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How to Read this Book


✧



This book is designed to be both accessible and comprehensive. We emphasise building a solid foundation to support advanced concepts through the text. Here’s how to get the most out of your reading experience:


Elevated Difficulty

Some chapters and sections marked with an asterisk (*) contain advanced material that requires being comfortable with new notation and concepts. For example, “*Pure and Impure Sets” and “*Going Beyond Naïve Set Theory” discuss more abstract concepts. They provide valuable insights but aren’t essential for understanding the practical applications of set theory.




Reading Order

You have flexibility in how you approach it.


	For beginners: Follow the chapters in order, but feel free to skip the starred sections on your first read-through. You can always return to these more advanced topics later.

	For experienced readers: While you may be tempted to jump ahead, I recommend at least skimming earlier chapters as they establish important foundations and notation used throughout the book.






Work Through the Examples

The examples in this book aren’t just for illustration - they’re carefully designed learning tools.


	Read through each example carefully, understanding how the concepts are applied.

	Try to solve similar problems by creating your own variations.

	Challenge yourself to come up with novel examples that apply the concepts in different contexts.



Have you created an interesting example? Share it! Send your examples to contact@coderscompass.org. Outstanding contributions may be featured (with attribution) in future editions of the book.




Hands-on Approach

This book includes practical implementations and code examples, particularly in the chapters on data structures and relational algebra. To truly internalise these concepts:


	Don’t just read the code, write it yourself.

	Avoid copying and pasting. Typing the code helps build muscle memory and deeper understanding.

	Run every command and experiment with modifications.

	Debug any errors you encounter. This is a valuable learning experience. Debugging is a crucial skill for any developer.

	Complete at least one of the recommended projects in the final chapter.



Remember, set theory (just like any other topic) is best learned through active engagement. Take notes, draw your own diagrams, and most importantly, practise implementing these concepts in code. The time you invest in hands-on learning will pay dividends to your understanding of both theoretical concepts and practical applications.

Happy learning!
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Prologue


✧





Mathematics, rightly viewed, possesses not only truth, but supreme beauty.



— Bertrand Russell, “The Study of Mathematics” (November 1907)






In re mathematica ars proponendi quaestionem pluris facienda est quam solvendi.



In mathematics, the art of posing a problem is more important than solving it.



— Georg Cantor, Doctoral thesis (1867)






The principal aim of mathematical education is to develop certain faculties of the mind, and among these intuition is not the least precious. It is through it that the mathematical world remains in touch with the real world, and even if pure mathematics could do without it, we should still have to have recourse to it to fill up the gulf that separates the symbol from reality.



— Henri Poincaré, Science and Method (1908) Part II. Ch. 2 : Mathematical Definitions and Education, p. 128




I used to think that I did not like mathematics. In school, they teach us what to do: what steps to follow, what formulae to use, never to accept alternative solutions. No one discussed why we did the things we did. We just accepted that mathematics is about numbers, variables, formulae, and computations on these objects.

Unfortunately, I had a hard time accepting that. They never explained why we do all these rote memorisation and rigorous, archaic calculations. I am stubborn; I do not take statements given to me as fact. Before assuming the truth implicitly, I must understand the reason behind the validity of a certain argument. Naturally, I was not motivated to retain the information and paid the price for it. The others were faster than me at calculations. They could remember the formulae better, they made fewer mistakes. As the disparity grew, I felt like I would never be good at mathematics.

Turns out, we were mislabelling arithmetic as mathematics. We would get closer to the essence of mathematical problem solving when we would use elementary algebraic concepts. My performance with these was slightly better. I could see patterns, I could make connections, I could solve problems that were not just about numbers. I could solve problems that were about ideas. However, things quickly drifted away again when we learned about calculus and its prerequisites.

Many people have the opposite problem. Although skilled in arithmetic, they cannot understand the significance of studying abstract concepts. They perform exceptionally well in school, but do not go beyond the curriculum. The beauty of mathematics, the elegance of its solutions, and the power of its ideas go unnoticed by them.

Mathematics is not about numbers. It is about ideas, patterns, and connections. The focus is on problem-solving, not just mechanical calculations. The key is to understand the world, rather than solely relying on memorising formulae. It is about embracing creativity instead of simply following rules. There is a balance between rigour and intuition, between structure and freedom, between formality and creativity. Mathematicians are not just calculators: they are explorers, artists, and philosophers.

Let us talk about you now. How do you incorporate leveraging mathematical logic into your gamut of problem-solving techniques? This book is my attempt at equipping you with the “why”, not just the “how”, or “what”. To start, let’s dive into the most fundamental concept in mathematics: sets. We will explore the basic theory of sets, their properties, operations, and applications. The significance of sets will be examined in multiple fields, namely mathematics, computer science, and data science. I hope this book proves to be helpful, interesting, and inspiring for you. Wishing you all the best on your mathematical journey!

Subhomoy Haldar

Bristol, United Kingdom

22nd January 2025


※







What Are Sets?


✧





[A]ll science as it grows towards perfection becomes mathematical in its ideas.



— Alfred North Whitehead, “An Introduction to Mathematics” (1911) Ch.1, p. 14.






The lowest steps of the ladder are as useful as the highest.



— Augustus De Morgan, On the Study and Difficulties of Mathematics (1831), Ch. I.






The moving power of mathematical invention is not reasoning, but imagination.



— Augustus De Morgan, quoted in Robert Perceval Graves, The Life of Sir William Rowan Hamilton, Vol. 3 (1889), p. 219.





Introduction

In order to get you to care about sets, we need to do a couple of things. First, we need to describe what a set is. Once you have a rough idea, we can work on figuring out why learning about sets and their theory is useful.

Let us start with a few examples of collections that we can imagine:


	A deck of playing cards.

	The letters in the English alphabet.

	All whole numbers like 1, 15, 1,000,000, and so on.

	All points which are between two endpoints of a continuous line segment.

	Individual grains of sand on the earth.



These have one thing in common - they are sets. Note that examples 1 and 2 are obviously finite.

You may find it hard to believe, but example 5 is also an example of a finite set. See Which Is Greater, The Number Of Sand Grains On Earth Or Stars In The Sky? - NPR28. Examples 3 and 4 are infinite sets. You might be inclined to think they are both the same size, but that is not true! We will come to know in the cardinality section: some infinities are bigger than others.

We will now describe what exactly we mean by a set in mathematical terms, with full generality.




Definition


A set is an unordered collection of unique arbitrary objects.



In symbolic notation, we usually represent a set with a capital letter and list its assigned contents using curly braces.


[image: Figure 1: Defining a set using a capital letter and contents within curly braces.]
Figure 1: Defining a set using a capital letter and contents within curly braces.



Let us look at the words used in the definition in more detail:


Arbitrary Objects


[image: Figure 2: Elements of a set can be of arbitrary type.]
Figure 2: Elements of a set can be of arbitrary type.



Sets can be made from anything you can imagine and identify. It can be numbers, shapes, points, names, certain other sets, etc. For example, the following set has three members or elements, each of which is a shape.


[image: Figure 3: A set of shapes.]
Figure 3: A set of shapes.






Unique


[image: Figure 4: All members of a set are unique.]
Figure 4: All members of a set are unique.



All members of a set need to be unique. We cannot have the same item twice. In the set S defined above, we have each shape appear only once.

If we repeat a shape, the number of elements in the set remains the same because we have not added a new unique member. Trying to add “triangle” to the set S will not change the set.




Collection


[image: Figure 5: A set is a collection of elements.]
Figure 5: A set is a collection of elements.



Sets contain zero or more members. A set is a collection in the sense that we group some items together based on a shared property among all its members. For example, the following set of mammal species M has elements who share the property of “being a mammal”.


[image: Figure 6: A set of mammal species.]
Figure 6: A set of mammal species.






Unordered


[image: Figure 7: The order of elements in a set does not matter.]
Figure 7: The order of elements in a set does not matter.



In a regular set, we do not care about the order in which we present the members. Consider a set of numbers N.


[image: Figure 8: A set of numbers.]
Figure 8: A set of numbers.



We can write the same set in a different order, and it will still be the same set.


[image: Figure 9: Another representation of the same set of numbers.]
Figure 9: Another representation of the same set of numbers.



Both are representations of the same set of three integers. It is like checking items off a to-do list. It does not matter what order you do the tasks in, as long as you do them all.






Why Should We Care About Sets?

The concept of Set Theory to developers is like knowing about the transmission system of a car to a driver. You do not need to know how it works to drive a car, but knowing about it can help you understand how the car works and how to maintain it. Similarly, knowing about sets can help you understand how logical fields like mathematics, computer science, and data science work.


[image: Figure 10: Set Theory:Developers::Transmission System:Drivers]
Figure 10: Set Theory:Developers::Transmission System:Drivers



Not just developers but people from other professions, like scientists, statisticians, doctors often need to understand and analyse the problems they are trying to solve with well-defined procedures. Knowing about sets and their basic theory (properties like member uniqueness, operations like unions and intersections, etc.) can improve how we make use of problem-solving techniques. Here are some reasons why learning set theory is beneficial.


Organising Information Better


[image: Figure 11: Sets help us organise all available information and make it more manageable.]
Figure 11: Sets help us organise all available information and make it more manageable.



If we have too much information in front of us at once, we usually get overwhelmed and do not know what to do. If we organise a bit, we can make the steps that follow afterwards more intuitive.

Consider the case where we want customers of our store or users of our website to upload a profile picture. When we allow them to use a file-picker, we want only image files. Other file types are irrelevant to us (and potentially dangerous, from the viewpoint of security).

Similarly, if we ask a search engine for the nutritional information of an apple, we want to look at web pages that only contain information about apples, not oranges or bananas.




Avoiding Duplicates


[image: Figure 12: Sets help us avoid duplicates.]
Figure 12: Sets help us avoid duplicates.



When we process a list of information (like a list of users, products, or transactions), we can make a lot of very useful assumptions if we do not have duplicates. In case we are searching for a specific item, like a user or a product, we can stop searching once we find it. We can do this because we know that there are no duplicates down the line.

This is a very helpful property of sets that we can use to our advantage, especially when we are dealing with large amounts of data.




Combining and Filtering Data


[image: Figure 13: Sets help us combine and filter data effectively.]
Figure 13: Sets help us combine and filter data effectively.



Suppose we already have a list of people signed up to our mailing list. We also have a list of customers who have purchased something from our store. We want to run a discount for new customers who have signed up to our mailing list but have not purchased anything yet.

This list of users can be obtained using a basic set operation called a difference.




Making Decisions


[image: Figure 14: Sets help us make decisions.]
Figure 14: Sets help us make decisions.



Imagine we are planning a trip for our holiday. We want to do a fair bit of sightseeing, but want to stay at an excellent hotel. When choosing holiday spots, we would select those that have a fair number of tourist attractions (one set), and those that have well-reviewed hotels (another set).

The result we want is a smaller list of places that are present in both sets. We call this operation an intersection and will discuss it in more detail in the section Union and Intersection.




Step-by-Step Problem-Solving


[image: Figure 15: Sets help us solve problems step-by-step.]
Figure 15: Sets help us solve problems step-by-step.



A common approach that mathematicians and people from relevant technical professions use is to break down a problem into smaller, more manageable parts. Once we have solved these smaller parts, we can combine them to solve the larger problem. An advantage of breaking problems into smaller parts is that we might encounter a type of problem that we have already solved before. Therefore, we can reuse the solution and save time. Set theory helps with both approaches.

For example, to find a list of the top ten (10) selling items in our store, we need to do the following:


	Look at sales and orders. From there, we tally up items with their sale counts.

	Next, we (partially) sort the item-count pairs in the descending order of sales.

	Finally, we select the top ten items from the (partially) sorted list.



All these atomic steps, including being able to identify them, require implicit knowledge of set theory and other principles of discrete mathematics.

Knowing set theory helps us go further than just solving problems. It enables us to look deeper and solve problems correctly (investigate all cases) and efficiently (save resources like time and money). If we understand and internalise these concepts, we become better at skilfully and thoughtfully approaching problems.






Chapter Summary

In this chapter, we introduced the concept of a set through some examples, its definition, and discussed the terms used in the definition. Sets can comprise any type of elements, and all members of a set must be unique. Sets are a collection or grouping of elements, and the order of elements in a set does not matter.

We have explored the importance of set theory in various fields. Sets help us organise information, avoid duplicates, combine and filter data, make decisions, and solve problems step-by-step.

The next chapter is optional. You can directly skip to the chapter on representations of sets if you are already familiar with some basic terms and concepts of mathematical logic.


※









*On Mathematical Terms


✧





Reason is immortal, all else mortal.



— Pythagoras, as quoted in Lives and Opinions of Eminent Philosophers, Sect. 30, as translated by Robert Drew Hicks (1925).






The rules of logic are to mathematics what those of structure are to architecture.



— Bertrand Russell, “The Study of Mathematics” (November 1907)





Introduction

I will use a few mathematical terms and symbols to describe the sets. Do not be alarmed! I will always pair the mathematical statements with their plain English translations.

A few symbols will appear frequently throughout the text, so here is a small list of them, and their corresponding explanations. It is recommended to go through this chapter if you are a beginner. Do not worry about finishing the entire chapter in one go. You can treat it as a reference and always come back to it later.




Comparison


Introduction


[image: Figure 16: Set of comparison operations]
Figure 16: Set of comparison operations



When we need to compare the values or magnitudes of a pair of arbitrary items x and y, we can have three scenarios. The two items can be anything: sets, integers, words, etc. The three scenarios are:




Equality

We say


[image: Figure 17: x equals y]
Figure 17: x equals y



or “x equals y” when they are equal or indistinguishable from each other.




Less Than

We say:


[image: Figure 18: x is less than y]
Figure 18: x is less than y



or “x is less than y” if the value we ascribe to x is lesser than the value of y. We say:


[image: Figure 19: x is less than or equal to y]
Figure 19: x is less than or equal to y



or “x is less than or equal to y” if x can be less than or equal to y.




Greater Than

What happens if we invert the values of x and y? We get the opposite of the previous scenario. The notation we use is:


[image: Figure 20: x is greater than y]
Figure 20: x is greater than y



or “x is greater than y” if x’s value is greater than y. The expression:


[image: Figure 21: x is greater than or equal to y]
Figure 21: x is greater than or equal to y



has a similar definition. Can you figure out what it is?






Logical Operations


Statements and Predicates


[image: Figure 22: Set of logical operations]
Figure 22: Set of logical operations



In the next chapter, we will describe sets by attaching membership conditions to them. These require us to be very specific.

A simple logical statement is always either true or false, never both. For example, the statement:


[image: Figure 23: 2 + 2 = 4]
Figure 23: 2 + 2 = 4



is a true statement and this:


[image: Figure 24: 5 < 3]
Figure 24: 5 < 3



is false. We usually try to make objective logical statements or try to convert subjective statements into objective ones using shared definitions and common agreeable points.


We call a truth value - something that can be true or false - a Boolean value. This is in honour of George Boole, whose work in addition to that of Augustus De Morgan, Claude Shannon, and many others, led to the start of the Information Age.



Predicates or conditionals are logical statements where you need to fill in the blanks. The truth of these statements depends on what value you decide to plug in. Consider “x is even”. This statement is true if x is even:


[image: Figure 25: Some even number values for x]
Figure 25: Some even number values for x



It is false if x is odd:


[image: Figure 26: Some odd number values for x]
Figure 26: Some odd number values for x






Negation

A very simple operation we can do with logical statements and predicates is to negate them. If a predicate is M(x) then the negation of M(x) is represented as:


[image: Figure 27: Negation of a predicate]
Figure 27: Negation of a predicate



In the previous example of “x is even” (let’s assign it to M(x)), M(x) is true for x = 2.


[image: Figure 28: Original predicate value for x = 2]
Figure 28: Original predicate value for x = 2



Therefore, its negation (which in English would be “not x is even”, or “x is not even”, or “x is odd”) will be false for x = 2. M(x) was false for x = 3, so its negation will be true for x = 3.


[image: Figure 29: Predicate value for x = 3]
Figure 29: Predicate value for x = 3




[image: Figure 30: Negation of that predicate is true]
Figure 30: Negation of that predicate is true



We’ll be doing some fun stuff combining connected predicates and negating them to see how the expressions change. But we will wait until discussing the complement of sets later in the book to show the interesting results!




Logical Conjunction and Disjunction

When we want to join two logical statements or predicates together, we have several ways of doing so. In this text, we will focus on:


	
logical conjunction (logical and) - represented by the symbol ∧.

	
logical disjunction (logical or) - represented by the symbol ∨.




A trick to remember these symbols is to note that the logical conjunction (i.e. logical And) symbol (∧) looks like a capital A with the middle bar removed.



Take two predicates for x. First is P(x):


[image: Figure 31: The predicate P(x)]
Figure 31: The predicate P(x)



The second is Q(x):


[image: Figure 32: The predicate Q(x)]
Figure 32: The predicate Q(x)




A prime number is divisible only by 1 and itself. It has no other factors. Here are some good articles on prime numbers if you want to know more: Prime Number - Wikipedia9 and Prime Number - Wolfram MathWorld20.



If we combine them using a logical conjunction, we get a new predicate R(x):


[image: Figure 33: The combined predicate R(x) part 1.]
Figure 33: The combined predicate R(x) part 1.



Expanding it out:


[image: Figure 34: The combined predicate R(x) part 2.]
Figure 34: The combined predicate R(x) part 2.



In English, we define the conditional R(x) as being true when x is a prime and x is less than or equal to 8. Note that the conditional becomes false if:


[image: Figure 35: x is composite, in range]
Figure 35: x is composite, in range



because it is less than 8 but not prime. Similarly, when:


[image: Figure 36: x is prime, out of range]
Figure 36: x is prime, out of range



it is also false because it is prime but not less than or equal to 8. It is true, however, when:


[image: Figure 37: x is prime, in range]
Figure 37: x is prime, in range



since both conditions are satisfied. When both conditionals are false, then the predicate is also false, as with:


[image: Figure 38: x is composite, out of range]
Figure 38: x is composite, out of range



If we combine the same predicates using logical disjunction, we get a new predicate S(x):


[image: Figure 39: The combined predicate S(x) part 1.]
Figure 39: The combined predicate S(x) part 1.



With the original predicates expanded:


[image: Figure 40: The combined predicate S(x) part 2.]
Figure 40: The combined predicate S(x) part 2.



This means S(x) is true when x is a prime or x is less than or equal to 8. Only one condition needs to be true for the entire predicate to be evaluated as true. Therefore, S(x) is true when:


[image: Figure 41: x is prime and less than 8]
Figure 41: x is prime and less than 8



(prime and less than 8), when


[image: Figure 42: x is composite and less than 8]
Figure 42: x is composite and less than 8



(not prime but less than 8), and when


[image: Figure 43: x is prime and greater than 8]
Figure 43: x is prime and greater than 8



(prime although greater than 8). It is only false when both conditions are false. When:


[image: Figure 44: x is composite and greater than 8]
Figure 44: x is composite and greater than 8



it is false because 16 is neither a prime, nor less than 8.

A summary of the results is presented in the following table:

Table 1: Evaluation of predicates P(x), Q(x), R(x), and S(x) for different values of x.




	x
	P(x)
	Q(x)
	R(x)
	S(x)





	16
	false
	false
	false
	false



	4
	false
	true
	false
	true



	11
	true
	false
	false
	true



	5
	true
	true
	true
	true










Quantifiers


[image: Figure 45: Set of quantifiers]
Figure 45: Set of quantifiers



Let us take the integers from 1 to 10 (inclusive). We can even be formal and assign this to the set A.


[image: Figure 46: The set A of integers from 1 to 10.]
Figure 46: The set A of integers from 1 to 10.



Now consider the predicates:


[image: Figure 47: Sample predicate P(x)]
Figure 47: Sample predicate P(x)



and


[image: Figure 48: Sample predicate Q(x)]
Figure 48: Sample predicate Q(x)



Are there any elements in A that satisfy P(x)? Sure! We have 1, 3, 5, 7, and 9. We are sure that some but not all elements satisfy P(x). Mathematically, we represent this using the statement:


[image: Figure 49: There exists an x in A such that P(x) is true.]
Figure 49: There exists an x in A such that P(x) is true.



or in English, “there exists an x in A such that P(x) is true”.

What about Q(x)? Since all the integers in A are positive, every element satisfies the condition! Mathematically, we represent this as:


[image: Figure 50: For all x in A, Q(x) is true.]
Figure 50: For all x in A, Q(x) is true.



which translates to “for all x in A, Q(x) is true”.


Here’s how to remember the symbols:


	There Exists looks like a flipped E - ∃.

	For All symbol is an inverted A - ∀.

	The “∈” symbol is a stylised E for Element. It denotes that an element is a member of a set. We discuss this in more details in the membership section.

	The bar or pipe symbol “|” connects the quantifier to the predicate. Other texts might use a colon “:” instead. It is used heavily in set builder notation, discussed in the representation of sets chapter.





Quantifiers and logical connectors will prove very useful when we discuss negations (and complements) of predicates (and sets).




Relations, Functions, and Maps


Definitions

During the discussion of cardinality and Cartesian products of sets, we will require the concept of associating an element from an input set to an element of an output set. Considering an example will help us understand the unfamiliar concepts better.

Take a set of friends


[image: Figure 51: A set of friends.]
Figure 51: A set of friends.



We will relate them to a set of food items


[image: Figure 52: A set of food items.]
Figure 52: A set of food items.



Let us define the relation R as “friend x likes food y”. Assume the following relations:


	Andy and Zoe like sushi.

	Sam likes ice-cream.

	All three like pizza.



Now we consider the following statements in the context of the relation R:


	“Andy likes sushi” is true and therefore, satisfies R.

	“Sam likes sushi” is false and does not satisfy R.

	“Andy likes pizza” is true and satisfies R.



Note that one person can like more than one type of food in our relation.


We define a relation between two sets as a collection of the associations between the elements of the input set and the output set.



One input element may have a relation with zero or more output elements. Similarly, one output element may be related to zero or more input elements.

Relations will prove extremely useful in the Relational Algebra and Set Theory.

Functions or mappings (or maps for short) are similar. In set theory, we enjoy being explicit and prefer “mapping” as it implies that we map from one set to another and one element from an input set to another element of the output set. We use the term “function” in calculus and other derivative fields of set theory.

Mappings are a special category of relations. A key differentiator is that one input element can be mapped to only one output element, not many. For example, we might modify the previous example to restrict the relation and say, “friend x likes food y the most”. We must pick a favourite, and only one element. We’re still allowed to have many inputs map to the same output.

In notation, we first define the input set I, called the domain, and the output set O, called the codomain of a mapping f. They are written together as:


[image: Figure 53: Specifying the domain and codomain for f]
Figure 53: Specifying the domain and codomain for f



Next, we define the function f which maps an element x of the input set to an element y of the output set as


[image: Figure 54: Defining the function f]
Figure 54: Defining the function f



A neat mathematical observation follows. If we have:


[image: Figure 55: f(x) = y₁]
Figure 55: f(x) = y₁



and


[image: Figure 56: f(x) = y₂]
Figure 56: f(x) = y₂



then it must be the case that


[image: Figure 57: y₁ = y₂]
Figure 57: y₁ = y₂



Why is that? If y1 was not equal to y2, then f would violate the property that one input element must have only one output element. We can do a graphical test for this! We call it the vertical line test.


	Plot the function in the whole domain or a subset (we’ll discuss subsets in the next chapter on set operations) that we are interested in. The domain’s elements are on the horizontal X axis and the codomain’s elements are on the vertical Y axis.

	Draw an imaginary vertical line perpendicular to the X axis and parallel to the Y axis through any point on the graph.

	Slide the line across the X axis.

	If there’s a point where the line intersects the function’s curve at more than one point, then the mapping fails the vertical line test, specifically the one-to-one property. It is a relation.




[image: Figure 58: A valid function passes the vertical line test. The test line intersects the function at only one point through all the points in the domain.]
Figure 58: A valid function passes the vertical line test. The test line intersects the function at only one point through all the points in the domain.
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