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HOW TO USE THIS BOOK


The Little Book of Mathematical Principles, Theories, & Things is an easy-to-use comprehensive guide to mathematics. It features over 130 entries on key principles or theories essential to understanding the subject. Written in an easily accessible manner, the Little Book explains sometimes very difficult concepts and theories, putting them in their historical context, giving background information on the experts who proposed them in the first place, analysing influences and proposing, where relevant, links to other related entries. The book also features tables, equations and illustrations, and ends with a glossary, and a comprehensive index.


The Little Book of Mathematical Principles, Theories, & Things is arranged chronologically and the country of origin is listed, where appropriate. Each entry includes a clear main heading, the person or people responsible for the discovery, birth and death dates, where relevant, followed by a short introductory paragraph explaining the concept concisely. In some cases, the main essay is also cross referenced to linked subjects. The key on the opposite page explains the order of information in each entry.
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3000 BC Global



Writing Numbers


The place value system uses only a finite number of symbols to write any number.


_______________


In some number systems, there are different symbols for each power of 10. In a place value system, only a small number of symbols are used.


In the Ancient Egyptian number system, dating from about 3000 BC, there were symbols for units, symbols for 10s, and so on. The number 365 was written:


[image: illustration]


where | represents a unit, [image: illustration] represents 10 and [image: illustration] represents 100.


The Chinese system writes numbers much as we say them. We say “three hundred and sixty-five:” in other words, so many hundreds, so many tens, and so many units. The number 365 is written as shown below.


[image: illustration]


It represents 3 x 100 + 6 x 10 + 5.


In both these systems there is no limit to the number of symbols required. We need a different symbol for millions, another symbol for 10 millions, and so on. The modern system uses precisely 10 symbols: the digits 0 to 9.


The value of each digit is shown by its place in the number. In 365, for example, the digit 5 on the right represents 5, the digit 6 represents 60, as it is one place to the left, and the 3 represents 300. This system came to the West from India via the Arab countries and is known as the Indo–Arabic system.


The ancient Babylonian place value system was even more economical. It used only two symbols: [image: illustration] for 1 and [image: illustration] for 10. The place value system consisted of grouping numbers in powers of 60 rather than of 10. The following number


[image: illustration]


represents 3 x 602 + 21 x 60 + 43 = 12 103.




3rd millennium BC Egypt & Babylonia



Fractions


There are different systems for writing fractions. This has always been the case, even in ancient times. For example, the Egyptian system was very limited, while the Babylonian system is still in use today.


_______________


Any advanced civilization has a system of writing fractions. Despite their renowned technological prowess, the Ancient Egyptians had a system of fractions that was comparatively clumsy.


With the exception of 2/3, the only fractions recognized by the Ancient Egyptians were those with 1 on the top, called aliquot fractions, such as 1/2, 1/3, 1/4. Any other fraction had to be written in terms of these aliquot fractions. Furthermore, they were not allowed to repeat a fraction. If they wanted to write 2/5, for example, they could not write it as 1/5 + 1/5. For the second 1/5, they had to find aliquot fractions with sum 1/5, such as 1/6 + 1/30. So they wrote 2/5 as 2/5 = 1/5 + 1/6 + 1/30 (and there are other possibilities too).


Few examples of Ancient Egyptian mathematics survive, although one that does is a leather scroll, dated from about 1650 BC, which contains fractional calculations such as the one earlier.


The Babylonian system was more flexible, following their system of writing whole numbers. Each unit is divided into 60 smaller parts, called minute parts, then each minute is divided into 60 parts, called second minute parts, and this continues with third minute parts and fourth minute parts. This system is still used today for telling the time. We divide an hour into 60 minutes and a minute into 60 seconds. (Seconds are divided into decimal fractions rather than thirds and fourths, however.)


Why was 60 chosen both for whole numbers and for fractions? Most probably because it has so many divisors and, consequently, many fractions terminate.


Consider the fractions 1/2, 1/3, 1/4 up to 1/9. Using ordinary decimals, four of them, 1/2, 1/4, 1/5, and 1/8, have a terminating representation. The other four, 1/3, 1/6, 1/7, and 1/9, have a recurring representation, such as 1/3 = 0.3333… (the threes go on ad infinitum). Using Babylonian fractions, only 1/7 does not have a terminating representation.


Nowadays, we have two ways of writing fractions. When 5 is divided by 8, the result can be written either as 5/8 or as 0.625.


See: Writing Numbers, page 8




2000 BC Babylonia



Quadratic Equations


A quadratic equation includes the square of the unknown. Thousands of years ago mathematicians in Babylonia knew how to solve quadratic equations.


_______________


The measurement of land has always been important to any civilization. To find the area of a square piece of land you multiply the side by itself, which is called the square of the side. The Latin for square is quadratus, and this is where the word quadratic comes from. There is always a square term.


Algebraically, a quadratic equation is of the form:


ax2 + bx + c = 0


where a, b and c are numbers.


The solution (in other words the formula for x) is very well known in school mathematics all over the world.


[image: illustration]


This, of course, uses modern algebraic notation. However, a method for solving quadratic equations has been known for thousands of years.


A Babylonian clay tablet in the British Museum in London contains the solution to the following problem:




The area of a square added to the side of the square comes to 0.75. What is the side of the square?





The working shown on the tablet is illustrated on the left of the table overleaf (see page 12). The modern algebraic equivalent is shown on the right.














	Babylonian tablet


	Modern notation







	
I have added the area and the side of my square. 0.75


You write down 1, the coefficient


You break half of 1. 0.5


You multiply 0.5 and 0.5. 0.25


You add 0.25 and 0.75. 1


This is the square of 1


Subtract 0.5, which you multiplied


0.5 is the side of the square



	
x2 + x = 0.75


Coefficient of x is 1


Half of 1 is 0.5


(0.5)2 = 0.25


0.25 + 0.75 = 1


√1 = 1


1 – 0.5 = 0.5


x = 0.5









In general, the method gives the following formula to solve the equation x2 + bx = c:


[image: illustration]


This is more or less the same as the modern formula given above, where a = 1.




1850 BC Eygpt



The Greatest Pyramid


A frustum of a pyramid is a pyramid with its top cut off. An ancient Egyptian manuscript gives a method for calculating the volume of this.


_______________


Ancient Egypt is particularly famous for the construction of the Pyramids. The engineering skills that went into their construction have, unfortunately, been lost to us. Likewise we can now only guess at the mathematical skills the Egyptians possessed.


Take a solid like a cone or a pyramid, which slopes uniformly from its base to a point at the top. If we cut a slice off the top the result is a frustum. A yoghurt pot is an example of a frustum of a cone.


The Moscow papyrus, dating from about 1850 BC, contains a set of rules for finding the volume of a frustum of a pyramid. It goes:




Given a truncated pyramid of height six and square bases of side four on the base and two at the top. Square the four, result 16.


Multiply four and two, result eight. Square the two, result four.


Add the 16, the eight and the four, result 28.


Take a third of six, result two.


Multiply two and 28, result 56.


You will find it right.





Following these rules, this method gives a formula for the volume as:


1/3 x 6 (42 + 2 x 4 + 22) = 56.


This does give the correct volume.


Generalizing, if the frustum has height h, a square top of side r and a square base of side R, the method gives the following formula for its volume:


1/3h (R2 + Rr + r2)




[image: illustration]


The illustration shows truncated pyramids.





which is correct. No indication is given for how this method was reached. Was it by experiment, or from theory?


This mathematical result was described (by a mathematician, mind you) as the “Greatest Egyptian Pyramid.”




c. 3rd century BC Global



π


The ratio of the circumference of a circle to its diameter.


_______________


The value of π has been found to higher and higher accuracy. It occurs in many places in mathematics besides the measurement of circles.


Circles come in different sizes of course. As the diameter (the length across) increases, so also does the circumference (the length around). The ratio between these two is the same for all circles and it is given the name π (Greek letter p, pronounced “pie”).


All civilizations have needed to find an approximation for π. An early Egyptian value was 4 x (8/9)2, which is 3.16, close to 3.14. In the Bible, I Kings 7, verse 23, the more approximate value of three is given.


The first-known reasoned estimation of π is due to Archimedes in the 3rd century BC. By drawing polygons inside and outside a circle, with more and more sides, he was able to close in on the value of π. With polygons of 96 sides, he found that π lies between 223/71 and 22/7. The latter value is still used. In the fifth century, a Chinese mathematician, Zu Chongzhi (429–501), found the more accurate fraction 355/113.


Further progress was made possible by the development of trigonometry. In the 14th century the Indian mathematician, Madhava, used trigonometry to discover the following series (which continues forever:


π/4 = 1 – 1/3 + 1/5 – 1/7 + …


This can be used to find π, but it is a very inefficient method. Using a variant of the series Madhava was able to calculate π to 11 decimal places.


Until the 20th century all the calculations were done by hand but with the invention of computers, much greater accuracy is possible. In 1949, the ENIAC calculated π to 2,037 decimal places, taking 70 hours to do so. Modern computers have calculated π to well over a million places.


The number π occurs throughout both pure and applied mathematics. Often these applications have nothing to do with the measurement of circles. For example, the equation of the normal or bell curve, which is central to statistics, is:


[image: illustration]


See: ENIAC, page 181; The Normal Distribution, pages 94–95




6th century BC Greece & Italy



The Pythagoreans


The Pythagorean slogan was:
All Things Are Numbers.


_______________


The Pythagoreans were a religious, mystical, and scientific sect mainly based in Southern Italy in the 6th century BC.


Their leader, Pythagoras himself, may or may not have existed. Many incredibly important discoveries are credited to the Pythagoreans, of which some will appear in this book.


The Pythagoreans are credited with discovering the following:


• That the Earth is a sphere.


• That the Earth is not the center of the universe.


• That musical harmony depends on the ratio of whole numbers.


No one knows what the Pythagoreans’ slogan, All Things Are Numbers, means.


Does it just mean that all things can be described in terms of numbers?


Or is it something stronger, that the solid world is an illusion and that the reality behind it consists of numbers?


More important, however, than any single discovery is the Pythagoreans’ contribution to mathematics, extending it from a practical subject concerned with areas of land or weights of corn to the study of abstract ideas.




6th century BC Greece



Pythagoras’s Theorem


For a right-angled triangle, the square on the hypotenuse is equal to the sum of the squares on the other two sides.


_______________


Pythagoras is credited with the proof of this most famous theorem in mathematics.


There are several hundred proofs of the theorem. The visual one below is just one example: Take a right-angled triangle with sides a, b, and c, where c is the hypotenuse, the longest side. Make four copies of this triangle. Draw a square of side a + b. The four triangles are arranged inside the square in two ways. In both cases, look at the region left uncovered by the triangles.


[image: illustration]


In the upper diagram, the triangles are put in the four corners. The region left uncovered is a square of side c, which has area c2.


In the lower diagram, the triangles form two rectangles, at the top left and bottom right. The uncovered region consists of two squares, one of side a, the other of side b. The area is a2 + b2.


The region left uncovered must be the same in both diagrams. Hence c2 = a2+ b2.


The theorem (though probably not its proof) may have been known long before Pythagoras. There are Babylonian clay tablets dating from about 2000 BC, which seem to provide numerical instances of the theorem.




6th century BC Greece



Irrational Numbers


An irrational number cannot be expressed as the ratio of two whole numbers. Many numbers, such as √2, the square root of √ are irrational.


_______________


The Pythagoreans thought that everything could be explained in terms of whole numbers and their ratios – fractions, in other words. It was a great shock when it was shown that this is not true.


[image: illustration]


Take a right-angled triangle in which the two shorter sides each have a length of one unit. According to Pythagoras’s theorem, the length of the hypotenuse h is given by h2 = 12 + 12. So h2 is 2, and hence h itself is √2, the square root of 2. This number is not the ratio of two whole numbers, and hence is an irrational number.


The proof is the earliest example of a “proof by contradiction.” It assumes that √2 is a rational number, i.e. that √2 = a/b, where a and b are whole numbers, and derives a contradiction.


This proof is one of the most important in the history of ideas. It destroyed the notion that everything could be described in terms of whole numbers. The actual person who made the discovery remains unnamed but his fellow Pythagoreans were so appalled by his impudence that they drowned him in the Aegean Sea.


See: The Pythagoreans, page 17




6th century BC to Present Global



Perfect Numbers


A number is perfect if it equals the sum of its proper divisors.


_______________


The search continues for perfect numbers, especially an odd perfect number.


Numerology is the magical side of mathematics and some traces – such as perfect numbers – remain in modern mathematics. Perfect numbers were thought to be mystically superior to all others and this can be seen by the following quotation from St Augustine’s City of God (420 AD):




Six is a perfect number, not because God created the world in six days, rather the other way round. God created the world in six days because six is perfect…





A perfect number is equal to the sum of its proper divisors. The first two perfect numbers are 6 and 28.


The divisors of 6 are 1, 2, and 3.


6 = 1 + 2 + 3


The divisors of 28 are 1, 2, 4, 7, and 14.


28 = 1 + 2 + 4 + 7 + 14


The next perfect numbers are 496 and 8128, the only ones known before the 13th century. The next three were found (along with three incorrect numbers) by Arab mathematician Ibn Fallus.


Finding even perfect numbers is comparatively easy. There is a formula for them, which essentially appears in Euclid’s Elements. The formula is 2n–1(2n – 1), provided that the term inside the brackets is a prime number.


All the perfect numbers that have so far been discovered are even; an odd perfect number, if it exists, remains to be found. This is the oldest unsolved problem in mathematics.


Certainly there are no odd perfect numbers up to 10300 (1 followed by 300 zeros). They may not exist, but if one is ever found, mathematicians will already know a lot about it: that it has at least nine prime factors, for example.




6th century BC Greece



Regular Polygons


A regular polygon has equal angles and equal sides.


_______________


Examples of regular polygons are the equilateral triangle (all sides equal, all angles equal to 60°) and the square (all sides equal, all angles equal to 90°). Then comes a pentagon, then a hexagon, and so on.


How do you draw these shapes? Greek mathematicians were very particular about exactness in geometry, and required exact constructions. They would not allow a protractor to measure and draw angles, because one cannot do so exactly. They did not allow a ruler to measure and set out lengths, as one cannot be sure one has the exact length. These constructions had to be made with two instruments only – a straight edge and compasses.


Constructions of an equilateral triangle and a square are part of school mathematics. The construction of a triangle is shown.


The line AB is drawn, then arcs of the same length as AB are drawn to intersect at C. Notice that a straight edge has been used to draw the lines, and compasses to draw the arcs. We do not need to use a protractor to measure an angle of 60°.


With a lot more work, it is possible to construct a regular pentagon. Hexagons and octagons are straightforward. Heptagons (7 sides) and nonagons (9 sides) had to wait!




[image: illustration]


The diagram shows the construction of an equilateral triangle.







6th century BC Greece



Platonic Solids


There are precisely five Platonic solids.


_______________


For a regular or Platonic solid, all the faces are equal regular polygons.


A regular polygon, such as a square or an equilateral triangle, has equal angles and equal sides. The best-known Platonic solid is the cube, whose six faces are equal squares.


The proof that there are no more than five such solids appears as the very last proposition in Euclid’s Elements.


They are called Platonic solids from their appearance in Plato’s Timaeus (dated about 350 BC). This is an obscure and ambiguous book, however, with many possible interpretations. It contains what could be described as an atomic theory in which the four elements of matter – fire, air, water, and earth – consist of these solids. They look as follows:














	fire


	tetrahedron







	air


	octahedron







	water


	icosahedron







	earth


	cube








Fire, for example, consists of countless atoms, each of which is a tiny tetrahedron. The sharp points of this solid explain why fire is painful.


Earth (or solid matter in general) consists of atoms, each of which is a tiny cube. The fact that cubes can be densely stacked together explains why earth is heavy.


The dodecahedron represents star and planet matter, which was believed to be different from matter on the Earth.


The five solids were known before Plato. They are attributed to the Pythagoreans, who reportedly sacrificed one hundred oxen to celebrate the discovery of the dodecahedron.


See: The Pythagoreans, page 17; Regular Polygons, page 21; Euclid’s Elements, page 35.
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Tetrahedron: four triangular faces.
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Octahedron: eight triangular faces.
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Cube: six square faces.










[image: illustration]


Dodecahedron: 12 pentagonal faces.







[image: illustration]


Icosahedron: 20 triangular faces.







6th century BC Global



The Golden Ratio


A ratio of lengths that occurs in mathematics, nature, and art.


_______________


The sides of a rectangle are in the golden ratio if, when you remove a square, the new rectangle is similar to the original one. The golden ratio is a number that is defined geometrically but which occurs in many other contexts.


The diagram shows the situation. The sides are r and 1. If we remove a square of side 1 by cutting along the dotted line, we now have a rectangle which is 1 by r – 1.


This is similar to the original rectangle. Hence the ratios r/1 and [image: illustration] are equal.


Putting [image: illustration], we obtain:


r2 – r – 1 = 0.


The positive solution of this quadratic equation is the value of r.


This ratio is called the golden ratio, or golden section, and it is written as φ (pronounced phi). Like so many other things, its discovery is credited to the Pythagoreans.




[image: illustration]


This illustrates how the golden rule is defined.





The exact value of φ is [image: illustration] and an approximate value is 1.618.


Here are some of the occurrences of the ratio:


• In mathematics, it occurs in the pentagon and the pentagram (five-pointed star) and the Penrose tiling. The ratio of successive terms of the Fibonacci sequence tends to φ


• In nature, the shell of the Nautilus snail and the pattern of sunflower petals are said to exhibit the ratio.


• In art, the façade of the Parthenon in Athens is reputed to be a rectangle in the golden ratio though this is controversial. Renaissance artists were very interested in the ratio and it appears in many paintings. Luca Pacioli, the inventor of double-entry bookkeeping, wrote a book on the ratio called De divina proportione, illustrated by Leonardo da Vinci. Composers such as Béla Bartok and Claude Debussy deliberately used the ratio in their music.


The ratio of 1 mile to 1 kilometer is 1.609, very close to 1.618, but that is probably just a coincidence.


See: Fibonacci Numbers, pages 54–55; Tessellations, pages 68–69.




5th century BC Greece



Trisecting the Angle


The problem of dividing an angle into three equal parts.


_______________


We can bisect an angle, but can we trisect it?


Greek mathematicians set many problems. This and the next two topics contain the three most important problems, having had a great influence on the progress of Greek mathematics and, indeed, on all mathematics.


All three problems are geometrical. They involve performing a geometrical construction. For Greek mathematicians, constructions had to be exact, using straight edge and compasses only. You were not allowed to use a ruler to measure distances nor a protractor to measure angles.


Suppose we are given an angle. The problem is to trisect it or, in other words, to cut it into three equal angles. Can this be done with straight edge and compasses only? You are not meant to measure the angle with a protractor and then divide by three.


To bisect it (or to cut it into two equal parts) is straightforward. To bisect ∠ABC:


Put the point of the compasses on B. Draw an arc cutting the lines at D and E. Put the point of the compasses at D, draw an arc. Put the point of the compasses at E, draw an arc. These arcs meet at F. FB bisects the angle.


[image: illustration]


Is there a similar construction to trisect the angle? The Greeks found many clever methods but they all required more instruments than the basic straight edge and compasses.


This matter has been a very popular problem among amateur mathematicians and is possibly one for which the greatest number of false proofs have been proposed.
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