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FOUNDATIONS

[image: ]




────────────────────────────────

Chapter 1

Mathematical Toolkit for Electrical Engineers

Learning Objectives

BY THE END OF THIS chapter, you will be able to:


• Manipulate complex numbers in rectangular and polar forms

• Apply vector algebra to electromagnetic problems

• Solve systems of linear equations using matrix methods

• Solve first and second-order differential equations

• Use Laplace transforms for circuit analysis



1.1 Complex Numbers

COMPLEX NUMBERS ARE fundamental to electrical engineering, particularly in AC circuit analysis and signal processing. A complex number z can be expressed in rectangular form as:

z = x + jy

where x is the real part, y is the imaginary part, and j = sqrt(-1). In electrical engineering, we use j instead of i to avoid confusion with current.

Polar Form

COMPLEX NUMBERS CAN also be expressed in polar form:

z = r(cos theta + j sin theta) = r angle theta = re^(j theta)

where r = |z| = sqrt(x^2 + y^2) is the magnitude and theta = arctan(y/x) is the phase angle.

	
Example 1.1: Converting Between Forms

Convert z = 3 + j4 to polar form.


Solution:

r = sqrt(3^2 + 4^2) = sqrt(9 + 16) = sqrt(25) = 5

theta = arctan(4/3) = 53.13 degrees

Therefore, z = 5 angle 53.13 degrees




Complex Arithmetic

ADDITION AND SUBTRACTION are easiest in rectangular form:

(a + jb) + (c + jd) = (a + c) + j(b + d)

Multiplication and division are easiest in polar form:

r1 angle theta1 * r2 angle theta2 = r1*r2 angle (theta1 + theta2)

r1 angle theta1 / r2 angle theta2 = (r1/r2) angle (theta1 - theta2)

1.2 Vectors and Vector Algebra

VECTORS DESCRIBE QUANTITIES with both magnitude and direction, essential for electromagnetic field analysis. In three dimensions, a vector A can be written as:

A = Ax ax + Ay ay + Az az

where ax, ay, az are unit vectors in the x, y, and z directions.

Dot Product and Cross Product

A . B = |A||B|cos(theta) = Ax*Bx + Ay*By + Az*Bz

A x B = |A||B|sin(theta) n = determinant of matrix with rows [ax, ay, az], [Ax, Ay, Az], [Bx, By, Bz]

1.3 Matrices and Linear Algebra

MATRICES PROVIDE A compact notation for systems of linear equations, essential for circuit analysis and control systems.

Matrix Operations


For matrices A and B of compatible dimensions:

Addition: C = A + B where C[i,j] = A[i,j] + B[i,j]

Multiplication: C = AB where C[i,j] = sum over k of A[i,k]*B[k,j]

Transpose: A^T where A^T[i,j] = A[j,i]

Inverse: A^(-1) where AA^(-1) = I



	
Example 1.2: Solving Circuit Equations

Solve the system: 2x + 3y = 8, x - y = 1


In matrix form: [2 3; 1 -1][x; y] = [8; 1]

Using Cramer's rule or matrix inversion:

x = 11/5 = 2.2, y = 6/5 = 1.2




1.4 Differential Equations

DIFFERENTIAL EQUATIONS describe how circuits and systems evolve over time. Electrical engineers must be proficient in solving ordinary differential equations (ODEs).

First-Order ODEs

THE GENERAL FIRST-ORDER linear ODE has the form:

dy/dt + P(t)y = Q(t)

The solution involves finding an integrating factor mu(t) = e^(integral of P dt).

Second-Order ODEs

SECOND-ORDER LINEAR ODEs with constant coefficients appear frequently in RLC circuit analysis:

a*d^2y/dt^2 + b*dy/dt + c*y = f(t)

The characteristic equation is: a*s^2 + b*s + c = 0

The roots s1 and s2 determine the form of the solution:


• Overdamped (b^2 > 4ac): Two real roots, y = A*e^(s1*t) + B*e^(s2*t)

• Critically damped (b^2 = 4ac): Repeated real root

• Underdamped (b^2 < 4ac): Complex conjugate roots, oscillatory solution



Chapter 1 Summary

THIS CHAPTER ESTABLISHED the mathematical foundation for electrical engineering. Complex numbers enable AC circuit analysis, vectors describe electromagnetic fields, matrices solve systems of equations, and differential equations model dynamic circuit behavior.

Chapter 1 Problems


1. Convert 5 - j12 to polar form. (Answer: 13 angle -67.38 degrees)

2. Find (3 + j4)(2 - j5) in rectangular form. (Answer: 26 - j7)

3. Solve the system: 3x + 2y - z = 1, 2x - 2y + 4z = -2, -x + 0.5y - z = 0

4. Find the general solution to: d^2y/dt^2 + 5*dy/dt + 6y = 0

5. Solve the initial value problem: dy/dt + 2y = 4, y(0) = 1




CHAPTER 2

The Physics of Electricity and Magnetism

Learning Objectives

BY THE END OF THIS chapter, you will be able to:


• Apply Coulomb's law to calculate electrostatic forces

• Calculate electric fields from point charges and distributions

• Use Gauss's law for symmetric charge distributions

• Calculate magnetic fields from currents

• Apply Ampere's law and Faraday's law



2.1 Coulomb's Law

COULOMB'S LAW DESCRIBES the electrostatic force between two point charges. The magnitude of the force is proportional to the product of the charges and inversely proportional to the square of the distance between them.

F = k * q1 * q2 / r^2 = (1/(4*pi*epsilon0)) * q1 * q2 / r^2

where epsilon0 = 8.854 x 10^(-12) F/m is the permittivity of free space, and k = 8.988 x 10^9 N m^2/C^2.

	
Example 2.1: Electrostatic Force

Two point charges, q1 = +3 microC and q2 = -5 microC, are separated by 0.2 m.

Calculate the electrostatic force between them.


Solution:

F = (8.988 x 10^9) * (3 x 10^-6) * (5 x 10^-6) / (0.2)^2

F = (8.988 x 10^9) * (15 x 10^-12) / 0.04

F = 3.37 N (attractive, since charges are opposite)




2.2 Electric Field

THE ELECTRIC FIELD E at a point is defined as the force per unit charge that would be experienced by a test charge placed at that point.

E = F/q = k*Q/r^2 (radially outward for positive Q)

Electric Field from Multiple Charges

THE PRINCIPLE OF SUPERPOSITION states that the total electric field is the vector sum of fields from individual charges:

E_total = E1 + E2 + E3 + ... = sum over i of (k*qi/ri^2) * ri_hat

2.3 Gauss's Law

GAUSS'S LAW RELATES the electric flux through a closed surface to the charge enclosed within that surface. It is one of Maxwell's equations and is particularly useful for problems with high symmetry.

Integral of E . dA = Q_enclosed / epsilon0

	
Example 2.2: Electric Field of Infinite Line Charge

Find the electric field at distance r from an infinite line with linear charge density lambda.


Solution:

By symmetry, E is radial and depends only on r.

Choose cylindrical Gaussian surface of radius r and length L.

Flux = E * (2*pi*r*L) = lambda*L / epsilon0

Therefore: E = lambda / (2*pi*epsilon0*r)




2.4 Electric Potential

THE ELECTRIC POTENTIAL V at a point is the potential energy per unit charge, or the work required to bring a unit charge from infinity to that point.

V = k*Q/r (for point charge, with V(infinity) = 0)

E = -gradient(V) = -dV/dr (in one dimension)

2.5 Capacitance

CAPACITANCE MEASURES a system's ability to store electric charge. For a parallel plate capacitor:

C = Q/V = epsilon*A/d

where A is plate area, d is separation, and epsilon is the permittivity of the dielectric.

Energy Stored in a Capacitor

W = (1/2)*C*V^2 = (1/2)*Q*V = Q^2/(2*C)

2.6 Magnetic Fields

MAGNETIC FIELDS ARE produced by moving charges (currents). The magnetic field B is measured in teslas (T).

Biot-Savart Law

THE BIOT-SAVART LAW gives the magnetic field due to a current element:

dB = (mu0/4*pi) * I*dl x r_hat / r^2

where mu0 = 4*pi x 10^(-7) H/m is the permeability of free space.

Ampere's Law

AMPERE'S LAW RELATES the magnetic field around a closed loop to the current passing through the loop:

Integral of B . dl = mu0 * I_enclosed

	
Example 2.3: Magnetic Field of Long Straight Wire

Find the magnetic field at distance r from a long straight wire carrying current I.


Solution:

By symmetry, B is circumferential and depends only on r.

Choose circular Amperian loop of radius r.

B * (2*pi*r) = mu0 * I

Therefore: B = mu0*I / (2*pi*r)




2.7 Faraday's Law of Induction

FARADAY'S LAW STATES that a changing magnetic flux induces an electromotive force (EMF) in a closed loop:

EMF = -d(phi)/dt = -d/dt (integral of B . dA)

The negative sign is Lenz's law: the induced current opposes the change in flux.

Chapter 2 Summary

THIS CHAPTER COVERED the fundamental physics of electricity and magnetism. Coulomb's law governs electrostatic forces, Gauss's law relates charge to electric flux, and Ampere's and Faraday's laws describe magnetic fields and electromagnetic induction. These principles form the foundation for all electrical engineering.

Chapter 2 Problems


1. Calculate the force between two electrons separated by 1 nm. (Answer: 2.30 x 10^-10 N, repulsive)

2. Find the electric field 10 cm from a point charge of +2 microC. (Answer: 1.80 x 10^6 N/C, outward)

3. A parallel plate capacitor has plates of 10 cm x 10 cm separated by 1 mm. Find C. (Answer: 88.5 pF)

4. Calculate the magnetic field 5 cm from a wire carrying 10 A. (Answer: 4.0 x 10^-5 T)

5. A loop with area 0.1 m^2 is perpendicular to a magnetic field that changes from 0.2 T to 0.8 T in 0.5 s. Find the induced EMF. (Answer: 0.12 V)




CHAPTER 3

Maxwell's Equations and Electromagnetic Theory

Learning Objectives

BY THE END OF THIS chapter, you will be able to:


• State Maxwell's equations in integral and differential form

• Apply boundary conditions at material interfaces

• Calculate electromagnetic energy and Poynting vector

• Understand the wave nature of electromagnetic fields



3.1 Maxwell's Equations: The Complete Picture

MAXWELL'S EQUATIONS unify electricity and magnetism and predict electromagnetic waves. They are the foundation of classical electromagnetism.

Integral Form


Gauss's Law for Electricity:  Integral of D . dA = Q_enclosed

Gauss's Law for Magnetism:  Integral of B . dA = 0

Faraday's Law:  Integral of E . dl = -d/dt(Integral of B . dA)

Ampere-Maxwell Law:  Integral of H . dl = I_conduction + d/dt(Integral of D . dA)



Differential Form


Gauss's Law:  div(D) = rho_v

No Magnetic Monopoles: div(B) = 0

Faraday's Law:  curl(E) = -dB/dt

Ampere-Maxwell Law:  curl(H) = J + dD/dt



3.2 Constitutive Relations

IN LINEAR, ISOTROPIC materials:

D = epsilon*E = epsilon_r*epsilon0*E

B = mu*H = mu_r*mu0*H

J = sigma*E (Ohm's law in point form)

3.3 Boundary Conditions

AT THE INTERFACE BETWEEN two media, electromagnetic fields must satisfy boundary conditions:


• Tangential E is continuous: Et1 = Et2

• Normal D has discontinuity equal to surface charge: Dn2 - Dn1 = rho_s

• Tangential H has discontinuity equal to surface current: Ht2 - Ht1 = Js

• Normal B is continuous: Bn1 = Bn2



3.4 Electromagnetic Energy

THE ENERGY STORED IN electromagnetic fields is given by:

w_e = (1/2)*epsilon*E^2 (electric energy density)

w_m = (1/2)*mu*H^2 (magnetic energy density)

Poynting Vector

THE POYNTING VECTOR S represents power flow per unit area:

S = E x H (W/m^2)

The direction of S gives the direction of energy flow, and |S| gives the power density.

	
Example 3.1: Power Flow in a Coaxial Cable

A coaxial cable carries current I with voltage V between conductors.

Show that the power calculated from Poynting vector equals VI.


Solution:

E is radial, H is circumferential.

E = V/(r*ln(b/a)), H = I/(2*pi*r)

S = E*H = VI/(2*pi*r^2*ln(b/a)) in axial direction

Power = Integral of S over cross-section = VI




3.5 Electromagnetic Waves

IN SOURCE-FREE REGIONS (rho = 0, J = 0), Maxwell's equations lead to the wave equation:

d^2E/dz^2 = mu*epsilon*d^2E/dt^2

This has solutions of the form E(z,t) = E0*cos(omega*t - k*z), representing waves propagating with velocity v = 1/sqrt(mu*epsilon).

Wave Parameters

Phase velocity: v_p = omega/k = 1/sqrt(mu*epsilon) = c/sqrt(mu_r*epsilon_r)

Wavelength: lambda = 2*pi/k = v_p/f

Intrinsic impedance: eta = sqrt(mu/epsilon)

Chapter 3 Summary

MAXWELL'S EQUATIONS provide the complete mathematical description of classical electromagnetism. They predict electromagnetic waves, describe energy flow through the Poynting vector, and establish boundary conditions at material interfaces. These equations are the foundation for understanding transmission lines, antennas, and all high-frequency electrical engineering.

Chapter 3 Problems


1. Show that in free space, electromagnetic waves propagate at the speed of light c = 3 x 10^8 m/s.

2. Calculate the intrinsic impedance of free space. (Answer: 377 ohms)

3. A material has epsilon_r = 4 and mu_r = 1. Find the phase velocity and wavelength at 1 GHz. (Answer: 1.5 x 10^8 m/s, 0.15 m)

4. For a plane wave in free space with E = 10 V/m, find the corresponding H field. (Answer: 26.5 mA/m)

5. Derive the wave equation for H from Maxwell's curl equations.
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PART II

CIRCUIT ANALYSIS
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Chapter 4

DC Circuit Fundamentals

Learning Objectives

BY THE END OF THIS chapter, you will be able to:


• Apply Ohm's law to calculate voltage, current, and resistance

• Use Kirchhoff's voltage and current laws

• Analyze series and parallel resistor circuits

• Apply voltage and current divider rules



4.1 Ohm's Law

OHM'S LAW IS THE FUNDAMENTAL relationship between voltage, current, and resistance in a conductor.

V = I*R

where V is voltage in volts (V), I is current in amperes (A), and R is resistance in ohms (Omega).

	
Example 4.1: Ohm's Law Application

A resistor has 12 V across it and carries 3 mA of current.

Find the resistance.


Solution:

R = V/I = 12 V / 0.003 A = 4000 ohms = 4 k ohms




4.2 Kirchhoff's Laws

Kirchhoff's Current Law (KCL)

THE ALGEBRAIC SUM OF currents entering any node equals zero. Equivalently, the sum of currents entering equals the sum of currents leaving.

Sum of currents at node = 0, or I_in = I_out

Kirchhoff's Voltage Law (KVL)

THE ALGEBRAIC SUM OF voltages around any closed loop equals zero.

Sum of voltages around loop = 0

	
Example 4.2: KCL and KVL Application

For a circuit with two parallel branches (R1 = 2k, R2 = 4k)

connected to a 12V source:


By KCL: I_s = I1 + I2

By KVL: 12 = I1*2000 = I2*4000

I1 = 6 mA, I2 = 3 mA, I_s = 9 mA




4.3 Series and Parallel Circuits

Series Resistors

R_eq = R1 + R2 + R3 + ...

CURRENT IS THE SAME through all series elements.

Parallel Resistors

1/R_eq = 1/R1 + 1/R2 + 1/R3 + ...

VOLTAGE IS THE SAME across all parallel elements.

	
Example 4.3: Equivalent Resistance

Find the equivalent resistance of: 6 ohm and 12 ohm in parallel,

then in series with 4 ohm.


Solution:

R_parallel = (6*12)/(6+12) = 72/18 = 4 ohm

R_eq = 4 + 4 = 8 ohm
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