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WJEC AS Mathematics 








Get the most from this book 








Welcome to your Revision Guide for the WJEC AS 








level in Mathematics course. This book will provide 








you with reminders of the knowledge and skills you 








will be expected to demonstrate in the exam with 








opportunities to check and practice those skills on 








exam-style questions. Additional hints and notes 








throughout help you to avoid common errors and 








provide a better understanding of what’s needed in 








the exam. 








Answers to all the questions can be found at the back 








of the book. 








Features to help you succeed 








Target your revision 








Use these questions at the start of each of the five 








sections to focus your revision on the topics you find 








tricky. 



Answers 



are at the back of the book. 








About this topic 








At the start of each chapter, this provides a concise 








overview of its content. 








Before you start, remember 








A summary of the key things you need to know 








before 



you start the chapter. 








Key facts 








Check you understand all the key facts in each 








subsection. These provide a useful checklist if you 








get stuck on a question. 








Worked example 








Full worked examples show you what the examiner 








expects to see in order to ensure full marks in the 








exam. The examples cover the full spectrum of the 








type of questions you can expect. 








Hint 








Expert tips are given throughout the book to help 








you do well in the exam. 








Common mistakes 








Your attention is drawn to typical mistakes students 








make, so you can avoid them. 








Test yourself 








Succinct sets of questions test your understanding of 








each topic. 



Answers 



are at the back of the book. 








Exam-style questions 








For each topic, these provide typical questions you 








should expect to meet in the exam. 



Answers 



are at 








the back of the book. 








Review questions 








After you have completed each of the five sections in 








the book, answer these questions for more practice. 








Answers 



are at the back of the book. 








At the end of the book, you will find some useful 








information: 








Exam preparation 








Includes hints and tips on revising for the AS 








Mathematics exam, and details the exact structure of 








the exam papers. 








Make sure you know these formulae for your exam 








Provides a succinct list of all the formulae you need 








to remember and the formulae that will be given to 








you in the exam. 








Please note that the formula sheet as provided by the 








exam board for the exam may be subject to change. 








During your exam 








Includes key words to watch out for, common 








mistakes to avoid and tips if you get stuck on a 








question. 
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Chapter 1 Proof 
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Chapter 2 Indices and surds 








5       Indices and surds  








Chapter 3 Quadratic equations 








9       Quadratic equations  








Chapter 4 Equations and inequalities 








15    Simultaneous equations  








18   Inequalities  








Review questions 



(Chapters 



1–4) 








SECTION 2: UNIT 1 PURE MATHEMATICS 








Target your revision 



(Chapters 



5–8) 








Chapter 5 Coordinate geometry 








24   Straight lines  








29   Circles  








Chapter 6 Trigonometry 








34   Working with trigonometric functions  








39   Triangles without right angles  








Chapter 7 Polynomials 








42   Working with polynomials  








46   The factor theorem and curve sketching  








49   Binomial expansions  








Chapter 8 Graphs and transformations 








53   Curve sketching and transformations  








59   Graphs of trigonometric functions  








Review questions 



(Chapters 
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Target your revision 



(Chapters 



9–12)  








Chapter 9 Differentiation 








64   Tangents and normals  
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72   Higher derivatives and the graph of   
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Chapter 13 Data collection 
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125 Bivariate data  
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x 








d 
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SECTION 1 








UNIT 1 PURE MATHEMATICS 








1     



Use proof by deduction 








Prove that the sum of the squares of any two  








consecutive even numbers is divisible by 4. 








(see 



page 2) 








2     



Use proof by exhaustion 








A 



perfect number is a positive integer that  








is equal to the sum of its factors (excluding  








itself). 








6 is a perfect number since the factors of 6  








are 1, 2 and 3 and 1 + 2 + 3 = 6. 








Prove that 6 is the only perfect number which  








is less than 10.  








(see 



page 2) 








3     



Find a counter example to disprove a 








conjecture 








By finding a counter example, disprove the  








following statement. 








− 








+ 








n 








n 








8      15 








2 








is positive for all integer values of n. 








(see 



page 2) 








4     



Use and manipulate surds 








Show that  








+ 








48 








12 can be written in the  








form a 



 b where a and b are as a small as  








possible. 








(see 



page 5) 








5     



Rationalise the denominator of a surd 








Simplify  



− 








+ 








2 








3 








2 








3 








. 








(see 



page 5) 








6     



Use the laws of indices 








Simplify  



( 








) 








a b c 








ab c 








12 








2 








2 3 4 








2 








2 








. 








(see 



page 5) 








7     



Understand negative and fractional indices 








Write  



+ + 








− 








2 








2 2 








1 








2 








3 








2 








 in the form k 2. 








(see 



page 5) 








8     



Work with quadratic equations 








Use factorising to solve  








− − = 








x x 








6 7 3 0 








2 








. 








Hence sketch the curve  



= − − 








y x x 








6 7 3 








2 








. 








(see 



page 9) 








9     



Complete the square 








Write  



= − − 








y x x 








4 3 








2 








 in the form  



= + + 








( ) 








y x a b 








2 








. 








(see 



page 9) 








10   



Use the discriminant of a quadratic 








Find the value(s) of k so that the equation  








+ + = 








x kx 








4 








9 0 








2 








 has one repeated root.  








(see 



page 9) 








11   



Solve simultaneous equations where one is 








equation is quadratic 








Find the coordinates of the points where the  








line  



= + 








y x 








2 1 intersects the curve  



= + 








y x 








6 7 








2 








. 








(see 



page 15) 








12   



Solve linear inequalities 








Solve − 



  − 








( 








) 








x 



ഛ 








6 3 1 2 15. 








(see 



page 18) 








13   



Solve quadratic inequalities 








Solve  



− −   








x x 








2 15 0 








2 








. 








(see 



page 18) 








14   



Represent inequalities graphically 








Show graphically the region represented   








by  



+ − 








+ 








x x 








x 








ഛ 








3 5 2 1 








2 








.  








(see 



page 18) 
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CHECKED ANSWERS 








Target your revision 



(Chapters 



1–4) 

















2 



     Chapter 1 Proof 








About this topic 








This topic develops the problem solving skills you have already learned 








at GCSE and shows you how to construct a mathematical argument and 








logically reasoned proof. 








Before you start, remember ... 








● 



algebra and geometry from GCSE maths 








● 



different types of number from GCSE maths. 








Proof 








Chapter 1 Proof 








Key facts 








1 



    P ⇒ Q means P implies Q or P leads 



to 



Q. 








So Tom is a cat ⇒ Tom is a mammal. 








2  



    P ⇐  Q means P is 



implied by Q or P follows from Q. 








Tom is a mammal does not imply Tom is a cat – he could be a dog! 








3  



    P ⇔ Q means P implies 



and is implied by Q or P is equivalent to Q.  








For example, a number is even ⇔ it is divisible by 2. 








4 



    The converse of P ⇒ Q is P ⇐ Q. 








5  



    A conjecture is a mathematical statement which appears likely   








to be true, but has not been formally proved to be true. 








You can prove a conjecture by: 








●



  Proof by exhaustion 








● 



  Proof by deduction. 








6 



    Sometimes it is easier to disprove a conjecture by finding a   








counter example. 








So you can’t say Tom is a cat   








⇐ Tom is a mammal. 








Start from a known result  








and then construct a logical  








argument as to why the  








conjecture must be true. This  








type of proof often uses algebra. 








You only need to find a single counter example to disprove a statement. 








Worked example 








1    Proof by exhaustion 








Prove that no square number has a final digit that is an 8. 








Solution 








The final digit in any square number comes from squaring 








the last digit. 








Test all single digit numbers. 








0 = 0, 1 = 1, 2 = 4, 3 = 9, 4 = 16, 5 =                 25 








6 = 36, 7 = 49, 8 = 64, 9 = 81, 10 =         100 








2 








2 








2 








2 








2 








2 








2 








2 








2 








2 








2 








No single digit square number has a final digit of 8, and 








hence no square number can end in an 8. 








Hint: 



Proof by exhaustion is  








effective when there are only  








a limited number of cases to  








check.  








Think about working out,  








say, 123 × 123 using long  








multiplication. The resulting  








number will have 9 as a final  








digit. 








You test every possible case –  








to exhaust all possibilities. 
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WJEC AS Mathematics 








Worked example 








2    Proof by deduction 








Prove that the difference between consecutive square numbers is  








always an odd number. 








Solution 








If 



n 



is a general integer then 



n 








2 








and (n 



+ 



1) 








2 








are consecutive 








square numbers. 








This means that the difference between consecutive square 








numbers is of the form 








n 








n 








n 








n 








n 








n 








( + 1) 








= 








+2 + 1 








= 2 + 1. 








2 








2 








2 








2 








− 








− 








2n + 1 is not divisible by 2, so the difference between 








consecutive square numbers must always be odd. 








Hint: 



To construct this proof,  








you need a general expression  








for the difference between  








consecutive square numbers. To  








test whether a number is odd,  








you need to use the definition of  








an odd number, i.e. a number  








that is not divisible by 2. 








Worked example 








3    Disproof by counter example 








Is it true that x 








2 








 ≥ x for all real numbers? 








Solution 








1 = 1 








50 = 2500 








(-4) = 16 








2 








2 








2 








However, 








1 








2 








= 








1 








4 








2 








 








 








 








 








and 1 








4 








1 








2 








  



, showing that it is not true that 








x 








2 



  



x 



for all real numbers. 








Hints: 








•  To show that a conjecture is  








false, only one case where  








it does not work, a counter  








example, is required. Counter  








examples can be hard to find,  








but the technique is very  








powerful because only one is  








needed to prove a conjecture  








is false.  








•  For conjectures involving  








numbers, it’s worth testing  








to see whether they work  








for negative numbers and  








fractions. In Worked 



example 3, 








the conjecture that x 








2 








 x   








only fails when 0   x   1.  
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Chapter 1 Proof 








Chapter 1 Proof 








Exam-style question 








The smallest of five consecutive integers is 



n. 








i  



   Write down the next four integers in terms of n. 








ii  



  Prove that the sum of any five consecutive integers is divisible by 5. 








iii Using your result from part ii write down the sum of 17, 18, 19, 20, 21. 








Answers on page 206 








CHECKED ANSWERS 








Test yourself 








1  



 A proof consists of the lines below. Which line contains an error? 








Prove that for any real number, N, where N ≠ 0, N 








0 








 = 1. 








[Line 1] 








⇒ 








− 








Let N 








N 








N 








N 








N 








= 








= 








÷ 








x x 








x 








x 








0 








( - ) 








0 








   [Line 2] 








N 








N 








N 








N 








= 








= 1 








x 








x 








0 








0 








⇒ 








⇒ 








[Line 3] 

















[Line 4] 








2  



 Prove or disprove the following statement.  








     ‘For all values of n 



greater than or equal to 1,  








3 1 








2 



+ + 








n 








n 



 is a prime number.’  








3 



 Below is a proof that appears to show that 2 = 0.  








     The proof must contain an error. At which line does the error occur? 








a b 








a 








b 








a 








b 








a b a b 








a b 








Let 








= = 1 








= 








= 0 








( + )( 








) = 0 








+ = 0 








2 = 0 








2 








2 








2 








2 








[Line1] 








[Line 2] 








[Line 3] 








[Line 4] 








[Line 5] 








⇒ 








⇒ 








− 








⇒ 








− 








⇒ 








⇒ 








4  



 Prove that if an integer, p, is odd then p 








2 








 is also odd.  
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Chapter 2 Indices and surds 








About this topic 








An 



irrational number 



is a number that can’t be written as a fraction 








a 








b 








, where 



a 



and 



b 



are integers (whole numbers). For example, 








2 



= 



1.414213… is an irrational number as it can’t be expressed as a 








fraction – the decimal part continues forever and never repeats. 








Indices 



is the plural of 



index; 



index is another word for 



power. 



You 








will need to use the laws of indices to help you manipulate and simplify 








expressions. 








Before you start, remember ... 








● 



how to expand brackets 








● 



how to simplify expressions 








● 



how to use the laws of indices from GCSE maths. 








Indices and surds 








Key facts 








1  



    In the expression a 








m 



, a is the base and m is the index or power to  








which the base is raised. 








2  



    The laws 



of indices are: 








●  



a 








m 








× 



a 








n 








= 



a 








m 



+ 



n 








●  





       








a 








a 








m 








n 








= 



a 








m 



- 



n 








●  



( ) 



= 








a 








a 








m n 








mn 








. 








3  



    Remember that any non-zero number to the power 



zero is equal to 1. 








    3 








0 








 = 1   








  (−2) 








0 








 = 1  








2.6 








0 








 = 1 








4  



    For negative and fractional powers 








●  








= 








− 








a 








a 








m 








m 








1 








●  








= 








a 








a 








m 








m 








1 








●  








. 








a 








a 








m 








n 








m 








n 








= 








5  



    A surd is an expression containing an irrational root, such as  








+ 








5 








3  or  



− 








2 








7 








3 



. 








6  



    A surd is in its simplest 



form when the number under the square  








root has no square factors. 








●  








12 is not in simplest form 








●  



2 3 is in simplest form. 








7  



    You can add 



and subtract surds to simplify them in the same way  








as other algebraic expressions. 








8  



    When you multiply surds, remember: 








. 








x 








x x 








xy 








x y 








× 








= 








= 








Multiplication. 








Division. 








0 








0 








 is undefined. 








Power of a power. 








A negative index indicates a  








reciprocal. 








A fractional index is a root. 








Keep the rational numbers and  








the roots separate. 








Remember that          means the  








positive square root only. 
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Chapter 2 Indices and surds 








9  



When a fraction has a surd in the denominator it is not in its  








simplest form. 










       You simplify it by rationalising 



the denominator. 










       For fractions in the form: 








●  








a 








1 





          multiply the top and bottom lines by  



a 








●  








+ 








a b 








1 








 multiply the top and bottom lines by a 








b 








− 








. 










       Remember ( 








)( 








) 








a b a b a b 








2 








2 








+ 








− = 








− 



 and  



a 








b a b a b 








( 








)( 








) 








+ 








− 








= − 



. 








Worked example 








1 Simplifying expressions involving indices 








Simplify 








i  








( 








) 








3 








2 








4 








4 








23 








2 9 








× 








a b 








ab 








a b 








ii  





       



c c 








6 








Solution 








i  








× 








× 








× 








× 








× 








× × 








× × 








× 








× 








× 








− 








a 



b 








ab 








a 



b 








a 



b 








a 



b 








a 



b 








a 








a 








b b 








a 



b 








a 








b 








a 



b 








a 








b 








a 








b 








3 








(2 








) 








4 








= 



3 








2 








4 








= 



3 2 








4 








= 



3 8 








4 








= 



6 








= 



6 








4 








2 



3 








2 



9 








4 








3 



3 



6 








2 



9 








3 








4 








3 








6 








2 



9 








7 








7 








2 



9 








5 








2 








5 








2 








ii  








= 








= 








= 








= 








+ 








c c c c 








c 








c 








c 








6 








1 








6 








1 








2 








1 








6 








1 








2 








2 








3 








2 








3 








Using  








1 








a a 








m 








m 








= 








 and  








= 








a a 








m 








n 








m 








n 








. 








Use the laws of indices  








to remove the brackets:  








( ) 








a 








a 








m n mn 








. 








= 








Using  








× = 








+ 








a a a 








m n m n 



. 








Using  








= 








− 








a 








a 








a 








m 








n 








m n 








. 








Using  








= 








− 








a 








a 








m 








m 








1 . 








Worked example 








2 Using index notation 








Find the value of x in each case. 








i  



32 2 2 








= 








x 








ii  








x 








2 








2 








1 








4 








= 








Solution 








i  








x 








32 



2 



= 



2 








2 



= 2 








= 2 








2 = 2 








= 11 








2 








x 








5 








1 








2 








5 



1 








2 








11 








2 








11 








2 








× 








⇒ 








+ 








ii  








2 








2 








= 








2 








2 








= 2 








x 








x 








x 








1 








2 








1 








2 








− 








Common mistake: Don’t forget  








to answer the question! 








Write the left-hand side as a  








single power of 2. 
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⇒ 








⇒ 



− 








− 








⇒ 








− 








− 








− 








− 








x 








x 








1 








4 








= 2 








2 








= 2 








1 








2 








= 



2 








= 



3 








2 








x 








2 








1 








2 








2 








Write the right-hand side as a  








single power of 2. 








Equate the powers. 








Worked example 








4 Rationalising the denominator 








Rationalise the denominator 14 7 2 








5 3 2 








+ 








− 








. 








Solution 








( ) 








− 








− 








× 








× 








× 








− 








− 








14 + 7 2 








5 3 2 








= 








14 + 7 2 








5 3 2 








5 + 3 2 








5 + 3 2 








= 








14 5 + 35 2 + 42 2 + 21 2 








5 








3 2 








= 








112 + 77 2 








25 18 








= 








112 + 77 2 








7 








= 16 + 11 2 








2 








2 








Multiply by  








5 3 2 








5 3 2 








+ 








+ 








 to make the  








bottom line a whole number. 








Common mistake: You must  








multiply both the top and  








bottom by the same thing (so  








you are really multiplying by 1),  








otherwise you will change the  








value of the fraction. 








Worked example 








3 Simplifying surds 








Simplify 








i  



4 








5 








ii  








7 








5 








7 








5 








( 








)( 








) 








− 








+ 








iii  



54 








24. 








− 








Solution 








i  








× 








4 








5 








= 4 








5 








5 








5 








= 4 5 








5 








ii  








7 








5 








7 + 5 = 7 7 + 7 5 








5 7 








5 5 








= 7 5 = 2 








( 








)( 








) 








− 








− 








− 








− 








iii 





       








− 








× − 








× 








− 








− 








54 








24 = 



9 



6 








4 



6 = 



9 



6 








4 



6 








= 



3 



6 



2 



6 = 6 








This is not in the simplest form  








because the bottom line is a  








surd. 








You have rationalised the  








denominator. 








Hint: To simplify a surd look  








for factors that are square  








numbers. 








Using ( 








)( 








) 








+ 








− 








= − 








a b a b a b. 
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Chapter 2 Indices and surds 








Test yourself 








Make sure you can work these out without a calculator! 








1  



Find the value of  








1 








3 








2 








( ) 








− 








2  



Find the value of  








36 








16 








1 








2 








3 








4 








, giving your answer in its simplest form. 








3  



Simplify ( 








) 








− 








2 2 3 








2 



, giving your answer in factorised form. 








4  



Simplify  








( 








) 








2 








10 








4 2 3 








3 








5 








2 








( 








) 








x y 








x y 








5  



Find the exact answer to  








× 








54 48, simplifying your answer as much as possible. 








Answers on page 206 








CHECKED ANSWERS 








Exam-style question 








Find the value of a and b in each case. 








i  








× × 








= 








a 








b 








4 2 








3 








3 








2 








3 








2 








ii  








a b 








3 5 3 








5 3 








2 








− 








+ 








= − 








Answers on page 206 








CHECKED ANSWERS 
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WJEC AS Mathematics 








Chapter 3 Quadratic equations 










About this topic 








Quadratic equations 



appear in many situations throughout 








mathematics. It is important to be able to manipulate and solve them 








confidently and to be able to sketch the graph of a quadratic function. 








Before you start, remember ... 










● 



how to expand brackets 








● 



how to factorise expressions. 










Quadratic equations 








Key facts 








1 



A quadratic 



equation can be written in the form ax 








2 








 + bx + c = 0  








where a ≠ 0 and b and c can be any number. 








2 



Some quadratic equations can be solved by factorising. 








Remember: 








●  



a perfect 



square 



is an expression in the form  








2 








2 








2 








2 








( 








) 








x 








ax a 








x a 








+ 








+ 








= + 








●  



the 



difference of two squares 



is an expression in the form 








2 








2 








( 








)( 








) 








x a 








x a x a 








− 








= + 








− 



. 








3 



The graph of a quadratic equation is a curve called a 



parabola. 










       To sketch the quadratic equation 



y = ax 








2 








 + bx + c 








●  



look at the sign of the 



x 








2 








term as this tells you which way up the  








curve is 








Positive 








Negative 








●  



find where the curve cuts the x-axis by solving ax 








2 








 + bx + c = 0 








●  



remember the curve cuts the y-axis at c. 








4  



Completing the square means write a quadratic expression in the  








form  








2 








( 








) 








a x p q 








− 








+ 



. 








5  



Completing the square method  








Example: 










       

       








12 25 








2 








x 








x 








− 








+ 








●  



Halve the coefficient of x   








Half of -12 is -6 








●  



Square it  








(-6) 








2 








 is 36 








●  



Add this to the first two terms   








and subtract it from the constant term   








12 



36 



25 



36 








2 








x 








x 








− 








+ 



+ 



− 








●  



Factorise the first three terms,   








to make a perfect square   








6 11 








2 








( 








) 








x 



− − 








6  



You can use completing the square to solve quadratic equations. 










       Example:  








12 








25 0 








6 








11 0 








6 








11 








6 








11 








6 11 








2 








2 








2 








( 








) 








( 








) 








x 








x 








x 








x 








x 








x 








− 








+ 








= ⇒ − 








− = 








⇒ 








− 








= 








⇒ 








− = ± 








⇒ 








= ± 










b and c can be positive,  










negative or zero. 








See Worked 



examples 1 and 2  








for a reminder of this. 








You can only use this method  








when the coefficient of x 








2 








 is 1.  








See Worked 



examples 1 



and 2. 








Don’t forget the negative  








square root. 








When x 



= 



0 then y 



= 



c. 
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Chapter 3 Quadratic equations 








7  



Completing the square tells you a lot about the position of the graph. 








(p, 



q) 








y 








0 








x 








x 



= 



p 










       The graph of  








2 








( 








) 








y x p q 








= − 








+ 



 has a stationary 



point 



(or 



vertex) at  



p q 








, 








( ). 










       The curve is symmetrical about the stationary point so the line   








x = p is a line 



of symmetry. 








8  



The quadratic 



formula is  








4 








2 








2 








b b 








ac 








a 








x 



= − ± 








− 








. 










       You can use the quadratic formula to solve quadratic equations  








written in the form  








0 








2 








ax bx c 








+ + = 



. 








9  



The discriminant is  








4 








2 








b 








ac 








− 








. 










       The sign of the discriminant tells you how many real roots to expect. 








Discriminant 








Positive 








4 








0 








2 








b 








ac 








− 








  








Zero 








4 








0 








2 








b 








ac 








− 








= 








Negative 








4 








0 








2 








b 








ac 








− 








  








Number of real roots 








2 








1 (repeated) 








0 








Two real roots 








One real root 








No real roots 








y 








y 








y 








x 








x 








x 








0 








0 








0 








Hint: You should use the  








quadratic formula to solve  








equations which can’t be  








factorised. 








Worked example 








1 Solving a quadratic equation by factorising 








Solve 3 








10 8 0 








2 








x 








x 








+ 








− = 



. 








Solution 








Step 1: 



Find the product of the two outside numbers: 



-24 








Step 2: 



Look for two numbers which multiply to give 



-24 








and add to give +10. 








These numbers are +12 and 



-2. 








Step 3: 



Split the middle term: 








− 








− 








− 








x 








x 








x 








x 








x 








3 








+ 10 








8 = 3 



+ 12 2 



8 








2 








2 








Step 4: 



Factorise in pairs: 








− 








x x 








x 








= 3 ( + 4) 2( + 4) 








x 








x 








= (3 








2)( + 4) 








− 








Step 5: 



Now solve: 








− 








x 








x 








(3 








2)( + 4) = 0 








⇒ 








⇒ 



x 



= 








2 








3 








or 








− 








x 



= 4 








There is now a common factor  








of (x 



+ 



4). 








The middle term is +10x. 








3 × (-8) = 



-24 
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Worked example 








2 Sketching the graph of a quadratic 








Sketch the graph of 








i  








12 36 








2 








y x 








x 








= − 








+ 








ii  








81 9 








2 








y 








x 








= − 








Solution 








i 



When 



x 



= 



0 then 



y 



= 



36 








When 



y 



= 



0 then 








− 








x 








x 








12 + 36 = 0 








2 








⇒ 



(x 



- 



6) 








2 








= 0 








⇒ 



x 



= 6 








36 








y 








y = x 



2 








x 








6 








0 








− 



12 



x 



+ 36 








ii 



When 



x 



= 0 then 



y 



= 81 








When 



y 



= 0 then 








− 



x 








81 9 








= 0 








2 








⇒ 








− 








⇒ 








− 








x 








x 








x 








x 








(9 + 3 )(9 3 ) = 0 








= 3 or 








= 3 








81 








y 








x 








3 








0 








−3 








y 



= 81 



− 



9x 








2 








This is a perfect square  








as it is in the form  








2 








2 








2 








2 








( ) 








x ax a x a 








− + = − 



. 








There is one repeated root,  








so the curve just touches the  








x-axis. 








Don’t forget to label where the  








curve crosses the y-axis. 








The coefficient of x 








2 








 is positive  








so the curve is ∪-shaped. 








This is the difference of two  








squares as 81 is square and so  








is 9x 








2 



. 








The coefficient of x 








2 








 is negative  








so the curve is ∩ -shaped. 
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Chapter 3 Quadratic equations 








Worked example 








3 Using quadratic equations 








Solve: 








i  



2 








3 








2 0 








+ 








− = 








x 








x 








ii  



× 








− × − = 








3 2 








10 2 8 0 








2x 








x 








Solution 








i 



Replacing 



x 



with 



z 



gives the quadratic equation 








z 








z 








2 








+ 3 








2 = 0 








2 








− 








⇒ ⇒ 








− 



− 








z 








z z 








2 








+ 4 








2 = 0 








2 








⇒ 








− 








⇒ 








− 








z z 








z 








z 








z 








2 ( + 2) ( + 2) = 0 








(2 








1)( + 2) = 0 








⇒ 








− 








⇒ 








− 








z 








z 








x 








x 








x 








= 1 








2 








or 








= 2 








= 1 








2 








or 








= 2 (no solution) 








= 1 








4 








Squaring gives 








ii 



Replacing 2 








x 








with 



z 



gives the quadratic equation 








− 








− 








z 








z 








3 








10 








8 = 0 








2 








. 








⇒ 








− 








− 








z 








z 








z 








3 








12 + 2 








8 = 0 








2 








⇒ 








− 








− 








⇒ 








− 








z z 








z 








z 








z 








3 ( 








4) + 2( 








4) = 0 








(3 + 2)( 








4) = 0 








⇒ 








− 








⇒ 








− 








z 








z 








x 








= 2 








3 








or 








= 4 








2 = 2 








3 








or 2 = 4 








So = 2 (by inspection 2 = 4) 








x 








x 








2 








. 








Note that 2 = 








x 








2 








3 








− 



has no solution as 2 








x 








is positive for 








all real values of 



x. 



See Chapter 12 for more on solving 








equations where x is the power. 








Hint: Some equations can  








be rewritten as a quadratic  








equation. 








⇒ 








− 








⇒ 








− 








z 








z 








x 








x 








x 








= 1 








2 








or 








= 2 








= 1 








2 








or 








= 2 (no solution) 








= 1 








4 








Common mistake: You need to  








solve the equation for x not z, so  








don’t forget to work out what x is.  








Common mistake: Make sure  








you think carefully about which  








solutions are valid. 








Worked example 








4 Using completing the square to sketch a curve 



(1) 








Express  








8 








10 








2 








( ) 








f x x 








x 








= + 








+ 



 in the form  








2 








( ) ( 








) 








f x 








x a 








b 








= + + 



 and hence  








sketch the curve  








( ) 








y f x 








= 








. 








Solution 








f x 








x 








x 








x 








x 








x 








x 








( ) = 








+8 + 10 








= 








+4 



+ 16 



+ 10 



16 








= ( + 4) + 10 



16 








= ( + 4) 








6 








2 








2 








2 








2 








− 








− 








− 








− 








y 








x 








= ( 



+ 4) 








6 








2 








has the line of symmetry at 



x 



= -4 



and a 








vertex at 



− 



− 








( 



4, 



6). 








Find where the curve cuts the axes. 








When 



x 



= 0, 








− 








− 








y 



= (0 + 4) 








6 = 16 6 = 10 








2 








When 



y 



= 0, 








− 








x 








( + 4) 








6 = 0 








2 








Add 16 and then take it away so  








that nothing has changed. 








Note that  








2 








= − 








x 








 has no  








solution as  



x means the  








positive square root of -2.  








Split the middle term to help  








you factorise. 








Remember that  



x x 








( ) 



= 








2 








. 








Remember that  2 2 








2 2 








( ) 








x x 








= 



. 








Half of 8 is 4 and 4 








2 








 = 16. 








Split the middle term to help  








you factorise. 
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x 








x 








x 








( 








4) = 6 








4 = ± 6 








= -4 ± 6 








2 








⇒ 








+ 








⇒ 








+ 








⇒ 








y 








x 








0 








10 








−4+√6 








x 








(−4, 



−6) 








−4−√6 








f(x ) = 








x 








= 



−4 








Worked example 








5 Using completing the square to sketch a curve 



(2) 








Use completing the square to sketch the curve  








2 








4 6 








2 








= − + + 








y 








x 








x 



. 








Solution 








− 








− 








− 








− 








− 








− 








− 








− 








− 








y 








x 








x 








x 








x 








x 








x 








x 








x 








x 








= 



2 








+ 4 



+ 6 








= 



2( 








2 ) 



+ 6 








= 



2( 








2 



+ 1 - 1) 



+ 6 








= 



2( 








2 



+ 1) + 2 



+ 6 








= 



2( 








1) 



+ 8 








2 








2 








2 








2 








2 








− 








− 








y 








x 








= 2( 








1) 



+ 8 








2 








has the line of symmetry at 



x 



= 1 



and a 








vertex at (1, 



8). 








Find where the curve cuts the axes. 








When 



x 



= 0, 








− 








− 








y 



= -2(0 1) +8 = 2 + 8 = 6 








2 








When 



y 



= 0, 



− 








− 








2(x 1) +8 = 0 








2 








⇒ − 








− 








− 








⇒ 








− 








⇒ 








⇒ 








− 








x 








x 








x 








x 








x 








2 ( 








1) = 8 








1 = ± 4 








= 1 ± 2 








= 1 or 








= 3 








2 








x 








y 








x 








0 








6 








(1, 8) 








= 1 








3 








−1 










Common mistake: Do not  








divide by -2 because this would  








change the equation; instead  








you should factorise out -2  








from the first two terms. 










Half of -2 is -1 and (-1) 








2 








 = 1. 








Add 1 and then take it away so  








that nothing has changed. 








Take  



2 



1 








− 



× 



− 



 outside the  








bracket. 








You can see this from  








the equation of the curve 








y x x 








= − + 



+ 








2 4 



6 








2 








. 








Divide both sides by -2 and then  








square root. 
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Exam-style question 








You are given that  








2 








12 10 








2 








( ) 








f x 








x 








x 








= 








+ 








+ 



. 








i  



Express f(x) in the form a 



x b 








c 








+ 








+ 








( 








) 








2 








 where a, 



b and c are integers. 








ii  



The curve C with equation  








( ) 








y f x 








= 








 meets the y-axis at P and has a minimum point at Q. 








a  



State the coordinates of P and Q. 








b  



Sketch the curve. 








Answers on page 207 








CHECKED ANSWERS 








Worked example 








6 Using the quadratic formula 








Solve the equation 3 








5 








1 0 








2 








− 








+ = 








x 








x 








, giving your answers in exact form. 








Solution 








In this case, 



a 



= 3, 



b 



= 



-5 



and 



c 



= 1. 








Using the quadratic formula: 








x 








b 








b 








ac 








a 








= 








± 








4 








2 








= 








( 5) ± ( 5) 








4 3 1 








2 3 








= 5 ± 13 








6 








2 








2 








− 








− 








− − 








− 








− × × 








× 








Hint: Exact means leave your  








answer as a surd or a fraction  








- not a rounded decimal. 








Worked example 








7 Using the discriminant 








The equation 2 








8 0 








2 








+ + = 








x kx 








 has no real roots. 








Find the possible values of k. 








Solution 








When there are no real roots the discriminant 








− 








b 








ac 








4   0 








2 








. 








⇒ 








− × × 








⇒ 








− 








⇒ 








⇒ 








− 








a 








b k 








c 








k 








k 








k 








k 








= 2, = and = 8 








4 2 8   0 








64   0 








  64 








8     8 








2 








2 








2 








Hint: Use the discriminant for  








questions about number of  








roots. 








Common mistake: Take care  








with the inequality signs. Check  








values of k if you aren’t sure  








which way round the signs  








should go. 








Test yourself 








1  



Factorise 6x 








2 








 + 19x - 20 








2  



Solve 2 








9 18 0 








2 








− − = 








x 








x 








3  



Find the exact solutions to the equation 2 








3 4 0 








2 








− − = 








x 








x 








4 



i  



Sketch the graph of  



y 








x 








x 








4 








17 4 








2 








= 








− 








+ 








ii  



Solve: 








a  



x 








x 








4 








17 








4 0 








4 








2 








− 








+ = 








b  



x 








x 








4 17 








4 0 








− 








+ = 








5  



Write  



x 








x 








2 








12 








3 








2 








− 








+ 



 in completed square form. 








6  



The curve  








( 








) 








2 








5 








3 








2 








= − 








− 








+ 








y 








x 








 meets the y-axis at A and has a maximum point at B. 










       Find the coordinates of A and B. 








Answers on pages 206–207 








CHECKED ANSWERS 








x 








b 








b 








ac 








a 








= 








± 








4 








2 








= 








( 5) ± ( 5) 








4 3 1 








2 3 








= 5 ± 13 








6 








2 








2 








− 








− 








− − 








− 








− × × 








× 








x 








b b 








ac 








a 








= 








± 








4 








2 








= 








( 5) ± ( 5) 4 3 1 








2 3 








= 5 ± 13 








6 








2 








2 








− 








− 








− − 








− − × × 








× 








Common mistake: The rounded  








solutions are x 



= 



0.232 or  








x 



= 



1.43 (to 3.s.f.), but you  








aren’t asked for these! 








Common mistake: 



Take care  








with your signs! 
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About this topic 










Being able to confidently manipulate and solve simultaneous equations 








and inequalities is an essential part of A Level maths, and indeed all 








mathematics. The algebra of inequalities is very similar to the algebra of 








equations, but there are a couple of small, yet important, differences. 








Before you start, remember ... 










● 



how to solve linear and quadratic equations 








● 



how to sketch graphs of linear and quadratic equations. 










Simultaneous equations 








Chapter 4 Equations and 








inequalities 








Key facts 








1  



A linear 



equation is an equation whose graph is a straight line. 










       When you draw the graphs of two linear equations, then, unless  








the graphs are parallel, they intersect. 










       The coordinates of the point of intersection give the solution to the  








two linear 



simultaneous equations. 








−1 








–2 








–4 








–6 








1 








0 








4 








2 3 4 5 6 








−2 








2 








6 








x 








y 








7 8 








–8 








–10 








2x − 



y 



= 8 








4x + 3y = 6 








2  



You should solve simultaneous equations algebraically. 










       There are two different methods: the elimination 



method and the  








substitution method. 








3  



Non-linear simultaneous equations involve terms like x², 



y² or  








other powers. 










       When you draw the graphs of a pair of equations where one  








is linear and the other quadratic then there could be different  








solutions as shown below. 








x 








y 








x 








x 








y 








y 








Two points of intersection 








0 








0 








0 








No points of intersection 








One point of intersection 








(a tangent) 








The graphs intersect at the  








point (3, -2) …  








… so the solution of the two  








linear simultaneous equations  








2 








8 








x y 








− = 



 and 4 



3 6 








x y 








+ = 



 is   








x 



= 



3, 



y 



= -2. 








Multiply one or both of the  








equations through by a  








constant, so that adding or  








subtracting the resulting  








equations eliminates one of the  








unknowns. 








Substitute one equation into the  








other so the resulting equation  








is in terms of just one unknown. 








Linear equations do not involve  








terms in any powers of x or y,  








or terms like xy. 








Examples of linear equations  








are 2 








8 








x y 








− = 



 and 4 



3 = 6 








x y 








+ 








. 
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4  



Use the substitution 



method to solve one linear and one quadratic  








equation: 










●  



Rearrange the linear equation if necessary so that one unknown  










is given in terms of the other. 










●  



Substitute the resulting equation into the quadratic equation. 








●  



Solve to find the value(s) of one of the unknowns. 








●  



Substitute back into the linear equation to find the values of the  










other unknown. 








Worked example 








1 Finding the intersection of two lines 








Find the coordinates of the point where the lines 2x + 3y = 2 and   








3x - 5y = 4 intersect.  








Solution 








(1): 2x + 3y = 2 








3 



× 



(1): 








x 








y 








6 +9 = 6 








(2): 3x 



- 



5y = 4 








2 



× 



(2): 








− 








x 








y 








6 








10 =8 








Subtract: 








− 








⇒ 








− 








y 








y 








19 = 2 








= 2 








19 








Substitute 








− 



2 








19 








y 



= 








into (1): 








( ) 








× − 








x 








2 + 3 








2 








19 








= 2 








x 








x 








2 = 44 








19 








= 22 








19 








⇒ 








⇒ 








The coordinates of the point of intersection are 



( 








) 








− 








22 








19 








, 2 








19 








. 








Hint: Check you have the right  








answer by substituting the  








values into the other equation:  








3 5 3 22 








19 








5 








2 








19 








66 








19 








10 








19 








4 








x y 








( ) 








− = × − × − 








= + 








= 








✓ 








Common mistake: Don’t forget  








to state the coordinates. This is  








what the question asked for. 








Worked example 








2 Finding the intersection of a line and a curve 








Find the coordinates of the two points where the line 2 








8 








+ = 








x y 





       








intersects the circle  








2 








1 








10. 








2 








2 








( 








) ( 








) 








x 








y 








− + + = 








Solution 








y 








x 








2x + 








y 








(x 



− 



2) 








2 








+ (y + 1) 








2 








= 10 








0 








Hint: It helps to draw a  








diagram. See Chapter 5 for  








a reminder of how to draw  








circles. 








There could be 2 solutions,  








1 repeated solution or 0  








solutions. 
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= ⇒ 








− 








x y 








y 








x 








2 + 








8 








=8 2 








Substitute 








− 








y 








x 








= 



8 2 



into 








− 








x 








y 








( 








2) + ( + 1) = 10 








2 








2 








: 








− 








− 








⇒ 








− 








− 








⇒ 








− 








− 








⇒ 








− 








⇒ 








− 








⇒ 








− 








− 








⇒ 








= 








x 








x 








x 








x 








x 








x 








x 








x 








x 








x 








x 








x 








x 








x 








x 








x 








( 








2) + (8 



2 



+ 1) = 10 








( 








2) + (9 2 ) = 10 








4 + 4 + 81 36 + 4 








= 10 








5 








40 +75 = 0 








8 + 15 = 0 








( 








3)( 








5) = 0 








3 or = 5 








2 








2 








2 








2 








2 








2 








2 








2 








These values can then be substituted into 








− 








y 








x 








= 8 2 : 








y 



= 8 



- 



2 



× 



3 



= 



2 



and 



y 



= 8 



- 



2 



× 



5 



= 



-2. 








So the points of intersection are (3, 



2) 



and (5, 



-2). 








Hint: You should always  








substitute the linear equation  








into the equation for the curve. 








Hint: You should use the linear  








equation to find the y-values  








once you have found the  








x-values. 








Common mistake: Make sure  








you have the correct y-value  








paired-up with the correct  








x-value. 








Worked example 








3 The tangent to a curve 








The line  



y x k 








5 








= + 



 is a tangent to the curve  








3 6 








2 








= − − 








y x 








x 



. 








Find the value of k and give the coordinates of the point where the line  








and curve meet. 








Solution 








Substituting 








y 



= 5x + 



k 



into 



y 



= 



x 








2 








- 



3x 



- 



6: 








x k x 








x 








x 








x 








k 








5 + = 








3 








6 








8 








6 








= 0 








2 








2 








− 








− 








⇒ 








− 








− − 








The line 



y 



= 5x + 



k 



forms a tangent when there is one 








repeated root 



⇒ 








− 








b 








ac 








4 = 0 








2 








. 








a = 1, b = 



-8 



and c = 



-(6 



+ 



k 



) 








− 








⇒ − 








× × 








⇒ 








⇒ 








− 








⇒ 








− 








b 








ac 








k 








k 








k 








k 








4 = 0 








( 8) 



+ 



4 1 



(6 + ) 



= 0 








64 + 24 + 4 = 0 








4 = 88 








= 22 








2 








2 








To find the 



x 



coordinates of the point of contact solve 








− 








− − 








x 








x 








k 








8 








6 








= 0 








2 








when 








− 








k 



= 22 . 








⇒ 








− 








− 








⇒ 








− 








⇒ 








− 








⇒ 








x 








x 








x 








x 








x 








x 








8 








6+ 22 = 0 








8 + 16 = 0 








( 








4) = 0 








= 4 








2 








2 








2 








Substituting 



x 



= 4 and 



k 



= 



-22 



into 



y 



= 5x + 



k 



gives: 








y 



= 5 



× 



4 



- 



22 = 



-2 








The coordinates of the point of intersection are (4, 



- 



2). 








There is a repeated (single) point of intersection and 








therefore the line is a tangent. 








This is a perfect square  








as it is in the form  








x ax a x a 








− + = − 








( ) 








2 








2 








2 








2 








. 








Take care with your signs! 
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Test yourself 








1  



Solve the simultaneous equations 5 








3 








1 








x 








y 








− 








= 



 and 3 








4 4 








x y 








− = 



. 








2  



Find the coordinates of the point where the lines 5 








2 3 








x y 








− = 



 and  1 2 








y 








x 








= − 



 intersect. 








3  



Solve the simultaneous equations 2 








4 








2 








2 








x y 








+ 








= 



 and 3 








2 








x y 








+ = 



. 








4  



Simon is solving the simultaneous equations  1 








1 








( 








) 








y 








x 








− = 



 and 2 








3 








x y 








+ = 



. Here is Simon’s working. 








Rearrange second equation:  








y 








x 








= 2 - 3 








Line X 








Substitute into first equation: 








x 








x 








x 








x 








x 








x 








(2 - 3)(1 - ) = 1 








-2 + 5 - 3 = 1 








2 - 5 + 4 = 0 








2 








2 








Line Y 








Discriminant =- 5 - 4 2 4 =- 25 - 32 = - 57 








2 








× × 








Line Z 








There are no real solutions. 










       



Simon knows that he must have made at least one mistake, as his teacher has told him that the  








equations do have real solutions. In which line(s) of the working has Simon made a mistake? 








5  



Find the coordinates of the point(s) where the line  








2 1 








y x 








− = 



 intersects the curve 3 








2 5 








2 2 








x y 








+ = 



. 








Answers on page 207 








CHECKED ANSWERS 








Exam-style question 








i  



The line y - 3x = 3 intersects the circle (x + 3) 








2 








 + (y - 2) 








2 








 = 8 at the points A and B. 










       Find the coordinates of the points A and B. 








ii  



The line y - 3x = k forms a tangent to the curve y = 4x 








2 








 - x + 8 at the point C.  










       Find the value of k and the coordinates of C. 








Answers on page 207 








CHECKED ANSWERS 








Inequalities 








Key facts 








1  



Solving linear inequalities is very similar to solving linear  








equations; however, you should bear in mind the following: 










●  



When swapping the sides of an inequality you should reverse  










the direction of the inequality sign. 










●  



When multiplying or dividing both sides of an inequality by  










a negative number you should reverse the direction of the  








inequality. It is often best to avoid multiplying or dividing by a  








negative number if you can. 








2  



To solve a quadratic inequality, you should solve the  








corresponding quadratic equation and then use a graph to  








determine the solution to the inequality. 








x 








y 








x 



1 








x 



1 








x 



2 








x 



2 








x 








y 








The quadratic graph has a negative 








y-value 



here. So the range of values 








where the quadratic is 



  



0 is 



x 



1 



  



x 



  



x 



2. 








The quadratic graph has a positive 








y-value 



here. So the range of values 








where the quadratic is 



  



0 is 



x 



  



x 



1 



or 



x 



  



x 



2. 








0 








0 








6   



x 



so 



x 



  6. 








-2x 



  



6 so x 



  



-3. 








Use an open circle,  , to show  








the value of x 



2	is 



not included.  








Use a filled in circle, ●, to show  








the value of x 



2	is	included.	 
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