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1
            Introduction

         

         What is mathematics? Interestingly, although mathematics has been an integral part of the school curriculum for the best part of the last 75 years or so,1 there is little consensus on the answer to this question amongst teachers of mathematics. Some people will say that mathematics is a body of connected knowledge, others that it is a way of behaving and making sense of the world, whilst others will say it is a collection of theorems based on fundamental axioms. Some may see this lack of consensus as problematic – we can hardly ensure that learners of mathematics are getting a consistent experience if their teachers don’t all have the same idea of what they are teaching! However, for me, a consensus amongst maths educators about what mathematics is isn’t as important as what mathematics is not. One thing (in my opinion) that mathematics definitely is not, is a collection of procedures.

         That is not to say that procedures aren’t important in mathematics; simply that if all one learns about mathematics is how to complete procedures, then one hasn’t really learnt a lot about mathematics. Primarily this is because there are (nearly always) many different procedures that will accomplish the same result, with the choice of procedure largely dependent on a mixture of efficiency and what the teacher is familiar with or prefers. Jo Morgan’s excellent A Compendium of Mathematical Methods highlights some of the multitude of procedures that exist for doing things like multiplying large numbers or solving equations.2 But a pupil could learn every method in the book and still not have learnt much about mathematics. To learn about mathematics, one has to go deeper, beyond the procedures, and into the structure of its different concepts. In Mathematics Counts, the Committee of Inquiry into the Teaching of Mathematics in Schools (the Cockcroft Report), states: ‘Conceptual structures are richly interconnected bodies of knowledge, including the routines required for the exercise of skills. It is these which make up the substance of mathematical knowledge stored in the long term memory.’3

         Concepts are at the heart of the study of mathematics. They are the ideas that remain constant whenever they are encountered but that combine and build upon each other to create the mathematical universe. The structure of each concept is what gives rise to the procedures and processes that are used in calculation and problem solving. In learning about the structure of each concept, a learner of mathematics can make sense of how different processes are doing what they do, using them flexibly as need demands. A simple image to capture this relationship might look like this:

         
            [image: ]

         

         However, this model ignores two important aspects of mathematics: the interplay between concepts and overarching themes.2

         In their .fantastic book Developing Thinking in Algebra, John Mason, Alan Graham and Sue Johnston-Wilder put forward five mathematical themes:

         
	Freedom and constraint.

            	Doing and undoing.

            	Extending and restricting.

            	Invariance and change.

            	Multiple interpretations.4


         

These themes appear across different mathematical concepts (the last will appear a lot throughout this book) and provide key touchpoints that learners (and teachers) can keep coming back to when they study different concepts. That complicates the model slightly:
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         But the flowchart above still doesn’t capture the interplay between concepts or how they can come together to build the mathematical universe. One might more accurately adapt the above model to look something like this:
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         But even this is too simple; some concepts derive from others, some processes bring multiple concepts into play and several themes appear in each concept. The real model is likely to be three-dimensional or higher in order to capture all of the links between all of the themes, concepts and processes. This, of course, explains why it is so difficult to design a curriculum for mathematics even though it is essentially a hierarchical subject – concepts are introduced, then disappear for a while before reappearing in conjunction with other concepts that have been developed in the meantime. It also means that capturing this in text form is incredibly complex, with lots of back and forth between different concepts. In order to support this, each concept will include details such as:3

         
	Concept – what the concept being explored is.

            	Prerequisites for each concept – other concepts or parts of a concept that this concept requires to be secure before the given concept is introduced.

            	Linked concepts – other concepts that will come into play with the given concept when developing certain procedures or other aspects of the concept.

            	Good interpretations – good ways of thinking about/representing the given concept.

            	Good questions to ask – questions that can be asked or tasks that can be given to learners to support understanding of the structure of the concept.

            	Procedures – procedures that mainly arise from, or are associated with, the given concept and how to make their link to the concept explicit.

         

The first three of the above will typically be listed at the start of each section (as well as highlighted when they appear) and the rest will be explored in the main body of the section. It won’t be necessary to look at all of these details for all concepts, and for some there may be other details that we will look at, but this will be the essence of what will be addressed for each concept.

         In order to try and make the exploration of the mathematical concepts more manageable, we will group them into broader topic areas. These are not necessarily the sort of topic areas we might use with children (although some might be), and as explained there will be plenty of crossover from concepts in one area to concepts in another (there would be no matter how you defined the topic area); however, it will allow for a grouping of broadly similar and strongly related concepts.

         We will start with an examination of the concept of number, which will include its generalisation into algebra. We will then move on to looking at the standard numerical operations in three parts: addition/subtraction, multiplication and multiples, and then division and factors. We will follow this with an examination of ideas around equivalence and equality before shifting our attention to proportionality and then functionality. From here we will begin to look at concepts in the realm of geometry, including measures, accuracy, shape and transformation. We will finish in the realms of chance, data and graphing/charting.

         In my first book, Visible Maths, I concentrated on how the use of representations and manipulatives can provide a window into some of these mathematical structures and can support pupils in creating some of these connections by being able to draw on particular images and tools that could represent mathematical concepts whenever a pupil was working with them. Whilst there will be some crossover in this book, and readers of Visible Maths will find some things familiar, my aim with this book is to go broader, but not necessarily as deep, in all areas. Visible Maths (I hope) really got into the detail of some very specific concepts, at least in terms of the inherent mathematical structures of those ideas and how they can be manipulated. In this book, I will provide more of an overview of more concepts and include teaching ideas that are not necessarily related to the structure (such as good questions or activities that highlight aspects of the concept). My hope is that people will see Visible Maths as a companion to this work, so that in this book they find reference to all the concepts they will be teaching across primary and secondary schools, along with key advice/suggestions for how to ensure they teach this idea in a way that makes its structure explicit so it can be linked with other ideas. In a complementary fashion, in Visible Maths they can delve in depth into certain important concepts and look in detail at how good representations and manipulatives can be used to really get into a concept with pupils.

         In recent years there has been, in some circles of mathematics education, a strong move back to trying to secure ‘procedural fluency’ prior to developing ‘conceptual understanding’. 4Many influential maths teachers are suggesting that learners can gain greater insight into the structure of a concept if they have first reached the point where they are very comfortable with the procedures associated with the concept. However, I am sceptical of this for two reasons:

         
	Much of my experience of maths education to date has been of a very instrumental approach in which pupils are often practising procedures for much of the time in the classroom that they don’t spend listening to their teacher.5 Whilst I can see ways to improve this practice so that learners take more from the experience, I don’t see it providing the gains in pupil understanding or in their motivation to continue studying mathematics education.

            	As I have intimated, the procedures attached to different concepts actually arise from the structure of the concept itself. To rely on knowledge of the procedure to provide understanding of the concepts seems to be backwards in approach. In addition, because there are many different procedures associated with each concept, it would seem to be time-intensive to have to study many of them to the point of automaticity before being able to use this experience to gain a window into the underpinning structure. Instead, first securing the structure and then exploiting the structure to gain insight into the associated procedures would seem much more logical.

         

This move back towards procedural fluency is generally attributed to a reaction against the perceived dominance of constructivist approaches to education6 (which are thought to be linked with a more discovery-based approach to learning) in the late 1990s and first decade of the 21st century. Some feel that this has led to learners being held back as they haven’t had their learning directed adequately by a teacher. For me, though, if this is the case, the cure is not to move to teaching procedures. Teaching structure is compatible with both constructivist and didactic approaches to education because it concerns itself with the content to be taught rather than how to go about teaching it. That is what I aim to show in this book: how exposing learners to mathematical structure can ensure they achieve both procedural fluency and conceptual understanding, whether your preferred pedagogy is to teach it explicitly or to offer learners activities to discover this structure through inquiry. Hopefully, in reading this book, teachers will become familiar with the underlying structure for the key concepts in school-level mathematics and will then be able to use this knowledge to support learners in making sense of the content they study. Whether you support learners in constructing that sense for themselves or explicitly teach good ways of making sense of concepts, ensuring learners can make sense of mathematics concepts puts them in a much better place to see the connections between the things they study.

         The point about making connections is important. In the last few years, cognitive science has had increasing exposure to teachers and is influencing practice on a larger scale. One of the key ideas in cognitive science is that of a schema. A schema represents our knowledge in a particular area, and how it is connected. If we wish to learn something new in that area, we have to be able to connect it to our existing schema. By teaching about the structure of concepts, these connections become much easier to highlight because the concept is recognisable every time it reappears.7 What I would hope is that, having read this book, teachers feel able to support learners in recognising the structure behind different mathematical concepts and help them assimilate or accommodate new knowledge of the concept into their schema.

         
            1 M. McCourt, A Brief History of Mathematics Education in England, Emaths [blog] (29 December 2017). Available at: https://www.emaths.co.uk/index.php/blog/item/a-brief-history-of-mathematics-education-in-england.

            2 J. Morgan, A Compendium of Mathematical Methods (Woodbridge: John Catt Educational Ltd, 2019).

            3 W. Cockcroft, Mathematics Counts: Report of the Committee of Inquiry into the Teaching of Mathematics in Schools under the Chairmanship of Dr W. H. Cockcroft [Cockcroft Report] (HMSO, 1982), p. 71. Available at: http://www.educationengland.org.uk/documents/cockcroft/cockcroft1982.html.

            4 J. Mason, A. Graham and S. Johnston-Wilder, Developing Thinking in Algebra (London: SAGE Publications, 2005).

            5 R. R. Skemp, Relational Understanding and Instrumental Understanding, Mathematics Teaching, 77 (1976), 20–26. Available at: https://www.lancsngfl.ac.uk/secondary/math/download/file/PDF/Skemp%20Full%20Article.pdf.

            6 Learning Theories, Constructivism (n.d.). Available at: https://www.learning-theories.com/constructivism.html.

            7 Learning Theories, Schema Theory (n.d.). Available at: https://www.learning-theories.org/doku.php?id=learning_theories:schema_theory.

         

      

   


   
      
         
5
            Chapter 1

            Number

         

         There are many different ‘types’ of numbers. A common way to view these is as sets, with each set becoming a subset of a further set. Mostly this starts with the natural numbers, which are the whole numbers greater than 0 (also called the positive integers).

         
            [image: ]

         

         We then extend these to include 0 and the negative integers, creating the set of all integers.

         
            [image: ]

         

         After this we include fractions and decimals, creating a set collectively known as the quotients or rational numbers.

         
            [image: ]

         

         The next layer includes the irrational numbers, which creates the set of all real numbers.6

         
            [image: ]

         

         This is the limit of school-level number in the UK, although there is a level beyond this that is explored post-16.

         Each of these types of numbers have different links and prerequisite concepts; however, what they all have in common is that there are two ways to make sense of them – as discrete objects or as continuous measures.1 These go to the very heart of what makes a number. In the early 20th century, there was a movement in philosophy that sought to place mathematics on firm logical footings. A major contributor to this movement was the eminent philosopher Bertrand Russell. In his work Principia Mathematica with Alfred North Whitehead, he defined what it means to be a number in terms of all sets of objects that exhibit the same property as that number.2 So, the number ‘four’ is defined as all the sets that have four objects, such as the number of prime numbers less than 10 or the number of legs a cat is usually born with, and all of these are associated with the numeral ‘4’. This was an attempt to put the concept of ‘number’ on a firm logical footing. Whilst probably overkill for most school-level pupils (although a very interesting question to pose to pupils is ‘What is 3?’), it nonetheless speaks to how people see numbers. Making sense of numbers is the precursor to pretty much all mathematical learning, and so it follows that exploring these different types of numbers and useful ways of thinking about them is a good place to start.7

         Concept: natural number

         Prerequisites: None (although some research suggests that informal ideas around spatial reasoning can drastically improve development of early number sense3).

         Linked concepts: Addition and multiplication are linked directly to the development of the natural numbers, and division will also be important for the development of place value. Virtually all other concepts have natural numbers as a prerequisite.

         Children often learn to count prior to starting formal education. Learning to repeat the sequence ‘one, two, three’ and so on up to ‘ten’, however, does not imply that a learner has an appreciation of number. What this shows is an appreciation of order. The learner that knows that ‘three’ follows ‘two’ does not necessarily know that ‘three’ represents a larger quantity than ‘two’ or that ‘three’ is ‘one more’ than ‘two’. What is essential in learning about number is to relate the words ‘one’, ‘two’, ‘three’ with the numerals ‘1’, ‘2’, ‘3’ – and to the actual values that these words/numerals represent.

         This process typically starts in early years, with the use of concrete objects. However, as suggested in Key Understandings in Mathematics Learning. Paper 2: Understanding Whole Numbers, the relating of number and quantity can take ‘three to four years’.4 This highlights the importance of continuing the use of concrete representations throughout Key Stage 1 and the importance of using them to continue to develop and reinforce learners’ knowledge or the links between numerals and quantities. These concrete objects will generally start out as truly representative of the context a learner is working on. For example, if talking about ‘How many toys?’, the concrete objects will be actual toys. From here, learners will need to make two transitions:

         
	The partial abstraction of using standard concrete objects to represent quantities in a one-to-one relationship.

            	The further abstraction of using standard concrete objects to represent quantities in a one-to-many relationship.

         

Of course, each learner will be ready for these transitions in their own time, and care must be taken not to rush learners through these transitions.

         There are many different choices for the ‘standard’ concrete object to represent quantities in a one-to-one relationship. These can be counters, counting sticks, beads on a rekenrek, cubes; the list is substantial. This object (or objects, as it is a good idea to introduce more than one at different points) becomes the standard to represent a quantity in every situation. If the learner is working on a problem involving toys, one object becomes one toy. If they are working on a problem involving sweets, then one object is one sweet. In this way, the objects become the quantity; they represent the quantity in all situations. This is the first step to working with numbers in the abstract, to manipulate them, compare them and operate with them.

         The obvious difficulty then arises when pupils start to work with larger and larger values. It is fine to represent 3 as three counters, but to represent 33 in this way is woefully inefficient. Worse, it doesn’t actually help in making sense of 33 as a concept – there are simply 8too many counters for it to be worth it. What is much better for numbers this large is to start to move towards the one-to-many relationship by grouping counters, blocks and so on into groups, usually of 10, to support the beginnings of place value. For example, if using counters these can be arranged in a 10s frame: 

         
            [image: ]

         

         The frame can then act as a unit of counting, so that something like the number 33 can be seen as three of these, plus three further counters – for example:
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         These can help make sense of numbers like 33 as ‘three 10s plus three 1s’ whilst simultaneously allowing the continued sense of the relationship between a 10 and a 1. Eventually, once pupils are secure on the relationship between a 10 and a 1 and no longer need it to be explicitly present, the whole system can be changed so that a 10 is a single object, which is what happens with place value counters:

         
            [image: ]

         

         Here, the relationship between a 1 and a 10 is not visible, so this relies on pupils already being secure that a 10 is worth the same as ten 1s, but provided this is clear then this sort of representation can be a real gateway into arithmetic with larger integers.

         All of these viewpoints are thinking about numbers as discrete objects. There is also the alternative interpretation of the concept of ‘number’, namely as continuous quantities. For this, useful manipulatives are Cuisenaire and Dienes. With these representations, 1 can be seen simultaneously as the number of objects but also as the length of the objects. So, three blocks represents 3 both by the number of blocks but also by the length of what is created when these blocks are lined up. Other rods with the same length can then be created to 9represent that number. For example, in the picture below the green rod represents 3 as it is the same length as a line of three connected 1s.
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         Both Cuisenaire and Dienes then have a rod that is as long as 10 of its unit cubes, allowing the same bridge into place value:

         
            [image: ]

         

         so that larger numbers can be represented continuously as either length:
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         This area view has very strong links to multiplication and is also what allows the representation of more than two powers of 10 using Dienes blocks, as there are also blocks that can be used to represent ten 10s (100):

         
            [image: ]

         

         and then, by generalising further into three dimensions, uses volume to represent ten 100s (1000):10
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         To make this bridge, questions can be asked such as, ‘Why is this 3?’ (in reference to three blocks) and then, when pupils refer to the number of blocks, showing them that an alternative view is to consider them connected together to create a length. Pupils can then be asked to ‘find’ different values in the rods. Sentences such as, ‘If the length of the white rod is worth one (an important part as the length of the white rod will be changed later), show me the rod whose length is worth …’ can be a good way to both secure understanding of number as continuous quantity and also to support gaining familiarity with the concrete resources. This can then later become, ‘If the length of the white rod is worth one, show me …’ which can allow pupils to use area and volume to show larger values as place value is introduced. Obviously, place value is an important subconcept of number that pupils must secure if they are going to deal with larger numbers. It will be important to make sure pupils recognise the relationship between different place values and multiplication/division by 10.

         Subconcept: place value

         Prerequisites: Natural numbers.

         Linked concepts: Multiplication, division, fractions, decimals, negatives, surds, algebra, indices, equality/equivalence.

         Understanding place value rests in recognising the truth in the following question:

         
            What is ρ?

         

         Now, if you put that in front of many English people, they might think you have written a funny-shaped letter ‘p’. However, in Greece it would be recognised as the letter ‘ro’. If you showed it to a scientist, they might see it as the symbol they use for density (depending on the branch of science). A statistician might think you meant a Spearman’s rank correlation coefficient. 11

         The point is that ρ is a symbol and nothing more. The meaning it conveys depends entirely on what we have learnt to associate with it. The same is true of the symbols we use to represent numbers – in our base 10 number system the symbols 0, 1, 2, 3, 4, 5, 6, 7, 8, 9 (usually called digits). These digits can be combined to create numerals; 234 is a numeral in that it represents a number in a symbolic form. We are perhaps not used to thinking of things like 234 as numerals, but the idea is no different to writing CCXXXIV – both are numerals designed to represent the same number. The number itself is something abstract – we can represent it symbolically or using different models, but its true existence is in the realms of pure thought. We have already seen that we can choose how we think about numbers – they can be thought of as discrete objects, continuous measures or perhaps in other ways not yet thought of (at least by this author!).

         The idea of a place value system then, is that it means we can build numerals to represent larger numbers out of relatively few digit symbols. How many digit symbols depends on the base of the place value system – we are probably most used to using a denary (base 10) number system, but there are lots of examples of other bases both historical and modern. Computer base language is binary, which is a base 2 number system using only the digits 0 and 1. Colour codings in computers use a hexadecimal number system, which uses the digits 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, A, B, C, D, E, F. In ancient Mesopotamia they used a base 60 (sexagesimal) number system that had a sub-base of 10. What this means is there was a new symbol for 10, and 11 was shown as ‘10 and 1’, 21 was shown as ‘two 10s and 1’ and so on up to 59 being shown as ‘five 10s and nine 1s', and then 60 uses the same symbol as 1, but in the next place:
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         Source: https://en.wikipedia.org/wiki/Sexagesimal. CC BY-SA 4.0

         Now, of course, we may not want to go into this level of detail with young or novice learners when it comes to place value. The important thing for learners to understand is that when writing numbers symbolically, the place that the digit occupies within the numeral is designed to convey the meaning about the size of the number that the digit represents. We can support early understanding of this by using concrete or visual representations 12alongside the symbolic. Dienes blocks are designed specifically for representing numbers in base 10:
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         We can draw further attention to the place value by using a Gattegno chart or place value chart alongside the concrete/visual:

         Gattegno chart
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         Place value chart
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         A nice physical version of the place value chart is to use place value cards alongside (and eventually to replace) the Dienes:
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         Pupils can be shown numerals on the cards or in the charts and asked to create the number out of Dienes; or they can be asked to do the reverse, given the number in Dienes and asked to build the numeral to represent it. One thing that is important as part of this is to introduce pupils to the use of 0 as a place holder, so using numerals such as 3074 and recognising that there are no hundred squares in that number, but that we can’t just write ‘3 74’ as we are likely to misread this as ‘374’. As pupils progress, questions such as, ‘Write down the value of the 5 in the numeral 3578’, ordering numbers or converting between numbers written in words and in numerals can reinforce place value fluency, as well as questions such as:13

         You have cards with the digits 1, 3, 7 and 8 written on them. How would you arrange the cards to create:

         
            
	the largest four-digit number possible?

               	the smallest four-digit number possible?

               	the largest three-digit number possible?

               	the smallest three-digit number possible?

            



         It is really nice with younger learners (and sometimes older ones) to actually give them the cards and ask them to do this physically rather than as a purely written exercise. There is a good opportunity for linking properties of numbers with an activity like this, such as writing the largest even number possible or writing the largest three-digit multiple of 3. The activity ‘Four-Digit Targets’ from NRICH is a nice stretch to this idea.5

         As we move to larger numbers, an important aspect of the base 10 number system to draw learners' attention to is the unitary nature of each third column (when reading from right to left). As we read and write larger numbers, we group them into blocks of three places (normally either using a comma or space). This is not just for convenience or ease of reading; this is because each block of three obeys the same unit structure but with a different counting unit.
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         We can see here that the right-hand block of three counts 1s, including how many sets of ten 1s and how many sets of one hundred 1s make up the number. However, when we move into the next block of three, our unit changes to thousands and we count how many one thousands, ten thousands and hundred thousands we have. Following this we move onto a unit of millions and we count how many one millions, 10 millions and 100 millions we have. This pattern keeps going as we move up the columns. Alongside this recognition, we will need to introduce learners to the links with multiplication and division. There are two that are really important. The first is that as we move left, the value of the place multiplies by 10, and similarly as we move right, the value of place is divided by 10. It is worth testing, pupils on this aspect of place value specifically; asking questions like, ‘If I start in the 100s column and move three columns to the left, what have I multiplied by?’ alongside the more usual ‘Multiply 23 by 1000’.14

         The second important link with multiplication is the building of the number itself. For example, seeing a number like 374 as 3 × 100 + 7 × 10 + 4 × 1. This links to multiplication as unitising – in effect, each column becomes a unit in its own right and the digits tell us how many of each unit. So, 374 can be seen as 3 ‘hundreds’ + 7 ‘tens’ + 4 ‘ones’, and this leads to 3 × 100 + 7 × 10 + 4 × 1. Again, testing pupils on this specifically by asking pupils to write numbers as the sum of multiplications, or filling in blanks such as 5678 = ___ × 1000 + 6 × _____ + _____ × 10 + _____ × ______ is useful.

         From here pupils can move on to develop increasing flexibility with the idea of place value by recognising that whilst place helps determine value, it is more about the interplay of value and place. For example, ‘one thousand two hundred’ is equivalent to ‘twelve hundred’ – the value ‘12’ and place ‘hundred’ work together to create a number equivalent to having one thousand two hundreds. It is worth doing this with numbers that are not often read in this way – for example, providing pupils with opportunities to recognise that ‘thirty 10s’ is another way of saying 300, or ‘two thousand four hundred hundreds’ is equivalent to 240,000. Questions such as, ‘How many ways can you say/write …?’, ‘What number is equivalent to …?’ and so on are good ways to prompt thinking that supports flexibility in place value.

         This flexibility is of real help when we eventually come to look at writing numbers in standard form.

         Subconcept: standard (index) form

         Prerequisites: Natural numbers, multiplication, indices.

         Linked concepts: Decimals (which may well be considered prerequisite), fractions, surds, algebra, equality/equivalence, accuracy, measures.

         Ultimately, the key to ‘unlocking’ understanding in standard form is that it is primarily about redefining your counting unit. I tend to start by looking at other units of measurement – when distances (for example) get very big or very small, we tend to change the unit we use to measure with. With very large (or very small) numbers, it doesn’t really make sense for ‘1’ to be the main counting unit – it takes an awful lot of ones to make a number like 6,000,000. We can reinforce this point with learners using money: ‘Can you imagine how much space 6,000,000 in pound coins would take up?’, ‘Instead of using £1 coins, wouldn’t it be better to use £10 notes? Or even better to use £100 notes?’, ‘What if there was such a thing as a £1,000 note? Or what if there was such a thing as a £1,000,000 note?’
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         If we had million-pound notes, we would only need six of them, which makes much more sense (at least in terms of storing the money – I wouldn’t want to take it shopping and ask a shop to provide change for it!). What this is showing is the power (no pun intended) of making our counting unit as large as possible, which is what is happening when we write numbers in standard form. So the idea of standard form can be seen as one in which we redefine our counting unit to be that of the largest place digit in the numeral (i.e. the first significant figure). In the number 6,000,000, we are redefining our counting unit to be the ‘millions’ place and so counting how many millions we have.15

         Once pupils understand this, it is then about them recognising the place value columns as different powers of 10. Introducing this depends largely on the understanding that pupils already have around indices – if they are already very comfortable with the idea that anything to the power 0 = 1, then we can introduce them to using powers of 10 for place value columns from the 1s column, with 1 = 100, and then 10 = 101, 100 = 102 and so on. If pupils are not yet familiar with an index of 0, then instead we can start with 100 = 102 and build up to 1000 = 103 as well as down to 10 = 101 and 1 = 100. Putting this together gives the process for writing a number in standard form:

         Process: converting a denary number into standard form

         
	Identify the largest place column to have value (i.e. the first significant figure).

            	Treat that column as the new counting unit, with parts of this unit separated from whole units by a decimal point.

            	Write the unit as a multiplication using the power of 10 that is equivalent to the column place of the unit.

         

So, something like 6,000,000 would be thought of as ‘6 million’ and then written as 6 × 106. Similarly, something like 320,000 would be thought of as ‘3.2 hundred thousands’ and then written as 3.2 × 105. Very small numbers work in the same way (provided pupils have been introduced to decimals and negative indices), with the number 0.0000435 being thought of as ‘4.35 hundred thousandths’ and then written as 4.35 × 10−5. This leads to the conclusion that the ‘lead number’ will always be in the range 1–10 (including 1 but not including 10), as there will only ever be one whole number unit column.

         The reverse process can then either be treated as a pure calculation (i.e. treat 6 × 106 as 6 × 1,000,000) or by working the steps above backwards.

         Process: converting a number from standard form into denary

         
	Write the whole part of the lead number in the place indicated by the power of 10, with subsequent digits of the lead number in the following columns.

            	Use place-holding zeroes to return the counting unit to the 1s column.16


         

So, in a number like 4.5 × 107 we might start by identifying that the lead number will need to be in the 10 millions column:

         
            [image: ]

         

         and then write the digits of the lead number in the correct columns:

         
            [image: ]

         

         before filling in the remaining place-holding zeroes.

         
            [image: ]

         

         Similarly, in a number like 4.5 × 10−7 we would have:

         
            [image: ]

         

         Standard form often comes quite late in a pupil’s learning around number because it combines many ideas in number and operation.

         Returning to numbers in general, then: length, area and volume are not the only ways that we can see numbers as continuous quantities. Weight is also a possibility. If you have access to a balance scale then, for a good set of rods, the weights of rods with equal values should also balance. So, for example, a rod that is worth 7 should perfectly balance against seven rods that are worth 1. This can be a really nice way to show pupils this aspect of number, although, of course, it is worth checking before you show pupils that the things you think should balance really do! 17

         The discrete/continuous duality of number can then, once a pupil is ready, be captured perfectly on a number line. Consequently, number lines are best introduced once pupils have met numbers in both discrete and continuous form.

         
            [image: ]

         

         On the number line above, the natural numbers can be seen as occupying discrete, equally spaced positions along the line. It is worth noting at this point that it is only by convention that number lines increase from left to right, and that in some circumstances we may want to change this. In my opinion, when introducing number lines, it is worth introducing some lines that increase from right to left:

         
            [image: ]

         

         And also that are orientated vertically, with increases shown both up and down:

         
            [image: ]

         

         Teachers can then pose problems such as leaving blank spaces and asking for them to be filled in, asking pupils to extend a number line beyond that which is given, and also look at broken number lines once larger numbers are being included, such as ‘starting’ a number 18line at 110 and asking pupils to continue from that point. Number lines being graduated in spaces other than 1 are also important, particularly to make the link with place value and separately the idea of ‘counting in’ a particular jump, such as where the 10s frames/place value counters allowed the counting in 10s:

         
            [image: ]

         

         Of course, if this is the number line using discrete positions to represent numbers, the question arises as to where the continuous element is. Part of this can be seen by the lines connecting the values; there is a smooth line from one number to the next. However, to really bring the continuous facet of number to the fore, it is better to bring in an extra representation alongside the number line. We can start by using the same rods we used before to show numbers as continuous:

         
            [image: ]

         

         NB. Number lines drawn on centimetre-squared paper so that each value is 1 cm away from the next value will allow rods to take values equivalent to the length of the white rod being 1.

         This still requires the use of the concrete manipulative and so, if we are moving from these to a visual representation, then a replacement is required for the rod. The best replacement for this is a one-dimensional vector:

         
            [image: ]

         

         The vector representation of numbers is a great way to transition from using objects where the length represents the quantity, to a purely visual way of representing the quantity. What we are aiming for here is for pupils to see that the dual discrete/continuous nature of number can be seen by simultaneously seeing the number line as both a representation of the numbers, and the scale on which we show the continuous nature of the numbers. In this way, pupils can see the number ‘5’ both as a discrete point on the number line, and as a vector that is as long as the distance from 0 to 5. Once a pupil understands vectors on the number line, they are in a very powerful position for understanding pretty much all of number and arithmetic. Questions such as ‘Draw me the number 5 on the number line’ are pretty standard starting points, and then deeper thinking can be prompted by asking pupils things like what number the vector below represents:

         
            [image: ]

         

         (3, in case you were unsure!) or even to mark the numerals on the number line so that the vector has a value of 2:19

         
            [image: ]

         

         This sort of activity also has strong links with measurement, as we will see in Chapter 8.

         The importance of developing this view of numbers as continuous cannot be overstated, as it is the natural bridge for when pupils are ready to make the journey from looking at natural numbers to exploring the other sets of numbers outlined at the beginning of this chapter. Although when looking at numbers as subsets of larger sets, we typically follow the natural numbers with the rest of the integers, a more ‘natural’ extension to the concept of number beyond the naturals comes in the form of fractions. Indeed, certainly in the history of Western mathematics, fractions have been around for a lot longer than 0 or the negative integers.6

         Concept: fractions

         Prerequisites: Natural numbers, division.

         Linked concepts: Most concepts that link to natural numbers extend those links to fractions, including all arithmetic operations (particularly multiples and multiplication, as well as factors and division). The concept of equivalence will be used with fractions. Very strong links exist with proportionality, measures, accuracy (typically in the form of decimals), shape (particularly in similarity and trigonometry) and chance.

         Once pupils are familiar with continuous representations of numbers, there arises an obvious question: ‘What is between … and …?’ As a simple start point, this could be having looked at a number line and asking the question, ‘What is between 0 and 1?’ This opens up the world of proper fractions.

         There are a couple of good ways into proper fractions from the continuous view of natural numbers, either using the number line or using length of rods. From a number line perspective, a simple start point might be to look at what number is at this position on the number line:

         
            [image: ]

         

         Followed by this:
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         And then this:20

         
            [image: ]

         

         And so on. This sort of prompt can be used to show that proper fractions exist and can motivate the view of proper fractions as lengths that are a part of 1. The fraction [image: ] can then be introduced as the fraction that arises from chopping a length of 1 into 2 equal pieces, so that the length of [image: ] is half of the length of one whole. Similarly, [image: ] comes from chopping a length of 1 into 3 equal pieces (with [image: ] being a length equivalent to 2 of those 3 equal pieces) and similarly for quarters and beyond. The roots of equivalent fractions can also be seen here; [image: ] is the same length as [image: ]. Pupils should draw these number lines on squared paper and should be made to draw them accurately:

         
            [image: ]

         

         What is important here is to start to ensure that pupils become familiar with the idea of fraction families, and the relationship that each family has with the ‘length’ of one whole. On the first of the two number lines above, I can mark the fraction [image: ] which is the only proper fraction in the family ‘halves’. On the second number line above, I can mark the fractions [image: ] and [image: ] which are the only proper fractions in the fraction family ‘thirds’. Once pupils become familiar with this idea, we can ask questions like, ‘How many squares long would you draw a unit if you wanted to show the family of ‘fifths’?’ and ‘What fraction family would be represented on the number line below?’

         
            [image: ]

         

         The relationship between equivalence and fractions can then be broached by asking about the families that can be shown on this number line:21

         
            [image: ]

         

         The goal here is for pupils to recognise that as well as showing sixths, this number line can be chopped into two equal pieces (and thus used to show the family of halves) and also into three equal pieces (and thus show the family of thirds). This leads to seeing that every fraction in the families of ‘halves’ and ‘thirds’ has an equivalent fraction in the family of ‘sixths’. Some of these fractions can be looked at, but the main work here should be in pupils seeing the relationship between the families that have equivalent fractions. Ask pupils things like, ‘Which families will have every fraction equivalent to a fraction in the tenths family? The twelfths family?’ and get them to draw number lines where necessary to support their work. We can also ask which equivalent fractions are shown here, for example:

         
            [image: ]

         

         Or even more challenging questions, like where [image: ] would appear on this number line:

         
            [image: ]

         

         An alternative introduction to fractions takes us back to the rods. Earlier, I highlighted the importance of starting the sentence with, ‘If the white rod has a length of 1 …’ At this point we can instead start asking questions like, ‘What if the red rod had a length of 1?’, ‘What if the green rod had a length of 1?’, etc.

         
            [image: ]

         

         This serves equally well as an introduction into the idea of proper fractions and of fraction families, particularly if pupils have achieved an intimate familiarity of the base values of the rods (i.e. the values of the other rods when the white rod is worth 1). We can ask similar questions to those we used for number lines, such as, ‘Which family can be shown if the black rod is worth 1?’, ‘Which rod would you use to show the family of ninths?’, etc.22

         This way of seeing fractions also leads quite naturally to the introduction of decimals. By setting the orange rod to have a value of 1, or by drawing a number line with 10 hatch marks between 0 and 1, the links can be made between the fraction family tenths and the first place value column after the decimal point (i.e. the tenths column). Dienes can again be used then to explore further place value columns by setting either the square area to have a value of 1 or even the cube to have a value of 1:

         
            [image: ]

         

         Subconcept: decimals

         Prerequisites: Natural numbers, division, place value.

         Linked concepts: Fractions, standard form, equality/equivalence, accuracy, measures, chance.

         Some teachers like to introduce decimals prior to fractions; generally they do this using patterns in place value. If pupils are confident in the idea that places go down by a factor of 10 as the number goes from left to right, then this pattern can be continued beyond the ‘1s column’ to create ‘parts of 1’. Typically, we would explain to pupils that the first of these is 1 split into 10 parts, and is therefore called ‘tenths’ and represented by the numeral 0.1. This is an opportune moment to make sure pupils understand the role of the decimal point: i.e. the decimal point marks the transition between whole values of the unit and part values of the unit (this is important for standard form). From here we can move to splitting a tenth into 10 pieces (or splitting 1 into 100 pieces) to generate 0.01 and so on. 23

         Others prefer to introduce the idea of having part of 1 first (i.e. fractions) and then introduce decimals as equivalent to those fraction families of 10ths, 100ths, etc. However, the extension to the place value columns to include the decimal columns (i.e. the introduction of 0.1, 0.01 in much the same way, and link between the two) will need to be made explicit at some point.

         Whether you prefer to introduce decimals prior to fractions or to introduce decimals as equivalent to a particular family of fractions, one thing that is crucial for pupils to understand is the symmetry around the 1s:

         
            [image: ]

         

         The columns to the left of the 1s increase by a factor of 10 – 10 then 100 then 1000 and so on, whilst the columns to the right of the 1s decrease by a factor of 10, becoming tenths, then hundredths, then thousandths, etc. This symmetry helps pupils recognise the correct place in decimal numbers, which is important in concepts like accuracy.

         Following this, the same sorts of activities that were used to support pupils’ development of place value understanding can be used to extend that understanding to decimals. Of particular import is making sure that pupils recognise relationships like 0.3 = 3 × 0.1, extending to things like 0.37 = 3 × 0.1 + 7 × 0.01 = 37 × 0.01. This last calculation is the extension of the idea of developing flexibility around the places; 3700 can be seen as ‘3 thousand 7 hundred’ or ‘37 hundred’. In the same way 0.37 can be seen as ‘3 tenths and 7 hundredths’ or ‘37 hundredths’.

         It is also important to develop pupil fluency around counting in decimals. It is a great idea with learners that are relative novices in working with decimals to get them to count in tenths, hundredths or thousandths, and not just from 0. Have pupils do a choral response to sequences like 0.3, 0.4, 0.5, … as well as trickier sequences such as 0.34, 0.35, 0.36, … and 0.34, 0.44, 0.54, … In this last one, make sure you push it past 1 (i.e. to 1.04) to make sure pupils can bridge that gap. It is well worth doing a number of these, where pupils have to count up, count down, start at numbers like 100.1 and count up/down in 0.01s. This sort of thing can also be done on a number line once pupils have had some experience, both on mini whiteboards as a check on understanding and then in independent work. Pupils that need a bit more support can use place value counters to do this sort of counting.

         Returning to fractions in general, we have seen that using number lines or rods is a far superior introduction to the concept of fractions than the usual introduction of taking a shape and chopping it into equal parts, such as the image below:
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         Or worse:24

         
            [image: ]

         

         These are fairly typical images that might be used by teachers early in a pupil’s experience of working with fractions, and unfortunately are likely to give rise to many of the misconceptions that emerge in pupils’ fractional thinking. One of the main issues with these images is that they don’t have their roots in pupils’ experience of the number 1. The whole (no pun intended) concept of fractions as numbers has to arise from comparison to 1. In looking at pictures like the two above, pupils learn that fractions are simply about counting the number of pieces, and writing the number of shaded pieces over the total. In effect, they are seeing the fraction as two distinct quantities, a total and a subtotal that fit a certain criterion (e.g. a total of four pieces in the circle above, one of which is shaded). Similarly, using concrete objects as an introduction to fractions is also problematic:

         
            [image: ]

         

         Yes, three out of the seven counters are blue, and so [image: ] of the counters are blue. However, if this is a pupil’s primary mental image for the concept of fractions, then it is easy to see how [image: ] + [image: ] erroneously becomes [image: ]. For, of course, if I start with seven counters, three of which are blue, and then I add four more counters, one of which is blue, then what else could I end up with but 11 counters, four of which are blue (which is obviously true, but has little or nothing to do with the fraction addition [image: ] + [image: ]!)?

         The issue in both of these situations is the lack of link back to the value of 1. Having a clear image for ‘the whole’ (the value of 1) is crucial in understanding fractions as numbers, rather than as the ratio of two separate integers with separate meanings. That isn’t to say that this way of seeing fractions isn’t important, and pupils should definitely meet fractions as the ratio of two separate integers at some point in their mathematical journey, but it definitely should not be the start point for a pupil’s foray into the world of fractions. Pupils’ start point with fractions should have a clear relation back to the value of 1, so that pupils understand early on that the value of a fraction is linked to the value of 1, and that representations of fractions have to be linked with the representation of 1 (whole). Once this is clear then we can play with what it means to ‘one whole’ or ‘one unit’ and introduce bar models and other shapes as representative of one whole. Lots of questions of the type, ‘What fraction of the whole shape is shaded?’ or, ‘If this rod is one whole, what is the value of this rod (using Cuisenaire rods)?’ can help with reinforcing this link back to one whole.

         Another representation of one whole that can be important in working with fractions is the unit square. The unit square is obviously the key representation of the value of ‘1’ when it comes to area, but it is also used with manipulatives such as algebra tiles, as well as 25representations of things like Cuisenaire and Dienes to represent the number 1. The unit square can help support thinking in fraction multiplication, as well as in linking fractions and decimals to percentages. It is definitely a good idea to introduce representing fractions within the unit square at a point when pupils’ fractional thinking is reasonably well established, and it can serve as a great vehicle for testing and extending pupils’ thinking when it comes to fractions. Broadly speaking, the introduction of the fractions within the unit square can go something like this:

         
            [image: ]

         

         This last view is particularly important, as pupils need to appreciate that the length and width of the square do not need to be split into the same number of parts, as long as each of the parts is equal in size. 26

         The language in this situation is also important, as it is whenever looking at fractions as a shaded area such as in a bar model or another shape. Attention needs to be carefully drawn to the fact that the pieces have to be equally sized in order for the fraction to be discernible. Language like ‘One of 15 equal parts of one whole’ is good to use as it stresses the need for the parts to be equal and that the shape is being used to represent the value of 1. A good idea is to contrast this with non-examples, and make sure that pupils can recognise when a fraction cannot be accurately determined (although it can perhaps be estimated) and when changes to the shape have to be made in order to determine the fraction. Have a look at the images below, where each shape is a representation of 1, and think about whether and how the fraction can be determined.

         
            [image: ]

         

         Consider the rectangle and triangle on the right of those images; by adding some extra lines we have:27
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         Things like this are nice to stretch pupil thinking around fractions – we could also ask learners to estimate the values of all the fractions before we start and then look at which we can determine precisely and which we can’t.

         Of course, once pupils are secure in thinking about fractions using continuous representations of number (such as vectors, rods, bars or areas) then discrete representations can be brought back and used. Although it is not recommended to introduce fractions from a discrete representation, once they are introduced then things like counters can take fractional values. A nice way to begin looking at this is with coins, with the idea that because 10 coins with a value of 10p have a total value of £1, each of the 10p coins has a value of [image: ] of £1. This opens up the idea of counters and other discrete representations for fractions:

         
            [image: ]

         

         Of course, pupils already need to know about these relationships, as there is nothing in the representation to help make sense of why four of the [image: ] counters would be equal in value to 1, or why three of the [image: ] counters would be equal in value to 2. However, this way of thinking about fractions can be useful when examining addition and subtraction of fractions, as well as some multiplications and divisions, so it is worth introducing it to pupils at some stage. 28Done well, it can be used as a way to prompt pupils to think differently about equivalent fractions. Have a look at the image below:
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         This image can be used as a different way of making sense of the idea that both [image: ] is equal in value to [image: ] and [image: ] is equal in value to [image: ], by grouping the counters either horizontally or vertically.

         
            [image: ]

         

         Asking pupils to use the counters to demonstrate why certain fractions are equivalent can be a nice way of reviewing and embedding this knowledge.

         Once ideas around proper fractions are well secured, we can turn consideration to improper fractions – what exists between 1 and 2? 2 and 3? etc. All of our representations can help make sense of this:

         
            
[image: ]29
            

         

         
            [image: ]

         

         All of these can be used to show that [image: ] = 1[image: ] and that [image: ] = 3[image: ] and vice versa. Depending on pupils’ background knowledge, one or more of these representations can be used to support pupils in making sense of the ideas of improper fractions and mixed numbers, or again can be used to prompt pupils to think in a different way about the same idea.

         Once pupils are happy with the idea of converting between equivalent improper fractions and mixed numbers, then we can offer activities such as this:

         
            Convert the following into mixed numbers:

            
               [image: ]

            

         

         Or this:30

         
            Convert each of the fractions below into mixed numbers.

            [image: ]

            What do you notice about each answer?

            Write down the next improper fraction in the sequence.

            Can you write what the numerator would be for a denominator of 21?

            Can you write down a rule for improper fractions in the sequence?

         

         Or this:

         
            Find an improper fraction that goes into each section of the Venn diagram. If a section is impossible, say why.

            
               [image: ]

            

            In which section does the smallest possible value fit?

         

         All are nice in terms of allowing pupils to see some of the structure underlying conversion between improper fractions and mixed numbers.

         When fractions and decimals are introduced in these ways, ordering of fractions and decimals should pose little trouble; however, it is worth highlighting a couple of ways of thinking with pupils:

         [image: ] < [image: ]: We can see that these are in the same fraction family, so the larger numerator will clearly indicate the larger fraction.

         [image: ] < [image: ]: We can see that if we split the same size whole into 5 equal parts or into 4 equal parts, then each part of the first whole will be smaller than each part of the second whole. 31

         
            [image: ]

         

         [image: ] > [image: ]: We can see this as a consequence of the one above – the first of these is [image: ] less than one whole, and the second is [image: ] less than one whole. Because [image: ] is less than [image: ], we have removed less from one whole, and so we have more.

         
            [image: ]

         

         0.3 < 0.257: This is a common misconception, but Dienes can help make it clear for those that do not have the requisite place value fluency.

         Concept: negatives

         Prerequisites: Natural numbers, addition, subtraction.

         Linked concepts: Most concepts that link to natural numbers extend those links to negatives, including all arithmetic operations. Ways of making sense of negatives play an important part in transformations.

         Once pupils are familiar with the number line, as well as asking the question, ‘What comes between 0 and 1?’, another question that can be asked is, ‘What happens if we start at 0 and move away from (i.e. subtract) 1?’ This is an excellent way to introduce the idea of negative numbers and their relationship to positive numbers as the inverse (or, more properly, the additive inverse) of each other.

         
            [image: ]

         

         An important idea with negatives is the idea of direction. The idea that the negative direction is the opposite of the positive direction is crucial to working with negatives on a number line. This is true both on the scale and when using vectors:

         
            [image: ]

         

         All of these represent the value of −2, being the same length as 2 but in the opposite direction. I like pupils to see this as the vector for 2 rotated through 180°; some people prefer to 32think of this as a reflection, but I think it links better to vectors in 2 or more dimensions to talk about it as a rotation. However, be clear with pupils that rotating a vector creates its inverse (or more properly, additive inverse), not its ‘negative’. This is necessary in order to understand the idea of 2 as the inverse of −2; turning the vector for −2 through 180° creates the inverse of −2, which is 2. It is also worth pupils recognising the same sorts of things they saw in fractions – for example, as described earlier, it takes six −[image: ] to make −2. Similarly to when number lines were first introduced, activities such as filling in the gaps, extending a number line and broken number lines (where number lines start at a non-zero value and pupils have to continue on) are all useful activities, and something like this can prompt a bit more discussion:
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            What number is missing on the number line? How do you know?

         

         When introducing negatives, it is a really good idea to show the number lines again increasing both to the left and right, as well as up and down. Certain ways of thinking about division with negatives require the flexibility to redefine the positive direction, and so having seen all four directions being positive at one time or another is incredibly useful. 33
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         As with other representations of numbers, we can also represent negatives as discrete objects. Typically, this is done using double-sided counters or tiles where one side is defined as 1 and the other side is defined as −1.

         
            [image: ]

         

         Again, it is really important that pupils see this both ways around – although people define the yellow side to be 1 most of the time, we should make sure pupils recognise that this is an arbitrary choice and that what matters is that if one side is defined to be a value, then turning the counter over makes it assume the inverse value. This links nicely with the idea of rotation with vectors as well, as in both cases a 180° rotation creates the inverse.34

         Integral to using counters for negatives is the idea of ‘zero-pairs’. Pupils need to be taught that any time two counters of opposite colour can be paired, the result is 0. We can use simple activities to help reinforce this, such as asking them to create something that has a value of 5 and uses one red counter (assuming yellow is defined to have a value of 1), or to create something ourselves (as below) and ask pupils what the value is.

         
            [image: ]

         

         For more involved activities you can ask pupils to create patterns or pictures with the counters (at a professional development session for teachers in Edinburgh, I once had a teacher create a butterfly) and then work out the value/change the value by adding more counters in the same pattern. There are also activities like the ones here, which can prompt pupil thinking around negatives and counters:

         
            Represent the number −1 in as many different ways as you can, using counters. What do your representations have in common?

         

         
            [image: ]

         

         
            Work out the value of the centre box, assuming yellow has a value of 1. Draw other patterns in each of the boxes which satisfy the conditions. You should aim to make the minimum change possible to the centre box. 35
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         Of course, counters don’t have to take just integer values – as we have seen, counters can take positive and negative fractional values, and if pupils have already been introduced to fractions, then introducing counters with fractional values can be useful here as well. Pupils can be given similar activities to those above to help make sense of this, with the concept of zero pairs transferring naturally over to rational values.
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         This collection of counters would have a value of [image: ]. 36

         Concept: surds

         Prerequisites: Natural numbers, fractions, indices, area, shape.

         Linked concepts: Most concepts that link to natural numbers extend those links to surds, including all arithmetic operations. Accuracy plays an important part of thinking about surds, and equality/equivalence is also important in linking with surds.

         Once pupils are comfortable with the idea of rational numbers and have experience calculating with and manipulating them, then the next stage of learning about number is to learn about irrational numbers. Depending on the structure of the curriculum, pupils may first meet irrational numbers when introduced to the value of π as part of looking at circle measure; however, π is a type of number called a transcendental number, which means there is no easy way to introduce it by looking at calculations that involve whole numbers. Surds have no such issue, being an example of algebraic irrational numbers. The natural way to introduce surds is to look at the area of squares. If we consider a square with an area of 9 square units:

         
            [image: ]

         

         we can ask pupils what the length of one of the sides of this square is, and provided pupils are already fluent with the idea of square area and its links to indices/roots, then there should be little issue with pupils recognising that the length of one side of this square is three units. We can take this opportunity to reinforce the links between square areas and square numbers/square roots if we need to, by asking about other square areas that would have whole number lengths. If pupils are happy with this, then we can introduce surds by asking about square areas that are not square numbers. An area of 12 can be a nice place to start, particularly if we want to bring in the idea of equivalence of surds.37
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         This allows us to make clear that the length of this square is not an integer but also cannot be a fraction (as whenever we square a non-integer rational the result is a non-integer rational). This means there must be a different type of number that gives the length of this square, and this type of number is called a surd. We can explain to pupils that this type of number is written using the fact that the square root of a square area gives the length of the square, and so the value of the length of this square is √12. At a suitable point we can talk about decimal approximations to surd values and using both calculator and non-calculator methods to approximate surd values. Pupils will need a reasonable understanding of the idea of accuracy for this to take hold, however – particularly recognising that even a calculator only gives decimal values to an accuracy of 11 or so decimal places (depending on the size of the number). We should also make it clear here that we can take the square root of any and every (positive, for now) number; what makes square numbers special is not that they have a square root (a common misconception) but rather that their square root is an integer.

         One thing it is worth doing is to show these values on a number line as vectors. Although we can’t do this exactly (again, the idea of accuracy and decimal approximation being important), it is possible to do this by drawing these squares below the number line. For this to make sense, pupils will need to know roughly the size of these numbers, i.e. if they are between 1 and 2, 2 and 3, 3 and 4, etc.
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         It is important for pupils to know here that because √16 = 4 and √9 = 3 that √15 is between 3 and 4. It can be a great activity to get pupils to approximate roots of integers/fractions.

         Of course, once the idea of the surd is well understood, we can again define discrete objects to be surds. These can be a great representation for manipulating surds and certain arithmetical operations with surds, so they are well worth looking at:

         
            [image: ]

         

         Here we can see 5√5 shown as discrete objects, which is a more compact representation than showing the lengths of 5 squares, each with an area of 5. We can build up to something like this by first defining a single counter as a surd (say √5), and then looking at what the value of two counters is, three counters and so on. This is clearly a way of thinking about multiplication, so pupils will need to have seen multiplication in this way before looking at things like this. The other thing we can introduce nicely with counters is the idea of combinations of two different surds:38
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         This shows 2√5 + √11, with the important point for pupils being that this is a number, and that there is no simpler way to write this exact number. If needs be, we can go back to squares for something like this:

         
            [image: ]

         

         However, most pupils are happy working with counters or even working directly in the abstract once the concept of a number as a surd is well defined.

         If we then want to explore equivalence of surds, we can look at an area of 12 in a different way – in this case by splitting the area of 12 into four smaller squares, each with a value of 3:
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         Of course, √3 is also a surd value; however, what is notable (and what we would want to draw pupils’ attention to) is the fact that the length of the original square is twice as long as the length of one of the smaller squares. That is to say √12 = 2 × √3 or 2√3.39

         Contrast this with a square with an area of 15. A square like this cannot be split into smaller square areas with integer values. This means that √15 has no equivalent surd value.
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         At this point it is worth having pupils work with these square areas a little more before drawing attention to the idea of the square factor of 12 (i.e. that 12 = 4 × 3 where 4 is a square number), which is not present in 15. A nice activity is to ask pupils to examine different values for square areas and either physically show which can be broken into smaller squares and which can’t, or at least reason which can be split into smaller squares and which can’t. This sort of activity is very effective in preparing pupils to see the link between breaking a square into smaller squares and a square factor (having already been exposed to areas of 9, 12 and 15):

         
            Which of the following square areas can be broken into smaller squares each with equal integer areas? How many smaller squares would there be inside each square? What would the value of the area of each smaller square area be?

            18, 21, 24, 27, 30, 35, 40, 45, 50

         

         Once pupils have identified that 18 can be split into nine squares of area 2, 24 can be split into four squares of area 6, 27 can be split into nine squares of area 3, 40 can be split into four squares of area 10, 45 can be split into nine squares of area 5 and 50 can be split into 25 squares of area 2, we can then draw attention to the idea that the reason these can be split into smaller square areas is because these numbers have square factors. This could be done through questioning of pupils or explicitly drawing attention to this by the teacher.

         In moving towards the abstract, we can mirror what was happening with the squares. Going back to the square with an area of 12:

         
            [image: ]

         

         We started by splitting the area of 12 into four areas of value 3. 12 = 4 × 340

         We then looked at the length of the square as the square root of the area. √12 = √4 × √3

         (It is worth noting that the roots of 4 and 3 are arrived at slightly differently here – the √3 is the length of the square with an area of 3, whereas the √4 is because there are √4 squares arranged along the length).

         This gives the equivalent surd values. √12 = 2 × √3 = 2√3

         A nice link to make here is with indices, and particularly with an index of [image: ]. Provided pupils have previously been introduced to working with fractional indices, then the same results can be arrived at through the application of index laws:

         
            [image: ]

         

         Personally, I prefer to show pupils both of these approaches at the appropriate times, as it is nice for pupils to recognise that both of these ways of making sense of equivalent surds give rise to the same result.

         Concept: algebra

         Prerequisites: Natural numbers.

         Linked concepts: Most concepts that link to natural numbers extend those links to algebra, including other forms of numbers and all arithmetic operations. Virtually every other mathematical concept can be linked with algebra.

         Algebra is probably the most feared area of mathematics for school-age children. Typically, this is because learners have a really poor understanding of what algebra is and what it is for. Algebra is designed to be the general base, to be able to capture those things that are always true in number, no matter what type of number or what number base we are working in. Obviously, this means that in order to make sense of algebra, pupils need lots of experience with working with number, at the very least natural numbers and the laws of arithmetic. I would also recommend a real depth of understanding with fractions and possibly also with multi-base arithmetic. 41

         In beginning to introduce algebra, we can come back to some of the representations we have used throughout number, i.e. as continuous quantities or as discrete objects. We can introduce this idea simply by bringing back rods or counters and asking pupils what the value is:

         
            [image: ]

         

         
            What is the value of this counter/rod?

         

         Of course, the point here is that these counters/rods can take absolutely any value and that what matters more than the actual value is how it interacts with other values, so that something like this:

         
            [image: ]

         

         would be double the value of one rod, whereas something like this:

         
            [image: ]

         

         is just two different numbers added together.

         The problem with using Cuisenaire rods for something like this is that many of the rods do have relationships relative to each other. The yellow rod is exactly half of the size of the orange rod. The black rod is two white rods less than the blue rod. For this reason, when transitioning to algebra, we tend to use bar models on plain backgrounds for a visual representation, or algebra tiles for a concrete representation (provided the tiles don’t have simple ratios between each other). Algebra discs are also useful and popular in certain areas as a way of showing counters transitioning into algebraic variables.

         Once pupils understand that a rod/disc can stand for any value, then initial forays into the world of algebra can be made by examining those things that are true for all numbers. This can be simple things such that 1 × any number = that number (1 × x = x) to more complicated relationships such as the distributive law for multiplication over addition (a(b + c) = ab + ac). We can ask pupils things like, ‘Tell me something that is true for all numbers' and use learner-generated examples to show how algebra can capture those expressions, or we might choose specific relationships to highlight to pupils, such as some of those given below:

         
            How do you find the number that is one more than a given number?42

         

         Pupils with even basic familiarity with number should recognise that if we are to find ‘one more than’ a number, we find this by adding 1 to a number. Depending on how pupils have seen and made sense of addition, we could show this by any of the following:

         
            [image: ]

         

         The important thing for pupils to recognise here is that it doesn’t matter what the value of x is here; x could be much, much bigger than 1, it could be smaller than 1, it could be negative, it could be a surd. What is crucial is that this captures the idea that to find ‘one more than’, we add 1, and that this is true no matter what the value of x. We might even want to reinforce this with numerical values (either before or after showing the algebra) and so take pupils through a line of questioning such as:

         
            What is one more than 6? 6 + 1 = 7.

            What is one more than 6000? 6000 + 1 = 6001.

            What is one more than −6? −6 + 1 = −5.

            What is one more than [image: ]? [image: ] + 1 = 1[image: ].

            What is one more than √3? √3 + 1 = √3 + 1(!).

         

         Of course, the choice of examples will depend on what types of numbers pupils have been introduced to prior to introducing algebra.

         
            When you multiply two numbers, the order of multiplication doesn’t matter (the commutative law applied to multiplication).

            
               [image: ]

            

         

         It is more difficult to capture this with algebra discs, and you need two variable algebra tiles in order to capture it concretely, but failing that either vectors or bar models can show this pictorially. Again, pupils need to be familiar with multiplication as a rectangular area to 43make sense of this model, and be used to seeing multiplications in this way. Numerical examples can once again be used to reinforce this: positive integer multiplication and fractional multiplication can both be captured well by the area model as we will see in Chapter 3.

         
            If we multiply a sum by a number, we can distribute the multiplication over the sum and multiply each part of the sum by the number (the distributive law).

         

         Pupils will obviously need to be familiar with using the distributive law with numbers before trying to capture the relationship algebraically. We can draw attention to having used partitioning in the past for multiplication as a way of highlighting this (if we have not taught this law explicitly before), and use this to show that the idea can be generalised:

         
            7 × 48 = 7 × (40 + 8) = 7 × 40 + 7 × 8

            [image: ] × 96 = [image: ] × (90 + 6) = [image: ] × 90 + [image: ] × 6

            4(2 + √3) = 4 × 2 + 4 × √3

         

         Again, in terms of representation, the area model works very nicely for the distributive law:

         
            [image: ]

         

         Provided pupils are used to seeing multiplication as area like this (perhaps having partially abstracted this model into a ‘grid’ multiplication), then we can show the general idea using algebra: a(b + c) = ab + ac. 44

         It is also well worth exploring and generalising non-examples using algebra:

         
            Subtracting two non-zero numbers results in different values, depending on which way round you subtract.

         

         Again, numerical examples may be useful, depending on pupils’ familiarity with subtraction:

         
            Is 7 − 3 = 3 − 7? No.

            Is 1.6 − 2.4 = 2.4 − 1.6? No.

            Is [image: ] − [image: ] = [image: ] − [image: ]? No.

            Is √7 − √3 = √3 −√7? No.

         

         Representing these will depend on pupils’ previous experiences of representing subtraction, but something like this may be appropriate:45

         
            [image: ]

         

         In approaching algebra in this way, as a vehicle for generalising processes, models or concepts that pupils are already familiar with, pupils can make more sense of the idea of letters as variables, i.e. that the letter can stand for any number in expressions such as these. Using generalised representations of the manipulatives we have explored number with, either as continuous quantities or as discrete objects, can be helpful.46

         
            1 You will notice whilst reading the book that some key mathematical terms are presented in bold – for your convenience these terms are defined in a glossary at the back of the book.

            2 See https://www.britannica.com/topic/history-of-logic/Logic-since-1900#ref535751.

            3 H. J. Williams, Mathematics in the Early Years: What Matters?, Impact (12 September 2018). Available at: https://impact.chartered.college/article/mathematics-in-early-years/.

            4 T. Nunes and P. Bryant, Key Understandings in Mathematics Learning. Paper 2: Understanding Whole Numbers (London: Nuffield Foundation, 2009), p. 4.

            5 See https://nrich.maths.org/6342/note.

            6 Story of Mathematics, List of Important Mathematicians (n.d.). Available at: https://www.storyofmathematics.com/mathematicians.html.
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            Chapter 2

            Addition and subtraction

         

         Shortly after learning about number, pupils will generally begin to look at operating with numbers. This usually starts with the foundational operations of addition, and its 'inverse' subtraction.

         Concept: addition

         Prerequisites: Numbers.

         Linked concepts: Subtraction, multiplication, equality/equivalence. Many other concepts involve the need to add in some capacity.

         The way we make sense of addition is ultimately tied to the way we choose to think about numbers. Choosing to think of the numbers as discrete objects lends itself to thinking of addition as the collecting of objects with the same unit value. So, something like 4 + 5 would look like this:

         
            [image: ]

         

         This idea extends to all types of numbers:

         
            [image: ]

         

         This shows 1234 + 2345, and is one way to see how the column-addition algorithm works. The objects with the same place value are being collected together and when the value of any column is greater than 9, we exchange for an equivalent value in the next column.

         Process: column addition

         
	Collect together the numbers represented by the digits in the same place value columns. 48


            	If at any point the resulting number is greater than 9, exchange for the appropriate value in the next place value column.

            	In order to save having to re-evaluate any particular column, it is usual to start with the smallest place value column, unless it is clear that no exchange will be required.

         

So, as above, if calculating 1234 + 2345, we might notice no exchange will be required – but, if not, we can add the four 1s with the five 1s, the three 10s with the four 10s, the two 100s with the three 100s, and the one 1000 with the two 1000s:

         
            [image: ]

         

         If we have numbers 2345 + 3456, we might notice that there will be an exchange required:

         
            [image: ]

         

         Either way, we add the five 1s and the six 1s, and this makes eleven 1s – which we can exchange for one 10 and one 1.

         
            [image: ]

         

         Because we started by collecting the 1s, the extra 10 we gained from the exchange means that when we collect all of our 10s together we have ten 10s, which can be exchanged for one 100.

         
            [image: ]

         

         Because we started collecting the 1s, and then the 10s, the extra 10 we gained from the exchange means that we now have 8 hundreds when we collect them together, and then finally 5 thousands. We can show this using digits: 49

         
            [image: ]

         

         Exactly the same process can be used for addition of decimals in columns, for example 3.45 + 2.817:

         
            [image: ]

         

         In this case we have 12 tenths, which can be exchanged for 1 one and two tenths.

         
            [image: ]

         

         
            [image: ]

         

         Of course, as previously mentioned, pupils need to be secure in place value before they can follow the column-addition procedure when it involves exchange using place value counters, as they need to be comfortable with the idea that 10 of one value will exchange for 1 of the next column.

         The simplest activity that can be offered to pupils is practice in adding two or more numbers. This can be straightforward numerical practice, or alternatively questions set in context where a situation arises where pupils have to recognise that they need to add in order to solve the problem. Questions like the one below are important in ensuring that pupils recognise when to add as well as practise adding using columns:

         
            A school has 243 pupils in Year 7, 245 pupils in Year 8, 237 pupils in Year 9, 252 pupils in Year 10 and 248 pupils in Year 11. How many pupils are in the school in total?

         

         These sorts of questions are best used at two points. The first is when teaching addition so that pupils can make sense of why addition solves these sorts of problems. The second is then later, as part of mixed exercises that are not all about addition, to make sure pupils can correctly identify that addition is required to solve these sorts of problems when they are mixed in with other questions.

         In addition to straightforward practice of column addition, and recognising situations where addition is required, activities such as the ones below can prompt deeper thought about addition, particularly using column addition.

         You have cards with the digits 1, 3, 7 and 8 written on them. How would you arrange the cards to create:

         
            a a two-digit number plus another two-digit number with the largest answer possible.50

            b a two-digit number plus another two-digit number with the smallest answer possible.

         

         
            Using the digits 0 to 9 only once each, how many ways can you find to complete the calculation below:

            [image: ]

            Using each of the digits 1 to 6 only once each, how many different answers can you get by placing the digits in these boxes?

            [image: ]

            Using each of the digits 1 to 6 only once each, how close can you get to an answer of 100 in the sum below?

            [image: ]

            Column addition is not the only strategy for adding numbers with more than one place value column; other strategies are useful in certain situations, and if pupils are going to become fluent in the idea of addition, then they should be offered the opportunity to recognise when alternative strategies may be of value, such as in the questions below:

            
	Calculate 2999 + 2

               	Calculate 2995 + 1002

            



         The first of these is not well modelled using place value counters, so we will leave this for now, but the second can be demonstrated nicely using place value counters:

         
            [image: ]

         

         This is, in effect, recognising a situation where addition does not need to start with the 1s column as no exchange will be required, and so it is more straightforward not to go through the process of placing the numbers in columns and adding each column. Instead we can simply add the extra 1000 counter to create 3995, and then add the extra two 1s to give 3997. Learners can be offered activities where they are given different calculations and asked to choose which are best evaluated using column addition and which are best evaluated using a different strategy, such as the one below (although we would need to do a little more on addition to include the strategy for question 1 above): 51

         Decide the best strategy for the following calculations:

         
            
	9 + 7

               	29 + 27

               	29 + 71

               	92 + 71

               	902 + 701

               	942 + 781

               	992 + 781

               	992 + 8

               	999 + 8

            



         Learners should recognise strategies like near doubles, bonds to 10/100, as well as the strategy we would employ for both 2999 + 2 and 999 + 8, i.e. counting on.

         As a strategy for addition, counting on makes much more sense when looking at numbers as continuous measures, rather than discrete objects. Indeed, not necessarily all continuous models for numbers easily showcase this strategy. For example, using area with Dienes doesn’t really work:

         
            [image: ]

         

         We can use this to show that when adding one of the two 1s at the bottom to the row of 1s in the 2999 above, this becomes a row of 10 and can be combined with the other rows of 10 to create a 100 square, which can in turn be combined with the other 100 squares to create a 1000 cube, giving 3001. But this is really only column addition (showing that Dienes can be used nicely instead of place value counters for modelling column addition – particularly for learners whose understanding of place value is still developing). To really see the power of counting on, we need to use a number line, probably with vectors:

         
            [image: ]

         

         We would probably start without the numbers beyond 2999 at first, and maybe even with the 2-vector broken down into two separate one vectors to aid with the counting:52

         
            [image: ]

         

         Of course, this is not addition as collection. You cannot ‘collect’ continuous measures. When we view numbers as continuous, we can think about addition as connection. We are connecting one number to the end of the other number. As we can see in the images above, when we show the numbers as vectors, we connect one vector to the end of the next vector to add them. Alternatively (or additionally), we might think about addition as lengthening/growing rather than connecting. If we think about a tree that starts at 40 cm in height and grows by 10 cm, then we can see that to find the new height of the tree, we need to add the 40 and the 10. However, no collection or connection has taken place there.

         All other additions can be made sense of in one or more of these three ways. For now though, let us turn our attention to subtraction.

         Concept: subtraction

         Prerequisites: Numbers.

         Linked concepts: Addition, division, equality/equivalence. Many other concepts involve the need to subtract in some capacity.

         Subtraction is an interesting concept in that it is mathematically redundant, and yet it speaks to our experience and sensibility from a young age. What makes it even more interesting is that the two are poles apart.

         For those who aren’t following that, allow me to explain! Subtraction isn’t required at all within mathematics. Every subtraction can be thought of as adding the negative of the value. So, something like 7 − 3 can be thought of as 7 + (−3). This makes subtraction redundant as a mathematical operation. However, we tend to meet subtraction very early in our lives as a ‘take-away’, and very quickly internalise the idea of subtraction with the idea of removal – indeed, for many, the words ‘subtraction’ and ‘take-away’ are synonymous. This is what then makes the two seem so separate – as, for many, their idea of addition as collecting or gathering cannot be reconciled with the idea of subtraction as removing things, and so they simply can’t accept the idea that subtraction is addition. That said, subtraction as the addition of inverses is the simplest and truest model for subtraction. When it comes to making sense of subtraction in a way that dovetails nicely with all types of numbers (as well as when seeing them as either discrete or continuous), there is no other model of subtraction that behaves as consistently. We will look at this again when we come back to addition with negatives, but for now we will turn our attention to other models of subtraction, starting with the one already mentioned – take-away.

         Take-away is a reasonable model for subtraction when we limit our attention to positive whole numbers, and it can be extended to other types of numbers (although it requires a bit of creative modelling). However, there is research evidence that suggests that take-away strategies are associated with ‘lower ability’ and that pupils who are still using take-away strategies for single-digit and double-digit subtractions are likely to struggle with 53mathematics.1 In saying that, if this is the model that learners are familiar with, then it can be built upon to explore subtraction with larger numbers.

         A take-away model for subtraction works (unsurprisingly) by a reduction of a value (the minuend) by another value (the subtrahend) – for example, 7 − 3 = 4.

         
            [image: ]

         

         This can then be extended to larger numbers (or smaller numbers, in the case of decimals).

         Process: column subtraction

         376 − 134

         
            [image: ]

         

         In a take-away of subtraction, the above image shows how the column-subtraction algorithm works. Our minuend is 376 and we remove 134 by removing four 1s from the six 1s to leave two 1s, removing three 10s from the seven 10s to leave four 10s, and then removing one 100 from the three 100s to leave two 100s:54

         
            [image: ]

         

         Similarly to the column-addition algorithm, it is usual to begin this process with the 1s and work up the columns, but this is not always necessary. The reason why it is usual is that when the value of one or more columns in the subtrahend is greater than the value of the same column(s) in the minuend – for example, 376 − 139:

         
            [image: ]

         

         The process here is that I need to remove one 100, three 10s and nine 1s from 376. The issue that arises is that the value of the 1s in the minuend is less than the value of the 1s in the subtrahend. This means I don’t have enough 1s to take away nine. The way this is rectified is to exchange one 10 for the equivalent ten 1s in the minuend. This increases the number of 1s available, so that I can remove the required number of 1s. By working from the smallest to largest columns, I can ensure that I don’t cause problems by ‘taking away’ all of one column, meaning I don’t have any left if I then need to exchange. The other problem that can be caused is in recording; if I record the result of taking away a number in a higher-valued column and then later find I need to exchange, I will need to edit that recording – for example:

         
            [image: ]

         

         In the formal column-subtraction algorithm, it is preferred to exchange from the larger valued column prior to the recording of the subtraction:

         
            [image: ]

         

         This also means that where a column is empty, meaning there is nothing to exchange, we can carry out multiple exchanges – for example, 306 − 139:55

         
            [image: ]

         

         
            [image: ]

         

         In this we have exchanged one 100 for ten 10s, which then allowed the exchange of one of those 10s for ten 1s. This allowed for the removal of nine of the 1s, as well as three of the 10s.

         
            [image: ]

         

         A really nice activity for pupils working on column subtraction in this way is to offer a series of subtraction calculations and, before pupils are asked to carry out the calculation, they can first be asked to identify where exchange will be required and where it won’t be – even as far as asking pupils to identify which column(s) will require exchange.

         There are other models for subtraction, which can suggest other strategies for subtraction calculations. One of these is making sense of subtraction as the difference between two numbers – for example, seeing 7 − 3 as ‘the difference between 7 and 3’ or ‘How much more is 7 than 3?’

         
            [image: ]

         

         One thing that it is definitely worth drawing learners’ attention to when looking at subtraction as difference is the fact that difference is maintained when both numbers are increased/decreased by the same amount, i.e. if we take 7 − 3 and increase both values by 2, the difference remains constant:

         
            [image: ]

         

         This leads to a potentially alternative process for subtraction of larger (or decimal) numbers. 56

         Process: subtraction by equal additions

         376 − 139

         
            [image: ]

         

         Here we see 376 compared to 139, and we are thinking about, ‘How much more is 376 than 139?’ Well, we might say, ‘there are two more 100s, and four more 10s, but what about the ones?’ Of course, we could simply exchange one of the 10s in 376 into 1s – which would be an alternative way of seeing the standard column-subtraction algorithm. However, the fact that we are looking at the difference of two numbers means that we can resolve this situation in an alternative way:

         
            [image: ]

         

         What we see here is that we have increased both values by 10 (so, in effect, changed the calculation to 386 − 149); however, we have added the 10 differently to both numbers. In the upper line we have added ten 1s, but in the bottom line we have added one 10. This allows the question, ‘How much more …’ to be answered for each column – there are two more 100s, now only three more 10s and seven more 1s. This can be shown in the numerals as follows:

         
            [image: ]

         

         The idea of difference can also allow access to other strategies for subtraction. For example, in the subtraction 3002 − 2999, the column-subtraction algorithm often leads to issues, particularly with the need to exchange from the thousands all the way to the ones. Equal additions as a process is also less than ideal, as we end up adding extra 1s, extra 10s and extra 100s. However, we might notice that the numbers simply have a difference of 3:

         
            [image: ]

         

         If perhaps our learners don't immediately recognise this, we might suggest simply adding 1 to each number:57

         
            [image: ]

         

         This strategy is typically called ‘counting on’ and in effect changes the subtraction into an addition, so we answer the question, ‘2999 add *what* gives 3002?’ which we can change into, ‘3000 add *what* gives 3003?’ using the idea of differences remaining constant.

         Whilst counting on as a strategy works from the idea of subtraction being the difference between two values, we can also take the opposite approach to recognise a different way of thinking about subtraction, which I call ‘counting from’ (some call this 'counting back', but this can cause problems when we try and use this strategy with negatives). This model for subtraction shows the subtrahend not as something removed from the minuend but rather as a distance away from the minuend. As a way of making sense of subtraction, counting from is best used in the opposite situation to where we might use counting on, i.e. a question like 3002 − 3. Similarly to counting on, the column-subtraction algorithm and equal-additions algorithm require a lot of work to evaluate this, with multiple exchanges/additions necessary. Instead, seeing the subtraction as ‘a distance from’ the given value allows us to see something like 3002 − 3 simply as, ‘Which number is 3 from 3002?’

         
            [image: ]

         

         Notice that the 3-vector still points to the right in this subtraction – turning it the other way would mean it represents −3 (although we almost certainly want our learners to appreciate – at some stage – that this is a distinction without a difference).

         The final model for subtraction that I want to explore with learners is the idea of ‘part-whole’. For something like 7 − 3, this is literally ‘3 is part of a whole of 7, what is the other part?’

         
            [image: ]

         

         Seeing subtraction as part-whole supports strategies such as ‘near-halves’ for subtraction, such as for the calculation 72 − 35:58

         
            [image: ]

         

         The logic here is that, by seeing 35 as part of 72, I may notice that 35 is nearly half of 72 (assuming halves are a known fact for pupils). Recognising that the 35 part is one less than half of 72 means I can see that the other part is one more than half of 72, i.e. 37.

         Again, a great activity once most/all of these ways of seeing subtraction are secure (or have at least been introduced) is to offer learners different subtractions and ask them to identify suitable strategies before carrying out any calculations:

         Write down the strategy you would use to carry out these subtractions:

         
            a 94 − 48

            b 94 − 88

            c 94 − 8

            d 904 − 8

            e 904 − 800

            f 904 − 872

            g 904 − 827

            h 904 − 897

            i 940 − 897

            j 947 − 890

         

         There are also activities that are nice to draw attention to properties of subtraction such as the maintenance of difference:

         Given that 87 − 23 = 64, write down:

         
            a 97 − 33

            b 87 − 33

            c 97 − 23

            d 96 − 22

            e 95 − 21

            f 94 − 22

            g 95 − 22

            h 95 − 23

            i 950 − 230

            j 958 − 238

         

         Similar to addition, looking at contexts that lead to subtraction and identifying them with a model of subtraction is also useful, particularly when first exploring different models and then later to test strategy selection:

         
            Steve has 10 sweets. He eats 6 of them. How many sweets does Steve have?

            Steve has 10 sweets. David has 6 sweets. How many more sweets does Steve have than David?

            Steve runs 10 km in one direction, then 6 km back the way he came. How far is Steve from where he started?

            Steve is running a 10 km race. He has run 6 km. How far does he have left to run? 59

         

         Each of these is solved with the subtraction 10 − 6, but each uses a different model for the subtraction: first take-away, then difference, then counting from, then part-whole.

         Having established suitable models for making sense of addition and subtraction, we now need to examine how these work with other types of numbers. These aren’t really subconcepts; rather they are the confluence of two concepts – addition with negative numbers or subtraction with fraction, for example. So the rest of the chapter will not so much be looking at subconcepts as much as it will be looking at which models for addition/subtraction work well with which models for numbers.

         Concept link: addition of negative numbers

         As negatives are best modelled using direction, the combination of vectors for numbers and connection for addition is the model that most closely resembles the one used for positives, with one vector following another:

         
            [image: ]

         

         Pupils can be encouraged to draw pictures like this, with attention drawn to properties such as −4 + −5 = −(4 + 5), −4 + 5 = 5 + −4 = 5 − 4, and that 4 + −5 = 4 − 5 = −(5 − 4). This is helped a lot if learners are used to seeing number lines in different orientations – we can ask questions like, ‘What would the calculation be (in the first picture) if the positive direction was left and not right?’ From here we can consider calculations that we wouldn’t want to represent on a number line, perhaps with an activity such as this:

         Write a different calculation for:

         
            1 28 + −76

            3 76 + −28

            5 −18 + −76

            7 −76 + −18

            2 −28 + −76

            4 18 + −76

            6 76 + −18

            8 −77 + −19 60

         

         This sort of thing can also be broken down and done using mini whiteboards as multiple-choice questions as well:

         Which of these is the same as 65 + −87:

         
            a −(87 − 65)

            b 87 − 65

            c (87 + 65)

         

         It is also possible to use a connecting model of addition for negatives when viewing the numbers as discrete objects:

         −4 + −5

         
            [image: ]

         

         However, for something like 4 + −5, our idea of collection needs adjustment. Recall that a key point about collection was that the unit had to be the same. At first glance this doesn’t appear to be the case:

         4 + −5

         
            [image: ]

         

         = ?

         However, we may (and learners may!) remember that when 1s and −1s connect together, they form a zero-pair (page 34). This means we can connect these together!

         
            [image: ]

         

         The four 1s will pair with the first four −1s to create four zero-pairs and leave a single −1 counter. 61

         Eventually, we would hope pupils would recognise two generalisations:

         
	When adding a positive number and a negative number, if the magnitude of the positive number is greater than that of the negative number then the result will be positive. However, if the magnitude of the negative number is greater than that of the positive number, then the result will be negative (and, of course, if the positive and negative numbers are equal in magnitude, the result will be 0).

            	Adding a negative number to any number gives an equivalent result to subtracting a positive number.

         

In highlighting the first, we might look at vectors of unknown length:

         
            [image: ]

         

         We can ask pupils what must be true about the negative number we would add to this vector if we want the result to be positive, negative or 0, before offering different sums and asking pupils just to identify if the result will be positive, negative or 0 before (or instead of) trying to evaluate the sum. We can do a similar thing starting with a negative vector:

         
            [image: ]

         

         This sort of activity is harder to do with counters, as it is harder to get away from counters taking specific values whilst still justifying needing a certain number of counters. Of course, you can do the same thing with actual values, but then more work is required to see the general idea.

         When it comes to the second generalisation that adding a negative number is equivalent to subtracting a positive, this depends, of course, on the model used for subtraction. On page 52 I mentioned that a potential model for subtraction is simply to define it as adding the negative. In this case, addition of a negative value would have been tackled before subtraction calculations were considered, and so this generalisation comes as a result of how subtraction has been defined. However, if other models for subtraction have been used, then there will be work to do to ensure pupils become aware of this generalisation. One potential way of highlighting this is to compare additions of negatives with subtractions using vectors:

         5 + −3

         
            [image: ]

         

          5 + −3

         
            [image: ]

         

         We can ask pupils what is the same and what is different about these two pictures, drawing attention to the fact that although the blue arrows point in different directions, the resultant value is the same in both cases. Of course, this can also be done with vectors of unknown length but it isn’t necessary to do this to see the generalisation. In fact, I find that the use of actual values aids pupils in seeing the similarity here in a way that they don’t in working with vectors of unknown length.62

         Ensuring learners recognise this property of addition and its links to subtraction can be very useful prior to exploring the subtraction of a negative number (or subtracting a positive number from a negative). One potential way to introduce these sorts of calculations is to tweak the second generalisation so that instead of it reading ‘adding a negative number to any number gives an equivalent result to subtracting a positive number’, it reads ‘adding the inverse of a number gives an equivalent result to subtracting the number’. Admittedly, this is just a restatement of the idea of using this as a model for subtraction. However, even if pupils haven’t been introduced to this as a model for subtraction before now, this may be a good time to introduce it as it significantly simplifies the introduction of subtracting a negative number (or subtraction of a positive from a negative).

         Concept link: subtraction and negatives

         If pupils are already secure with the relationship between subtracting a number and adding the inverse, then there is little more to do when looking at subtraction than to explore different subtraction calculations, and rewrite them as addition calculations:

         Rewrite the following subtraction calculations as additions.

         
            a 5 − −3 (= 5 + 3)

            b −5 − −3 (= −5 + 3)

            c −5 − 3 (= −5 + −3)

            d 3 − −5 (= 3 + 5)

            e 3 − 5 (= 3 + −5)

            f −3 − −5 (= −3 + 5)

         

         These questions show every possible variation of subtraction involving negatives:

         
            a Positive minus negative.

            b Negative minus negative (where the result is negative).

            c Negative minus positive.

            d Another example of positive minus negative.

            e Positive minus positive (where the result is negative).

            f Negative minus negative (where the result is positive).

         

         If, however, the link between addition and subtraction of inverse numbers hasn’t yet been explored with pupils, then each of these types of calculation will need to be explored within 63a model for subtraction that pupils are familiar with. The table (on page 64) shows how each might look.

         Some notes on these:

         
	In the take-away model and part-whole models, all but −5 − −3 require the introduction of zero-pairs.

            	If showing difference using vectors, it is really important to focus on the order of the drawing of the vectors. For example, the vector diagrams for 5 − −3 and −5 − 3 are very similar, and it isn’t necessarily clear why one of the orange arrows points to the right, and the other points to the left. The reason is due to the fact that in the diagram for 5 − −3, we draw the 5-vector first and then the −3 vector, and so the resultant takes us from −3 to 5. Contrast this to the −5 − 3 diagram, where we draw the −5 first and then the 3, so the resultant takes us from 3 to −5.64


         

From each of these it is possible to demonstrate why subtraction is the same as adding the inverse. For example, in the take-away or part-whole model for 5 − −3, we might start with 5 and then add 3 zero-pairs. However, because we then remove/compare to the −3, this is just equivalent to adding 3. Similarly, with the difference model, either the vectors or counters can be manipulated by adding the inverse of the subtrahend in to value – in effect, add 3 to both 5 and −3 so that 5 − −3 becomes (5 + 3) − (−3 + 3) = 8 − 0. This is once again using the idea of preservation of difference; by adding (or subtracting when the second number is positive) the same value to both numbers, the difference between them stays the same. Of course, in this case that simply means that we added 3 to the 5! The counting from model is probably the easiest to demonstrate that subtraction is equivalent to adding the inverse. It takes little insight to see that a vector that points one way and ends in the same place as another will leave the same distance as a vector pointing in the opposite direction but that starts where the other ends. In short terms, rotating the subtrahend vector by 180° doesn’t affect the result of the calculation. 65

         
            [image: ]

         

         Practice is then crucial with this idea, from opportunities to rewrite calculations or draw calculations to mixed exercises of addition and subtraction, to working with larger numbers (so that drawing the diagram accurately becomes prohibitive). We can also include questions like those we have seen before – for example:66

         If −50 − 70 = −120 what is:

         
            a −51 − 69

            b −51 − 71

            c −71 − 51

            d −73 − 51

            e −73 − 49

         

         
            Using the numbers −3, −2, −1, 0, 1, 2, 3 at most once each, make each equation below true. How many ways can you find? What do you notice about them?

            
               
                  
	□ + □ = □
            
                           
                           	□ - □ = □





            

            Use the numbers 1 to 6 to fill in the boxes so that the first two calculations have the same answer and the last one gives the largest answer.

            
               
                  
	- □ + □ =
            
                           
                           	- □ − □ =
            
                           
                           	- □ − - □ =





            

            How many ways can you find?

            Can you do it with the numbers −6 to −1?

         

         There is also a very nice activity from NRICH called ‘Negative Dice’:2

         
            A rather strange dice has normal faces for the even numbers, but the odd numbers are negative (i.e. −1, −3 and −5). Which of these totals cannot be scored from rolling two dice?

            
               
                  
	a  3
            
                           
                           	b  7
            
                           
                           	c  8





            

         

         And we can add to this with some extra prompts, such as those below:

         
            What other totals can’t you get from rolling two of these dice? What about if you have three of these dice? What about if the even numbers are negative but the odd numbers aren’t?

         

         From here we can explore addition and subtraction applied to other types of numbers, including algebraic terms and expressions. They all work in much the same way, adhering to the same models depending on whether we choose to view the numbers as discrete or continuous. 67

         Concept link: adding/subtracting fractions

         We can see the addition of fractions in the same way as we have seen addition of whole numbers:

         
	If we choose to view the fractions as discrete, then they can be added, provided they have the same unit value.

            	If we choose to view the fractions as continuous, then they can be connected together (or one fraction can be lengthened by another).

         

If we view the fractions as discrete, then we have this sort of image:

         [image: ] + [image: ]

         
            [image: ]

         

         These have the same unit value, so I can add them together to create [image: ].

         [image: ] + [image: ]

         
            [image: ]

         

         These do not add in their current form (which is the phrase I use with pupils), because they do not have the same unit value. However, provided pupils have studied equivalent fractions, we can exchange each of the twelfths for [image: ] and each of the eighths for [image: ] (as mentioned in Chapter 1, pupils need to know these relationships beforehand, as there is nothing in the representation to suggest it).

         
            [image: ]

         

         Now we do have objects with the same unit value, so we can add them together. 68

         When it comes to subtraction, if viewing the fractions as discrete objects, then any of the models we have used counters with previously can be made to work here. However, I find the difference model to be the most natural. Looking at the above, we can see a difference model would work nicely – if we changed the calculation from [image: ] then we can see that the difference between [image: ] and [image: ] is [image: ]. The take-away and part-whole model is slightly harder because we don’t actually *see* the [image: ] in this model – it is the amount I remove (in take-away) and isn’t obviously part of either [image: ] or [image: ], and so I would need to really *know* that [image: ] = [image: ].

         A great activity once pupils have some experience thinking about addition and subtraction of fractions like this is to get pupils to judge whether a fraction can be evaluated in its current form or not:

         
            State whether each of these calculations can be evaluated fully in its current form. If it can, then evaluate it fully.

            
               [image: ]

            

         

         Notice that upon first glance a learner might think that none of the calculations can be evaluated in their current form, but in fact many of them can be, provided pupils understand enough about the relationship between fraction families and 1 that they can immediately recognise that something like 1 + [image: ] = 1[image: ] and 1 − [image: ] = [image: ].

         Alternatively, or in addition, we can offer learners tasks like this:

         
            Fill in the missing numerators/denominators so that the calculations can be evaluated in their current form. How many different ways can you complete each one?

            
               [image: ]

            

            Mark says ‘[image: ] + [image: ] cannot be evaluated completely in its current form.’

            Carol says ‘That may be true, but I can still evaluate it, the answer is [image: ].’

            Can you explain how Carol arrived at her answer?

         

         If we choose to view the fractions as continuous, then the real focus when adding/subtracting fractions is on what the whole will be:

         [image: ]

         
            
[image: ]69
            

         

         
            [image: ]

         

         In both cases we can see that a whole that can be partitioned into 11 equal-sized pieces can allow us to show both [image: ] and [image: ], and so connect them together.

         [image: ] + [image: ]

         
            [image: ]

         

         This time a whole that can be partitioned into 24 equal-sized pieces can allow us to show both [image: ] and [image: ]. It is easier to see in these representations why the useful denominator is 24 – because it is the smallest fraction family that can allow us to represent both twelfths and eighths and so connect a number of twelfths and a number of eighths together. We can then model this as seeing [image: ] as [image: ] and [image: ] as [image: ]. We can see this in the Cuisenaire rods directly, and can see the same thing using vectors by comparing the simplified and unsimplified number line:

         
            [image: ]

         

         Subtraction, again, is best seen by looking at the difference between two values (or with vectors, counting from):

         [image: ] − [image: ]

         
            
[image: ]70
            

         

         
            [image: ]

         

         Once learners are beginning to achieve fluency with this using smaller whole numbers, there are lots of ways to mix it up and make the practice something that they have to think about. This will really draw their attention to the multiplicative nature of the relationship between the numerator and denominator:

         
            Work out the following:

            
               [image: ]

            

         

         We can also bring in questions that require a bit of reasoning:

         
            Work out which fractions are missing:

            
               [image: ]

            

            Fill in the missing boxes so that each block is the sum of the two below it. 71

         

         
            [image: ]

         

         And, of course, situations where a judgement has to be made as to whether we are adding or subtracting (notice the redundant number in the first one):

         
            
	The capacity of the two milk pitchers on the counter is [image: ] litre each. One pitcher has [image: ] of a litre of milk in it and the other pitcher has [image: ] of a litre milk in it. How much milk is there altogether?

               	Each large cookie is [image: ] oz and each small cookie is [image: ] oz. What is the total weight of 2 large cookies and 1 small cookie?

               	There is a bag of sugar in the storage room. The bag contained [image: ] kilograms of sugar. The chef filled up an empty can with [image: ] kilogram of sugar and then used [image: ] of a kilogram of sugar for a cake. How much sugar was left in the bag?

            



         There are also some great tasks out there for prompting inquiry into fraction addition, like these from the late, great Don Steward’s Median blog:372

         
            [image: ]

         

         Four consecutive numbers

         
            
               

	[image: ]
            
                        
                        	Where would you place the digits 2, 3, 4 and 5 so that the fraction sum has the smallest possible answer?



	[image: ]
            
                        
                        	Which four consecutive numbers would you use so that the smallest possible total is greater than 1.5?



	[image: ]
            
                        
                        	Which four consecutive numbers would you use so that the smallest possible total is greater than 1.7?



	[image: ]
            
                        
                        	Which four consecutive numbers would you use so that the smallest possible total is greater than 1.9?






         

         Or this (based on the type of task available at Open Middle4):

         
            Using the digits 1 to 9 at most once each, fill in the boxes to make the equation true.

            [image: ]

         

         Concept link: adding and subtracting surds

         Of course, there are going to be huge similarities between how we think about adding and subtracting surds compared with fractions and even integers. This is because our understanding of ‘number’ and our understanding of ‘addition’ (or ‘subtraction’) doesn’t really need to change to accommodate surds. Certain representations have to be used with more care, and certain manipulatives may not be usable in certain circumstances (as we will see), but, ultimately, collecting/connecting/lengthening will work for addition, and our models for subtraction will work equally well with surds as they have previously:

         5√2+3√2

         
            [image: ]

         

         The obvious disadvantage with connecting is that you need to know roughly how the size of each number compares to 1, at least if you want to represent them on a number line scaled in 1s. However, we could change the scale on the number line to √2s:73

         
            [image: ]

         

         Or even an unscaled number line:

         
            [image: ]

         

         Although with the number line scaled in 1s, and on the unscaled number line, it isn’t clear that the result is 8√2. For this reason, I prefer using counters to model surd calculations. Number lines also suffer when the surds to be added are different; because there isn’t a nice relationship between most surd values, you can’t really scale the number line in any useful way:

         5√2+3√3

         
            [image: ]

         

         In this representation it is relatively clear that there is no simpler expression than to simply write this number as 5√2 + 3√3; however, if we look at this on a number line, the situation is not so clear:

         
            [image: ]

         

         and the situation isn’t made better by trying to rescale the number line, because √2 and √3 are not well related. Cuisenaire rods also cannot be used, as they rely on rational multiplicative relationships between the values, of the rods.

         5√2+3√8

         
            [image: ]

         

         At first glance this looks no better than the previous calculation. However, if pupils have previously studied equivalent surds, we can highlight that √8 = 2√2, and thus we can exchange each of the √8s:

         
            [image: ]

         

         This leads to the conclusion that this sum is 11√2. It is much more difficult to recognise this on a number line – you basically have to draw the 3√8 as 6√2 immediately. 74

         When it comes to subtraction, any of the models that work with discrete representations will work – I can start with 5√2 and ‘take away’ 3√2, or I can see 3√2 as part of 5√2 (part-whole model) or I can compare 5√2 and 3√2. However, difference is probably the best model here, as we can’t really apply the ideas of ‘take-away’ or ‘part-whole’ to the calculation 5√2 − 3√3 (although we can with 5√2 − 3√8 with the use of exchange and introduction of a zero-pair).

         Once pupils are comfortable simplifying sums and differences of surd expressions (including expressions involving integer/rational numbers and surds), then there are some nice opportunities to practise with surds. One of my favourites is to ask pupils to find the nth terms of linear sequences with a common difference that is a surd value:

         Find the nth term of these sequences:

         
            a √5, 2√5, 3√5, 4√5, …

            b 3, 3 + √5, 3 + 2√5, 3 + 3√5, …

            c 3, 5 + √5, 7 + 2√5, 9 + 3√5, …

            d √3, √3 + √5, √3 + 2√5, √3 + 3√5, …

            e 1 + √3, 1 + √3 + √5, 1 + √3 + 2√5, 1 + √3 + 3√5

            f 1 + √3, 1 + 2√3 + √5, 1 + 3√3 + 2√5, 1 + 4√3 + 3√5

            g 1 + √3, 1 + 2√3 − √5, 1 + 3√3 − 2√5, 1 +4√3 − 3√5

            h 1 + √3, 1 − √5, 1 − √3 − 2√5, 1 − 2√3 − 3√5

         

         Other opportunities to interweave include working with perimeter, finding median or mean, and surd angle values (and pretty much any other mathematical context where addition is used!). Also nice are activities such as these:

         
            In each triangle, the expression on each line is the sum of the expressions in the two red circles at the end of the line.

            Find the missing values in these TriProds:75

            
               [image: ]

            

            
               [image: ]

            

            (This was adapted from the Further Maths resource TriProds: Surds5)

         

         Concept link: adding and subtracting algebra

         As before, the addition and subtraction of algebraic expressions will work in the same way as other additions and subtractions, depending on the way we choose to view the ‘numbers’, as either discrete objects or continuous measures:

         5x + 3x

         
            [image: ]

         

         Of course, this is just showing another example of algebra capturing the general case for what happens with numbers. We have seen counters used to represent 1, 10, 100, 0.1, [image: ] and even √2, but for all values of the counter, if we have 5 of them, and then add 3 more of them, we end up with 8 of them.

         Other representations of the same sum: 76

         
            [image: ]

         

         The last of these is interesting – they are created using algebra tiles that are like a general base Cuisenaire rod. A typical set includes a 1 tile (where the length of the x tile is not an integer length of the 1 tile) as well as an x2 tile. There are two ways we can see 5x + 3x using these as continuous measures. The first uses the length to represent the value, so we have a length of 5x and a length of 3x to be connected together. The second uses area as the measure – the first rectangle has a length of 5 and a width of x, whilst the second has a length of 3 and width of x, and when connected together the resulting rectangle has a length of 8 and a width of x. This is a key view of multiplication (as we shall see in the next chapter) and can really help with exploring laws of arithmetic and order of operations (which we will see in Chapter 5).

         Different variables can also be added:

         3x + 5y + 2x + y

         
            [image: ]

         

         When it comes to subtraction, as always, it depends on the model used. This is an area where seeing subtraction as adding the inverse can be particular helpful:

         5x − 3x

         
            [image: ]

         

         Whilst other models of subtraction will work with simple expressions, seeing 5x − 3x as having 5x and −3x can be very helpful when it comes to higher operations with algebra. 77

         Similarly to when we looked at adding and subtracting fractions, it is worth bringing in activities here to highlight when expressions will simplify and when they won’t:

         
            Will it simplify?

            3p + 3p

            3p − 3p

            3p − 2p

            3p −2y

            5y − 2y

            5y2 − 2y

            5y2 − 2y2

            5y2 + 2y2

            −5y2 + 2y2

            5xy + 2yx

            5y−2 + 2y2

            5y−2 + 2y−2

            5y−2 + 2z−2

            5y−2 + 2y−3

            5y−2 + 2y−3 − y

            5y−4 + 2y−4 − y−4

            5y−4.7 + 2y−4.7 − y−4.7

            [image: ]

            [image: ]

         

         As well as looking at carefully sequenced examples.

         Simplify the following:

         
            1 6j + 5k + 4j + 3k

            2 6j + 5k + 4j − 3k

            3 6j + 5k − 4j − 3k

            4 6j − 5k − 4j − 3k

            5 6j − 5k − 4j + 3k

            6 6j − 5k + 4j + 3k

            7 −6j − 5k + 4j +3k

            8 −6j − 5k − 4j − 3k

         

         It is also important, when pupils are learning about general addition and subtraction, to include lots of different variables, including the use of powers, etc.

         Simplify the following where possible:

         
            1 2a + 3a +7b

            2 5a + 4b +3b − 2a

            3 3c − d + d + 8c

            4 3w + 6v + 5w − 7w

            5 4z2 + 3z

            6 −4p + q + 7p + 2q

            7 5x − 4y − 6x − 2y

            8 8c2 − c + 2c2 + 7c

            9 −3n2 + 2n3 + n3 − n2

         

         As well as varying the number of terms and how they appear.

         Simplify the following where possible:

         
            1 7a + 1 + 2a + 3

            2 5d2 + 2d + 2

            3 −3u2 + 2u2 + 2u3 − 7u

            4 3a + 7b − 6 + 4b − 2c − 8

            5 3xy + 7x + 2y − xy + 5x

            6 −7m + 5nm2 + 2m2n

            7 −2u4 − u4 − 2 + u3 +2u3

            8 2f2 − 8 + 4g − 2h − 9 + 2 78

         

         We can also use this as an opportunity to interweave skills with fractions, decimals, etc.

         Simplify the following where possible:

         
            1 2.6r − 2.1r

            2 1.8x + 4x

            3 6.3x − 7.015 + 9.9

            4 1 − 5.18r + r + 0.7

            5 1.77b − 7.948 + 0.5

            6 5.2n + 7.5 + n + 7.7

            7 6.5 − 5.14n + n − 6.6

            8 −2.8 + 2.4n + 7.8 − 2.8n

            9 −8.1x − 8.6x

            10 7.6r + 1.1r

            11 [image: ]

            12 [image: ]

         

         Most types of activities that are useful when adding and subtracting other number types can help pupils develop fluency with addition and subtraction of algebra. Indeed, one might argue that this is the ultimate achievement of fluency, provided it is not just taught as a process, as adding and subtracting with algebraic expressions should mean learners can add and subtract with any other type of number. There are some nice opportunities to generalise results of other additions:

         Complete the following:

         
            a i)  Simplify a − 2a + 3a − 4a + 5a − 6a + … + 49a − 50a 

ii)  What happens if the signs switch?

            b i)  Simplify a − 2a + 3a − 4a + 5a − 6a + … + 99a − 100a 

ii)  What generalisations can you make for n terms?

         

         
            Arrange these expressions into the magic square:

            
	
3a + 8b


               	7b


               	
a + 4b


               	5a + 2b


               	6a + 9b


               	7a + 6b


               	2a + b


               	4a + 5b


               	8a + 3b


            

One possible answer

            
               
                  

	
7a + 6b 

            
                           
                           	2a + b 

            
                           
                           	3a + 8b




	7b 

            
                           
                           	4a − 5b 

            
                           
                           	8a + 3b




	5a + 2b 

            
                           
                           	6a + 9b 

            
                           
                           	
a + 4b







            

            Explain Yvonne’s mistake in the following problem:

            8x + 6x + 2 = 16x

         

         And we can keep bringing in other areas of mathematics where addition is used, such as perimeter, arithmetic sequences, mean, etc:79

         
            [image: ]

         

         (from Don Steward’s Median blog6)

         
            Here are the first and third terms of a different Fibonacci-type sequence.

            a _______ b _______ _______

            Each term is the sum of the previous two terms.

            Work out an expression in terms of a and b for the fifth term.

            (Question from AQA Practice Paper Set 3, Paper 1, for the 8300 specification7)

         

         Of course, we can combine these separate concept links together – for example, the addition/subtraction of algebraic fractions – but these follow exactly the same models and similar activities will prove useful; it is not possible to explore every variant available without significantly extending the length of this book! This will also be true of the other operations.

         Let us now turn our attention to the next concept we will consider – multiplication.80

         
            1 E. Gray and D. Tall, Duality, Ambiguity and Flexibility: A Proceptual View of Simple Arithmetic, Journal for Research in Mathematics Education, 26(2) (1994), 115–141. Available at: https://homepages.warwick.ac.uk/staff/David.Tall/pdfs/dot1994a-gray-jrme.pdf.

            2 See https://nrich.maths.org/2462.

            3 D. Steward, Fraction Addition Denominators Multiples, Median [blog] (12 May 2017). Available at: https://donsteward.blogspot.com/2017/05/fraction-addition-denominators-multiples.html; D. Steward, Four Consecutive Numbers, Median [blog] (29 April 2017). Available at: https://donsteward.blogspot.com/2017/04/four-consecutive-numbers.html.

            4 See https://www.openmiddle.com/.

            5 See https://www.dropbox.com/s/sh0kaj0wm1u6sbg/TriProds%20Surds_Teacher%20notes.pdf?dl=0#.

            6 D. Steward, L-Shaped Perimeters, Median [blog] (12 February 2012). Available at: https://donsteward.blogspot.com/2012/02/l-shaped-perimters.html.

            7 See https://allaboutmaths.aqa.org.uk/8300newpracticepapers3.
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