution


	
                  To estimate the average miles per hour, divide the number of miles by the number of hours.

              



127619.9


	
                  Round these numbers to obtain an estimate.

              



130020=65


	
                  Therefore, the car averaged about 65 miles per hour.

              



	
                  To estimate the average gas mileage, divide the number of miles driven by the number of gallons of gasoline used.

              



127652


	
                  Round these numbers to obtain an estimate.

              



130050=26


	
                  Therefore, the car averaged about 26 miles per gallon.

              



	
                  To estimate the total cost of gasoline, multiply the price per gallon by the number of gallons of gasoline used.

              



52×$3.95


	
                  Round these numbers and multiply to obtain an estimate.

              



50×$4=$200


	
                  Thus, the cost of gasoline is about $200.

              



Now try Exercise 31








Now let’s look at some different types of estimation problems.






        

      

    


      
        
          
Example 5: Estimating Distances on Trails to the West


In the mid‐1800s, thousands of settler‐colonizers followed trails to the West. One of the main trails to the West was the Oregon Trail, which ran from Independence, Missouri, to the Oregon Territory. Another trail, the California Trail, ran from Fort Hall on the Oregon Trail to Sacramento, California. Following is a map of the Oregon Trail and the California Trail.



          
          
              
                        [image: A map shows the western states of the U.S. titled “Trails to the West, 1850.”] 
              

          

          

          
                          A sale of miles is shown at the bottom of the map that ranges from 0 miles to 250 miles in increments of 250 units. The following states are marked on the map: Oregon (the following are shown inside this state: Cascade Range, Oregon Territory, and Ft. Hall), California (the following are shown inside this state: Sacramento, San Francisco, Sierra Nevada), Utah Territory, New Mexico Territory, Texas, Unorganized Territory (the following are shown inside this: Great Plains, Chimney Rock), and Missouri (the following are shown inside this: Independence). A trail labeled Oregon Trail starts from the left portion of the OREGON TERRITORY, passes through Ft. Hall, then splits into two paths: Sublette Cutoff in OREGON TERRITORY and South Pass in UTAH TERRITORY, then passes through Chimney Rock, and ends at Independence (Missouri). Another trail labeled California Trail starts at Sacramento (California), passes through Utah Territory, and ends at Ft. Hall. The Pacific Ocean is shown on the west and the Rocky Mountains are shown in Utah Territory, New Mexico Territory, and Unorganized Territory.
      
    
          

        


	
                  Using the scale shown and the Oregon Trail, estimate the distance from Independence, Missouri, to Fort Hall in the Oregon Territory.

              

	
                  Using the scale shown and the California Trail, estimate the distance from Fort Hall in the Oregon Territory to Sacramento, California.

              




Solution



	
                  The segment shown on the scale of the map represents 250 miles (mi). We can determine the distance from Independence to Fort Hall by marking off intervals each of which is the length of the segment shown on the scale. You should obtain approximately 4 intervals. Thus, the distance is about 4×250 mi, or about 1000 mi.

              

	
                  Using the procedure discussed in part (a), we estimate that on the map there are about 2.2 intervals, each of which is the length of the segment shown on the scale. Thus, the distance from Fort Hall to Sacramento, is about 2.2×250 mi, or about 550 mi.

              




Now try Exercise 37








Mathematics Today


Estimating Techniques in Medicine



          
          
              
                        [image: An illustration shows the different types of cells in a blood sample as seen through a microscope. There are a few red blood cells, a monocyte (w b c), a neutrophil (w b c), and 3 eosinophils (w b c).] A high count of eosinophils (a particular kind of white blood cell, or wbc) can be an indicator of an allergic reaction.

 
              

          

          

          
            
          

        

Estimating is one of the diagnostic tools used by the medical profession. Physicians take a small sample of blood, tissue, or body fluids to be representative of the body as a whole. Human blood contains different types of white blood cells that fight infection. When a bacterium or virus gets into the blood, the body responds by producing more of the type of white blood cell whose job it is to destroy that particular invader. Thus, an increased level of white blood cells in a sample of blood not only indicates the presence of an infection but also helps identify its type. A trained medical technician estimates the relative number of each kind of white blood cell found in a count of 100 white blood cells. An increase in any one kind indicates the type of infection present.


Why This Is Important


By using estimation techniques, healthcare professionals can more accurately determine the type and severity of the illness present in a patient. Knowing this information may help select an appropriate course of treatment that will improve the health of the patient.








Example 6: Estimated Energy Use


Some utility bills contain graphs illustrating the amount of electricity and natural gas used. The following graphs show gas and electric use at a specific residence for a period of 13 months, starting in November 2023 and going through November 2024 (the month of the current bill). Also shown is the bill for the average residential customer for November 2024. Using these graphs, answer the following questions.



          
          
              
                        [image: Two vertical bar graphs depict the electrical and gas usage.] 
              

          

          

          
                          A vertical grouped bar graph is labeled "Electric Use (Kilowatt per hour)." The horizontal axis is labeled months and shows the following markings from left to right: 2023: November, December, 2024: January, February, March, April, May, June, July, August, September, October, November, and Average. The vertical axis ranges from 0 to 2400 in increments of 400 units. The bar graph is drawn for the following three categories: Actual use, Estimated use, and Average customer use. The data from the bars are as follows:

November 2023: 820 (Actual use).

December 2023: 1100 (Estimated use).

January 2024: 1190 (Actual use).

February 2024: 950 (Estimated use).

March 2024: 650 (Actual use).

April 2024: 810 (Estimated use).

May 2024: 750 (Actual use).

June 2024: 840 (Estimated use).

July 2024: 2350 (Actual use).

August 2024: 1230 (Estimated use).

September 2024: 1210 (Actual use).

October 2024: 1200 (Estimated use).

November 2024: 800 (Actual use).

Average: 850 (Average customer use).

A vertically grouped bar graph is labeled "Gas Use (therms)". The horizontal axis is labeled months and shows the following markings from left to right: 2023: November, December, 2024: January, February, March, April, May, June, July, August, September, October, November, and Average. The vertical axis is labeled y and ranges from 0 to 240 in increments of 40 units. The bar graph is drawn for the following three categories: Actual use, Estimated use, and Average customer use. The data from the bars are as follows:

November 2023: 55 (Actual use).

December 2023: 160 (Estimated use).

January 2024: 190 (Actual use).

February 2024: 190 (Estimated use).

March 2024: 175 (Actual use).

April 2024: 100 (Estimated use).

May 2024: 45 (Actual use).

June 2024: 30 (Estimated use).

July 2024: 25 (Actual use).

August 2024: 7 (Estimated use).

September 2024: 33 (Actual use).

October 2024: 44 (Estimated use).

November 2024: 60 (Actual use).

Average: 75 (Average customer use).

All values are approximate.
      
    
          

        


	
                  How often were actual gas and electric readings made?

              

	
                  Estimate the number of therms of gas used by the average residential customer in November 2024.

              

	
                  Estimate the amount of gas used by the resident in November 2024.

              

	
                  If the cost of gas is $1.12295 per therm, estimate the gas bill in March 2024.

              

	
                  In which month was the most electricity used? How many kilowatt-hours (kWh) of electricity were used in this month?

              

	
                  If the cost of electricity is 10.0127 cents per kWh, estimate the cost of the electricity in January 2024.

              




Solution



	
                  Actual readings were made every other month, in November 2023, January 2024, March 2024, May 2024, July 2024, September 2024, and November 2024. Thus, actual readings were made 7 times.

              

	
                  In November 2024, approximately 75 therms were used by the average residential customer, as shown by the height of the bar on the far right.

              

	
                  In November 2024, approximately 60 therms were used by the resident.

              




	
                  In March 2024, about 180 therms were used. The rate is $1.12295 per therm. To get a rough approximation, round the rate to $1.12 per therm.

              



1.12×180=$201.60


	
                  Thus, the cost of gas used was about $201.60.

              



	
                  The most electricity was used in July 2024. Approximately 2400 kWh of electricity were used.

              



	
                  In January 2024, about 1200 kWh were used. Write 10.0127 cents as $0.100127. Rounding the rate to $0.10 per kWh and multiplying by 1200 yields an estimate of $120.

              



0.10×1200=$120


	
                  Thus, the cost of electricity in January 2024 was about $120.

              



Now try Exercise 41








Did You Know?


Early Estimation



          
          
              
                        [image: An illustration shows a man using a stick to estimate the height of a tree.] 
              

          

          

          
                          The man is standing at a distance from the tree and holding a stick in his outstretched arm until it covers the height of the tree as seen from the distance. The stick is shown to be turned through a right angle to measure the distance it appeared to cover on the ground.
      
    
          

        

The ancient Egyptians and Greeks used sticks to estimate heights. To measure height, a person held out a stick until it just covered the height of the object. The person then turned the stick through a right angle. Measuring the distance the stick appeared to cover on the ground provided an estimate of the object’s height.








Example 7: Estimating the Number of Corn Kernels in a Photo


Estimate the number of corn kernels in the top layer in the accompanying photograph.



          
          
              
                        [image: A photo shows kernels of corn divided into twenty equal rectangular sections: 4 rows of 5 rectangles each.] 
              

          

          

          
            
          

        

Solution


To estimate the number of kernels, we can divide the photograph into rectangles with equal areas and then select one area that appears to be representative of all the areas. Estimate (or count) the number of kernels in this single area and then multiply this number by the number of equal areas.


Let’s divide the photo into 20 approximately equal areas. We will select the left region in the top row as the representative region. We enlarge this region and count the kernels in it. If half a kernel is in the region, we count it (see the following enlargement). There are about 18 kernels in this region. Multiplying by 20 gives 18×20=360. Thus, there are about 360 kernels in the photo.



          
          
              
                        [image: A photo shows 3 rectangular sections of corn. One of the sections is selected.] 
              

          

          

          
            
          

        

Now try Exercise 47








In problems similar to Example 7, the number of regions or areas into which you choose to divide the total area is arbitrary. Generally, the more regions, the better the approximation, as long as the region selected is representative of the other regions in the map, diagram, or photo.


When you estimate an answer, the amount that your approximation differs from the actual answer will depend on how you round the numbers. For example, in estimating the product of 196,000×0.02520, using the rounded values 195,000×0.025 would yield an estimate much closer to the true answer than using the rounded values 200,000×0.03. Without a calculator, however, the product of 195,000×0.025 might be more difficult to determine than 200,000×0.03. When estimating, you need to determine the accuracy desired in your estimate and round the numbers accordingly.







        

      

    

              
                
                  
                  
                  

                

              


          
            
      
        
          Section 1.2: Exercises







Warm Up Exercises


In Exercises 1–2, fill in the blank with an appropriate word, phrase, or symbol(s).



	
                  The process of arriving at an approximate answer to a question is called ________.

              

	
                  The symbol ≈ means is approximately ________ to.

              









        

      

    


      
        
          
Practice the Skills




In Exercises 3–57, your answers may vary from the answers given in the back of the text, depending on how you round your answers.




In Exercises 3–12, estimate the answer. There is no one correct estimate. Your answer, however, should be something near the answer given.





	
                  39.7+60.3+18+1.8

              

	
                  86+47.2+289.8+532.4+12.8

              

	
                  197,500÷4.063

              

	
                  1,032,645÷49,827

              

	
                  1776×0.0098

              

	
                  0.63×1523

              

	
                  23.97−7.05

              

	
                  400.15−297.87

              

	
                  22% of 9116

              

	
                  11% of 8221

              









        

      

    


      
        
          
Problem Solving




In Exercises 13–24, estimate the answer.





	
                  The cost of renting a campsite for one night if the cost for three nights was $91.35

              

	
                  The cost of dinner per person if dinner for 8 people costs $210 and they split the bill evenly

              







          
          
              
                        [image: A photograph of eight individuals posing for a group selfie while sitting around a table inside a restaurant is shown. Every individual is having their meals kept in front of them on the table.] 
              

          

          DavideAngelini/Shutterstock



          
            
          

        





	
                  The amount of money Issac spends on fast food in a year if the average amount he spends per month is $47

              

	
                  The cost of 19 gallons of gas if one gallon costs $3.11

              

	
                  The cost of 5 items at a grocery store if the items cost $7.99, $4.23, $16.82, $3.51, and $20.12

              

	
                  The cost of 5 items purchased at a hardware store if the items cost $1.29, $6.86, $12.43, $25.62, and $8.99

              

	
                  The total weight of three people on an elevator if their weights are 95 lb, 127 lb, and 210 lb

              

	
                  The number of months needed to save $400 if you save $23 each month

              

	
                  A 20% tip on a meal that costs $49.87

              

	
                  A 15% tip on a meal that costs $160.36

              

	
                  Maria’s average gas mileage for her car, in miles per gallon, if she drives 396 miles and used 20.1 gallons of gasoline

              

	
                  Tran’s average gas mileage for his motorcycle, in miles per gallon, if he drives 207 miles and uses 3.8 gallons of gasoline

              




	
                  Lawn Mowing Julian mows lawns to help pay for college. He earns $22 per lawn and is currently mowing 18 lawns per week. Estimate Julian’s weekly earnings.

              




	
                  Pool Cleaning Venus runs a pool-cleaning service. She charges $29 per pool and is currently cleaning 42 pools per week. Estimate Venus’s total weekly charges.

              

	
                  Coffee Cost On days that Curt works, he purchases a caramel cappuccino which costs $4.95. Curt works 6 days per week and 52 weeks per year. Estimate the total amount Curt spends on caramel cappuccinos in one year.

              

	
                  Annual Pay Alyssa is a bookkeeper for a restaurant. She is paid $22 per hour and works 28 hours per week and 48 weeks per year. Estimate Alyssa’s annual pay.

              





	
Monthly Expenses Li’s total monthly expenses consist of room and board: $595; car payment: $289; gas: $120; insurance: $110; and miscellaneous expenses: $230. Estimate Li’s total monthly expenses.



	
                  Estimating Weights In a tug of war, the weight of the members of the two three-person teams is given. Estimate the difference in the weights of the teams.

              




Team ATeam B189183172229191167





	
                  Running a 5K Race Gladys is running a race that is 5 kilometers, or about 3.1 miles, long. Her average time per mile is 14 minutes 55 seconds. Estimate the time it will take her to complete the race.

              






          
          
              
                        [image: A photograph of an athlete sprinting on a racing track is shown.] 
              

          

          Santiago Nunez Iniguez/123RF



          
            
          

        





	
                  Long Distance Running Jenny is a long-distance runner whose average time per mile is 10 minutes 5 seconds. Estimate the time it will take her to complete a marathon, which is 26.2 miles long.

              

	
                  Exchanging Currency Giannis visited Guanajuato, Mexico, and purchased a vase that cost 599 Mexican pesos. The exchange rate was one U.S. dollar for 20.14 Mexican pesos. Estimate the cost of the vase in U.S. dollars.

              

	
                  Exchanging Currency Vanessa visited Cairo, Egypt, and purchased a carpet for 1605 Egyptian pounds. The exchange rate for one U.S. dollar was 19.15 Egyptian pounds. Estimate the cost of the carpet in U.S. dollars.

              





	
Cost of Moving Max and Angela are moving to Birmingham, Alabama from Windsor, California. Renting a moving van costs about $1619. Gasoline for the trip will cost about $980. Two nights in hotels will cost about $140 per night. Cost for food and miscellaneous items during the move will be about $70 per day for three days. Estimate their total expenses for the move.



	
                  The Cost of a Vacation The Kleins are planning a vacation in the Great Smoky Mountains National Park. Their round-trip airfare from Houston, Texas, to Knoxville, Tennessee, totals $973. Car rental is $61 per day and lodging is a total of $97 per day, and they estimate a total of $200 per day for food, gas, and other miscellaneous items. If they are planning to stay six full days and nights, estimate their total expenses.

              




	
The Pacific Coast Highway Following is a map of California’s scenic Pacific Coast Highway. Using the scale on the map, estimate the distance between Carmel-by-the-Sea and Hearst Castle.








          
          
              
                        [image: A map shows California’s Pacific Coast Highway.] 
              

          

          

          
                          A sale of miles is shown at the bottom of the map that ranges from 0 miles to 20 miles in increments of 20 units. The following cities are marked on the highway from north to south: Monterey, Carmel-by-the-Sea, Point Lobos State Reserve, Garrapata State Park, Bixby Bridge, Andrew Molena State Park, Pfeiffer Big Sur State Park, Julia Pfeiffer Burns State Park, Lucia, Gorda, Hearst Castle, Cambria, and Morro Bay. The cities named Carmel-by-the-Sea and Hearst Castle are marked with red circles and others are marked with black circles.
      
    
          

        



	
                  The Olympic Peninsula Following is a map of the Olympic Peninsula in the state of Washington. Using the scale on the map, estimate the distance of the route starting at Forks and ending at Sequim, passing through Port Angeles.

              






          
          
              
                        [image: A map shows the Olympic Peninsula in the state of Washington.] 
              

          

          

          
                          A sale of miles is shown at the bottom of the map that ranges from 0 to 40 in increments of 20 units. The boundary line of the OLYMPIC NATIONAL PARK is shown with a red line and it connects the following cities in the map: Forks, Sappho, Port Angeles, Sequim, Quilcene, Olympia, and Hoquiam. The Mount Olympus is shown inside the park. The following cities are shown outside the park: La Push, Ozette, Neah Bay, Sekiu, Clallam Bay, Port Townsend, Seattle, Tacoma, and Kalaloch. A road is shown through Seattle and Tacoma, which directs to Bellingham on one side and Centralia on the other side.
      
    
          

        



	
                  Coffee Consumption The following circle graph shows the number of cups of coffee consumed per week by people in the United States. Assume 700 people were surveyed.


	
                  Estimate the number of people surveyed who consume 5–7 cups of coffee per week.

              

	
                  Estimate the number of people surveyed who consume less than 1 cup of coffee per week.

              

	
                  Estimate the number of people surveyed who don’t drink coffee.

              



              






          
          
              
                        [image: A pie chart shows details of U.S. coffee consumption patterns.] 
              

          

          Source: Le Meridien



          
                          The pie chart is divided into five sections. The percentage composition of the pie chart is as follows:

Don't drink coffee: 21 percent.

Less than 1 cup a week: 12 percent.

1 to 4 cups a week: 13 percent.

5 to 7 cups a week: 23 percent.

More than 7 cups a week: 31 percent.
      
    
          

        



	
                  Exercising The following circle graph shows the biggest obstacles to sticking to an exercise program, as reported by 2987 employees at the Hiaasen Corporation.

              






          
          
              
                        [image: A pie chart shows details of the biggest obstacles to exercising.] 
              

          

          

          
                          The pie chart is divided into five sections. The percentage composition of the pie chart is as follows:

Don't have the energy: 18 percent.

It isn't fun: 18 percent.

It's boring: 15 percent.

Embarrassed in front of others: 7 percent.

Not enough time: 42 percent.
      
    
          

        



	
	Estimate the number of adults surveyed who don’t have the energy to exercise.


	Estimate the number of adults surveyed who don’t have enough time to exercise.


	Estimate the number of adults surveyed who are embarrassed to exercise in front of others.









	
                  An Aging Population The following bar graph shows population figures for 1900 and 2000 and estimated population figures for 2050.


	
                  Estimate the number of people 65 and older in 1900.

              

	
                  Estimate the number of people 65 and older in 2050.

              

	
                  Estimate the increase in the number of people 65 and older from 2000 to 2050.

              

	
                  Estimate the total U.S. population in 2000 by adding the five categories.

              



              






          
          
              
                        [image: A composite bar graph shows data on the U.S. population by age, in 1900, 2000, and 2050.] 
              

          

          Source: Census.gov



          
                          The figure is titled, Population by Age. The horizontal axis is labeled year and the following points are marked on the axis: 1900, 2000, and 2050. The vertical axis is labeled U.S. Population by Age (millions) and ranges from 0 to 100 in increments of 20 units. There are five bars for each horizontal axis marking: Under 5 years, 5 to 24 years, 25 to 44 years, 45 to 64 years, and 65 and over. The heights of the bars are as follows.

For 1900:

Under 5 years: 8

5 to 24 years: 35

25 to 44 years: 22

45 to 64 years: 11

65 and over: 3

For 2000:

Under 5 years: 19

5 to 24 years: 78

25 to 44 years: 83

45 to 64 years: 61

65 and over: 39

For 2050:

Under 5 years: 29

5 to 24 years: 105

25 to 44 years: 98

45 to 64 years: 85

65 and over: 99.

All values are approximated.

Note: Source: Census dot gov
      
    
          

        



	
                  Gaining Weight The following graph shows that as a society we tend to get heavier as we grow older. Also, with age, the amount of muscle tends to drop, and fat accounts for a greater percentage of weight.


	
                  Estimate the average percent of body fat for females, age 18 to 25.

              

	
                  Estimate the average percent of body fat for males, age 56+.

              

	
                  Greg is male, age 40, and weighs 179 lb. Estimate the number of pounds of body fat he has.

              



              






          
          
              
                        [image: An illustration of a double line graph titled, Body Fat Percentage Increases with Age.] 
              

          

          Source: MayoClinic.org



          
                          The horizontal axis shows age. The following points are marked on the axis: 18 to 25, 26 to 35, 36 to 45, 46 to 55, and 56 plus. The vertical axis shows "Average Percent of Body Fat" from 0 to 40, in increments of 10 units.

The line representing "Females" begins at 19 percent in the age band of "18 to 25" years and ends at 34 percent in the age band of "56 plus."

The line representing "Males" begins at 14 percent in the age band of "18 to 25" years and ends at 24 percent in the age band of "56 plus."

The details of the percent of fat by age band, for females and males, in that order, are given below:

18 to 25: 19 and 14

26 to 35: 23 and 19

36 to 45: 28 and 22

46 to 55: 30 and 24

56 plus: 34 and 24.

All values are approximated.

Note: Source: MayoClinic dot org
      
    
          

        



	
                  Land Ownership by the Federal Government The following graph shows the percent of land owned by the federal government in the 12 states in which the federal government owns the greatest percentage of a state’s land.


	
                  Estimate the percent of land owned by the federal government in Nevada.

              

	
                  Estimate the difference between Alaska and Oregon in the percent of land owned by the federal government.

              

	
                  Nevada has a total area of 70,264,320 acres. Estimate the number of acres owned by the federal government in Nevada.

              

	
                  By just looking at the graph, is it possible to determine whether the federal government owns more land in Nevada or Utah? Explain.

              



              






          
          
              
                        [image: A bar chart shows data on the percent of land owned by the Federal Government for the selected states in the U.S.] 
              

          

          Source: BLM.gov



          
                          The horizontal axis shows the states labeled Nevada, Alaska, Utah, Oregon, Idaho, Arizona, California, Wyoming, New Mexico, Colorado, Washington, and Montana. The vertical axis shows "Percent of Land Owned" from 0 to 90 percent, in increments of 10 units. The approximate percent details are summarized below. Nevada: 84. Alaska: 69. Utah: 58. Oregon: 52. Idaho: 50. Arizona: 48. California: 45. Wyoming: 42. New Mexico: 41. Colorado: 37. Washington: 30. Montana: 29. All values are approximated.
      
    
          

        




	
                  Calories and Exercise The following chart shows the calories burned per hour for an average person who weighs 150 lb.


	
                  Estimate the number of calories Phyllis, who weighs 150 lb, burns in a week if she lifts weight for 2 hours each week and jogs at 5 miles per hour for 4 hours each week.

              

	
                  Estimate the difference in the calories Phyllis will burn each week if she runs for 4 hours at 8 miles per hour rather than walking for 4 hours at 4 miles per hour.

              

	
                  Assume Phyllis jogs at 5 miles per hour for 3 hours and bicycles at 13 miles per hour for 3 hours each week. Estimate the number of calories she will burn in a year from these exercises.

              



              




          
          
              
                        [image: A table with two columns lists the activity and calories per hour.] 
              

          

          

          
                          

	Activity
	Calories asterisk per Hour



	Running, 8 Miles per hour
	920



	Bicycling, 13 Miles per hour
	545



	Jogging, 5 Miles per hour
	545



	Air-walking
	480



	Stair-climbing
	410



	Weight-lifting
	410



	Walking, 4 Miles per hour
	330



	Casual bike riding
	300



      
    
          

        

*For a 150-lb person.





In Exercises 45 and 46, estimate the maximum number of smaller figures (at left) that can be placed in the larger figure (at right) without the small figures overlapping.





	





          
          
              
                        [image: An illustration shows two figures. The smaller figure is a circle. The larger figure has an irregular shape that is similar to a L-shape.] 
              

          

          

          
            
          

        





	





          
          
              
                        [image: An illustration shows two figures. The smaller figure is a square. The larger figure is an irregular shape that is similar to a shoe shape.] 
              

          

          

          
            
          

        





	
                  Estimate the number of bananas shown in the photo.

              




          
          
              
                        [image: A photo shows the bunches of bananas.] 
              

          

          

          
            
          

        

	
                  Estimate the number of grapes shown in the photo.

              




          
          
              
                        [image: A photo shows the bunches of grapes.] 
              

          

          Nitr/123RF



          
            
          

        

In Exercises 49 and 50, estimate, in degrees, the measure of the angles depicted. For comparison purposes a right angle,



          
          
              
                        [image: The figure illustrates a right angle. The initial ray runs rightward from a point, and the terminal ray runs upward from the same point. A square is marked between the initial and the final rays.] 
              

          

          

          
            
          

        

, measures 90°.






	





          
          
              
                        [image: An illustration shows a reflex angle with the horizontal arm extending to the right and the other arm pointing to the upper left from the left end of the horizontal arm. A counterclockwise angle is drawn between the horizontal arm to the second arm.] 
              

          

          

          
            
          

        





	





          
          
              
                        [image: An illustration shows a reflex angle with the horizontal arm extending to the right and the other arm pointing to the lower right from the left end of the horizontal arm. A counterclockwise angle is drawn between the horizontal arm to the second arm.] 
              

          

          

          
            
          

        




In Exercises 51 and 52, estimate the percent of area that is shaded in the following figures.





	





          
          
              
                        [image: An illustration shows a shaded square inside an unshaded square.] 
              

          

          

          
            
          

        





	





          
          
              
                        [image: A figure shows a square inside another square. The vertices of the inner square meet the midpoints of the sides of the outer square. The inner square is divided into 8 equal triangles diagonally, 4 alternative triangles of which are shaded.] 
              

          

          

          
            
          

        




In Exercises 53 and 54, if each square represents one square unit, estimate the area of the shaded figure in square units.





	





          
          
              
                        [image: A figure shows a 6-by-6 grid of squares. A shaded square area in the center covers 4 full squares, 8 half squares, and 4 quarter squares.] 
              

          

          

          
            
          

        





	





          
          
              
                        [image: A figure shows a 6-by-6 grid of squares. A shaded circle is shown in the center of the grid, which includes a 4-by-4 grid of squares.] 
              

          

          

          
            
          

        





	
                  Statue of Liberty The length of the torch of the Statue of Liberty, from the tip of the flame to the bottom of the torch’s baton, is 29 feet. Estimate the height of the Statue of Liberty from the top of the base to the top of the torch (the statue itself).

              




          
          
              
                        [image: A photo shows the Statue of Liberty.] 
              

          

          John Baran/Alamy Stock Photo



          
            
          

        

	
                  Estimating Heights If the height of the shorter person in the photo is 62 in. tall, estimate the height of the tree.

              




          
          
              
                        [image: A photo shows a man and a woman standing near a palm tree, which is shown near a swimming pool.] 
              

          

          Nick Stubbs/Shutterstock



          
            
          

        







        

      

    


      
        
          
Challenge Problems/Group Activities




	
                  Birthday Party Fitz is planning a birthday party for his friend, Noelle. There will be 50 guests at the party, and Fitz must do the following

              






          
          
              
                        [image: A photograph of a group of individuals enjoying a party is shown. A DJ is playing the music and several individuals are dancing and enjoying the music.] 
              

          

          36clicks/123RF



          
            
          

        




	
                  Rent a party space

              

	
                  Hire a DJ to play music for 3 hours

              

	
                  Order a cake large enough so each guest gets one piece of cake

              

	
                  Provide ice cream, plates, napkins, and utensils to go with the cake

              

	
                  Provide two soft drinks, including ice and cups, for each of the guests

              

	
                  Provide light snacks, including plates and napkins, for the guests

              

	
                  Hire four waitstaff to serve the guests

              

	
                  Pay the DJ and waitstaff each a 20% tip.

              







	
                  Estimate the cost of each of the items listed.

              

	
                  Estimate Fitz’s total cost for the birthday party.

              

	
                  Use the Internet to determine the actual costs for this party if it were held in your location.

              






	
                  Cost of Supplements Each day, Roberto takes the following nutritional supplements: five tablets of vitamin C, two tablets of fish oil, one tablet of vitamin D, and one multivitamin tablet. Roberto purchases 500 vitamin C tablets for $24.99, 120 fish oil tablets for $47.99, 180 vitamin D tablets for $17.99, and 80 multivitamin tablets for $19.99. Estimate Roberto’s daily cost for supplements.

              








        

      

    


      
        
          
Recreational Mathematics





	
                  A Dime Look at a dime. Around the edge of a dime are many lines. Estimate the number of lines there are around the edge of a dime.

              



	
                  A Million Dollars


	
                  Estimate the time it would take, in days, to spend $1 million if you spent $1 a second until the $1 million is used up.

              

	
                  Calculate the actual time it would take, in days, to spend $1 million if you spent $1 a second.

              



              









        

      

    


      
        
          
Research Activities





	
                  Water Usage

	
                  About how much water does your household use per day? Use the following data to estimate your household’s daily water usage.

              


              




          
          
              
                        [image: A table with two columns lists the activity and the typical use.] 
              

          

          Source: EPA.gov



          
                          

	Activity
	Typical Use



	Running clothes washer
	40 gal



	Bath
	35 gal



	5-minute shower
	25 gal



	Doing dishes in sink, water running
	20 gal



	Running dishwasher
	11 gal



	Flushing toilet
	4 gal



	Brushing teeth, water running
	2 gal



      
    
          

        




	
	Determine from your water department (or company) your household’s average daily usage by obtaining the total number of gallons used per year and dividing that amount by 365. How close was your estimate in part (a)?


	Current records indicate that the average household uses about 300 gal of water per day (the average daily usage is 110 gal per person). Based on the number of people in your household, do you believe your household uses more or less than the average amount of water? Explain your answer.










	
                  Monthly Budget Develop a monthly budget by estimating your monthly income and your monthly output. Your monthly income should equal your monthly output.

              

	
                  Estimation Skills Identify three ways that you use estimation in your daily life. Discuss each of them briefly and give examples.

              









        

      

    

              
                
                  
                  
                  

                

              


          
            
      
        
          
Section 1.3: Problem-Solving Procedures










Learning Goal


Upon completion of this section, you will be able to:


	
                  •Understand and use a general problem-solving procedure.

              










          
          
              
                        [image: A photograph of three individuals eating tacos is shown.] 
              

          

          Eduardo Rgz/Shutterstock



          
            
          

        

To maximize their profits, businesses try to keep their expenses down. We, as individuals, also try to do the same, and we often look for “bargains” or the “best deal.” For example, suppose you need to purchase tacos for your friends and have $93 to spend. How can you determine the maximum number of tacos that can be purchased if a box of 8 tacos costs $10 and a box of 12 tacos costs $14. We’ll answer this question in Example 1.


Why This Is Important


Problem-solving skills can help you determine solutions to problems you may encounter in everyday life.








Solving mathematical puzzles and real-life mathematical problems can be enjoyable. You should work as many exercises in this section as possible. By doing so, you will sample a variety of problem-solving techniques.


You can approach any problem by using a general procedure developed by George Polya. Before learning Polya’s problem-solving procedure, let’s consider an example that illustrates the procedure.








Example 1: Ordering Tacos


Zola is purchasing tacos for the 21 members of the debate club. She collects money from members and receives $93. Taco Bueno sells two different boxes of tacos. The small box contains 8 tacos for $10 and the large box contains 12 tacos for $14. The tacos are all the same size, and she must order whole boxes.



	
                  What is the maximum number of tacos that Zola can order for $93 or less?

              

	
                  If the maximum number of tacos is purchased in the most economical way, how much will the tacos cost?

              




Solution


	
                  We may need to read the problem several times until we understand the facts given and what we are asked to determine. Next, we make a list of the given facts and determine which facts are relevant to answering the question asked.

              



Given Information



	
                  Person ordering: Zola

              

	
                  Group of people: debate club

              

	
                  Number of members: 21

              

	
                  Amount of money collected: $93

              

	
                  Restaurant: Taco Bueno

              

	
                  Small box contains 8 tacos

              

	
                  Small box costs $10

              

	
                  Large box contains 12 tacos

              

	
                  Large box costs $14

              

	
                  Tacos are all the same size

              

	
                  Only whole boxes can be purchased

              




We need to determine the maximum number of tacos Zola can purchase for the money collected. To determine this number, we need to know the amount of money collected, the number of tacos in each box, and the cost of each box. We also need to know that only whole boxes can be purchased.


Relevant Information



	
                  Amount of money collected: $93

              

	
                  Small box contains 8 tacos

              

	
                  Small box costs $10

              

	
                  Large box contains 12 tacos

              

	
                  Large box costs $14

              

	
                  Only whole boxes can be purchased

              




We need a plan to determine the maximum number of tacos that can be purchased for $93 or less. One method is to set up a table to compare the costs of different combinations of the boxes. We can start by determining the maximum number of large boxes that can be purchased. Then reduce the number of large boxes and add more small boxes. In each case, we need to keep the cost at $93 or less.


We can determine the maximum number of large boxes that can be purchased by dividing the amount collected, $93, by the price of a large box of tacos, $14: $93÷$14 is approximately 6.6. Since only whole boxes can be purchased, 6 large boxes can be purchased. The price of 6 large boxes is 6×$14=$84. Since a small box costs $10, there is not enough money left over to purchase any small boxes. The 6 large boxes of tacos would have 6×12 or 72 tacos. This first option is shown in the first row of the following table. Other options shown in the table are determined by reducing the number of large boxes and then adding small boxes while keeping the total cost at or below $93.



          
          
              
                        [image: A table lists the calculation of the number of tacos and cost with respect to seven combinations of the number of large and small boxes.] 
              

          

          

          
                          The table consists of 3 columns and 7 rows. The headings of the columns are as follows: Column 1, Large Boxes and Small Boxes. Column 2, Number of Tacos. Column 3, Cost. The row entries are as follows: Row 1: Column 1, 6 large and 0 small. Column 2, OpenParenthesis 6 multiplied by 12 CloseParenthesis plus OpenParenthesis 0 multiplied by 8 CloseParenthesis equals 72. Column 3, OpenParenthesis 6 multiplied by 14 dollars CloseParenthesis plus OpenParenthesis 0 multiplied by 10 dollars CloseParenthesis equals 84 dollars. Row 2: Column 1, 5 large and 2 small. Column 2, OpenParenthesis 5 multiplied by 12 CloseParenthesis plus OpenParenthesis 2 multiplied by 8 CloseParenthesis equals 76. Column 3, OpenParenthesis 5 multiplied by 14 dollars CloseParenthesis plus OpenParenthesis 2 multiplied by 10 dollars CloseParenthesis equals 90 dollars. Row 3: Column 1, 4 large and 3 small. Column 2, OpenParenthesis 4 multiplied by 12 CloseParenthesis plus OpenParenthesis 3 multiplied by 8 CloseParenthesis equals 72. Column 3, OpenParenthesis 4 multiplied by 14 dollars CloseParenthesis plus OpenParenthesis 3 multiplied by 10 dollars CloseParenthesis equals 86 dollars. Row 4: Column 1, 3 large and 5 small. Column 2, OpenParenthesis 3 multiplied by 12 CloseParenthesis plus OpenParenthesis 5 multiplied by 8 CloseParenthesis equals 76. Column 3, OpenParenthesis 3 multiplied by 14 dollars CloseParenthesis plus OpenParenthesis 5 multiplied by 10 dollars CloseParenthesis equals 92 dollars. Row 5: Column 1, 2 large and 6 small. Column 2, OpenParenthesis 2 multiplied by 12 CloseParenthesis plus OpenParenthesis 6 multiplied by 8 CloseParenthesis equals 72. Column 3, OpenParenthesis 2 multiplied by 14 dollars CloseParenthesis plus OpenParenthesis 6 multiplied by 10 dollars CloseParenthesis equals 88 dollars. Row 6: Column 1, 1 large and 7 small. Column 2, OpenParenthesis 1 multiplied by 12 CloseParenthesis plus OpenParenthesis 7 multiplied by 8 CloseParenthesis equals 68. Column 3, OpenParenthesis 1 multiplied by 14 dollars CloseParenthesis plus OpenParenthesis 7 multiplied by 10 dollars CloseParenthesis equals 84 dollars. Row 7: Column 1, 0 large and 9 small. Column 2, OpenParenthesis 0 multiplied by 12 CloseParenthesis plus OpenParenthesis 9 multiplied by 8 CloseParenthesis equals 72. Column 3, OpenParenthesis 0 multiplied by 14 dollars CloseParenthesis plus OpenParenthesis 9 multiplied by 10 dollars CloseParenthesis equals 90 dollars.
      
    
          

        

	
                  From the second column, we see that the maximum number of tacos that can be purchased for $93 or less is 76 tacos. This result can be obtained in two different ways: either 5 large boxes and 2 small boxes or 3 large boxes and 5 small boxes.

              



	
                  From the table, we see that the most economical way to purchase 76 tacos is to purchase 5 large boxes and 2 small boxes. The cost is $90.

              



Now try Exercise 11








Recreational Math


Ostriches



          
          
              
                        [image: An illustration shows 4 scales in vertical sequence.] 
              

          

          

          
                          The scales are balanced. The arrangement is described below:

The first scale has 1 giraffe on the left and 2 frogs on the right plates.

The second scale has 2 ostriches on the left and 1 lion on the right plates.

The third scale has 3 lions on the left and 1 giraffe on the right plates.

The fourth scale has 1 frog on the left and a question mark on the right plates.
      
    
          

        

How many ostriches must replace the question mark to balance the fourth scale? Assume that all animals of the same kind have the same weight. That is, all giraffes weigh the same, and so forth. The answer is below.



Answer:

3 ostriches








        

      

    


      
        
          
Problem-Solving Procedures


Following is a general procedure for problem solving as given by George Polya. Note that Example 1 demonstrates many of these guidelines.









Procedure: Guidelines for Problem Solving


	
                  Understand the problem.

              



	
	Read the problem carefully at least twice. In the first reading, get a general overview of the problem. In the second reading, determine (a) exactly what you are being asked and (b) what information the problem provides.


	Try to make a sketch to illustrate the problem. Label the information given.


	Make a list of the given facts that are pertinent to the problem.


	Determine if the information you are given is sufficient to solve the problem.







	
                  Devise a plan to solve the problem.

              



	
	Have you seen the problem or a similar problem before? Are the procedures you used to solve the similar problem applicable to the new problem?


	Can you express the problem in terms of an algebraic equation? (We explain how to write algebraic equations in Chapter 6.)


	Look for patterns or relationships in the problem that may help in solving it.


	Can you express the problem more simply?


	Can you substitute smaller or simpler numbers to make the problem more understandable?


	Will listing the information in a table help in solving the problem?


	Can you make an educated guess at the solution? Sometimes if you know an approximate solution, you can work backward and eventually determine the correct procedure to solve the problem.







	
                  Carry out the plan.

              



		Use the plan you devised in Step 2 to solve the problem.






	
                  Check the results.

              



	
	Ask yourself, “Does the answer make sense?” and “Is the answer reasonable?” If the answer is not reasonable, recheck your method for solving the problem and your calculations.


	Can you check the solution using the original statement?


	Is there an alternative method to arrive at the same conclusion?


	Can the results of this problem be used to solve other problems?













Profile in Mathematics


George Polya



          
          
              
                        [image: A black-and-white photo shows George Polya with a pile of books in front of him.] 
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George Polya (1887–1985) was educated in Europe and taught at Stanford University. In his book How to Solve It, Polya outlines four steps in problem solving. We will use Polya’s four steps as guidelines for problem solving.







The following examples show how to apply the guidelines for problem solving.







Example 2: Ride-Share Service


Latricia uses a ride-share service to travel to her local airport. Ride-share services use an app available on smartphones. Ride-share services have increasingly taken business away from traditional taxi services. The total fare that Latricia is charged includes a base fee plus a mileage fee plus a time fee. The base fee is $5.00, the mileage fee is calculated at $1.10 per mile, and the time fee is calculated at $0.21 per minute. The distance Latricia will travel to the airport is 17 miles, and it will take 25 minutes to get there. Use this information to determine Latricia’s total fare for using the ride-share service to travel to the airport.


Solution


We need to determine the total fare that Latricia is charged to travel to the airport. We will make a list of the information given and mark with an asterisk (*) the information that is pertinent to solving the problem.


	Ride-share services use an app available on smartphones.




	Ride-share services have increasingly taken business away from traditional taxi services.





	
                  * Latricia is charged a base fee plus a mileage fee plus a time fee.

              

	
                  * The base fee is $5.00.

              

	
                  * The mileage fee is calculated at $1.10 per mile.

              

	
                  * The time fee is calculated at $0.21 per minute.

              

	
                  * Latricia will travel 17 miles to the airport.

              

	
                  * It will take 25 minutes to get to the airport.

              




The first two items listed are not needed to solve the problem. To determine the total fare, we first must calculate the mileage fee and the time fee.


Mileage fee=$1.10 per mile×17 miles=$18.70Time fee=$0.21 per minute×25 minutes=$5.25 


The total fare is the sum of the base fee, the mileage fee, and the time fee.


Total fare=Base fee+Mileage fee+Time fee=$5.00  + $18.70    + $5.25=$28.95


Thus, Latricia is charged $28.95 for using the ride-share service to travel to the airport.


Now try Exercise 23







In our next example, we will continue to use the guidelines for problem solving.







Example 3: Retirement






          
          
              
                        [image: A photograph of two senior citizen couples playing tennis is shown.] 
              

          

          Bhpix/Shutterstock



          
            
          

        



It is never too early to start planning for retirement. U.S. Census Bureau data indicate that about 33% of the average person’s retirement income will come from Social Security.


When discussing retirement planning, many investment firms and financial planners use the graph in Fig. 1.1, which shows how long a typical retiree’s assets will last based on the percentage of the assets withdrawn each year.



	
                  If a typical retiree has retirement assets of $500,000, how much can be withdrawn annually if the assets are to last 21 years?

              

	
                  If the retiree wishes to withdraw $25,000 annually and if the assets are to last 18 years, how much should the retiree have in assets?

              





          
          
                Figure 1.1
                 
              

            
          
              
                        [image: A bar graph titled “How Much You Withdraw Annually Affects How Long Your Money Will Last.”] 
              

          

          Source: NDR.com



          
                          The horizontal axis shows "Time Money Will Last" in years. The vertical axis shows "Percent of Assets Withdrawn Annually" from 4 percent to 10 percent in increments of 1 unit. The details of the time that money will last, by percent withdrawn, are given below:

4 percent: 33 years

5 percent: 27 years

6 percent: 21 years

7 percent: 18 years

8 percent: 15 years

9 percent: 13 years

10 percent: 11 years
      
    
          

        






Solution


	
                  Quite a bit of information is provided in the example. We will first need to determine what information is required to answer the question. To answer the question, we need to use only the information provided in the graph. From the graph, we can see that for assets to last 21 years, about 6% of the assets can be withdrawn annually. The amount that can be withdrawn annually is determined as follows.

              



Amount=6% of assetsAmount=0.06(500,000)=30,000


	
                  Thus, about $30,000 can be withdrawn annually.

              



	
                  Again, to solve this part of the example, we need only the information provided in the graph. From the graph, we can determine that if a retiree wishes for the assets to last 18 years, then 7% of the assets can be withdrawn annually. We need to determine the total assets such that 7% of the total assets is $25,000.

              



7% of assets=$25,000  or  0.07×assets=$25,000


	
                  Because 0.07 is multiplied by the assets to obtain $25,000, we can determine the assets by dividing the $25,000 by 0.07 as follows.

              



Assets=25,0000.07≈357,142.86


	
                  Therefore, with assets of about $357,142.86, the retiree will be able to withdraw $25,000 annually and the assets will last 18 years.

              



Now try Exercise 9









Recreational Math


Two Medieval Riddles



          
          
              
                        [image: An illustration shows a boatman transporting a goat across a river. A wolf and a bundle of herbs are on the shore.] 
              

          

          

          
            
          

        

Aboatman must transport a wolf, a goat, and a bundle of herbs across a river. If the boat is so small that he can carry only one of them at a time, how can he make the crossing so that the wolf will not devour the goat and the goat will not eat the herbs?


(Clue: The boatman must make multiple round trips.)



          
          
              
                        [image: An illustration shows a cathedral atop a hillock.] 
              

          

          

          
            
          

        


	
                  As I was going to St. Ives,

              

	
                  I met a man with seven wives;

              

	
                  Every wife had seven sacks,

              

	
                  Every sack had seven cats,

              

	
                  Every cat had seven kits.

              

	
                  Kits, cats, sacks, and wives,

              

	
                  How many were going to St. Ives?

              




The answers to these riddles are in the answer section at the back of the book.







        

      

    


      
        
          
Example 4: Determining a Tip


The cost of Seana’s meal before tax is $28.00.



	
                  If a 612% sales tax is added to her bill, determine the total cost of the meal including tax.

              

	
                  If Seana wants to leave a 15% tip on the pretax cost of the meal, how much should she leave?

              

	
                  If she wants to leave a 20% tip on the pretax cost of the meal, how much should she leave?

              




Solution


	
                  The sales tax is 612% of $28.00. To determine the sales tax, first convert 612% to a decimal number. 612% when written as a decimal number is 0.065. For more information on converting percents to decimal numbers, see Section 10.1. Next, multiply the decimal number, 0.065, by the amount, $28.00.

              



Sales tax=612% of 28.00=0.065(28.00)=1.82


	
                  The sales tax is $1.82. The total bill is the cost of the meal + the sales tax.

              



Total bill=cost of meal+sales tax=28.00+1.82=29.82


	
                  Thus, the bill, including sales tax, is $29.82.

              



	
                  To determine 15% of any number, we can multiply the number by 0.15.

              



15% of pretax cost=0.15($28.00)=$4.20


	
                  Thus, 15% of $28.00 is $4.20. A second method to determine a 15% tip is to determine 10% of the cost and then add to it half that amount. Following this procedure,

              



10% of pretax cost=0.10($28.00)=$2.80


	
                  Now add half of $2.80 to $2.80.

              



$2.80+$2.802=$2.80+$1.40=$4.20


	
                  To determine 20% of any number, we can multiply the number by 0.20.

              



20% of pretax cost=0.20($28.00)=$5.60


	
                  Thus, 20% of $28.00 is $5.60. A second method to determine a 20% tip is to determine 10% of the cost, as we showed in part (b), and then double this amount.

              



10% of pretax cost×2=$2.80×2=$5.60


	
                  Tips are often rounded to the nearest dollar. For more information, there are many websites dedicated to the tipping process.

              



Now try Exercise 25








Mathematics Today


Decisions, Decisions
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We deal with problem solving daily. Can we afford to take a family trip to a theme park? Which vehicle should I purchase? What shall I major in in college? The list of questions we ask ourselves daily goes on and on. To make decisions, we often need to consider and weigh many factors.


Often, different branches of mathematics are involved in our decision-making process. For example, we frequently use statistical data and consider the probability (or chance) of an event occurring or not occurring when we make decisions. Probability and statistics are two branches of mathematics covered in later chapters of the book.


For many people, problem solving is a recreational activity, as is evident by the great number of crossword puzzles and puzzle books sold daily.


Today, as you go about your daily business, keep a record of all the problem-solving decisions you need to make! If you do this conscientiously, you will be amazed at the outcome.


Why This Is Important


There are aspects of problem solving to almost every decision we make.








Technology Tip


There’s an App for That!
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Throughout this book we will be discussing many different applications of mathematics. Many of the applications can be further explored with the use of an app on your smartphone or tablet.


For example, in Example 4, we discussed calculating a tip based on the cost of a meal. There are many apps that can assist you in calculating tips at restaurants, hair salons, golf courses, airports, and other places where tipping is customary. Furthermore, if you travel to other countries, these apps can assist you in determining an appropriate tip for these locations.


Within Technology Tip boxes, we will discuss many useful apps throughout this book. You may already be aware of some of these apps. However, always consult with your instructor before using these apps when completing work related to your course.








Example 5: Gas Mileage


Davidson recently purchased a used hybrid SUV. Davidson fills his gas tank completely and writes down the odometer reading of 42,093.8 miles. The next time he stops for gas, it takes 12.3 gallons of gas to fill the tank and the odometer reading is 42,509.9 miles.



	
                  Determine the gas mileage, in miles per gallon, that Davidson’s SUV got on this tank of gas.

              

	
                  Assuming his gas mileage remains the same, determine the number of gallons of gas Davidson will need to drive to visit his sister and return home. The distance is 167.2 miles each way.

              

	
                  If gas costs $3.47 per gallon, how much will Davidson pay for the gas needed for the trip?

              




Solution


Throughout this example, when necessary, we will round answers to the nearest hundredth. When rounding answers, we will use the symbol, ≈, which can be read as “approximately equal to.”



	
                  We first determine the number of miles driven on the tank of gas by subtracting the smaller odometer reading from the larger odometer reading: 42,509.9−42,093.8=416.1 miles. Next, to determine the gas mileage, we divide the number of miles driven, 416.1 miles, by the number of gallons of gas, 12.3 gallons: 416.1÷12.3≈33.83 miles per gallon. Thus, on this tank of gas, Davidson’s SUV got approximately 33.83 miles per gallon.

              

	
                  We first determine the total number of miles driven. Since it is 167.2 miles each way, the total number of miles is 2×167.2=334.4 miles. Next, to determine the number of gallons of gas needed for this trip we divide the number of miles driven, 334.4 miles, by the gas mileage determined in part (a), 33.8 miles per gallon: 334.4÷33.83≈9.88 gallons. Thus, Davidson will need approximately 9.88 gallons of gas for his trip.

              

	
                  To determine the cost of gas, we multiply the number of gallons needed for the trip, 9.88 gallons, by the price per gallon of gas, $3.47 per gallon: 9.88×3.47≈34.28. Thus, the gas needed for the trip will cost Davidson approximately $34.28.

              




Now try Exercise 21







Many real-life problems, such as the one in Example 6, can be solved by using proportions. A proportion is a statement of equality between two ratios (or fractions). Proportions will be discussed in greater detail in Section 6.3.






        

      

    


      
        
          
Example 6: A Brine Solution


Some recipes for smoking a turkey recommend presoaking the turkey in a brine solution. To make enough brine solution to smoke a 12-pound turkey, use 16 tablespoons (tbsp) of salt in 2 gallons (gal) of water.



	
                  If you wish to make 3.5 gallons of a brine solution, how much salt is needed?

              

	
                  If you wish to make enough brine solution to soak a 20-pound turkey, how much salt is needed to make the brine solution?

              




Solution


	
                  To make 3.5 gallons of a brine solution, we need to determine how much salt is needed to mix with 3.5 gallons of water. To solve this problem, we use the information that 16 tablespoons of salt is to be mixed with 2 gallons of water. We can use this ratio to set up a proportion to solve for the unknown quantity.

              



Given ratio{16 tbsp2 gal=? tbsp3.5 gal←Item to be found←Other information given


	
                  Notice in the proportion that tablespoons and gallons are placed in the same relative positions. Often, the unknown quantity is replaced with an x. The proportion may be written as follows and solved using cross-multiplication.

              



[image: ]


	
                  Thus, 28 tbsp of salt must be used to make 3.5 gal of a brine solution. This answer seems reasonable, since we would expect to get an answer greater than 16 tbsp.

              



	
                  To answer this question, we use the same procedure discussed in part (a). This time, we will use the information that a 12-lb turkey requires 16 tbsp of salt. The pounds may be placed in either the top or bottom of the fraction, as long as they are placed in the same relative position.

              



Given ratio {12 lb16 tbsp=20 lb? tbsp←Other information given←Item to be found


	
                  Now replace the question mark with an x and solve the proportion.

              



[image: ]


	
                  Thus, about 26.67 tbsp of salt are needed to make enough brine solution for a 20-lb turkey. This answer is reasonable because we would expect the answer to be more than the 16 tbsp of salt required for a 12-lb turkey.

              



Now try Exercise 45








Recreational Math


East Meets West: Magic Squares



          
          
              
                        [image: An illustration shows a tortoise emerging from a river. Below it, a 3-by-3 magic square is shown. The numbers in the top row are 4, 3, and 8, the numbers in the middle row are 9, 5, and 1, and the numbers in the bottom row are 2, 7, and 6.] 
              

          

          

          
            
          

        

A Chinese myth says that in about 2200 B.C., a divine tortoise emerged from the Yellow River. On his back was a special diagram of numbers from which all mathematics was derived. The Chinese called this diagram Lo Shu. The Lo Shu diagram is the first known magic square.


Arab traders brought the Chinese magic square to Europe during the Middle Ages, when the plague was killing millions of people. Magic squares were considered strong talismans against evil, and possession of a magic square was thought to ensure health and wealth. For more magic square problems, see Exercises 51–54.







Most of the problems solved so far have been practical ones. Many people, however, enjoy solving brainteasers. One example of such a puzzle follows.







Example 7: Magic Squares


A magic square is a square array of distinct numbers such that the numbers in all rows, columns, and diagonals have the same sum. Use the digits 1, 2, 3, 4, 5, 6, 7, 8, and 9 to construct a magic square.


Solution


The first step is to create a figure with nine cells, as in Fig. 1.2(a). We must place the nine numbers in the cells so that the same sum is obtained in each row, column, and diagonal. Common sense tells us that 7, 8, and 9 cannot be in the same row, column, or diagonal. We need some small and large numbers in the same row, column, and diagonal. To see a relationship, we list the numbers in order:


[image: box enclose 1 end enclose comma 2 comma 3 comma 4 comma box enclose 5 end enclose comma 6 comma 7 comma 8 comma box enclose 9 end enclose]


Note that the middle number is 5 and the smallest and largest numbers are 1 and 9, respectively. The sum of 1, 5, and 9 is 15. If the sum of 2 and 8 is added to 5, the sum is 15. Likewise 3, 5, 7, and 4, 5, 6 have sums of 15. We see that in each group of three numbers the sum is 15 and 5 is a member of the group.



          
          
                Figure 1.2
                 
              

            
          
              
                        [image: An illustration shows the creation of a 3-by-3 magic square in four steps.] 
              

          

          

          
                          There are 9 cells in the magic square.

Step (a): Row 1: Blank. Row 2: Column 1: 9. Column 2: 5; highlighted. Column 3: 1. Row 3: blank.

Step (b): Row 1: Column 1: blank. Column 2: blank. Column 3: 8; highlighted. Row 2: Column 1: 9. Column 2: 5. Column 3: 1. Row 3: Column 1: 2; highlighted. Column 2: blank. Column 3: blank.

Step (c): Row 1: Column 1: 4; highlighted. Column 2: blank. Column 3: 8. Row 2: Column 1: 9. Column 2: 5. Column 3: 1. Row 3: Column 1: 2. Column 2: blank. Column 3: 6; highlighted.

Step (d): Row 1: Column 1: 4. Column 2: 3; highlighted. Column 3: 8. Row 2: Column 1: 9. Column 2: 5. Column 3: 1. Row 3: Column 1: 2. Column 2: 7; highlighted. Column 3: 6.
      
    
          

        

Because 5 is the middle number in the list of numbers, place 5 in the center square. Place 9 and 1 to the left and right of 5, as in Fig. 1.2(a). Now we place the 2 and the 8. The 8 cannot be placed next to 9 because 8+9=17, which is greater than 15. Place the smaller number 2 next to the larger number 9. We elected to place the 2 in the lower left-hand cell and the 8 in the upper right-hand cell, as in Fig. 1.2(b). The sum of 8 and 1 is 9. To arrive at a sum of 15, we place 6 in the lower right-hand cell, as in Fig. 1.2(c). The sum of 9 and 2 is 11. To arrive at a sum of 15, we place 4 in the upper left-hand cell as in Fig. 1.2(c). Now the diagonals 2, 5, 8, and 4, 5, 6 have sums of 15. The numbers that remain to be placed in the empty cells are 3 and 7. Using arithmetic, we can see that 3 goes in the top middle cell and 7 goes in the bottom middle cell, as in Fig. 1.2(d). A check shows that the sum of the numbers in all the rows, columns, and diagonals is 15.


Now try Exercise 51







The solution to Example 7 is not unique. Other arrangements of the nine numbers in the cells will produce a magic square. Also, other techniques of arriving at a solution for a magic square may be used. In fact, the process described will not work if the number of squares is even, for example, 16 instead of 9. Magic squares are not limited to the operation of addition or to the set of counting numbers.








Animation﻿



Magic Squares







        

      

    

              
                
                  
                  
                  

                

              


          
            
      
        
          

Section 1.3: Exercises


Practice the Skills/Problem Solving





Throughout this Exercise set, when necessary, round your answer to the nearest hundredth.






	
                  Reading a Map The scale on a map is 1 inch=12 miles. How long a distance is a route on the map if it measures 4.25 in.?

              

	
                  Blueprints Tony, an architect, is designing a new enclosure for the giraffes at a zoo. The scale of his plan is 1 in.=2.5 yd. He draws a 22.4-in. line on the blueprint to represent the northern boundary of the enclosure. What actual distance does this boundary line represent?

              





	
                  Height of a Tree At a given time of day, the ratio of the height of an object to the length of its shadow is the same for all objects. If a 3-ft stick in the ground casts a shadow of 1.2 ft, determine the height of a tree that casts a shadow that is 15.36 ft.

              

	
                  Height of a Wind Turbine See Exercise 3. A 6-foot-tall person casts a 2-foot shadow while a wind turbine casts a 95-foot shadow. Determine the height of the wind turbine.

              








          
          
              
                        [image: A photograph of windmills is shown.] 
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                  Sales Tax Quan purchased four tickets to see Luke Bryan at the Ryman Auditorium in Nashville. The tickets cost $113 each plus tax. The sales tax rate in Nashville is 9.25%. Determine the total price Quan paid for the four tickets.

              

	
                  Sales Tax Michelle purchased two tickets to see Kendrick Lamar at the Hollywood Bowl in Los Angeles. The tickets cost $187 each plus tax. The sales tax rate in Los Angeles is 9.5%. Determine the total price Michelle paid for the two tickets.

              

	
                  Landscaping Mulch Clarence estimates that he will need enough mulch to cover 165 ft2 in his flower beds. One bag of mulch covers an area of about 12 ft2 and only whole bags may be purchased. The mulch costs $3.97 per bag plus 7% sales tax.


	
                  How many bags of mulch will Clarence need to buy?

              

	
                  What will be the cost of the mulch before tax?

              

	
                  What will be the total cost, including sales tax?

              



              

	
                  Playground Mulch Imani estimates that she will need enough playground mulch to cover 184 ft2 under her children’s swing set. One bag of playground mulch covers an area of about 3 ft2 and only whole bags may be purchased. The mulch costs $6.98 per bag plus 9% sales tax.


	
                  How many bags of playground mulch will Imani need to buy?

              

	
                  What will be the cost of the playground mulch before tax?

              

	
                  What will be the total cost, including sales tax?

              



              




	
How Americans Spend Their Money The following circle graph shows the percent of Americans’ net monthly income spent on housing, transportation, food, insurance/retirement, healthcare, and entertainment/miscellaneous.








          
          
              
                        [image: A pie chart depicts the How Americans Spend Their Money.] 
              

          

          Source: BLS.gov



          
                          The pie chart is divided into six segments. Entertainment or Miscellaneous, 17.0 percent. Healthcare, 8.4 percent. Housing, 34.9 percent. Insurance or Retirement, 11.8 percent. Food, 11.9 percent. Transportation, 16.0 percent.
      
    
          

        



	
                  Martha has a net monthly income of $2600. Assume this graph applies to Martha.

              





	
	How much more money per month does Martha spend on transportation than on food?


	How much more money per month does Martha spend on housing than on healthcare?









	
                  Bachelor’s Degrees The following circle graph shows the percent of bachelor’s degrees awarded in 2020 in business, health professions, social sciences and history, psychology, engineering, and other fields in the United States. In 2020, the number of bachelor’s degrees awarded was 2,038,431.

              






          
          
              
                        [image: A pie chart depicts the Bachelor’s Degrees Awarded in 2020.] 
              

          

          Source: Ed.gov



          
                          The pie chart is divided into six segments. The details of the pie chart are as follows: Other, 48.3 percent. Business, 19 percent. Health Professions, 12.6 percent. Social Sciences, 7.9 percent. Psychology, 5.9 percent. Engineering, 6.3 percent.
      
    
          

        



	
	How many more bachelor’s degrees were awarded in business than in health professions?


	How many more bachelor’s degrees were awarded in engineering than in psychology?











	
                  Golf Balls Reid is given a $100 gift certificate to a golf shop and wishes to purchase the maximum number of golf balls that he can. A 12-pack of golf balls can be purchased for $14 and a 24-pack of golf balls can be purchased for $21.


	
                  What is the maximum number of golf balls that Reid can purchase for $100 or less?

              

	
                  If the maximum number of golf balls is purchased in the most economical way, how much will the golf balls cost?

              



              

	
                  Ordering Pizza Sofia is ordering pizza at her friend’s birthday party. She collects $87 from the attendees. At Pizza Paradise a medium pizza sells for $10 and has 8 slices. A large pizza sells for $14 and has 12 slices. Assume all the slices are the same size and that only entire pizzas may be ordered.


	
                  Determine the maximum number of slices of pizza that Sofia can purchase for $87 or less.

              

	
                  If the maximum number of slices is purchased in the most economical way, how much will the pizza cost?

              



              

	
                  Home Theater System Jackson wants to purchase a home theater system that sells for $2500. Either he can pay the total amount at the time of purchase or he can agree to pay $250 down and $130 a month for 18 months. How much money can he save by paying the total amount at the time of purchase?

              

	
                  Scooter Will wants to purchase a new scooter that sells for $2800. He can either pay the total amount at the time of purchase or he can agree to pay $560 down and $55 per month for 48 months. How much money can Will save by paying the total amount at the time of purchase?

              





	
                  Buying a House The Browns want to purchase a house that costs $150,000. They plan to take out a $120,000 mortgage on the house and put $30,000 as a down payment. The bank informs them that with a 15-year mortgage their monthly payment would be $887.63 and with a 30-year mortgage their monthly payment would be $572.90. Determine the amount they would save on the cost of the house if they selected the 15-year mortgage rather than the 30-year mortgage.

              

	
                  Car Loan Horace wants to purchase a new Ford F-150 Lightning truck that costs $54,000. He pays $20,000 down and borrows the $34,000 balance from his credit union. If Horace borrows the money for 4 years, his monthly payment will be $795. If Horace borrows the money for 5 years, his monthly payment will be $650. Determine the amount of money Horace would save by borrowing the balance for 4 years rather than 5 years.

              

	
                  Getting a 90 Average Carissa’s first four test grades are 88, 96, 91, and 83. What grade must Carissa earn on the fifth test to have a 90 average?

              

	
                  Getting an 80 Average On four exams, Wallace’s grades were 79, 93, 91, and 68. What grade must he obtain on his fifth exam to have an 80 average?

              




	
                  Energy and Exercise The following table gives the approximate energy values of some foods, in kilojoules [image: open parentheses kJ close parentheses], and the energy requirements of some activities.

              




          
          
              
                        [image: A table shows the energy value of the listed food items and the energy consumption of the listed activities.] 
              

          

          

          
                          

	Food
	Energy Value (Kilojoule)
	Activity
	Energy Consumption (Kilojoule per min)



	Chocolate milkshake
	2200
	Walking
	25



	Fried egg
	460
	Cycling
	35



	Hamburger
	1550
	Swimming
	50



	Strawberry shortcake
	1400
	Running
	80



	Glass of skim milk
	350
	
	



      
    
          

        




	
	How soon would you use up the energy from a fried egg by walking?


	How soon would you use up the energy from a hamburger by swimming?


	How soon would you use up the energy from a piece of strawberry shortcake by cycling?


	How soon would you use up the energy from a chocolate milkshake by running?










	
                  Energy and Exercise Refer to the table given in Exercise 19.


	
                  For breakfast, Laila ate a fried egg and drank a glass of skim milk. How long would it take for her to use up the energy from her breakfast by cycling?

              

	
                  For dessert, Javier ate a piece of strawberry shortcake and drank a chocolate milkshake. How long would it take for him to use up the energy from his dessert by swimming?

              

	
                  For lunch, Desmond ate a hamburger and drank a glass of skim milk. How long would it take for him to use up the energy from his lunch by walking?

              

	
                  For dinner, Talia ate a hamburger and drank a chocolate milkshake. How long would it take for her to use up the energy from her dinner by running?

              



              




	
                  Gas Mileage Choi fills his car’s gas tank completely and writes down the odometer reading of 102,477.1 miles. The next time he stops for gas, it takes 14.2 gallons of gas to fill the tank and the odometer reading is 102,910.2 miles.

              

	
	Determine the gas mileage, in miles per gallon, that Choi’s car got on this tank of gas.


	Assuming his gas mileage remains the same, determine the number of gallons of gas Choi will need to drive to and from a teacher’s conference—a trip that is 115 miles each way.


	If gas costs $3.29 pergallon, how much will Choi pay for the gas needed for the trip?





	
                  Gas Mileage Tyler fills his truck’s gas tank completely and writes down the odometer reading of 72,257.8 miles. The next time he stops for gas, it takes 19.2 gallons of gas to fill the tank and the odometer reading is 72,555.4 miles.


	
                  Determine the gas mileage, in miles per gallon, that Tyler’s truck got on this tank of gas.

              

	
                  Assuming his gas mileage remains the same, determine the number of gallons of gas Tyler will need to drive to and from the State Fair—a trip that is 124 miles each way.

              

	
                  If gas costs $4.23 per gallon, how much will Tyler pay for the gas needed for the trip?

              



              




	
                  Mail-Order Purchase Fatima purchased 4 tires by mail order. She paid $52.80 per tire plus $5.60 per tire for shipping and handling. There is no sales tax on this purchase because the tires were purchased out of state. She also had to pay $8.56, including tax, per tire for mounting and balancing. At a local tire store, her total for the 4 tires with mounting and balancing would be $324 plus an 8% sales tax. How much did Mary save by purchasing the tires through the mail?

              



	
                  Rain or Snow A plane is flying at an altitude of 15,000 ft, where the temperature is −6°F. The nearby airport, at an altitude of 3000 ft, is reporting precipitation. If the temperature increases 2.4°F for every 1000-ft decrease in altitude, will the precipitation at the airport be rain or snow? Assume that rain changes to snow at 32°F.

              




	
                  Tax and Tip The cost of the Majewskis’ meal before tax and tip is $56.28.

              

	
	Determine the cost of the meal including a 7.5% tax.


	If the Majewskis wish to give their waiter a 20% tip on the pretax cost of the meal, determine the amount of the tip.


	Determine the entire cost of the Majewskis’ meal, including the tax and the tip.





	
                  Hotel Tax The cost of a hotel room in Center City is $175 per night plus an 8.5% sales tax. A tourist surcharge of $75 per night is also charged but the surcharge is not subject to the sales tax. The Crenshaws stay at the hotel for three nights.


	
                  Determine the cost of the hotel prior to taxes and surcharges.

              

	
                  Determine the cost of the sales tax.

              

	
                  Determine the cost of the surcharge.

              

	
                  Determine the Crenshaws’ total cost for staying the three nights.

              



              

	
                  Wasted Water A faucet leaks 1 oz of water per minute.


	
                  How many gallons of water are wasted in a year? (A gallon contains 128 oz.)

              

	
                  If water costs $11.20 per 1000 gal, how much additional money is being spent on the water bill?

              



              

	
                  Leaking Faucet A faucet is leaking at a rate of one drop of water per second. Assume that the volume of one drop of water is 0.1 cubic centimeter (0.1 cm3).


	
                  Determine the volume of water in cubic centimeters lost in 1 year.

              

	
                  How many days would it take to fill a rectangular basin 30 cm by 20 cm by 20 cm?﻿

              



              

	
                  Tire Pressure When a car’s tire pressure is 30 pounds per square inch [image: open parentheses psi close parentheses], it averages 20.8 mpg of gasoline. If the tire pressure is increased to 35 psi, the car averages 21.6 mpg of gasoline.


	
                  If Mr. Levy drives an average of 20,000 mi per year, how many gallons of gasoline will he save in a year by increasing his tire pressure from 30 to 35 psi

              

	
                  If gasoline costs $3.00 per gallon, how much will he save in a year?

              

	
                  If we assume that there are about 140 million cars in the United States and that these changes are typical of each car, how many gallons of gasoline would be saved if all drivers increased their cars’ tire pressure?

              



              

	
                  Off-Site Airport Parking Fiona is flying out of town for business. She can park her car in the long-term parking lot at the airport for $30 per day, or she can park her car at an off-site location, Park N Fly, for $17.95 per day. The tax rate for parking at the airport is 9.5%, and the tax rate for parking at Park N Fly is 8.75%. Fiona plans to be gone for 6 days.


	
                  Determine Fiona’s total cost, including tax, to park her car in the long-term parking lot at the airport for the 6 days.

              

	
                  Determine Fiona’s total cost, including tax, to park her car at Park N Fly for the 6 days.

              

	
                  How much money can Fiona save by parking at Park N Fly instead of the long-term parking at the airport?

              



              

	
                  Adjusting for Inflation Assume that the rate of inflation is 5% per year for the next 2 years. If a gallon of milk today costs $4.29, what will a gallon of milk cost in 2 years?

              

	
                  Investing  You place $1000 in a mutual fund. The first year, the value of the fund increases by 10%. The second year, the value of the fund decreases by 10%. Determine the value of the fund at the end of the second year. Is it greater than, less than, or equal to your initial investment?

              

	
                  X-rays With a certain medical insurance policy, the customer must first pay an annual $100 deductible, and then the policy covers 80% of the cost of X-rays remaining after the deductible. The first insurance claims for a specific year submitted by Yungchen are for two X-rays. The first X-ray cost $720, and the second X-ray cost $980. How much, in total, will Yungchen need to pay for these X-rays?

              

	
                  Dental Plan Without insurance, dental office visits cost patients $130, dental X-rays cost $215, and fluoride treatments cost $55. With Holly’s dental insurance plan, she pays a $25 co-pay per dental office visit. The plan also pays 90% of the cost of X-rays and 80% of the cost of fluoride treatments.


	
                  How much would the dental office visit, including X-rays and fluoride treatment, cost Holly if she did not have insurance?

              

	
                  How much would the same visit cost Holly if she is using her insurance plan?

              



              




	
                  Purchasing Flashlights The manager of a Louisiana hardware store is stocking up on heavy-duty flashlights prior to the start of hurricane season. One supplier is selling boxes of 20 flashlights for $240, and a second supplier is selling boxes of 12 flashlights for $180. Only complete boxes can be purchased, and the manager can purchase flashlights from either or both suppliers.


	
                  Determine the maximum number of flashlights that can be purchased for $425. Indicate how many boxes of 20 and how many boxes of 12 will be purchased.

              

	
                  What is the total price for the flashlights purchased?

              



              




	
                  Purchasing Flashlights Refer to Exercise 35.


	
                  Determine the maximum number of flashlights that can be purchased for $1100. Indicate how many boxes of 20 and how many boxes of 12 will be purchased.

              

	
                  How much will the flashlights cost?

              



              

	
                  One Square Foot How many square inches, 1 in. by 1 in., fit in an area of 1 square foot, 1 ft by 1 ft?﻿

              

	
                  Cubic Inches How many cubic inches fit in 1 cubic foot?

              

	
                  Rectangle If the length and width of a rectangle each double, what happens to the area of the rectangle?

              

	
                  A Square Partition A 20 ft by 20 ft carpet is partitioned into 5 ft by 5 ft squares. How many squares will there be?

              

	
                  Cube If the length, width, and height of a cube all double, what happens to the volume of the cube?

              

	
                  Pole in a Lake A pole is in the middle of a small lake. One half of the pole is in the ground. One third of the pole is covered by water. Eleven feet, or one sixth, of the pole are out of water. What is the length of the pole?

              





          
          
              
                        [image: An illustration shows a pole in the middle of a lake. 1 divided by 2 portion of the pole is below the ground, another 1 divided by 3 portion is below the water, and the remaining 1 divided by 6 portion of the pole is above the water.] 
              

          

          

          
            
          

        







        

      

    


      
        
          

	
                  Vegan Chili Kathleen’s recipe for vegan chili calls for, among other ingredients, 3 teaspoons (tsp) chili powder and 14 tsp of cayenne pepper. The recipe produces 6 servings.


	
                  If Kathleen wishes to only make 4 servings, determine how much chili powder and how much cayenne pepper she should include in the modified recipe.

              

	
                  If Kathleen would like to make more than 6 servings, but only has 5 tsp of chili powder, how many servings of chili can she make?

              



              

	
                  Guacamole Anthony’s recipe for guacamole calls for, among other ingredients, 4 avocados, 1 tablespoon (tsp) of chopped garlic and 5 tbs of chopped red onion.

              







          
          
              
                        [image: A photograph of a bowl filled with Guacamole is shown. A half-sliced avocado, a half-sliced lemon, and a tomato are placed around the bowl.] 
              

          

          Asife/Shutterstock



          
            
          

        



	
	If Anthony only has 3 avocados, determine how much chopped garlic and chopped red onion he should include in the modified recipe.


	If Anthony has 6 avocados and wishes to make a larger batch of guacamole, determine how much chopped garlic and chopped red onion he should include in the modified recipe.









	
                  A Balance On the following balance, where should the one missing block

              






          
          
              
                        [image: The figure illustrates a block that is represented by a small square.] 
              

          

          

          
            
          

        



	
                  be placed so that the balance would balance on the triangle (the fulcrum)? Assume that each block has the same weight.

              






          
          
              
                        [image: An illustration shows a balance with numbering from negative 6 to 6 in increments of 1 unit and it is balanced at 0. One block is placed at negative 6, two blocks are placed at negative 2, and single blocks are at 2, 3, and 6, respectively.] 
              

          

          

          
            
          

        




	
                  Palindromes A palindrome is a number (or word) that reads the same forward and backward. The numbers 1991 and 43234 are examples of palindromes. How many palindromes are there between the numbers 2000 and 3000? List them.

              

	
                  Telephone Number Words Following is a photo of the keyboard of a phone.

              







          
          
              
                        [image: A photo shows a keypad in a telephone that is arranged in four rows and three columns.] 
              

          

          Pakhay/123RF



          
                          The following are on each key inside the keypad: Row 1: Column 1: 1. Column 2: 2, A, B, C. Column 2: 3, D, E, F. Row 2: Column 1: 4, G, H, I. Column 2: 5, J, K, L. Column 2: 6, M, N, O. Row 3: Column 1: 7, P, Q, R, S. Column 2: 8, T, U, V. Column 2: 9, W, X, Y, Z. Row 4: Column 1: Asterisk. Column 2: 0. Column 2: Hash.
      
    
          

        



	
                  Certain businesses like to use a word to help people remember their phone number. For example, a doctor’s office may use the word medical to represent its phone number, which would be 633-4225, or a shoe company may use the word running to represent its phone number, which would be 786-6464. Following are two numbers. Each number can be represented as a word that signifies something related to that business. Determine the words.

              





	
	
733-7374 (Hint: could be used by a soft drink company)


	
967-5688 (Hint: could be used by a gym/fitness center)









	
                  Tracing a Figure Try to retrace the figure without lifting your pencil from the paper or retracing a line. It can be done, but you need to begin at certain locations. We will discuss problems of this type in Chapter 13.

              






          
          
              
                        [image: An illustration shows 3 triangles two of which share a side and two of which share a single point.] 
              

          

          

          
                          In left-right sequence, they are:

The first triangle is equilateral.

The second triangle has an upper horizontal base and the side adjacent to the base is shown along with the right side of the first triangle. The third triangle has an upper horizontal base, whose left end touches the right end of the base of the second triangle. The second and third triangles are similar.
      
    
          

        




	
                  Numbers in Circles Place the numbers 1 through 6 in the following circles so that the sum along each of the three straight lines is the same. Each number must be used exactly once. (Note: There is more than one correct answer.)

              




          
          
              
                        [image: A diagram shows a triangle with a small circle at each of its vertices and mid-points of the three sides.] 
              

          

          

          
            
          

        








	
                  Cuts in Cheese If you make the three complete cuts in the cheese as shown, how many pieces of cheese will you have?

              




          
          
              
                        [image: A diagram shows a cylindrical block of cheese with 3 cuts.] 
              

          

          

          
                          One cut goes through the center. The other two cuts are angled through the side. One of the angles goes up and right and the other goes down and left. The angled cuts cross each other on the side of the cheese.
      
    
          

        


	
                  Magic Square Create a magic square by using the numbers 2, 4, 6, 8, 10, 12, 14, 16, and 18. The sum of the numbers in every column, row, and diagonal must be 30.

              

	
                  Magic Square Create a magic square by using the numbers 3, 4, 5, 6, 7, 8, 9, 10, and 11. The sum of the numbers in every column, row, and diagonal must be 21.

              




In Exercises 53–55, use the three magic squares illustrated to obtain the answers.



          
          
              
                        [image: An illustration shows three 3-by-3 magic squares.] 
              

          

          

          
                          The arrangements of numbers in the 3 squares are described below.

First magic square:

Row 1: 8, 1, 6.

Row 2: 3, 5, 7.

Row 3: 4, 9, 2.

Second magic square:

Row 1: 3, 2, 7.

Row 2: 8, 4, 0.

Row 3: 1, 6, 5.

Third magic square:

Row 1: 10, 9, 14.

Row 2: 15, 11, 7.

Row 3: 8, 13, 12.
      
    
          

        

	
                  Magic Square Examine the 3 by 3 magic squares and determine the sum of the four corner entries of each magic square. How can you determine the sum by using a key number in the magic square?

              




	
                  Magic Square For a 3 by 3 magic square, how can you determine the sum of all the numbers in the square by using a key value in the magic square?

              

	
                  Dominos Consider a domino with six dots as shown. Two ways of connecting the three dots on the left with the three dots on the right are illustrated. Using three lines, in how many ways can the three dots on the left be connected with the three dots on the right?

              





          
          
              
                        [image: An illustration shows three dominos, each with 2 columns of 3 dots.] 
              

          

          

          
                          The first domino has no lines. The second has horizontal lines that connect the left-column dots to their corresponding right-column dots. The third domino has lines that connect the column 1, row 1 dot to the column 2, row 3 dot. The column 1, row 2 dot connects to the column 2, row 1 dot. The column 1, row 3 dot connects to the column 2, row 2 dot.
      
    
          

        

	
                  Stack of Cubes Identical cubes are stacked in the corner of a room as shown. How many of the cubes are not visible?

              




          
          
              
                        [image: An illustration shows stacked cubes that are 5 levels high.] 
              

          

          

          
                          There are five cubes in the bottom row, 4 in the second row, 3 in the third row, 2 in the fourth row, and a single cube in the top (fifth row).
      
    
          

        

	
                  Consecutive Digits Place the digits 1 through 8 in the eight boxes so that each digit is used exactly once and no two consecutive digits touch horizontally, vertically, or diagonally.

              




          
          
              
                        [image: A figure shows a set of eight rectangular boxes. 6 of them form a grid of 3 columns and 2 rows. One box is placed on top of the middle box of the first row and another box is placed below the middle box of the second row.] 
              

          

          

          
            
          

        

	
                  Handshakes All Around Five salespeople gather for a sales meeting. How many handshakes will each person make if each must shake hands with each of the four others?

              








        

      

    


      
        
          
Challenge Problems/Group Activities





	
                  Income Taxes Following is the federal income tax rate schedule for a person filing a single return in 2023.

              




          
          
              
                        [image: A table lists the taxes for seven taxable income ranges.] 
              

          

          Source: IRS.gov



          
                          The table consists of 2 columns and 7 rows. The headings of the columns are as follows: Column 1, Taxable Income. Column 2, Taxes. The row entries are as follows: Row 1: Column 1, 0 dollar to 11,000 dollars. Column 2, 10 percent of taxable income. Row 2: Column 1, 11,001 dollars to 44,725 dollars. Column 2, 1100 dollars plus 12 percent of the amount over 11,000 dollars. Row 3: Column 1, 44,726 dollars to 95,375 dollars. Column 2, 5147 dollars plus 22 percent of the amount over 44,725 dollars. Row 4: Column 1, 95,376 dollars to 182,100 dollars. Column 2, 16,290 dollars plus 24 percent of the amount over 95,375 dollars. Row 5: Column 1, 182,101 dollars to 231,250 dollars. Column 2, 37,104 dollars plus 32 percent of the amount over 182,100 dollars. Row 6: Column 1, 231,251 dollars to 578,125 dollars. Column 2, 52,832 dollars plus 35 percent of the amount over 231,250 dollars. Row 7: Column 1, 578,126 dollars or more. Column 2, 174,238.25 dollars plus 37 percent of the amount over 578,125 dollars.
      
    
          

        




	
	Horace works as a waiter and earned $10,256 in taxable income in 2023. Determine the federal income taxes Horace must pay.


	Shelby works as an auto mechanic and earned $63,478 in taxable income in 2023. Determine the federal income taxes Shelby must pay.










	
                  Income Taxes Refer to the table given in Exercise 59.


	
                  Destani works as a restaurant manager and earned $37,851 in taxable income in 2023. Determine the federal taxes Destani must pay.

              

	
                  Katina is a real estate broker and earned $671,425 in taxable income in 2023. Determine the federal taxes Katina must pay.

              



              

	
                  Income Taxes  Refer to the table given in Exercise 59.


	
                  Shenile works as a student tutor and paid $876 in federal taxes in 2023. Determine Shenile’s taxable income.

              

	
                  Logan works as a caddy at a golf course and paid $2017.50 in federal taxes in 2023. Determine Logan’s taxable income.

              



              

	
                  Income Taxes  Refer to the table given in Exercise 59.


	
                  Desmond works as middle school teacher and paid $7132.28 in federal taxes in 2023. Determine Desmond’s taxable income.

              

	
                  Yasmine works as an electrical engineer and paid $46,721 in federal taxes in 2023. Determine Yasmine’s taxable income.

              



              

	
                  A Grid  Place five 1’s, five 2’s, five 3’s, five 4’s, and five 5’s in a 5×5 grid so that each digit—that is, 1, 2, 3, 4, 5 —appears exactly once in each row and exactly once in each column.

              

	
                  Insurance Policies  Ray owns two cars (a Ford Mustang and a Ford Focus), a house, and a rental apartment. He has auto insurance for both cars, a homeowner’s policy, and a policy for the rental property. The costs of the policies are

              







	
	Mustang: $1648 per year


	Focus: $1530 per year


	Homeowner’s: $640 per year


	Rental property: $750 per year





	
                  Ray is considering taking out a $1 million personal umbrella liability policy. The annual cost of the umbrella policy would be $450. If he has the umbrella policy, he can lower the limits on parts of his auto policies and still have equal or better protection. If Ray purchases the umbrella policy, he can reduce his premium on the Mustang by $90 per year and his premium on the Focus by 12%. If he purchases the umbrella policy and reduces the amount he pays for auto insurance, what is the net amount he is actually paying for the umbrella policy?

              






	
                  Musicians Jaquan, Cindy, and Mark are musicians. One plays the guitar, one plays the saxophone, and one plays the drums. They live in three adjacent houses on Lake View Drive. From the following information, determine who plays the drums. (Hint: A table may be helpful.)

              





	
	Mark does not play the guitar.


	Jaquan plays the guitar, but does not play the saxophone.


	The saxophone player and drummer live next to each other.


	Three years ago, Cindy broke her wrist playing the drums and has not played them since.


	Mark lives in the last house.


	The saxophone player and the guitar player share a common backyard swimming pool.









	
                  Counting Triangles How many triangles are in the figure?

              






          
          
              
                        [image: A big square is divided into 4 smaller squares. Each of the smaller squares has 2 intersecting diagonals.] 
              

          

          

          
            
          

        



	
                  Area of a Rectangle Rectangle ABCD is made up entirely of squares. The black square has a side of 1 unit. Determine the area of rectangle ABCD.

              






          
          
              
                        [image: The figure illustrates a rectangle A B C D, which is divided into eight unequal smaller squares.] 
              

          

          

          
                          The rectangle is initially divided into two sections vertically. The left one is a square (shaded in blue) and the right one is a vertical rectangle. The vertical rectangle is divided into two sections horizontally. The lower one is a square (shaded in pink) and the upper one is a horizontal rectangle. This horizontal rectangle is divided into two sections vertically. The right one is a square (shaded in green) and the left one is a vertical rectangle. This vertical rectangle is divided into two sections horizontally. The upper one is a square (shaded in peach) and the lower one is a horizontal rectangle. This horizontal rectangle is divided into two sections vertically. The right one is a square (shaded in light blue) and the left one is a vertical rectangle. This vertical rectangle is divided into two sections horizontally. The upper one is a square (shaded in yellow) and the lower one is a horizontal rectangle. This horizontal rectangle is divided into two equal squares (shaded in brown and black).
      
    
          

        



	
                  Boxes of Fruit There are three boxes on a table, each with a label. Thomas knows that one box contains grapes, one box contains cherries, and the third box contains both grapes and cherries. He also knows that the three labels used—grapes, cherries, and grapes and cherries—were mixed up and that none of the boxes received the correct label. He opens just one box and, without looking into the box, takes out one piece of fruit. He looks at the fruit and immediately labels all the boxes correctly. Which box did Thomas open? How did he know how to correctly label the boxes?

              








        

      

    


      
        
          
Research Activities




	
                  Puzzles Many fun and interesting puzzle books and magazines are available. Using this chapter and puzzle books as a guide, construct five of your own puzzles and present them to your instructor.

              








        

      

    

              
                
                  
                  
                  

                

              


          
            
      
        
          
Chapter 1 Summary



          
          
              
                        [image: A table with two columns lists the facts and concepts and example and discussions.] 
              

          

          

          
                          

	Important Facts and Concepts
	Examples and Discussion



	Section 1.1
	



	The natural numbers or counting numbers are 1, 2, 3, 4, ellipsis
	Examples 1, 2, 4, 5, pages 2 to 5



	A conjecture is a prediction based on specific observations.
	Example 4, page 4



	A counterexample is a special case that satisfies all the conditions of a conjecture but proves the conjecture false.
	Discussion page 5



	Inductive reasoning is the process of reasoning to a general conclusion through observations of specific cases.
	Examples 1 to 4, pages 2 to 4



	Deductive reasoning is the process of reasoning to a specific conclusion from a general statement.
	Example 5, page 5



	Section 1.2
	



	Estimation is the process of arriving at an approximate answer to a question.
	Examples 1 to 7, pages 10 to 14



	Section 1.3
	



	Guidelines for Problem Solving
	Discussion page 22



	1. Understand the problem.
	Examples 1 to 7, pages 21 to 28



	2. Devise a plan to solve the problem.
	



	3. Carry out the plan.
	



	4. Check the results.
	



      
    
          

        






        

      

    

              
                
                  
                  
                  

                

              


          
            
      
        
          
Chapter 1 Test Your Understanding













        

      

    

              
                
                  
                  
                  

                

              


          
            
      
        
          Chapter 1 Review Exercises








1.1


In Exercises 1–8, use inductive reasoning to predict the next three numbers or figures in the pattern.



	
                  3, 8, 13, 18, …

              

	
                  28, 25, 22, 19, …

              

	
                  4, −8, 16, −32, …

              

	
                  5, 7, 10, 14, 19, …

              

	
                  25, 24, 22, 19, 15, …

              

	
                  6, 3, 32, 34, …

              








	





          
          
              
                        [image: A pattern shows 4 shapes, each with a line from the center to one of the sides or boundary.] 
              

          

          

          
                          In left-right sequence, they are:

A circle with a line from the top boundary to the center.

A square with a line from the right side to the center.

A circle with a line from the bottom boundary to the center.

A square with a line from the left side to the center and ellipsis.
      
    
          

        









	
                  
              





          
          
              
                        [image: The figure illustrates a series of patterns including five shapes.] 
              

          

          

          
                          Starting from the left, the shapes are as follows. The first shape includes a small circle inside a square with 4 line segments drawn away from the corners of the square. The second shape includes a small square inside a large square with 4 line segments drawn away from the corners of the square and four line segments positioned horizontally and vertically on the square edges. The third shape includes a small triangle inside a square with 4 line segments drawn away from the corners of the square. The fourth shape includes a small circle inside a square with 4 line segments drawn away from the corners of the square and four line segments positioned horizontally and vertically on the square edges. The fifth shape includes a small square inside a large square with 4 line segments drawn away from the corners of the square. An ellipsis denotes the continuation of the pattern series.
      
    
          

        





	
                  Pattern Examine the following grid for a pattern and then select the answer which completes the pattern. (Hint: Think about rotating groups of four squares at a time.)

              




          
          
              
                        [image: A figure shows a big square grid pattern with an empty quadrant and four options of patterned smaller grids that will fit in the fourth quadrant to complete the larger pattern.] 
              

          

          

          
                          The big square grid pattern is a 4-by-4 grid that shows the following arrangement:

Row 1: purple circle; orange circle; orange circle; orange circle

Row 2: yellow circle; orange circle; purple circle; yellow circle

Row 3: orange circle; yellow circle; blank; blank

Row 4: orange circle; purple circle; blank; blank

The options are 2-by-2 grids that show the following arrangements.

Option a:

Row 1: yellow circle; orange circle

Row 2: orange circle; purple circle

Option b:

Row 1: orange circle; orange circle

Row 2: purple circle; purple circle

Option c:

Row 1: yellow circle; purple circle

Row 2: orange circle; orange circle

Option d:

Row 1: purple circle; yellow circle

Row 2: orange circle; orange circle
      
    
          

        


	
                  Pick any number and multiply the number by 10. Add 5 to the product. Divide the sum by 5. Subtract 1 from the quotient.


	
                  What is the relationship between the number you started with and the final number?

              

	
                  Arbitrarily select some different numbers and repeat the process. Record the original number and the results.

              

	
                  Make a conjecture about the original number and the final number.

              

	
                  Prove, using deductive reasoning, the conjecture you made in part (c).

              



              

	
                  Pick any number between 1 and 20. Add 5 to the number. Multiply the sum by 6. Subtract 12 from the product. Divide the difference by 2. Divide the quotient by 3. Subtract the number you started with from the quotient. What is your answer? Try this process with a different number. Make a conjecture as to what your final answer will always be.

              

	
                  Counterexample Determine a counterexample to the statement “The sum of two squares is an even number.”

              










        

      

    


      
        
          
1.2




In Exercises 13–25, estimate the answer. Your answers may vary from those given in the back of the book, depending on how you round to arrive at the answer, but your answers should be something near the answers given.





	
                  205,123×4002

              

	
                  215.9+128.752+3.6+861+792

              

	
                  21% of 2095

              

	
                  Distance Estimate the distance from your wrist to your elbow and estimate the length of your foot. Which do you think is greater? With the help of a friend, measure both lengths to determine which is longer.

              

	
                  Cost Estimate the cost of 48 decorative bricks if one brick costs $3.97.

              

	
                  Sales Tax Estimate the sales tax on a boat that costs $21,000 if the sales tax rate is 8%.

              

	
                  Walking Speed Estimate your average walking speed in miles per hour if you walked 1.1 mi in 22 min.

              

	
                  Groceries Estimate the total cost of six grocery items that cost $2.49, $0.79, $1.89, $0.10, $2.19, and $6.75.

              

	
                  A Walking Path The scale of the map is 14 in.=0.1 mi. Estimate the distance of the walking path indicated in red.

              







          
          
              
                        [image: A map shows an “L”-shaped walking path titled, HISTORIC PHILADELPHIA.] 
              

          

          

          
                          The L-shaped walking path is shown in a square shaped block. So many black-shaded small blocks are shown inside the walking path and the square block. A set of small blocks at the right end of the horizontal part of the L-shaped walking path is labeled U.S. Custom House. A set of small blocks at the vertical part of the L-shaped walking path is labeled Liberty Bell. A set of small blocks at the lower end of the vertical part of the L-shaped walking path is labeled Independence Hall.
      
    
          

        



In Exercises 22 and 23, refer to the following graph, which illustrates the average daily high temperatures by month for the cities of Mumbai and Chandigarh in India.





          
          
              
                        [image: A graph plots two curves of Degrees Celsius against Month.] 
              

          

          Source: NOAA.gov



          
                          The graph is titled Average daily high temperatures in Chandigarh and Mumbai. The horizontal axis is labeled Month and has markings, January, February, March, April, May, June, July, August, September, October, November, and December. The vertical axis is labeled Degrees Celsius and ranges from 0 to 40 in increments of 5 units. The curve for Chandigarh enters the viewing window at approximately (January, 17) and rises to a maximum at approximately (May, 38). The curve drops till it exits the viewing window at approximately (December, 20). The curve for Mumbai enters the viewing window at approximately (January, 31) and rises to a maximum at approximately (May, 34). The curve drops till it exits the viewing window at approximately (December, 32).
      
    
          

        




	
                  March Temperatures in Mumbai and Chandigarh. Estimate the difference in the average daily high temperatures for Mumbai and Chandigarh in March.

              




	
                  December Temperatures in Mumbai and Chandigarh. Estimate the difference in the average daily high temperatures for Mumbai and Chandigarh in December.

              

	
                  Estimating an Area If each square represents one square unit, estimate the size of the shaded area.

              








          
          
              
                        [image: A figure shows a 6-by-6 grid with a trapezoid.] 
              

          

          

          
                          The left and right edges of the trapezoid are parallel and the upper edge is inclined to the upper right direction. The trapezoid is shown in the center of the grid, such that the whole structure is placed in the 6-by-4 grid. It consists of 6 full small squares, 9 half squares, two-quarter squares, and small other parts.
      
    
          

        



	
                  Railroad Car Estimation The scale of a model railroad is 1 in.=12.5 ft. Estimate the length and height of an actual box car if this drawing is the same size as the model box car.

              






          
          
              
                        [image: A figure shows a box car passing through a rail.] 
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Solve the following problems.





	
                  Buying a Copy Machine David can buy a copier from Staples for $500 that prints, copies, and scans. He can either pay the total amount at the time of purchase, or he can agree to pay the store $50 down and $40 a month for 12 months. How much money can he save by paying the total amount at the time of purchase?

              

	
                  Buying in Quantity A six-pack of bottled water costs $1.99. A case of 4 six-packs costs $4.99. How much will be saved by purchasing the case rather than 4 individual six-packs?

              

	
                  Jet Ski Rental The rental cost of a jet ski from Freemac Marina is $15 for 15 minutes and the cost from Silvan Rental is $25 per half-hour. If you plan to rent the jet ski for 2 hours, which is the better deal and by how much?

              

	
                  Fishing Charter Sam and four of his friends want to schedule a 6-hour fishing trip on Lake Ontario with Reel Easy Sport Fishing. The cost for five people is $445. The cost for six people is $510. How much money per person will Sam and each of his friends save if they can find one more friend to go on their fishing trip? Assume that they will split the total cost equally.

              

	
                  Applying Fertilizer Ronaldo needs to apply fertilizer to his lawn on his farm. A 30-pound bag of fertilizer will cover an area of 2500 square feet.


	
                  How many pounds of fertilizer are needed to cover an area of 24,000 square feet?

              

	
                  If Ronaldo has only 150 pounds of fertilizer, how many square feet can he fertilize?

              



              

	
                  Auto Insurance Most insurance companies reduce premiums by 10% for people under the age of 25 who successfully pass a driver’s education course. A particular driver’s education course costs $60. Patrick, who just turned 18, has auto insurance that costs $1030 per year. By taking the driver’s education course, how much would he save in auto insurance, including the cost of the course, from the age of 18 until the age of 25?

              

	
                  Pediatric Dosage If 1.5 milligrams of a medicine is to be given for 10 lb of body weight, how many milligrams should be given to a child who weighs 52 lb?

              

	
                  Qualifying for a Mortgage Serena’s bank will grant her a mortgage provided the monthly mortgage payments are not greater than 28% of her monthly take-home pay. What is the maximum monthly mortgage payment the bank will grant to Serena if her gross monthly salary is $5500 and her payroll deductions are 30% of her gross monthly salary?

              

	
                  Flying West. Greece is on Eastern European Time, Italy is on Central European Time (1 hour earlier than Eastern European Time) and Portugal is on Western European Time (2 hours earlier than Eastern European Time).  A flight leaves Greece at 8 A.M. Eastern European Time, stops for 45 minutes in Italy, and arrives in Portugal at 12:05 P.M. Western European Time. How long is the plane actually flying?

              

	
                  Crossing Time Zones The international date line is an imaginary line of longitude (from the North Pole to the South Pole) on Earth’s surface between Japan and Hawaii in the Pacific Ocean. Crossing the line east to west adds a day to the present date. Crossing the line west to east subtracts a day. At 3:00 P.M. on July 25 in Hawaii, what is the time and date in Tokyo, Japan, which is four time zones to the west?

              

	
                  Conversions If 1 mi=1.6 km,


	
                  convert 65 miles per hour to kilometers per hour.

              

	
                  convert 90 kilometers per hour to miles per hour.

              



              

	
                  Dot Pattern If the following pattern is continued, how many dots will be in the hundredth figure?

              







          
          
              
                        [image: An illustration shows a pattern of dots.] 
              

          

          

          
                          The pattern is as follows:
 First pattern: Total of 3 dots as the vertices of a triangle.
 Second pattern: Total of 5 dots, which makes an inverted V-shape.
 Third pattern: Total of 7 dots, which makes an inverted V-shape.
      
    
          

        



	
                  Magic Square The following magic square uses each number from 6 to 21 exactly once. Complete the magic square by using the unused numbers from 6 through 21 exactly once.

              






          
          
              
                        [image: A figure shows a 4-by-4 magic square with a few blank cells.] 
              

          

          

          
                          The numbers in the cells of the magic square, by row are as follows:
 Row 1: 21, 7, blank, 18.
 Row 2: 10, blank, 15, blank.
 Row 3: 14, 12, 11, 17.
 Row 4: 9, 19, blank, blank.
      
    
          

        




	
                  Magic Square Create a magic square by using the numbers 13, 15, 17, 19, 21, 23, 25, 27, and 29. The sum of the numbers in every row, column, and diagonal must be 63.

              

	
                  Microbes in a Jar A colony of microbes doubles in number every second. A single microbe is placed in a jar, and in an hour the jar is full. When was the jar half full?

              

	
                  Brothers and Sisters A boy named Jim has four more brothers than sisters. How many more brothers than sisters does his sister Mary have?

              

	
                  A Missing Dollar Three friends check into a single room in a motel and pay $10 apiece. The room costs $25 instead of $30, so a clerk is sent to the room to give $5 back. The friends each take back $1, and the clerk is given a $2 tip. Now each of the friends paid $9, a total of $27, and the clerk received $2. What happened to the missing dollar?

              

	
                  Average Grade An average grade of 80 on all exams in a course is needed to earn a B in the course. On her first four exams, Jacqueline’s grades are 93, 88, 81, and 86. What is the minimum grade that Jacqueline can receive on the fifth exam to earn a B in the course?

              

	
                  Tax and Tip The cost of the Freemans’ meal before tax and tip is $79.43


	
                  Determine the cost of the meal including sales tax of 7%.

              

	
                  If the Freemans wish to give their restaurant server a 25% tip on the pretax cost of the meal, determine the amount of the tip.

              

	
                  Determine the entire cost of the Freemans’ meal, including the tax and the tip.
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$0 —$11,000 10% of taxable income

$11,001 -$44,725  $1100 + 12% of the amount over $11,000

$44,726 - $95,375  $5147 + 22% of the amount over $44,725

$95,376 — $182,100 $16,290 + 24% of the amount over $95,375

$182,101 - $231,250 $37,104 + 32% of the amount over $182,100

$231,251-$578,125 $52,832 + 35% of the amount over $231,250

$578,126 ormore  $174,238.25+ 37% of the amount over
$578,125
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Energy Energy
Value Consumption

Food (kJ)  Activity (kJ/min)
Chocolate milkshake 2200 Walking 2
Fried cgg 460  Cycling 35
Hamburger 1550 Swimming 50
Strawberry shortcake 1400 Running 80
Glass of skim milk 350
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Large Boxes and
Small Boxes

Number of Tacos

Cost

6 large and 0 small

6x12)+Ox8) =72

(6% 514) + (0 x $10) = 584

5 large and 2 small

(5x12)+(2x8) =76

(5% 514) + (2 x $10) = 590

4 large and 3 small

@x12)+(3x8) =72

(4 xS14) + (3 x S10) = $86

3 large and 5 small

(Bx12)+(5x8) =76

(3% 514) + (5 x S10) = $92

2 large and 6 small

@x12)+(6X8) =72

(2% 514) + (6 x $10) = 588

1large and 7 small

Ax12)+(Tx8) =68

(1% S14) + (7 x S10) = $84

0 large and 9 small

Ox12)+©x8) =72

(0x514) + (9 x $10) = $90
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12x 320
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7 =7 Divide both sides by 12 0 solve forx.
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