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CHAPTER 1

 AVERAGES

HOW TO CALCULATE THE MEAN,
MEDIAN, MODE AND RANGE FROM UNGROUPED DATA

INTRODUCTION TO THE MEAN.
Computing an average grade is perhaps a student’s most familiar
calculation. For example, if in four history quizzes
Jennifer received 85, 90, 75, and 80, her average grade would be
equal to (85 + 90 + 75 + 80) ÷ 4 = 330 ÷ 4 = 82.5.

In other words, to get the average, we
must first add all the numbers together. Then we divide this sum by the number of items that we
added.

This calculation may be represented
symbolically by the formula:

Arithmetic Average = ∑X/N.
Where:

X represents an individual
number.

∑ is the Greek capital
letter S and it is called sigma.

∑ is a summation sign and
always indicates addition.

∑X therefore means the sum of all the
individual numbers, i.e., the sum of all the X’s.

N represents the number of items,
which we added together to get ∑X, i.e., the number of
X’s.

In our example above, we let
X1 = 85, X2 = 90, X3 = 75,
X4 = 80. ∑X is equal to the sum of all the X’s or:
X1 + X2 + X3 + X4. ∑X
is therefore equal to (85 + 90 + 75 + 80) = 330. N is equal to the
number of X’s or 4. The Arithmetic Average:

[image: tmp_8092feddb27f544ca893443a81c7a595_BkDzM1_html_58906a4c.png]

1. FORMULA FOR THE
MEAN. In statistics the arithmetic average is called the
“mean.” It is represented by the symbol [image: tmp_8092feddb27f544ca893443a81c7a595_BkDzM1_html_m17eab038.png]. Therefore, the formula that shows you how to find the mean
is:

[image: tmp_8092feddb27f544ca893443a81c7a595_BkDzM1_html_7853b7fb.png]

The mean is generally used to describe
average: temperature, price, salary, grades, length of disease,
height, weight, etc.

2. SAMPLE MEAN
PROBLEMS.

EXAMPLE 1: The heights in
inches of a five-man basketball team are 72, 70, 65, 68 and 75.
Find the average mean height of this team.

Solution

Step 1.

Mean = [image: tmp_8092feddb27f544ca893443a81c7a595_BkDzM1_html_m206d31bb.png]= ∑X/N

To solve this equation we need to
know ∑X and N

Step 2.

∑X = sum of all the
heights (X’s) = 72 + 70 + 65 + 68 + 75 = 350”

Step 3.

N = number of heights (X’s) which we
added together to get ∑X. N = 5

Step 4.

[image: tmp_8092feddb27f544ca893443a81c7a595_BkDzM1_html_4511826e.png]

EXAMPLE 2: The annual salaries
of a seven-man accounting department are: $12,000; $8,000; $9,500;
$7,000; $7,000; $7,600; and $7,000, respectively. What is the
average mean salary of this group?

Solution

Step 1.

Mean = [image: tmp_8092feddb27f544ca893443a81c7a595_BkDzM1_html_m206d31bb.png]= ∑X/N

To solve this equation we need to
know ∑X and N

Step 2.

∑X = sum of all the salaries (X’s) =
12000 + 8000 + 9500 + 7000 + 7000 + 7600 + 7000 =
$58,100.

Step 3.

[image: tmp_8092feddb27f544ca893443a81c7a595_BkDzM1_html_m5fda14b8.png]

EXAMPLE 3: Find the arithmetic
mean of the numbers 10, 8, 7, 2 and 3.

Solution

Step 1.

Mean = [image: tmp_8092feddb27f544ca893443a81c7a595_BkDzM1_html_55c501c3.png]

Needed: ∑X and
N.

Step 2.

∑X = Sum of all the numbers = 10 + 8 +
7 + 2 + 3 = 30.

Step 3.

N = number of items which we added to
get ∑X. N = 5.

Step 4.

[image: tmp_8092feddb27f544ca893443a81c7a595_BkDzM1_html_m55e91aae.png]

EXAMPLE 4: Find the arithmetic
mean of the numbers 6, 6, 6, 6, 6 and 6.

Solution

Step 1.

[image: tmp_8092feddb27f544ca893443a81c7a595_BkDzM1_html_676f6f1a.png]

Step 2.

∑X = 6 + 6 + 6 + 6 + 6 + 6
= 36

Step 3.

N = 6

Step 4.

[image: tmp_8092feddb27f544ca893443a81c7a595_BkDzM1_html_m4669d987.png]

EXAMPLE 5: Find the arithmetic
mean of the numbers 3, 6, 7, 0 and 4.

Solution

Step 1.

[image: tmp_8092feddb27f544ca893443a81c7a595_BkDzM1_html_6b58c167.png]

Step 2.

∑X = 3 + 6 + 7 + 0 + 4 =
20

Step 3.

N = 5 (remember 0 is a number, so we
count it to get N).

Step 4.

[image: tmp_8092feddb27f544ca893443a81c7a595_BkDzM1_html_m770c7140.png]

EXAMPLE 6: Find the arithmetic
mean of the numbers 45, 3, 9 and 7.

Solution

Step 1.

[image: tmp_8092feddb27f544ca893443a81c7a595_BkDzM1_html_6a0dea43.png]

Step 2.

∑X = 45+ 3 + 9 + 7 = 64

Step 3.

N = 4

Step 4.

[image: tmp_8092feddb27f544ca893443a81c7a595_BkDzM1_html_m2ce4ad7b.png]

EXAMPLE 7: Find the arithmetic
mean of the numbers 4, 0, 4, 4, 6, 7, 9, 10 and 9.

Solution

Step 1.

[image: tmp_8092feddb27f544ca893443a81c7a595_BkDzM1_html_58464644.png]

Step 2.

∑X = 4 + 0 + 4 + 4 + 6 + 7
+ 9 + 10 + 9 = 53

Step 3.

N = 9

Step 4.

[image: tmp_8092feddb27f544ca893443a81c7a595_BkDzM1_html_7599ab9.png]

EXAMPLE 8: Find the arithmetic
mean of the numbers 41, 52, 63, 34, 85 and 25.

Solution

Step l.

[image: tmp_8092feddb27f544ca893443a81c7a595_BkDzM1_html_6a0dea43.png]

Step 2.

∑X = 41 + 52 + 63+ 34 + 85 + 25 =
300

Step 3.

N = 6

Step 4.

[image: tmp_8092feddb27f544ca893443a81c7a595_BkDzM1_html_28131b18.png]

INTRODUCTION TO THE MEDIAN. The
arithmetic average or mean can be influenced by a few extreme
numbers in the data. The mean, therefore, may not always be typical
of the data it represents. For example, suppose we entered a small
law firm and asked the eleven employees what their average annual
salaries are. The president earns $110,000. The other ten employees
earn $5,000, $6,000, $6,000, $7,000, $7,500, $10,000, $11,000,
$18,500, $19,000 and $20,000, respectively.

The average salary in this firm is
thus equal to:

[image: tmp_8092feddb27f544ca893443a81c7a595_BkDzM1_html_66b2115f.png]

We can see from this example how one
extreme value the $110,000 can influence the average. Realistically
$20,000 in no way represents the salaries of this firm. In this
example, an average called the “median” would have given us more
information about this firm’s salaries than the mean.

DEFINITION OF THE
MEDIAN. When the data is arranged in the
order of increasing or decreasing magnitude, the median is the
point at which there are an equal number of items on either
side. For an odd number of items,
the median is the middle item. For an
even number of items, the median is
halfway between the middle two items. Thus, for an even number of
items, we get the median by adding the middle two numbers together
and then dividing their total by two.

To get the median salary in our
example, we must first arrange the data in the order of magnitude:
5,000, 6,000, 6,000, 7,000, 7,500, 10,000, 11,000, 18,500, 19,000,
20,000 and 110,000. The median is the middle item (number) or
10,000. Note there are five numbers below 10,000 and five numbers
above $10,000. We can see that $10,000 is a much more realistic
average salary for this law firm than $20,000.

The median is generally used to
describe average: life span for insurance purposes, size of
families, amount of charitable contributions, income,
etc.

1. SAMPLE MEDIAN
PROBLEMS.

EXAMPLE 1: Find the median
average for the numbers 2, 6, 8 and 4.

Solution

Step 1.

Arrange the data in the order of
magnitude: 2, 4, 6, 8.

Step 2.

The number of items (N) is even. Thus,
the median is equal to the sum of the middle two numbers divided by
2.

Median = [image: tmp_8092feddb27f544ca893443a81c7a595_BkDzM1_html_2ef777bc.png]

EXAMPLE 2: Find the median
average for the numbers 7, 7, 2, 1, 2, 2, 1, 8 and 9.

Solution

Step 1.

Arrange the data in the order of
magnitude: 1, 1, 2, 2, 2, 7, 7, 8 and 9.

Step 2.

The number of items (N) is odd. Thus,
the median is equal to the middle number. Median = 2.

EXAMPLE 3: Find the median for
the numbers 2, 4, 8, 8, 12 and 10.

Solution

Step 1.

Arrange the data in the order of
magnitude: 2, 4, 8, 8, 10, 12. The number of items (N) is even.
Thus, the median is equal to the sum of the middle two numbers
divided by 2.

Median = [image: tmp_8092feddb27f544ca893443a81c7a595_BkDzM1_html_14363b18.png]

EXAMPLE 4: Find the median for
the numbers 90, 0, 4, 7, 6 and 1.

Solution

Step 1.

0, 1, 4, 6, 7, 90.

Step 2.

Median = [image: tmp_8092feddb27f544ca893443a81c7a595_BkDzM1_html_2a321199.png]

EXAMPLE 5: Find the median for
the numbers 5, 5, 0, 5 and 5.

Solution

Step 1.

0, 5, 5, 5, 5.

Step 2.

Median = 5.

DEFINITION OF THE MODE. The
mode is another form of average. It is defined as
the number that occurs most frequently, i.e. the most
popular number. The mode is generally used to describe average
(most popular) clothes sizes, hair colors, etc.

1. SAMPLE “MODE”
PROBLEMS.

EXAMPLE 1: Find the mode for
the numbers 1, 2, 3, 5, 9, 7 and 8.

Solution

The mode = most popular number. In
this case there is no mode.

EXAMPLE 2: Find the mode for
the numbers 2, 2, 2, 4, 4, 4, 5, 6 and 7.

Solution

The mode = most popular number = 2 and
4 is called bimodal (two modes).

EXAMPLE 3: Find the mode for
the numbers 2, 4, 6, 6, 8, 10, 12, 16, 18 and 20.

Solution

The mode = 6

EXAMPLE 4: In an English class
7 students have blue eyes, 2 have hazel eyes, and 3 have brown
eyes.

What is the modal eye
color?

Solution

Mode = blue eyes.

EXAMPLE 5:
Last week a clothing store sold four size 36 suits, two size 42
suits, ten size 38 suits and one size 40 suit. What was the most
popular (mode) suit size sold last week?

Solution

Mode = size 38

DEFINITION OF THE RANGE.
Another item of information which we can get from our data is the
“range.” The range is equal to the smallest
number subtracted from the largest number. Expressed
symbolically:

Range = R = (X max–X min)

The range indicates how far the data
is spread out, since it is equal to the difference between the two
extreme numbers (the largest and the smallest number).

1.
SAMPLE RANGE PROBLEMS.

EXAMPLE 1: Find the range of
the numbers 7, 5, 4, 1, and 2

Solution

Range = (X max – X min)

= (7 – 1) = 6.

EXAMPLE 2: Find the range of
the numbers 20, 40, 600, 10, 0, 5 and 15.

Solution

Range = (X max – X min) = (600 – 0) =
600.

EXAMPLE 3: Find the range of
the numbers 8, 8, 8, 7, 7, 5, 5, 5, 2, 2 and 1.

Solution

R = (X max – X min) = (8 – 1) =
7.

SAMPLE QUIZ.

Compute the mean, median, mode and
range for the following problems:

EXAMPLE: 20: 8, 6, 4, 12, 2,
10, 16, 14, 18, 20, 0

#21: 7, 7, 7, 1, 5, 9

#22: 15, 2, 15, 2, 15, 2, 15, 4, 4,
76

#23: 2.2, 2.4, 2.6, 2.6,
3.2

#24: 5, 5, 0, 5, 5

#25: 1, 2, 3, 4, 5

ANSWERS:

[image: tmp_8092feddb27f544ca893443a81c7a595_BkDzM1_html_3e4334f6.png]


CHAPTER 2

 STANDARD DEVIATION

HOW TO CALCULATE THE
AVERAGE DEVIATION, VARIANCE AND STANDARD DEVIATION FROM UNGROUPED
DATA

INTRODUCTION TO THE
AVERAGE DEVIATION. If the heights in inches of a certain
group of five people are 55, 60, 65, 60 and 70, respectively; we
find the average mean height of this group by adding all the
heights together and then dividing the total by 5.

[image: tmp_8092feddb27f544ca893443a81c7a595_BkDzM1_html_7f13143.png]

Once we know what the average height
is, we are usually interested next in comparing the individual
heights to it. For example, if you are shorter than average you are
usually interested in knowing exactly how much shorter than average
you are.

The difference
between an individual number and the average is called the
deviation. The deviation or
difference is equal to: (X–[image: tmp_8092feddb27f544ca893443a81c7a595_BkDzM1_html_m206d31bb.png]). The sum of all the deviations, ∑(X–[image: tmp_8092feddb27f544ca893443a81c7a595_BkDzM1_html_m206d31bb.png]), is always = 0.

The deviation or differences in height
are shown in Column 3 of the following table:

[image: tmp_8092feddb27f544ca893443a81c7a595_BkDzM1_html_m590afc1f.png]

The sum of the deviation = 0. However,
if we ignore the signs, we can find the average difference in the
heights of this group by adding up all of the individual
differences and then dividing the total by N. The differences in
height are 7”, 2”, 2”, 3”, and 8”, respectively. Thus, the average
difference in height is equal to:

[image: tmp_8092feddb27f544ca893443a81c7a595_BkDzM1_html_me0656d4.png]

This means that on the
average, the people in the group are either 4.4” shorter or 4.4”
taller than the average height of 62”

1. DEFINITION OF
AVERAGE DEVIATION. The average of the differences is called
the average deviation and it is abbreviated A.D. The formula that
shows you how to find the average deviation is:

[image: tmp_8092feddb27f544ca893443a81c7a595_BkDzM1_html_m4cf45d71.png]

The notation | | means
absolute value. Therefore, we ignore any minus signs inside this
notation. For example, |–7 | = 7, | 8 – 9 | = | –1 | = +1, | +6 | =
+6. We use this notation because we are interested in the size of
the differences and not in their sign.

Consequently,
∑|X–[image: tmp_8092feddb27f544ca893443a81c7a595_BkDzM1_html_m206d31bb.png]| means the sum of
all the absolute differences, i.e., the sum of all the
|X–[image: tmp_8092feddb27f544ca893443a81c7a595_BkDzM1_html_m206d31bb.png]|’s N is equal to
the number of differences which we added together to get the
∑|X–[image: tmp_8092feddb27f544ca893443a81c7a595_BkDzM1_html_m206d31bb.png]|.

2.
SAMPLE AVERAGE DEVIATION
PROBLEMS.

PROBLEM 1: Find the average
deviation for the numbers 2, 5, 4, 9 and 5.

Solution

Step 1.

[image: tmp_8092feddb27f544ca893443a81c7a595_BkDzM1_html_m3e39e5a6.png]

To solve this equation we need to know
the values for N, [image: tmp_8092feddb27f544ca893443a81c7a595_BkDzM1_html_m206d31bb.png], the |X–[image: tmp_8092feddb27f544ca893443a81c7a595_BkDzM1_html_m206d31bb.png]|’s.

Step 2.

[image: tmp_8092feddb27f544ca893443a81c7a595_BkDzM1_html_6319b40f.png]

Step 3.

∑X
= 2 + 5 + 4 + 9 + 5 = 25

Step 4.

N = 5

Step 5.

[image: tmp_8092feddb27f544ca893443a81c7a595_BkDzM1_html_76c4e743.png]

Step 6.

Construct a table with the following
column headings: Column 1 = X, Column 2=[image: tmp_8092feddb27f544ca893443a81c7a595_BkDzM1_html_m206d31bb.png], Column 3=X–[image: tmp_8092feddb27f544ca893443a81c7a595_BkDzM1_html_m206d31bb.png], Column 4= |X–[image: tmp_8092feddb27f544ca893443a81c7a595_BkDzM1_html_m206d31bb.png]|:

[image: tmp_8092feddb27f544ca893443a81c7a595_BkDzM1_html_729598db.png]

Step 7.

Fill in the above table. Put the
appropriate X’s in Column 1 and the average ([image: tmp_8092feddb27f544ca893443a81c7a595_BkDzM1_html_m17eab038.png])in Column 2:

[image: tmp_8092feddb27f544ca893443a81c7a595_BkDzM1_html_74993070.png]

Step 8.

Subtract the average ([image: tmp_8092feddb27f544ca893443a81c7a595_BkDzM1_html_m206d31bb.png])in Column 2 from the individual
numbers (X’s) in Column 1 to get the individual X–[image: tmp_8092feddb27f544ca893443a81c7a595_BkDzM1_html_m206d31bb.png]’s in Column 3:

[image: tmp_8092feddb27f544ca893443a81c7a595_BkDzM1_html_6160fb1c.png]

Step 9.

Column 4 is equal to Column 3 without
the minus signs.

Arrow notation means work
across the table.

[image: tmp_8092feddb27f544ca893443a81c7a595_BkDzM1_html_m6f664805.png]

Step 10.

Add column 4 to get the sum of all the
|X–[image: tmp_8092feddb27f544ca893443a81c7a595_BkDzM1_html_m206d31bb.png]|’s

∑|X–[image: tmp_8092feddb27f544ca893443a81c7a595_BkDzM1_html_m206d31bb.png]| = 3+0+1+4+0=8

Step 11.

[image: tmp_8092feddb27f544ca893443a81c7a595_BkDzM1_html_3036f398.png]

PROBLEM 2: Find the average
deviation for the numbers 3, 5, 7 and 9.

Solution

Step 1.

[image: tmp_8092feddb27f544ca893443a81c7a595_BkDzM1_html_58cca85b.png]

Needed: N, [image: tmp_8092feddb27f544ca893443a81c7a595_BkDzM1_html_m206d31bb.png], the |X–[image: tmp_8092feddb27f544ca893443a81c7a595_BkDzM1_html_m206d31bb.png]|’s, and ∑|X–[image: tmp_8092feddb27f544ca893443a81c7a595_BkDzM1_html_m206d31bb.png]|

Step 2.

[image: tmp_8092feddb27f544ca893443a81c7a595_BkDzM1_html_m41a7529d.png]

Step 3.

∑X = 3 + 5 + 7 + 9 = 24

Step 4.

N = 4

Step 5.

[image: tmp_8092feddb27f544ca893443a81c7a595_BkDzM1_html_6c25b76d.png]

Step 6.

Construct the table and fill in the
appropriate values.

[image: tmp_8092feddb27f544ca893443a81c7a595_BkDzM1_html_m25d54b70.png]

NOTE:
The above table was filled out in one step to save
space.

As a review:

Column 1 = individual number
=[image: tmp_8092feddb27f544ca893443a81c7a595_BkDzM1_html_m71df0948.png]

Column 2 = average mean
=[image: tmp_8092feddb27f544ca893443a81c7a595_BkDzM1_html_m71df0948.png]

Column 3 = (Column — Column 2)
= X–[image: tmp_8092feddb27f544ca893443a81c7a595_BkDzM1_html_m71df0948.png]

Column 4 = Column 3 without the
minus signs = |X–[image: tmp_8092feddb27f544ca893443a81c7a595_BkDzM1_html_m71df0948.png]|

NOTE: The sum
of Column 3, ∑|X–[image: tmp_8092feddb27f544ca893443a81c7a595_BkDzM1_html_m206d31bb.png]|, always = 0

Step 7.

Add Column 4 to get ∑|X–[image: tmp_8092feddb27f544ca893443a81c7a595_BkDzM1_html_m71df0948.png]|

∑|X–[image: tmp_8092feddb27f544ca893443a81c7a595_BkDzM1_html_m71df0948.png]|=3+1+1+3=8
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