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The book has been segmented into 10 major chapters (excluding this one). The following is a concise description of each chapter:

Chapter 1 represents the preliminary ideas about theory of computation along with its various components like automata theory, formal language theory, computability theory and computational complexity theory. In this context, we also introduce quantum computation and its terminology.

Chapter 2 thoroughly covers the basic discrete mathematical concepts which are essentially required to understand the subject. Here we introduce mathematical logic, set theory, relation, functions and fundamental proof techniques.

Chapter 3 deals with finite state automata and its two variants: Deterministic Finite Automaton (DFA) and Non-deterministic Finite Automaton (NFA). This is followed by the equivalence  of  DFA  and  NFA  along  with  their  properties.  Then,  we  see  Myhill-Nerode

theorem followed by minimization algorithm for finite automata. Thereafter, extensions of

1

finite automata in the form of Moore and Mealy machines and their mutual conversions are studied. Appendix 3A, Appendix 3B and Appendix 3C  are three beautiful applications of finite state automata in our day-to-day life.

Chapter 4 represents the concept behind formal languages and formal grammar. This is followed by Chomsky classification of grammar. The chapter concludes with two appendices

i.e. Appendix 4A and Appendix 4B. The former highlights the history of the development of universal programming language: ALGOL and the later discuss the different notations and preliminary concepts in the language of mathematics.

Chapter 5 explains the formalism behind regular expressions and regular languages. For every regular language there exists NFA that recognizes it. This can be  shown  by Kleene’s theorem. This is followed by various closure and decision properties of regular languages. Thereafter, the equivalence of regular expressions and regular languages are discussed. Then, we give the notion of pumping lemma, a tool which can be used to show certain languages are not regular. The chapter concludes with two appendices i.e. Appendix 5A and Appendix 5B. Appendix 5A discusses the extended version of regular expression and Appendix 5B deals with the various applications of regular expressions in Unix and Java.

Chapter 6 discusses the concepts relating to context-free grammars and its different mechanisms like derivation trees, ambiguity and normal forms. Thereafter, pumping lemma for context-free languages has been introduced which is used to show some languages are not context-free. The next part of the chapter discusses an efficient parsing algorithm called CYK parsing algorithm to check whether a given string is a member of the context-free grammar. The chapter concludes with a discussion of various closure and decision properties of context-free languages.

Chapter 7 introduces the basic structure and working of pushdown automata which can be used as a tool to implement context-free grammars. Thereafter, we discuss its configuration and two modes of acceptance by pushdown automata; acceptance by empty stack and acceptance by final state. We conclude this chapter by showing the equivalence between context-free grammar and pushdown automata.

Chapter 8 introduces the basic structure and working of Turing machines which are more capable than finite automata and pushdown automata. Then we introduce the famous Church-Turing thesis which states any computation carried out by human being or computer can be worked out by a Turing machine. This shows the strength  and  uniqueness  of  a Turing machine. The next major part of the chapter discusses various types of Turing machines. Then we show the mechanism behind linear bounded automaton which is a restricted form of Turing machine. We conclude the chapter with two numbering schemes; Cantor Numbering and Godel Numbering.

Chapter 9 highlights the limited capability of Turing machines by showing there are certain problems that are not solvable by Turing machines and therefore not solvable by computers. These are called undecidable problems. In this context, we also define recursion and recursive enumerable languages. We also show a technique called Turing reduction which is used to show certain problems are undecidable (or unsolvable).

Chapter 10 suitably explains the importance of complex theory. Here we give more emphasize on time complexity rather than space-bounded complexity. We describe various time complexity classes like P, NP, NP-hard, and NP-complete. Thereafter we discuss a vital technique called reduction which is used to show certain problems are NP-complete. Then, we discuss the

Cook-Levin theorem and its formal proof. This is followed by the importance of NP-complete problems and its various applications. We also give different space-bounded complexity classes. Then, we demonstrate a sketchy historical note which consists some chronology of important events in the history of theoretical computer science. We conclude the chapter by providing the essence of growth rates of functions by using asymptotic notation in Appendix 10A.

0.2 LIST OF NOTATIONS 

––––––––
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A ∪ B A ∩ B A – B
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A

2A

A × B


A ⊆ B a ∈ A



∅

Meaning


The union of sets A and B

The intersection of sets A and B The complement of B in A

The complement of A The power set of set A

The concatenation production of A and B The set A is a subset of set B

Element a belongs to set A The empty set
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Union of sets A1, A2,......, An


⎮x⎮

6

∃

≡ T F

¬

Λ

V

⇒

⇔

⎡x⎤

⎣x⎦



R+

R ∗

R1R2

f : A → B


Σ ∗



Σ+

(Q, Σ, δ, q0, qf)
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The cardinality of set A For all

There exists

Equivalence of predicate formula Truth value

False value

The logical NOT The logical AND The logical OR

The logical If....Then

The logical If and Only If

Ceiling function of x (least integer not less than x) Floor function of x (greatest integer not exceeding x) Transitive closure of R

Reflexive-transitive closure of R Composite of the relations R1 and R2

Function from a set A to set B

Set of  all  strings  over  the  alphabet  set  Σ

Set of all nonempty strings over Σ

A finite automata Yield operator
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Symbol Meaning





	≈

	
Equivalence relation






	Δ

	
Extension of δ (from single step to multiple steps)






	
(Q, Σ, Λ, δ, q0, ∅)



	
Moore machine






	
(Q, Σ, Λ, δ, q0, T)



	
Mealy machine






	
A\B



	
Set difference






	
G = (V, Σ, P, S)



	
Phase-structure grammar






	
fi

K


	
Derivation of a string in grammar






	*fi

	



	G

	
Derivation of a string in grammar omitting multiple steps






	
L(G)



	
Language generated by grammar G






	
r1 + r2



	
Union of two regular expressions r1 and r2






	r1r2

	
Concatenation of two regular expressions






	r ∗

	
Kleene star of regular expression r






	
(Q, Σ, Γ, δ, q0, qf)



	
A pushdown automaton






	
(Q, Σ, Γ, δ, q0, qA, qR)



	
A Turing machine






	
L(M)



	
Language of Turing machine M






	(Q, Σ, Γ, δ, q0, qA, qR, [,])

	
A linear bounded automaton






	N

	
Set of natural numbers






	Z

	
Set of integers






	Q

	
Set of rational numbers






	R

	
Set of real numbers






	
ADFA



	
Sets






	
ANFA



	
Sets






	
EDFA



	
Sets






	
ACFG



	
Sets






	
AREX



	
Sets






	ATM

	
Sets






	
HPTM



	
Sets






	≤T

	
Turing reduction






	≤P

	
Polynomial reduction






	
O (n)



	
Order of n






	T(n)

	
Time complexity function






	S(n)

	
Space complexity function






	P, NP,  NP-hard,  NP-complete

	
Time complexity  classes






	L

	
Space-bounded complexity classes






	NL

	
Space-bounded complexity classes






	
PSPACE



	
Space-bounded complexity classes






	
EXPSPACE



	
Space-bounded complexity classes






	
BPP



	
Randomized classes






	
ZPP



	
Randomized classes







0.3 LIST OF ABBREVIATIONS 



	
Symbol



	
Meaning






	
FA


	

Finite automaton







	DFA

	
Deterministic finite  automaton






	NFA

	
Nondeterministic finite  automaton






	FSM

	
Finite state  machine






	GREP

	
Global regular expression print






	
EGREP



	
Extended regular expression print






	CFG

	
Context-free Grammar






	CFL

	
Context-free Language






	CNF

	
Chomsky normal form






	GNF

	
Greibach normal form






	CYK

	
Cocke-Younger-Kasami (parsing algorithm)






	AST

	
Abstract syntax  tree






	BNF

	
Backus-Naur Form






	PDA

	
Pushdown automaton






	DPDA

	
Deterministic finite  automaton






	
NDPDA



	
Nondeterministic finite  automaton






	DCFL

	
Deterministic context-free language






	TM

	
Turing machine






	2DFA

	
Two-way deterministic  finite  automaton






	UTM

	
Universal Turing machine






	LBA

	
Linear bounded automaton






	HP

	
Halting problem






	PCP

	
Post correspondence problem
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	OBJECTIVES   OF   READING   THIS   CHAPTER

	
	



	

The chapter “Out-set” suggests the inception of the Theory of Computation (or Automata Theory). We begin our intuition into various essentialities of learning any theoretical aspect. Then, we emphasize on a sketchy introduction of the major parts of automata theory, formal language theory, computability theory and computational complexity theory. Ultimately, our goal is to learn these theories in later chapters comprehensively. We conclude this chapter in the light of quantum computation which is the latest research immerging trends in the field of theory of computation.




	



	
	
	
	
	
	
	




[image: image]“There is a theory which states that if ever anyone discovers exactly what the Universe is for and why it is here, it will instantly disappear and be replaced by something even more bizarre and inexplicable. There is another which states that this has already happened.”


—Douglas Adams, “The Hitchhiker’s Guide to the Galaxy”, 1980



6

1.1 STUDYING “THEORY” AS A PLEASURE 

Theory as the root of everything lights on introspective and inventive involvement of learners to find out the novelty of the facts. The reluctance of the learners is removed gradually making the learners enthusiastic to go deep into the theory replacing boring tendency. They cannot feel that these subjects take lot of time to read and to understand as because they get aware of the charms of these subjects. Studying the theoretical aspects of any subject will not only enhance our natural curiosity, it also gives us a deeper understanding by making us aware of the existing trends with a guidance to compute the prospects of specific development.

Theory  and practice  are closely related. Theory sets the attitude to practice. Practice gets the things done. But the theory asks questions about that making, like what, where, when, why and, above all how? In this light it is impossible to practise architecture without having at least some form of theory.

As learning begets enthusiasm; our goal is to learn “theory of computation” or “automata theory”. At this context if we start analyzing a simple question:

What is the Need to Study Theory?

Here are some possible answers which might be murmuring in your mind at this moment!


•  Theory gives exposure to ideas that permeate Computer Science: logic, sets, automata, grammars, and recursion. Familiarity with these concepts will make us a better computer scientist.

•  Theory gives us mathematical descriptions of computational phenomena. This allows us to use mathematics.

•  It is required as we are interested in a research career in the field of computer science.

•  Theory sharpens our problem solving skills.

•  A theory course distinguishes us from someone who has picked up programming at a ‘job factory’ technical school.

•  

[image: ]


It is a compulsory subject in our graduate and postgraduate level course in computer science and etc.






1.2 OVERVIEW 

Basically our subject matter is related to the rigorous study on automata, formal languages, computability and complexity theory. Still then we need a basic framework (some support infrastructure) in which to work.

The basic framework that we essentially need is the strong knowledge on basic discrete mathematics which includes some preliminary concepts of set theory, logic and some useful proof techniques, which we will discuss briefly in Chapter-2. However, before discussing our subject matter in detail; here we give an intuition behind all these.


1.2.1  Automata Theory



Automata or automatons (singular: automaton) are purely abstract computing machines which deal with mathematical objects. The origin of the word ‘automata’ derives from a Greek word which means “self-acting”. They play a major role in compilers, artificial intelligence, embedded systems, VLSI circuits, and text editors.

An automaton consists of states (represented in Fig. 1.1 by circles), and transitions (represented by arrows). As the automaton sees a symbol of input, it makes a transition (or jump) to another state, according to its transition function (which takes the current state and the recent symbol as its inputs).


[image: image]1 1






Start state



––––––––
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0

Fig. 1.1: A typical automaton

There are different variants of automata like: finite automata, pushdown automata, linear bounded automata, Turing machines, etc. Automata theory is a subject matter that studies properties of these automata.


1.2.2  Formal Language Theory



Formal language theory was developed by Noam Chomsky and it is closely related to the foundation of computer science. During 1950s linguists were trying to define the notion of formal grammar in the shape of English or any other natural language. They thought that such a description of natural languages would make language translation using computers easy.

In the mid-1950s, Chomsky proposed a mathematical model of a grammar (known as phase-structure of grammar) during his study of natural language. It turned out to be useful for computer languages rather than natural languages. He also invented context-free

grammars. Their fundamental application is that much, if not all, parsing of normal programming languages can be accomplished suitably by parsers automatically generated from a context-free grammar. Parsing is a process in program compilation that maps from linear strings of program text into tree structures (called parse tree) more easily. However, this is the first and most successful application of generating programs from high-level descriptions (simple English language or psuedocode).

Moreover, the studies of formal languages provide theoretical underpinnings for the study of programming languages as well as the foundations for compiler design. They are also important in such areas as the study of biological systems, data transmission and compression, computer networks, etc.


1.2.3  Computability Theory



The study of fully fledged models of computation, such as Turing machines is called computability. Moreover, computability is the ability to solve a problem in effective manner. Apart from Turing machine model, there are also other models of computability such as Register machines, λ-calculus, Post machines and Cellular automata. According to Church- Turing thesis, these models are equivalent in power. But, however there are certain limitations of Turing machine model, which are otherwise called undecidability. This states that it is not possible to mechanically determine whether or not an arbitrary program will halt on every input. At this time, this was a very surprising result. It has a profound influence on computer science since it can be the origin to show that all manner of useful functionality that one might wish to have computers provide is, in fact, theoretically impossible.


1.2.4  Computational Complexity Theory



Computational complexity theory is a major part of computer science. It deals with classifying computational problems. A computational problem is understood to be a task that is in principle amenable to being solved by a computer, which is equivalent to state the problem may be solved by mechanical application of mathematical steps. Moreover, a computational problem can be of decision type or search type.

A problem is regarded as inherently difficult if its solution requires significant resources, whatever the algorithm used. The theory formalizes this intuition, by introducing mathematical models of computation to study these problems and quantifying the amount of resources needed to solve them, such as time (called time complexity) and space (space-bounded complexity). In this context we will analyze different complexity classes in Chapter-10.

A key distinction between analysis of algorithms and computational complexity theory is that the former analyzes the amount of resources needed by a particular algorithm to solve a problem, whereas the latter asks a more general question about all possible algorithms that could be used to solve the same problem. More precisely, it tries to classify problems that can or cannot be solved with appropriately restricted resources. In turn, imposing restrictions on the available resources is what distinguishes computational complexity from computability theory: the latter theory asks what kind of problems can, in principle, be solved algorithmically.

1.3 QUANTUM COMPUTATION — AN INCREDIBLE UNIQUENESS 

In 1982, Richard Feynman, a Nobel prize-winning physicist thought up the idea of a ‘quantum computer’, a computer that uses the effects of quantum mechanics to its advantage. For some time, the notion of a quantum computer was primarily of theoretical interest only, but recent developments have bought the idea to everybody’s attention. One such development was the invention of an algorithm to factor large numbers on a quantum computer, by Peter Shor (Bell Laboratories). By using this algorithm, a quantum computer would be able to crack codes much more quickly than any ordinary (or classical) computer could. In fact a quantum computer capable of performing Shor’s algorithm would be able to break current cryptography techniques in a matter of seconds. With the motivation provided by this algorithm, the topic of quantum computing has gathered momentum and researchers around the world are racing to be the first to create a practical quantum computer.

The word quantum derived from the Latin word quantus which means “how much”. Quantum is a discrete quantity of energy proportional in magnitude to the frequency of the radiation it represents. An analogous discrete amount of any other physical quantity, such as momentum or electric charge is known as quantum.

The only comprehensible unit by the computer is a bit (binary digit either 0 or 1) which is the smallest. So bit is the basic unit of the classical computer. One of the most intuitive representation of bit is an open(on) or closed(off) switch of the circuit. In today’s modern computer, this representation remains in transistors, with a high voltage possibly denoting a 1 and low voltage possibly denoting a 0. A two state system (0 → 1) is the building block of classical computational device.

A quantum computer is nothing like a classical computer in design; you can’t  for instance build one from transistors and diodes. In order to build one, a new type of technology is needed, a technology that enables ‘quantum bits’ to  exist as coherent superposition of 0 and 1 state. A quantum bit or simply qubit is a unit of quantum information. Qubit represents both the state memory and the state of entanglement in a system. Quantum entanglement is experimentally verified property of nature. It happens when the particles such as photon, electron, molecules interacts physically and then become separated. This interaction  is known as entanglement. The superposition of states by quantum bits can be represented as


⎮ψ> = α⎮0> + β⎮1>



where α, β represent complex numbers satisfying ⎮α⎮2  + ⎮β⎮2 = 1 and ⎮ψ> is called a superposition. Any  state  measurement  results  in  ⎮0>  with  probability  ⎮α⎮2   and  ⎮1>  with  probability  ⎮β⎮2. Moreover, quantum entanglement is a form of quantum superposition.

An example of an implementation of the qubit is the quantum dot which is the first step taken by the researchers for building a quantum computer. In this phenomenon a single electron is trapped inside a cage of atoms as shown in Fig. 1.2. When the dot (i.e.  the electron) is exposed to a pulse of laser light of certain frequency λ for the time interval T, the electron is raised to an excited state: a second burst of laser light causes the electron to fall back to its ground state. The ground and excited states of the electron can be thought of as the 0 and 1 states of the qubit and the application of the laser light can be regarded as a controlled NOT function as it knocks the qubit from 0 to 1 or from 1 to 0 i.e.

α⎮0> + β⎮1> is changed to α⎮1> + β⎮0> and vice versa.




[image: image]Excited state




Laser light pulse of frequency λ for time T



––––––––
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Excited electron
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State |0> State |1>

Fig. 1.2: Transition of states in an atom

It would therefore seem that quantum dots are a suitable candidate for building a quantum computer. Unfortunately there are a number of practical problems that are preventing this from happening:


•  The electron only remains in its excited state for about a microsecond before it falls to the ground state.

•  There is a limit to the number of computational steps.

•  Constructing quantum dots is a very difficult process because they are so small. A typical quantum dot measures just 10 atoms (1 nanometer) across. The technology needed to build a computer from these dots doesn’t yet exist.



[image: image]

In the year 2011, Columbia based company D-Wave Systems demonstrated the world’s first commercially quantum computer D-Wave one operating on 128 qubit processor named “Rainier” as shown in Fig. 1.3. It performs single mathematical operation such as discrete optimization using quantum annealing[1]. Some researchers found later that this system produce no speedup compared to classical computers.

Fig. 1.3: World’s first 128 qubit quantum computer

[image: image]


[1]  Quantum annealing is a general method for finding the global minimum of a given objective function over a given set of candidate solution.



This is sure that quantum computers could one day replace silicon chips, just like the transistor once replaced the vacuum tube. But for now, the technology requires to develop a full-fledged quantum computer is beyond our reach. Most research in quantum computing is still very theoretical.
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TWO-MINUTE DRILL
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[image: image]➢  A theoretical aspect of any subject denotes a supposition or system of ideas. Moreover theoretical computer science is a division or subset of general computer science and mathematics which focuses on more abstract or mathematical aspects of computing and includes the theory of computation.

➢  Automata theory is a subject matter that studies various automatons like finite state automaton, nondeterministic finite state automaton, pushdown automaton, linear bounded automaton and Turing machine.

➢  Formal language theory is the vital part of computer science where syntactical aspects of languages (i.e. their internal structures) can be explained suitably.

➢  Context-free grammars are much more useful for parsing purposes which indirectly helps to generate programs from high-level descriptions.

➢  Computability theory is the study of various important models of computation like: Turing machines, Register machines, λ-calculus, Post machines and Cellular automata.

➢  We can say that the study of computational complexity theory is the mixture of two theories; one is computability theory and complexity theory. Moreover here we want to find out all possible algorithms that could be used to solve the same problem.

➢  Quantum is a discrete quantity of energy proportional in magnitude to the frequency of the radiation it represents. It is analogous to discrete amount of any other physical quantity, such as momentum or electric charge.

➢  As bit is the smallest unit of classical computers, similarly, quantum bit or qubit is the smallest unit of quantum computers.

➢  Quantum entanglement is a branch of physics and it happens when particles such as photons, electrons, molecules interact physically and then become separated.

➢  Quantum dot is an implementation of quantum bit.

➢  With classical computers gradually approaching their limit, quantum computers promise to deliver a new level of computational power. With them comes a whole new theory that incorporates the strange effects of quantum machines which may one day rule the entire universe.






	[image: ]

	 
	[image: ]





[image: ]


KEY TERMS
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	Automata

	
Quantum






	Automata theory

	
Quantum annealing






	Church-Turing thesis

	
Quantum computation






	Computability theory

	
Quantum dot






	Computational complexity theory

	
Quantum entanglement






	Context-free grammars

	
Quantum superposition






	Formal language theory

	
Theory






	Practice

	
Theory of computation
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MULTIPLE-CHOICE QUESTIONS
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1.1  The word automata means

(a)  Supportive work (b) Hard-working

(c) Self-acting (d) Not working at all

1.2  Formal language theory was developed by

(a)  Peter  Shor (b) Noam Chomsky

(c)  Richard Feynman (d) Alonzo Church

1.3  The mathematical model of a grammar developed by Noam Chomsky is called

(a)  Type-1 grammar (b) Context-free grammar

(c) RAM (d) Phase-structure grammar

1.4  Computability theory is the study of

(a)  Finite automata (b) Pushdown automata

(c) Turing machines (d) None of these

1.5  The limitations of Turing machine model is known as

(a)  Undecidability (b) Decidability

(c)  Parsing (d) Halt

1.6  The theoretical aspects of quantum computation was first given by

(a)  Peter  Shor (b) Noam Chomsky

(c)  Richard Feynman (d) Alonzo Church

1.7  The smallest unit of quantum computer is

(a)  Bit (b) Quantum

(c) Qubit (d) Superposition

1.8  Quantum entanglement happens when

(a)  Photons interact with electrons

(b)  Photon interacts with molecules

(c)  Photons, electrons, molecules interact

(d)  None of these
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REVIEW QUESTIONS
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1.1  How do you differentiate theory and practice? What are the basic objectives of learning any theoretical subject?

1.2  What are the significance of the words “theory” and “computation” in the context of theory of computation?

1.3  Name the basic framework that we need for theory of computation.

1.4  What do you mean by “automata”? Name its various types.

1.5  What is the essentiality of studying formal language theory? How context-free grammars are helpful to us?

1.6  Distinguish computational complexity theory and analysis of algorithms.

1.7  Write a short note on computability theory.

1.8  Define the following terms:

(a)  Quantum (b) Quantum bit

(c)  Quantum entanglement (d) Quantum superposition.

1.9  Describe the phenomenon of quantum dot and its various limitations.
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	OBJECTIVES   OF   READING   THIS   CHAPTER

	


	
Mathematics has played the basic pillar for many science and engineering disciplines. Similarly, discrete mathematics and logic are foundations for computer based disciplines such as computer science, software engineering and information systems. This chapter provides motivation and general guidelines to the reader for enhancing the general mathematics needed to understand this subject.

We begin this chapter with the fundamental concepts on logic theory. Then, we discuss the famous set theory including its size, type, properties and different operations that we can perform on sets. After that we discuss about mathematical relations and functions. We also describe recursive functions, primitive recursive functions, Ackermann’s function and finally μ-recursive functions. Finally we highlight different proof techniques that we will use throughout the book to proof different theorems.





“I had a feeling once about Mathematics – that I saw it all. Depth beyond depth was revealed to me – the Byss and Abyss. I saw – as one might see the transit of Venus or even the Lord Mayor’s Show – a quantity passing through infinity and changing its sign from plus to minus. I saw exactly why it happened and why the tergiversation was inevitable but it was after dinner and I let it go.”

—Sir Winston Churchill

2.1 BASIC IDEA ABOUT LOGIC 

Mathematical logic has played an important role in the development of mathematics and other disciplines of science. Moreover, it is much more useful for proving theorems and solving various problems in mathematics.

[image: image]In this section, we mainly discuss the syntax of the formulas of predictate logic which are shown as follows:


Note: Here P and Q are known as Propositional variables.

The meaning of the above formulas are expressed in terms of truth tables.




Conjunction (Logical AND)

For given two propositions P and Q, the conjunction of P and Q (represented as P ∧ Q) is a proposition (let it be R) whose truth values are given in Table 2.1.


Table 2.1: Truth Table for Conjunction





	
P



	
Q



	R = (P Ÿ Q)




	
T



	
T



	T




	
T



	
F



	F




	
F



	
T



	F




	
F



	
F



	F






From the above table it is clear that P ∧ Q is true iff both P and Q are true (T).



Disjunction (Logical OR)

If P and Q are two given propositions, then the disjunction of P and Q (represented as P ∨ Q) is a proposition (let it be R) whose truth values are given in Table 2.2.


Table 2.2: Truth Table for Disjunction





	
P



	
Q



	R = (P ⁄ Q)




	
T



	
T



	T




	
T



	
F



	T




	
F



	
T



	T




	
F



	
F



	F





From the above table we can observe that P ∨ Q is true iff P is true or Q is true or both P and Q are true.

Implication

Given two propositions P and Q we have P ⇒ Q (read as if P then Q) is a proposition (suppose R) whose truth values are given in Table 2.3.


Table 2.3: Truth Table for Implication





	
P



	Q

	R = (P fi Q)




	
T



	T

	T




	
T



	F

	F




	
F



	T

	T




	
F



	F

	T






Note that P ⇒ Q is true if and only if it is not the case that P is true and Q is false.



Equivalence

If P and Q are two propositions, then P ⇔ Q (read as P if and only if Q) is a proposition (let R) whose truth values are given in Table 2.4.

Table 2.4: Truth Table for Equivalence



	P

	
Q



	R = (P ¤ Q)




	T

	
T



	T




	T

	
F



	F




	F

	
T



	F




	F

	
F



	T






It should be noted that P ⇔ Q is true iff P and Q have the same truth value.



Negation (Logical NOT)

If P is a proposition then negation P (represented as ¬ P) is a proposition (let R) whose truth values are given in Table 2.5.


Table 2.5: Truth Table for Negation





	
P



	R = (¬ P)




	
T



	F




	
F



	T






From Table 2.5 it is clear that ¬ P is true if and only if P is false.



Universal Quantification

A universal quantification for the proposition P is given as is true for all possible values of x.

Existential Quantification

6x ◊ P

and it is true iff P

A existential quantification for the proposition P is given as ∃x ⋅ P and it is true iff P is true for at least one value of x.

Example   2.1.    Translate the following sentence into logical expression: All the students of this university have taken a course in Theory of Computation.


Solution: Let P(x): x is the student of this university.

Let Q(x): x has taken a course in Theory of computation.

Hence our required logical expression for the given sentence



6x (P(x) → Q(x))

Example 2.2. Translate the following sentence into symbolic form: Some students of this class have either visited Konark or Puri.


Solution: Let P(x): x is the student of this class.

Let Q(x): x has visited Konark. Let R(x): x has visited Puri.

Then our required expression is given by



∃x (P(x) ∧ (Q(x) ∨ R(x)))

Example 2.3. If P represents ‘These apples are good’ and Q represents ‘These apples are cheap’, then represent the following sentences in logical expression:




	These apples are good and cheap.

	These apples are not good but cheap.

	These apples are costly but good.

	These apples are either good or cheap.

	These apples are neither good nor cheap.




Solution:   1.  P ∧ Q 2. ¬ P ∧ Q

3. ¬ Q ∧ P 4. P ∨ Q

5. ¬ P ∧ ¬ Q



2.2 SET THEORY 

The set theory was initiated by the German mathematician Georg Cantor. It is the most fundamental theory in mathematics and it has wide range of applications in computer science.

Moreover, a set is a well-defined collection of objects and these objects are called members or elements of the set. For example, the collection of students in a class is a set. Similarly, the names of the faculty members in the computer science and engineering department of a college is a set. Moreover, the objects of a set are enclosed by a pair of

{  } brackets and we use uppercase English alphabets A, B, C,   to represent the set. For

example, we can define a set N = {0, 1, 2, 3, ...} which is nothing but the set of natural numbers. We use the notation 1 ∈ N means that 1 is a member or an element of the natural set N. Similarly, a ∉ N means that a is not an element of N.

On the other hand, if the number of elements in a set is finite then the set is called finite set. For example, A = {a, b, c, d}. Again a set is said to be infinite set if it has infinite number of elements. For example,


N = {0, 1, 2, ......}. N is the set of natural numbers.

Z = {......, –2, –1, 0, 1, 2, .....}. Z is the set of integers.




2.2.1  Size of a Set



The size of a set is also known as cardinality of the set. Suppose a set A is given as A  =  {a,  b,  c,  d}  then  its  cardinality  is  denoted  by  ⎮A⎮  and  ⎮A⎮  =  4.  Moreover,  the  cardinality of the set is only defined if and only if the set is finite. On the other hand, if the set is infinite its cardinality can not be defined.


2.2.2  Types of Sets

There are different types of sets : null set, singleton set, power set, universal set, etc.



Null Set

A set is said to be a null set or empty set if it does not contain any element. We use the symbol ϕ or the notation { } to represent the empty set. For example, consider the set A  =  {x⎮x2  =  9  and  x  is  even}.  Since  there  is  no  such  x,  the  set  A  is  a  null  set.

Singleton Set


A set is called as singleton set if it contains only one element. For example, A = {1}.



Power Set

Before defining the power set we need to know about the subset. If every element of a set A is also an element of a set B then A is said to be a subset of B(written as A ≤ B). For example, A = {a, b, c}, B = {a, b, c, d} then A is a proper subset of B(written as A ⊆ B). The set A is said to be a proper subset of set B if there exists an element of B which is not an  element  of  A.  Sets  A  and  B  are  said  to  be  equal  (written  as  A  =  B)  if  A  ⊆  B  and B ⊆ A.


The set  of  all  subsets  of  a  set  is  called  power  set.  Let  A  be  the  set  given  as  A  =



{a, b, c}. Then the power set of A is written as P(A) or Pow(A) or 2A. The subset of the set A are ϕ, {a}, {b}, {c}, {a, b}, {b, c}, {a, c} and {a, b, c}. Then the Pow(A) is given by


Pow(A) = {ϕ, {a}, {b}, {c}, {a, b}, {b, c}, {a, c}, {a, b, c}}

It is to be noted that, for a set A with cardinality n, the size of its power set is 2n.



Universal Set

A universal set is the collection of all objects reference. We generally use U as the notation to represent the universal set. Any other set in this domain is a subset of U. For example, suppose a notice is announced in a college that all branches except the Mechanical Engineering will have TCS campus drive on the next Friday. In this context our universal set contains all the branches of the college.


2.2.3  Operations on Set



Now, we discuss different operations on set. They are union, intersection, difference, complement and cross product.

Union of Sets

Let A and B are the two sets. Then their union written as A ∪ B and defined as the set that contains both the elements of A and B. Formally, A ∪ B is defined as


A  ∪ B  =  {x⎮x  ∈  A  or  x  ∈  B}

For example,  A = {a, b, c} and B = {c, d, e}; then A ∪ B = {a, b, c, d, e}



Intersection of Sets

Let A and B are the two sets. Then their intersection is written as A ∩ B and defined as the set that contains all elements that belong to both A and B. Formally, A ∩ B is defined as


A  ∩ B  =  {x⎮x  ∈  A  and  x  ∈  B}

For example, A = {a, b, c} and   B = {c, d, e};   then   A ∩ B = {c}



Difference of Sets

Let A and B are the two sets. Then their difference is written as A – B and defined as the set that contains the elements that occur in A but not in B. Thus, formally A – B is defined as


A  –  B  =  {x⎮x  ∈  A  and  x  ∉  B}



Complement of a Set

[image: image][image: image]Let U be the universal set containing a set A. Then the set U – A is known as the complement of set A and written as A. For example, if our universe is N, and E is the set of even number, then E is the set of odd numbers.

Cross Product of Sets

The cross product of sets is also referred as the cartesian product. Let A and B are the two sets. Then their cross product is written as A × B, and defined as by paring each element of A with each element of B. Using set-builder notation, this can be concisely expressed as:

A × B = {(x, y) ⎮ x ∈ A and y ∈ B}


For example, A = {a, b}, B = {1, 2, 3};

Then A × B = {(a, 1), (b, 1), (a, 2), (b, 2), (a, 3), (b, 3)}

It is to be noted that   A × B ≠ B × A

Since, B × A = {(1, a), (1, b), (2, a), (2, b), (3, a), (3, b)}




2.2.4  Useful Properties

The following properties are useful for manipulating expressions involving sets:



Commutative Property

Associative Property

A ∪ B =  B  ∪ A A ∩ B = B ∩ A


A ∪ (B ∪ C) = (A ∪ B) ∪ C A ∩ (B ∩ C) = (A ∩ B) ∩ C



Distributive Property


A ∩ (B ∪ C) = (A ∩ B) ∪ (A ∩ C)

A ∪ (B ∩ C) = (A ∪ B) ∩ (A ∪ C)



Absorptive Property


A ∪ (A ∩ B) = A A ∩ (A ∪ B) = A



De Morgan’s Laws

––––––––

[image: ]


Complement Operation

––––––––

[image: ]


[image: image]

A » B

[image: image]

A « B

––––––––

[image: ]


=   A ∩ B


[image: image][image: image]



[image: image][image: image]=   A ∪ B


[image: image]A ∪ A = U






A ∩ A = ϕ

A = A



Example 2.4. If A = {1, 2, 3}, B = {3, 4, 5} and C = {5, 6} then evaluate the following expressions:


(a) (A ∩ B) × (B – C) (b) (A – B) × B (c) (A – B) × (B – C)

Solution: (a) A ∩ B = {1, 2, 3} ∩ {3, 4, 5} = {3}

B – C = {3, 4, 5} – {5, 6} = {3, 4}

Hence, (A ∩ B) × (B – C) = {3} × {3, 4} = {(3, 3), (3, 4)}

(b) A – B = {1, 2, 3} – {3, 4, 5} = {1, 2}

So,  (A – B) × B = {1, 2} × {3, 4, 5} = {(1, 3), (1, 4), (1, 5), (2, 3), (2, 4), (2, 5)} (c) (A – B) × (B – C) = {1, 2} × {3, 4}

= {(1, 3), (1, 4), (2, 3), (2, 4)}



2.3 RELATIONS 

[image: image]

The essentiality of relations and their applications in the field of computer science and mathematics are vital. We define a relation in the following way:

For example, if the domain set is denoted by fruits i.e. F1 = {apples, oranges, bananas} and the range set is given by flavors, i.e. F2 = {sweetness, tartness, bitterness}. Then, we associate apples with both sweetness and tartness, while oranges are related to tartness only

and bananas to sweetness only. There are different types of relations which are discussed as follows:

Reflexive Relation


A relation R defined on a set A is called reflexive if (a, a) ∈ R and 6a Œ A.



Suppose the

set A is given as A = {1, 2, 3, 4}. Then the relation R given as R = {(1, 1), (2, 2), (1, 2),

(3, 3), (3, 4), (4, 4)} is reflexive.

Irreflexive Relation


A relation R defined on a set A is called irreflexive if (a, a) ∉ R and



6a Œ A.

For

example, if the set A is given as A = {1, 2, 3, 4}. Then the relation R given as R = {(1, 2),

(1, 3), (1, 4), (2, 3), (2, 4), (3, 4)} is not reflexive or irreflexive since it does not contain any

of the pairs (1, 1), (2, 2), (3, 3), (4, 4).

Symmetric Relation

A relation R on a set A is called symmetric if (a, b) ∈ R then (b, a) ∈ R. For example, the set A is given as A = {1, 2, 3, 4} then the relation R given as


R = {(1, 2), (2, 1), (2, 2), (3, 1), (1, 3), (3, 3), (4, 4)}



is symmetric.

Anti-symmetric Relation

A relation R defined on a set (let A) called anti-symmetric if (a, b) ∈ R and (b, a) ∈ R satisfy simultaneously, then a = b. Let us take an example, suppose the set A is given as A = {1, 2, 3, 4} then the relation R given as


R = {(1, 1), (1, 4), (2, 1), (2, 2), (2, 4), (3, 1), (3, 2), (3, 3), (4, 4)}



is anti-symmetric.

Asymmetric Relation

A relation R on the set A is called asymmetric if (a, b) ∈ R then (b, a) ∉ R. Let set A is given as A = {1, 2, 3, 4} then the relation R defined on the set A


R = {(1, 2), (1, 3), (1, 4), (2, 3), (2, 4), (4, 1), (4, 3)}



is asymmetric.

Transitive Relation

A relation R defined on the set A is called transitive if (a, c) ∈ R whenever (a, b) and (b, c) are in R. In other words, if (a, b) ∈ R and (b, c) ∈ R then (a, c) ∈ R. Suppose the set A given as A = {1, 2, 3, 4} then the relation R defined on the set A

R = {(1, 2), (1, 3), (1, 4), (2, 3), (2, 4), (4, 3)}

is a transitive relation.

Equivalence Relation

A relation R defined on the set A is called an equivalence relation if it is reflexive, symmetric and transitive. For example, let A = {1, 2, 3, 4} then the relation R given as


R = {(1, 1), (1, 2), (2, 1), (2, 2), (3, 3), (3, 4), (4, 3), (4, 4)}



is a reflexive, symmetric and transitive. Therefore, R is an equivalence relation.

Partial Order Relation

A relation R on the set A is called a partial order relation if it is reflexive, anti- symmetric and transitive. Some of the examples of partial order relationship are ≤, ≥.

Example 2.5. Let A be the set of books. Suppose R be the relation on A such that if (a, b) ∈ R, if book a costs more than book b and contains fewer pages then book b. Check which of the following relations hold good for R:


(a)  Reflexive (b) Symmetric (c) Asymmetric

(d) Transitive (e) Equivalence



Solution: (a) The relation R is not reflexive. If it is reflexive, then we have : A book will cost less than itself and contains fewer pages.


(b)  The relation R is not symmetric.

(c)  R is not asymmetric.

(d)  R is transitive.

(e)  R is not equivalence as because it is not reflexive as well as not symmetric.







2.4 FUNCTIONS 

[image: image]

Let A be the set of inputs and B be the set of outputs. Then, we define a function in the following way:

For example, consider the function f : A → B as shown in Fig. 2.1. In this relation, we find that each element of A has an unique mapping in set B. Since there is an unique association from A  to  B  therefore  every  element  of  A  has  an  image  in  B.  Here  set A = {a, b, c, d} is called domain and set B = {1, 2, 3, 4, 5} is known as co-domain. We also observe that for each element of B (except 5) we have an pre-image in A. Hence the set

{1, 2, 3, 4} is called range. Therefore, we conclude that range is a subset of co-domain.

[image: image]

Fig. 2.1: Mapping from set A to set B

Example 2.6.   For the function f(x) = y = 2x + 3, find the range B when domain set A = {– 3, – 2, – 1, 0, 1, 2, 3}.


Solution: For  the  given  value  of  x,  we  have

f(– 3) = 2(– 3) + 3 = – 3

f(– 2) = 2(– 2) + 3 = – 1

f(– 1) = 2(– 1) + 3 = 1



f(0) =  2(0) + 3 = 3

f(1) = 2(1) + 3 = 5

f(2) = 2(2) + 3 = 7

f(3) = 2(3) + 3 = 9

The given function can also be written as a set of ordered pairs i.e.

{(– 3, – 3), (– 2, – 1), (– 1, 1), (0, 3), (1, 5), (2, 7), (3, 9)}.


So the range set B = {– 3, – 1, 1, 3, 5, 7, 9}.




2.4.1  Basic Functions



In this section, we discuss about different basic functions according to the properties they have. The different categories of functions can be described as follows:

Injective Function

A function f : A → B is said to be injective function or one-to-one function if for all a, b ∈ A, if f(a) = f(b) then a = b. Equivalently, if a ≠ b then f(a) ≠ f(b). Moreover, an injective function has a distinct value for each distinct argument.


Example 2.7.   Show that the function f : R → R defined by f(x) = 2x + 4 is injective.

Solution: Let f(a) = f(b) for some a, b ∈ R

⇒ 2a + 4 = 2b + 4

⇒ a = b

Thus for all a, b ∈ R, f(a) = f(b) implies a = b. Hence, f : R → R is injective.



Surjective Function

A function f : A → B is said to be surjective function or onto function if for all b ∈ B there exists at least one element a ∈ A such that f(a) = b, i.e.  every  element  of  the co-domain B appears as the image of at least one element of the domain A. So symbolically,

a function f : A → B is said to be surjective if

6b Œ B,

∃ a ∈ A, f(a) = b.

Suppose A = {1, 2, 3, 4} and B = {a, b, c} be the two sets. Then, we give a surjective function from domain A to codomain B as given in Fig. 2.2.

[image: image]A B

––––––––
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Bijective Function

Fig. 2.2: A surjective function f : A → B

A bijective function is also known as one-to-one correspondence. A function f : A → B is said to be bijective if it is an one-one and onto mapping from set A to set B. In this type of function we get an exact pairing of the elements of two sets. Therefore, every element of set A is paired with exactly one element of set B and vice versa.

[image: image]A B

Fig. 2.3: A bijective function f : A → B

Constant Function

A function f : A → B is said to be constant function if f(a) = f(b) for all a, b ∈ A. Moreover, a function is called constant function if its value don’t vary. For example, the function f(x) = 5 is a constant function since f maps the value to 5.

Identity Function

A function f : A → B is said to be identity function  if it always returns the same value that was used as its argument. For example, the function is given by f(x) = x.

Empty Function

An empty function is a function whose domain is empty set. For a set A, there exists exactly one such empty function fA : ϕ → A.

Partial Function

A partial function f : A → B is a function if for every element of A there exists atmost one element in B.

Total Function

A total function f : A → B is a function if for every element of A there exists a unique element in B. For example, f(n) = 2n for n ∈ N.


2.4.2  Recursive Functions



A recursive function is otherwise known as computable function which can be effectively used to solve problems where solution is expressed in terms of successively applying the same solution to subsets of the problem. Therefore, the solution to a problem depends on the solution to smaller instances of the same problem. Certain programming languages like C, C++, Java, Pascal etc. uses recursive procedures.

[image: image]

––––––––
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Example 2.8. The factorial function fact (x) : x × fact (x – 1) is a recursive function. Therefore the factorial of a number x is expressed as a series of multiplications as shown.


Fact of x = x × (x – 1) × (x – 2) × .... × 1 So the factorial of 5 = 5 × 4 × 3 × 2 × 1 = 120



[image: image]

[image: image]


2.4.3  Primitive Recursive Functions



[image: image]

Primitive  recursive  functions  are  the  basic  functions  that  are  defined  over N = {0, 1, ...} using primitive recursion and composition of finite number of times. Under primitive recursive functions we need to understand composition as well as primitive recursion.

Suppose f1, f2, f3 are partial functions of three variables and g is a partial function of two variables, then we give the composition of g with f1, f2 and f3 as h by


h(x1, x2, ..., xm) = g(f1(x1, x2, x3), f2(x1, x2, x3))

Example 2.9. Let f1(x, y) = x – y, f2(x, y) = 3x, f3(x, y) = xy and g(x, y, z) = x + y



+ z be the functions over N. Then


Solution: h(x, y) = g(f1(x, y), f2(x, y), f3(x, y)) = g(x – y, 3x, xy) = x – y + 3x + xy



= 4x – y + xy


Example 2.10. Let f1(x, y) = x – y, f2(x, y) = y – x and g(x, y) = x – y be functions over



N. f1 is defined only when x ≥ y and f2 is defined only when y ≥ x. So f1 and f2 are defined only when x = y.


[image: image]

Solution: h(x, y) = g(f1(x, y), f2(x, y)) = g(x – x, x – x) = g(0, 0) = 0.



Here f can be evaluated for all arguments (x1, x2, ..., y) by induction on y, where y is called the recursive variable.

Example 2.11. Give an example to show addition function  is  premitive  recursive over N.

Solution: Add (x, 0) = g(x) = x

Add (x, y + 1) = h(x, y, Add (x, y) + 1)

= Add (x, y) + 1

Suppose take x =   2 and y = 4. Then the add function becomes

Add (2, 4) = Add (2, 3 + 1) = Add (2, 3) + 1


= (Add (2, 2) + 1) + 1

= ((Add (2, 1) + 1) + 1) + 1

= (((Add (2, 0) + 1) + 1) + 1) + 1

= 2 + 1 + 1 + 1 + 1 = 6



Example 2.12. Give an example to show the multiplication function is premitive recursive.


Solution: Mult (x, 0) =  g(x) = 0

Mult (x, y + 1) = h(x, y, Mult (x, y)) = Mult (x, y) + x

Suppose take x = 2 and y = 4. Then the multiplication function becomes: Mult (2, 4) = Mult (2, 3 + 1)

= Mult (2, 3) + 2

= Mult (2, 2) + 2 + 2

= Mult (2, 1) + 2 + 2 + 2

= Mult (2, 0) + 2 + 2 + 2 + 2

= 0 + 8

= 8



Example 2.13. Give an example to show the factorial function Fact(x) = x! is premitive recursive.


Solution: Fact (0)  = 1

Fact (y + 1) = h(y, Fact (y)) = Fact (y) ⋅ (y + 1) We need to figure out Fact (4). Then

Fact (4) = Fact (3) × (3 + 1)

= Fact (2) × (2 + 1) × 4

= Fact (1) × (1 + 1) × 3 × 4

= Fact (0) × (0 + 1) × 2 × 3 × 4

= 1 × 1 × 2 × 3 × 4

= 24

2.4.4  Other Premitive Recursive Functions



•  Proper Subtraction: A proper subtraction function is written  as  x  .  y  and defined as


[image: image]

. Ïz - y if



z ≥ y


[image: image]x y  =  Ì0 if



z < y


•  Predecessor Function: A predecessor function pred (x) is defined as



pred(x) =

––––––––

[image: ]


[image: image]

Ïx - 1 if

Ì

Ó0 if

x π y

x = 0


•  Absolute Function: A absolute function is denoted as ⎮ ⎮ and defined as




[image: image]



⎮x⎮  =   Ï  x





if x ≥ 0




[image: image]Ì-x

if x < 0




2.4.5  Ackermann’s Function



[image: image]The famous Ackermann’s function is named after Wilhelm Ackermann. It is also called Ackermann-Peter function. However the Ackermann’s function is recursive, but it is not premitive recursive. We define the Ackermann’s function for two integers x and y greater than or equal to zero in the following way.

Example 2.14. Compute the values of the following expressions using Ackermann’s function: A(2, 1), A(2, 2), A(1, 2).


Solution: A(2, 1) = A(1, A(2, 0))

=  A(1, A(1, 1))

= A(1, A(0, A(1, 0))

= A(1, A(0, A(0, 1)))

= A(1, A(0, 2))

= A (1, 3)

= A(0, A(1, 2))

= A(0, A(0, A(1, 1)))

= A(0, A(0, A(0, A(1, 0))))

= A(0, A(0, A(0, A(0, 1))))

= A(0, A(0, A(0, 2)))

= A(0, A(0, 3)) = A(0, 4) = 5

A(2, 2) = A(1, A(2, 1))

=  A(1, 5) (Since A(2, 1) = 5)

= A(0, A(1, 4))

= A(0, A(0, A(1, 3)))

= A(0, A(0, A (0, A(1, 2))))

= A(0, A(0, A(0, A(0, A(1, 1)))))

= A(0, A(0, A(0, A(0, A(0, A(1, 0))))))

= A(0, A(0, A(0, A(0, A(0, A(0, 1))))))

= A(0, A(0, A(0, A(0, A(0, 2)))))

= A(0, A(0, A(0, A(0, 3))))

= A(0, A(0, A(0, 4)))

= A(0, A(0, 5))

= A(0, 6)

= 7

A(1, 2) =  A(0, A(1, 1))

= A(0, A(0, A(1, 0)))

= A(0, A(0, A(0, 1)))

= A(0, A(0, 2))

= A(0, 3)

= 4







2.4.6  μ-Recursive Functions



[image: image]

The μ-recursive functions are a special class of partial functions f : N → N which are computable by Turing machines. The μ-recursive functions are closely related to primitive recursive function. However, not all  μ-recursive function is a primitive recursive function. For example, the Ackermann’s function.


The term “basic” refers to different functions like:

(i)  Constant function:  For  each  n  ∈ N  and  every

f(x1, x2, ...,  xm) =  n

(ii)  Successor function: We denote  the  successor  function  as  S(x)  and  defined as S(x) = f(x) = x + 1.

(iii)  Projection function:  For  all  natural  numbers  i,  m  such  that  1  ≤  i  ≤  m;

Pm = f(x , x , ..., x ) =  x .

i 1 2 m i



2.5 PROOF TECHNIQUES 

To authenticate different types of mathematical models in mathematics and in theory of computation, we will be proving many theorems and proving many other aspects of the subject. More formally, a proof is a sequence of mathematical statements that form an argument to show that a theorem is true. So a theorem is a statement that is true.

Moreover, the statements in the proof of a theorem include axioms (which are basically assumptions about the underlying mathematical structures), hypothesis of the theorem to be proved, and previously proved theorems. Then, how do we approach towards proving theorems. This is very much similar to the question of how to solve a given problem. Solving a given problem or proving any theorem may not be an easy task always. At times, we have to be very much careful about the proof and complete understanding of the statement of the proof which is highly essential. For that we need to maintain some generic strategies that could be of help. Now let us discuss some of these fundamental strategies in detail.


2.5.1  Direct Proof



[image: image]

As the name suggests, we just approach the theorem directly, in a direct proof of a theorem. Here is how a direct proof looks like:

[image: image]


[1] The μ-operator or minimization operator or unbounded search operator searches for the least value Ly for a total function.



Proof: Let n be the given odd positive integer which can be written  as n = 2k + 1, for some integer k ≥ 0. Then n2 = (2k + 1)2 = 4k2 + 4k + 1 = 2(2k2 + 2k) + 1. Since 2(2k2 + 2k) is even, and even plus one is always odd. Hence, we conclude that n2 is odd.

[image: image]

––––––––
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Proof: The proof of this theorem is very much easy as each edge contributes 2 to the summation and each edge is incident on exactly two distinct vertices.


2.5.2  Constructive Proof



Constructive proof is a proof technique in mathematics which not only demonstrates the existence of a certain object, but also gives a method to create it. A constructive proof looks like as follows:


Theorem (Statement):  There  exists  an  object  with  property  P.



Proof: Suppose the object is given as: [.....] and the proof that the object  satisfies property P is given as: [. ]


2.5.3  Non-constructive Proof



A non-constructive proof is an another proof technique in mathematics which indirectly shows a mathematical object exists without providing a specific example for creating it. Sometimes, we refer nonconstructive proofs as existence proofs.

In other words, the question of whether a solution to a given problem exists can be solved in the affirmative without actually finding the solution to the given problem.

[image: image]

––––––––
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[image: image][image: image]Proof: To proof this theorem we have two possible cases.



––––––––
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Case 1:




is rational i.e.




∈ Q.


[image: image]In this case, we consider m = n = 2. We will prove



––––––––
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[image: image]is irrational in Theorem 2.5.



[image: image][image: image]2


Ê 2 ˆ



2


[image: image][image: image]Ê 2 ˆ

Case 2: ÁË 2 ˜¯




is not rational i.e. ÁË 2 ˜¯ ∉ Q.





[image: image][image: image]In this case, we take m = and   n = 2. Since,



[image: image][image: image][image: image]2

Ê 2 ˆ

[image: image]mn = ÁË 2 ˜¯ = ( 2 ) = 2

This proves the theorem, but unfortunately it does not give an example of a pair of irrational numbers m and n such that mn is rational.




2.5.4  Proof by Contradiction



In mathematics, proof by contradiction is based on the truth or validity of a proposition by indicating that the proposition’s being false would imply a contradiction. Proof by contradiction is also known as indirect proof.

[image: image]

Suppose we need to proof the given statement S is true. For that we assume the statement S is false. Then, we derive a contradiction. In other words, we show that the statement “¬ S ⇒ false” is true. This is what we need, because the contrapositive of the statement “¬ S ⇒ false” is the statement “true ⇒ S”. This concludes our proof. Now let us discuss few examples of proofs by contradiction.

Proof: As in all proofs by contradiction, we assume that contrary of what we want to show. So, we assume that n2 is even, but n is odd. Since n is odd, we know from Theorem

2.1 that n2 is odd. This is a clear case of contradiction, because we assumed that n2 is even.

[image: image]

[image: image]Proof: We will prove the theorem by contradiction. For that, we assume rational number. Hence, it can be written as

is a

[image: image]m

[image: image]= n

[image: image]m

[image: image]where, m and n are integers without a common factor. By squaring =  n ,

2n2 =  m2

we get


This implies n2 must be even. Therefore, n is even, so that we can write m = 2k or



2n2  =  4k2

and n2  =  2k2


Hence, n2 is even. Again by Theorem 2.4, it follows that n is even.

[image: image]We have shown that m and n are both even. But, we know that m and n are not both



even. It gives a contradiction. Our assumption is wrong. Hence, we conclude that is irrational.


2.5.5  The Pigeon Hole Principle

The simple pigeon hole principle can be stated as follows:



[image: image]




We now describe few examples of proofs based on pigeon hole principle.



[image: image]
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Proof: Let a1, a2, a3, ..., an be n consecutive integers. Then, we have

a2  = a1 + 1

a3   = a1 + 2

⁝


an = a1 + (n – 1)



Let us consider by dividing a1 by n let the reminder is r1. Again, by dividing a2 by n the reminder is r1 + 1, which  can  be  written  as  r2.  Similar  cases  to  be  consider  for  a3, a4, ... . By dividing an–1 by n, let the reminder is r1 + (n – 2) which can be written as rn–1 and finally by dividing an by n, the reminder is rn.


If  r1  =  1,  then  r2  =  2,  r3  =  3  and  so  on.  Then,  we  have  rn–1  =  r1  +  (n  –  2)  =  1



+ (n – 2) = n – 1 and rn = n.


Hence, this shows that for any value of r there exists a value which is divisible by n.



[image: image]


Proof: Let us define S1, S2,  ..., Sn  such that

S1 = X1

S2 = X1 + X2

S3 = X1 + X2 + X3



⁝


Sn = X1 + X2 + X3 + ... + Xn



If at least one of the Si (where i = 1, 2, ..., n) is divisible by n, then there is nothing extra to prove. If non of them divisible by n, then, we will get non-zero reminders when each

of them are divided by n and the value of the reminders will vary from 1 to n – 1.

But, there are n of sums. At least two sums let Si and Sj are giving the same reminder which are given as


Si = X1 + X2 + X3 + ... + Xi Sj   = X1 + X2 + X3 + ... + Xj



If j > i, Sj – Si = Xi+1 + Xi+2 + ... + Xj is divisible by n.


2.5.6  Mathematical Induction



Mathematical induction is a powerful and important method of mathematical proof. This is moreover known as principle of mathematical induction which can be described as follows:

[image: image]

[image: image]


Proof: We prove this theorem by performing two steps

[image: image]Basis Step: In this step we show the statement P(n) is true. For n = 1 P(1) becomes:

[image: image]

[image: image]P(1): 1 = 1 (1 + 1) = 1



2


Hence, LHS = RHS. Therefore, we conclude that the statement is true for n = 1.

[image: image]

Inductive Step:  Let  the  statement  is  true  for  n  =  k.  Thus,  we  have



k(k + 1)


[image: image]1 + 2 + 3 + ... + k =



2


[image: image]

Now, for n = k + 1, we must have

1 + 2 + 3 + ... + k + (k + 1) =  (k + 1) (k + 2)



[image: image]2


To prove, LHS = RHS,

LHS = 1 + 2 + 3 + ... + k + (k + 1)





[image: image]

=  k(k + 1) + (k + 1) = (k + 1) È k + 1˘ =




[image: image][image: image]



(k + 1) (k + 2)

[image: image]


2 ÍÎ 2 ˙˚



2


= RHS



Hence, the statement P(n) is true for n = k + 1. Therefore, 1 + 2 + 3 + ... + n = is true.

––––––––

[image: ]
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n(n + 1)

[image: image]2
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Proof: Let the statement of the theorem is represented as



[image: image]


P(n): 12 + 22 + 32 + ... + n2 =



––––––––

[image: ]
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n(n + 1) (2n + 1)

[image: image]6




[image: image]Basis Step: For n = 1, P(1): 12 =  1(1 + 1)  (2 + 1)



6


[image: image]

LHS  =  12 =  1



2 ¥ 3


[image: image]RHS = 6 = 1

So LHS = RHS, Therefore, P(1) is true.

Inductive Step: Let the statement P(n) is true for n = k, where k ≥ 1.






––––––––

[image: ]



Then, we have P(k): 12 + 22 + 32 + ... + k2 =



––––––––

[image: ]
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k(k + 1) (2k + 1)

[image: image]

6


[image: image]

Now, we claim that, for n = k + 1 the statement

P(k + 1): 12 + 22 + 32 + ... + k2 + (k + 1)2 = (k + 1) (k + 2) (2k + 3)



[image: image]6


[image: image]

LHS =  12 + 22 + 32 + ... + k2 + (k + 1)2

= k(k + 1) (2k + 1) + (k + 1)2



[image: image][image: image]

6


k(k + 1) (2k + 1) + 6(k + 1)2

=     



[image: image]

6

(k + 1) (2k2 + 7k + 6)


=     

6




[image: image]



(k + 1) (k + 2) (2k + 3)


[image: image]=



6

––––––––
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= RHS

[image: image]

Hence, the statement P(k + 1) is true for n = k + 1. Therefore, we conclude that the statement of the Theorem 2.8 is true.


[image: image][image: image]Proof: Let the statement



––––––––
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1 - an+1



P(n): 1 + a + a2 + a3 + ... + an =     


[image: image]

1 - a

1 - a2

Basis  Step:  For n = 1,  P(1): 1 + a =     

1 - a

[image: image]

LHS =  1 + a

1 - a2 (1 + a) (1 - a)




[image: image]RHS =





=



[image: image]1 - a





1 - a




= 1 + a


Hence, LHS = RHS. Therefore P(1) is true for n = 1.






Inductive Step: Let the statement P(n) is true for n = k, where  k ≥ 1. Then, we have



1 - ak+1

P(k): 1 + a + a2 + a3 + ... + ak =     

1 - a


Now, for n = k + 1, we must have




P(k + 1): 1 + a + a2



––––––––

[image: ]


+ a3

––––––––

[image: ]


+ ... + ak

––––––––

[image: ]


+ ak+1

1 - ak + 2

=     

1 - a


LHS =  1 + a + a2 + a3 + ... + ak + ak+1




[image: image]



1 - ak+1

[image: image]= 1 - a

––––––––
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[image: image]+ ak+1


1 - ak+1



[image: image]=
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1 - ak+ 2



+ ak+1   - ak+ 2

1 - a

=     

1 - a

= RHS


So, the statement P(k + 1) is true for n = k + 1. Therefore, the statement P(n) is true.



2.6 ADDITIONAL EXAMPLES WITH SOLUTIONS 

Example 2.15. A chess player wants to play at 132 games in exactly 77 days. Everyday he has to play at least one game. Show that, the player has played exactly 21 number of games in some consecutive days.

Solution: Let us consider the monotonically increasing sequence a1, a2, ..., a77 where ai denotes the total number of games the player has played till ith day. Therefore, a1 ≥ 1 and a77 ≤ 132.


Let us compute another monotonically increasing sequence,

a1 + 21, a2 + 21, ..., a77 + 21



where, a1 + 21 ≥ 22 and a77 + 21 ≤ 153. The values of those 154 numbers are a1, a2, ..., a77, a1 + 21, a2 + 22, ..., a77 + 21 which varies from 1 to 153. Again two of them must be same. Moreover, as both the sequences are monotonically increasing, those two numbers are

neither from the same series. Let one is from first series and the other one from second series.


Hence, ai = aj + 21

⇒ ai – aj =  21



Therefore, the player has played exactly 21 number of games from jth day to ith day (where i > j).


Example 2.16.  Let A, B, C be the three sets. Then prove that

(A × B) ∩ (A × C) = A × (B ∩ C)



Proof: The above statement is true if LHS = RHS. We start from RHS and proceed towards LHS as follows:




RHS:  A  ×  (B  ∩  C)  =  {(x,  y)⎮x  ∈ A  and  y  ∈ (B  ∩ C)}

=  {(x,  y)⎮x  ∈ A  and  (y  ∈ B  and  y  ∈ C)}

=  {(x,  y)⎮x  ∈  A  and  y  ∈  B  and  x  ∈  A  and  y  ∈  C}

=  {(x,  y)⎮(x,  y)  ∈  (A  ×  B)  and  (x,  y)  ∈ (A  ×  C)}

=  {(x,  y)⎮(x,  y)  ∈ (A  ×  B)  ∩ (A  ×  C)}

Hence, A × (B ∩ C) = (A × B) ∩ (A × C)

Example 2.17. Given a relation R on the set A as

R = {(1, 1), (2, 2), (2, 3), (3, 2), (4, 3), (4, 4), (5, 5)}

Find out   whether   the   relation   R   is   (i)   reflexive,   (ii)   symmetric,   (iii)   transitive,

(iv)  anti-symmetric.

Solution: (i)  The relation R is not reflexive because (3, 3) ∉ R.

(ii)  The relation R is not symmetric because (4, 3) ∈ R whereas (3, 4) ∉ R.

(iii)  The relation R is not transitive because (4, 3) ∈ R and (3, 2) ∈ R whereas (4, 2) ∉ R.

(iv)  The relation R is not anti-symmetric because (2, 3) ∈ R, (3, 2) ∈ R but 2 ≠ 3.

Example 2.18. Check whether the mapping f : X → X where X = {x ∈ R, x ≠ 0} defined






––––––––

[image: ]



[image: image]



[image: image]by f(x) = 1

x

––––––––

[image: ]


is one-to-one and onto.


Solution: Here x is  the  set  of  all  real  numbers. Let x1, x2 ∈ X. Then we have,

[image: image]

f(x1) = f(x2)

[image: image]

⇒ 1 = 1



[image: image][image: image][image: image]l z2


⇒ x1   = x2

Therefore, f is one-to-one.




[image: image]

Again, for every non-zero real numbers  x ∈ X there exists a non-zero real number



1 ∈ X such that

[image: image]z
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[image: image][image: image]Ê 1 ˆ ÁË x ˜¯



1

[image: image]= Ê 1 ˆ = z

[image: image]ÁË z ˜¯
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1


[image: image]This shows that every element x ∈ X is an image of



z . Hence f is onto. Previously,

we have seen f is one-to-one. Therefore, the function f is both one-to-one and onto.


Example 2.19. Let P, Q, R, S, T be the following statements P : It is Sunny this afternoon.

Q : It is colder than yesterday.






R : We go for swimming. S : We take a trip to Puri.

T : We will be home by sunset.

Write the  following statements using P, Q, R, S, T and logical connectives:

(i)  It is not sunny this afternoon and it is colder than yesterday.

(ii)  We go for swimming if it is sunny this afternoon.

(iii)  If we don’t go for a swimming then we take a trip to Puri.

(iv)  If we take a trip to Puri then we will be home by sunset.



Solution:   (i)  ¬ P ∧ Q (ii) R → P


(iii)  ¬ R → S (iv) S → T



Example 2.20. Show that 3 divides n3 + 2n for every positive integer n ≥ 1, using the principle of mathematical induction.


Solution: Let the statement P(n) = n3  + 2n



Basis step: In this step we show P(n) is true for n = 1. Hence, P(1) = 13 + 2 = 3 which is divisible by 3. Therefore, the statement is true for n = 1.

Inductive step: Let the statement is true for n = k. Thus, we have P(k) = k3 + 2k is divisible by 3. Let P(k) = k3 + 2k = 3p for some integer p.


Now we claim that for n = k + 1, we must have

P(k + 1) =  (k + 1)3 + 2(k + 1)

= k3 + 3k2 + 3k + 1 + 2k + 2

= (k3 + 2k) + (3k2 + 3k + 3)

= 3p + 3(k2 + k + 1)

= 3(p + k2 + k + 1)

Hence, the statment P(n) is true for n = k + 1. Therefore, n3 + 2n is divisible by 3.

[image: image]

Example   2.21.    Prove by induction

[image: image]



a 1 n
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Â i( i + 1) = n + 1

a 1 n


Solution:  Let P(n) =



Â i(i + 1) = n + 1


[image: image]



[image: image][image: image][image: image][image: image][image: image]1 1


Basis Step: In this step we show P(n) is true for n = 1. Therefore, P(1) =



[image: image]


1



Â i(i + 1)

[image: image]= . Hence, the statement is true for n = 1.


2

Inductive Step:  Let  the  statement  is  true  for  n  =  k.  Thus



[image: image]

Ł 1 k

[image: image][image: image][image: image]P(k) =

Â i(i + 1) = k + 1

is  true.




Now, we argue that for n = k + 1, we must have



[image: image][image: image][image: image]n 1 k + 1

P(k + 1) =

Â i(i + 1) = k + 2


We prove this in the following way:

[image: image][image: image]k+1 1




k 1 1




k 1 k + 1


[image: image][image: image]P(k + 1) =



Â i(i + 1)

= Â i(i + 1)

+ =

[image: image](k + 1) (k + 2)





+ =



[image: image][image: image]k + 1 (k + 1) (k + 2)

k + 2


[image: image]We found that the statement P(k + 1) is true.




[image: image]2.7 TWO-MINUTE DRILL, KEY TERMS, REVIEW QUESTIONS, PROBLEMS TWO-MINUTE DRILL

➢  Predicate logic is basically used for defining formal system which are based on different models of mathematics.

➢  Predicate logic includes conjunction, disjunction, implication, equivalence, negation, universal quantification, existential quantification.

➢  A set is a well-defined collection of objects and these objects are called members

or elements of the set.

➢  The number of elements in a set denotes its size. This is also known as cardinality

of the set.

➢  A set that does not contain any element is known as null set or empty set.

➢  A set that contains only one element is known as singleton set.

➢  The set of all subsets of a set is known as the power set of that set. If the size of a set is n, then the size of its power set is 2n.

➢  A universal set is the collection of all objects including itself.

➢  For the sets  A  and  B,  the  union  A  ∪ B  contains  both  the  elements  of  sets A and B.

➢  For the sets A and B, the intersection A ∩ B contains all elements that belong to both A and B.

➢  For the sets A and B, the difference A – B contains all elements of A that are not in B.

➢  If U be the universal set containing a set A then the set U – A is known as

complement of set A.

➢  The cross product of two sets A and B is made by pairing each element of A with each element of B.

➢  A relation R is the subset of the cartesian product of the two sets A and B where we call set A as domain set and set B as range set.

➢  A relation R on the set A is reflexive if every element of set A is related to itself

i.e. if (a, a) ∈ R and  6a ∈ A.







[image: image]➢  A relation R on the set A is irreflexive if an element of set A is related to itself

i.e. if (a, a) ∉ R and 6a ∈ A.

➢  A relation R on the set A is symmetric if (a, b) ∈ R then (b, a) ∉ R.

➢  A relation R on the set A is anti-symmetric if (a, b) ∈ R and (b, a) ∈ R satisfies simultaneously then a = b.

➢  A relation R on the set A is called asymmetric if (a, b) ∈ R then (b, a) ∉ R.

➢  A relation R on the set A is called transitive if (a, c) ∈ R wherever (a, b) ∈ R and (b, c) ∈ R.

➢  A relation R is said to be an equivalence relation if it is reflexive, symmetric and transitive.

➢  A relation R is said to be an partial order relation if it is reflexive, anti-symmetric and transitive.

➢  A function or mapping  is a type of relation in which an element in the domain set has an unique relative in the range set.

➢  Different types of functions are: injection or one-to-one function, surjective or onto function, bijective or one-to-one correspondence, constant function, identity function, empty function, recursive function, primitive recursive function, Ackermann’s function etc.

➢  A theorem is a statement that is true. In order to show a theorem is true we use different proof techniques which consists of mathematical statements that form an argument to show that a theorem is true.

➢  Pigeon hole principle states that if there are n pigeons to be placed in n – 1 holes, then there is at least one hole containing two or more pigeons. Clearly it gives us an idea of an overlapping situation.

➢  The principle of mathematical induction includes two steps: basis step and inductive step.
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