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WJEC A Level Mathematics 








Get the most from this book 








Welcome to your Revision Guide for the 



WJEC 








A Level in Mathematics course. 



This book will 








provide you with reminders of the knowledge and 








skills you will be expected to demonstrate in the 








exam with opportunities to check and practice those 








skills on exam-style questions. Additional hints and 








notes throughout help you to avoid common errors 








and provide a better understanding of what’s needed 








in the exam. 








Answers to all the questions can be 








found at the back of the book. 








Features to help you succeed 










Target your revision 











Use these questions at the start of each of the three 








sections to focus your revision on the topics you find 








tricky. 










About this topic 











At the start of each chapter, this provides a concise 








overview of its content. 










Before you start, remember 











A summary of the key things you need to know 








before 



you start the chapter. 










Key facts 











Check you understand all the key facts in each 








subsection. These provide a useful checklist if you 








get stuck on a question. 










Worked examples 











Full worked examples show you what the examiner 








expects to see in order to ensure full marks in the 








exam. The examples cover a sample of the type of 








questions you can expect. 










Hint 











Expert tips are given throughout the book to help 








you do well in the exam. 










Common mistakes 











Your attention is drawn to typical mistakes students 








make, so you can avoid them. 










Test yourself 











Succinct sets of short questions test your understanding 








of each topic. 










Exam-style questions 











For each topic, these provide typical questions you 








should expect to meet in the exam. 










Review questions 











After you have completed each of the five sections in 








the book, answer these questions for more practice. 








At the end of the book, you will find some useful 








information: 








Exam preparation 








Includes hints and tips on revising for the A Level 








Mathematics exam, and details the exact structure of 








the exam papers. 








Make sure you know these formulae 








for your exam 








Provides a succinct list of all the formulae you need 








to remember and the formulae that will be given to 








you in the exam. 








Please note that the formula sheet as provided by the 








exam board for the exam may be subject to change. 










Integration at a glance 











This table helps you find your way around the 








different integration methods so you can easily 








decide which method you need. 










Statistical tables 











For easy access, we have included the statistical tables 








that you will need. These will be provided in your exam. 








During your exam 








Includes key words to watch out for, common mistakes 








to avoid and tips if you get stuck on a question. 
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WJEC A Level Mathematics 








SECTION 1 








UNIT 3 PURE MATHEMATICS 










Target your revision 



(Chapters 



1–3) 











1  



Use sigma notation  






A sequence is defined by a 








x 








n 








n n 








( ) 








= −1 








 for   








n = 1, 2, 3,... 








i  



Write down the terms  , , , 








1 2 3 4 








a a a a 



. 






A series is defined by  








( ) 








1 








. 








1 








∑ 








= 








− 








= 








x 








S 



n 








k k 








k 








n 








. 








ii  



Write down the series S 



6. 








(see 



page 3) 








2  



Solve problems involving geometric 








sequences and series 






A geometric series has first term 1 








2 








. 






The sum to infinity of the series is 3 








4 








. 






Find  








i  



the common ratio  








ii  



the least number of terms for the sum of  








the series to be greater than 90% of the  








sum to infinity. 








(see 



page 7) 








3  



Solve problems involving arithmetic 








sequences and series 






The fifth term of an arithmetic sequence is −3  








and the tenth term is 12. 








i  



Find the first term. 








ii  



Find the nth term. 








iii  



Find the sum of the first 50 terms. 








(see 



page 7) 








4 



Find a composite function 






The functions f 



(x) 



= 3x − 2 and g(x) = x 








2 








 are  








defined for all real numbers. 








i  



Find 








A  



ff (2) 








B  



gf (x) 








ii  



Solve gf (x) = g(x). 








(see 



page 11) 








5 



Use transformations to sketch graphs 






The diagram shows a sketch of the graph of the  








function y = f 



(x).  








x 








y 








2 








0 








P 








Q(4, 



3) 








The graph intersects the y-axis at the point   








P(0, 2) and the point Q(4, 3) is the maximum  








turning point.  








For each of the following transformations of   








y = f 



(x), find the coordinates of the points to  








which the points P and Q are transformed. 








i  



y = 



−f 



(2x) 








ii  



y = 



3f 



(x) 



− 



5 








iii  



y f x 








( 








) 








2 1 








= 








+ 








(see 



page 16) 








6 



Find an inverse function and sketch its graph 






You are given that f 



(x) 



= 1 + e 








2x 








. 








i 



Find the domain and range of 



f 



(x). 








ii  



Find f 








−1 








(x) and the domain and range of f 








−1 








(x). 








iii  



Draw the graph of y = f 



(x) and y = f 








−1 








(x) on  








the same pair of axes. 








(see 



page 19) 








7 



Draw graphs of modulus functions 






Draw the graphs of 








i  



y x 








2 3 








= + 








ii  








2 3. 








= + 








y x 








(see 



page 22) 








8 



Solve equations involving modulus functions 






Solve  








i  








x 








4 2 6 








− = 








ii  








x x 








4 2 3 








− = 








iii  








− = + 








x x 








4 2 3 6 








(see 



page 22) 








9 



Solve inequalities involving modulus 








functions 








i  



Express  








x 








3 








7 








< < 



 in the form  



− < 








x a b,  








where a and b are to be determined. 








ii  



Solve the inequality  








ജ 








2 1 3 








− 








x 








. 








(see 



page 22) 








10  



Use exact values of sin 



θ, 



cos 



θ 



and tan 



θ 



in 








degrees and radians 






Without using your calculator find the exact  








values of  








i  



cos 








5 








3 








π 








ii  



sin 








3 








4 








( ) 








π 








iii  



tan 315°. 








(see 



page 27) 


















2 



Target your revision (Chapters 1–3) 








Target your revision (Chapters 1–3) 








11  



Solve trigonometric equations in degrees 






Solve the following equations for  








x 








ഛ ഛ 








0 








360 








° 








°. 








i  








x 








sin 








3 








4 








2 








= 








ii  








− 








= 








x 








3 3tan2 0  








iii  



2 cos ( 








) 








x 



45 1 








− ° = 








(see 



page 27) 








12  



Solve trigonometric equations in radians  






Solve the following equations for  








x 








ഛ ഛ 








0 








2π. 








i  








x 








sin 








0.8 








= 








ii  








x 








cos 2 








3 








2 








= 








iii  








x 








x 








sin 








2 








3cos 








2 








( ) 








( ) 








− 








π 








= 








− 








π 








(see 



page 27) 








13  



Solve problems involving sectors of circles 















O 








6 cm 








R 








P 








3 








π 






Find the exact area and perimeter of the  








shaded region. 








(see 



page 27) 








14  



Use trigonometric identities 






Prove that  








tan 








1 








tan 








1 








2sin 








1 








2 








2 








2 








θ 








θ 








θ 








− 








+ 








≡ 








− 



. 








(see 



page 32) 








15  



Use the reciprocal trigonometric functions 








i  



Sketch the graph of y 








x 








cosec 








= 








 for  








x 








ഛ ഛ 








0 2π. 








ii 

Solve  








x 








cosec 2 








= − 



 for  








x 








ഛ ഛ 








0 








2π. 








(see 



page 32) 








16  



Prove identities involving the reciprocal 








trigonometric functions 






Prove that cosec sec cosec sec 








2 








2 








2 2 








θ 








θ 








θ θ 








+ 








≡ 








.  








(see 



page 32) 








17  



Use the small angle approximations 






Find an approximation for the following  








expressions when 



θ is small and in radians.  








i  








θ 








θ 








− 








1 cos 

       








ii  








θ θ 








− 








2cot sin 








(see 



page 32) 








18  



Use compound angle formulae 






Use the fact that 15° = 45° − 30° to find the  








exact value of cos 15°. 








(see 



page 36) 








19  



Use compound angle formulae to solve 








equations 








i  



Expand  








( ) 








+ π 








x 








cos 








6 








 and  



( ) 








π − 



x 








sin 6 








. 








ii  



Hence solve  








( ) ( ) 








+ π = 








π − 








x 








x 








cos 








6 








sin 6 








 for  








x 








ഛ ഛ 








0 








2π. 








(see 



page 36) 








20  



Use double angle formulae  






Use the expansion of  



( ) 








A B 








+ 








tan 








 to prove that  








= − 








A 








A 








A 








tan 2 








2tan 








1 tan 








2 








. 








(see 



page 36) 








21  



Use the forms 



r 



cos 



(θθ 



αα 








±± 



) 



and 



r 



sin 



(θθ 



αα 








±± 



) 






Express 16sin 30 cos 








θ 








θ 








− 








 in the form   








r sin  



θ α 








− 








( ), where r > 0 and 0 < a < 90°. 






Hence state the maximum value of  








16sin 30cos 








θ 








θ 








− 








. 








(see 



page 39) 








Answers on pages 211–212 








CHECKED ANSWERS 
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WJEC A Level Mathematics 








Chapter 1 Sequences and 








series 








About this topic 








You meet sequences and series in everyday life; they often provide the 








patterns of events around us. The two most common types of sequence 








are arithmetic and geometric and they have a variety of real-life 








applications including in banking, medicine and manufacturing. 








Before you start, remember … 










● 



number patterns from GCSE 








● 



how to solve equations. 










Definitions and notation 










Key facts 










1  



A sequence is an ordered set of numbers a 



a 








a 








a 








k 








n 








, ,......... , ....... 








1 2 








. 








2  



Sequences can be finite or infinite 








●  



a finite 



sequence has a first term and a last term 








● 



an 



infinite sequence is a sequence which continues forever.  








3 



There are two common ways of defining a sequence 








●  



as a position-to-term or deductive formula like  



= − 








k 








a 



k 








1 








2 








 for  








k 



= 



1, 2, 3, ... 

       








●  



as a term-to-term or 



inductive rule like  



= 








a 



4 








1 








;  








= 








+ 








+ 








a 








a 








k 








k 








2 








3 








1 








.  








4  



In an arithmetic 



sequence (also called an arithmetic progression)  








the difference between two consecutive terms is constant. 








So  








= 








+ 








+ 








a 








a d 








k 








k 








1 








, where d is a fixed number called the common 








difference. 








5 



In a geometric 



sequence 



(also called a 



geometric progression)  








the ratio between two consecutive terms is constant. 








So 








= 








+ 








a 








ra 








k 








k 








1 








, where r is a fixed number called the common 



ratio. 








6 



In an increasing 



sequence each term is greater than the term  








before. 






In a decreasing 



sequence each term is less than the term before. 








7  



In a periodic 



sequence  








= 








+ 








a 








a 








k p 








k 



 for a fixed integer p, called the  








period.  








8  



In a convergent 



sequence the differences between successive  








terms is smaller each time.  






A convergent sequence tends to a 



limit as  








∞ 








→ 








n 








 and  



→ 



+ 








a a 








k 








k1. 








9 



A sequence which is not convergent is said to be a divergent 








sequence. The terms may tend to  



∞ 








+ 



 or  



∞ 








− 



 or to no particular  








value. 








10  



A series is the sum of the terms of a sequence. 










S 



n	denotes	the	sum	to	n	terms	of	the	series. 








S 



n 



= 



∑ 



= + + + 








= 








= 








a a a 








a 








k 








k 








k n 








n 








... 








1 








1 








2 








e.g. 1, 4, 7, 10… 








The terms get progressively  








closer to a fixed number called  








the limit of the sequence. 








e.g. 1, 2, 4, 8, 16, … 








− − − − 








1, 4, 7, 10, ... 








Each term can be worked  








out from its position in the  








sequence. 








This is also called a recurrence 








relation. 








To find the next term you  








multiply the previous term by r 








(r could be positive or negative). 








e.g.  








∑ 








= 








= + + + + = 








= 








= 








S 








k 








k 








k 








1 4 9 16 25 55 








5 








2 








1 








5 








To find the next term you add d  








to the previous term (d could be  








positive or negative). 








e.g. 1, 5, 25, 1, 5, 25, 1, 5, 25… has 

       








period 3 and  



= = = 








a a a 



... 








1 4 7 








e.g.  



− − 








1, 








1 








2 








, 








1 








4 








, 








1 








8 








, ... converges  








to zero. 
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Chapter 1 Sequences and series 










Worked example 










1 Recognising types of sequence 








Describe the sequence 2, 4, 6, 8, 2, 4, 6, 8, 2, 4, 6, 8, …  








Solution 









This sequence repeats itself every 4th term so it is periodic 








with period 4. 








It is infinite and divergent. 








There is no last term and the  








terms do not converge. 










Worked example 










2 Finding the terms in a sequence from a deductive formula 








A sequence is defined by  



= − + 








a k k 








k 








1 








3 








2 








 for  



= 








k 



1, 2, 3,... 








Write down the first four terms of the sequence. 








Solution 








− 








a 








k 








k 








= 








+1 








k 








3 








2 








When 



k 



= 1, 








− 








a 



= 1 








1 + 1 = 1 








1 








3 








2 








When 



k 



= 2, 








− 








− 








a 



= 2 








2 + 1 = 8 4 + 1 = 5 








2 








3 








2 








When 



k 



= 3, 








− 








− 








a 



= 3 








3 + 1 = 27 9 + 1 = 19 








3 








3 








2 








When 



k 



= 4, 








− 








− 








a 



= 4 








4 + 1 = 64 16 + 1 = 49 








4 








3 








2 










Worked example 










3 Using an inductive formula or recurrence relation 








A sequence is defined by  



= 








a 



2 








1 








;  








= 








+ 








+ 








0.8 








3 








1 








a 








a 








k 








k 








. 








i  



Calculate the value of a 



3. 








ii  



What is the smallest value of n for which a 



n 



ജ10? 








Solution 








i  



a 



= 



2 








1 










a 








a 








= 0.8 + 3 = 0.8 



2 



+ 3 = 



4.6 








2 








1 








× 















× 








a 








a 








= 0.8 + 3 = 0.8 



4.6 



+ 3 = 



6.68 








3 








2 








ii  



To find the first term that is over 10, find the terms one 








by one 








a 








a 








= 0.8 + 3 = 0.8 6.68 + 3 = 8.344 








4 








3 








× 








a 








a 








= 0.8 + 3 = 0.8 8.344 + 3 = 9.6752 








5 








4 








× 








× 








a 








a 








= 0.8 + 3 = 0.8 9.6752 + 3 = 10.74016, 








6 








5 








so 



ജ 








a 








10 








6 








So 6 is the smallest value of 



n 



for which 








ജ 








a 








10 








n 








Notice that the difference  








between successive terms is  








growing smaller each time. So  








the sequence is convergent.  








It converges to 15 (use your  








calculator to check this). 
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Worked example 










4 Solving problems involving sequences 








A sequence is defined by a 








pa q 








k 








k 








= 








+ 








+1 








 where a 



= 



48 








1 








. 








Given that a 



= 



20 








2 








 and a 



= 



13, 








3 








 find the values of p and q. 








Solution 








⇒ 








a 








p q 








= 20 








48 + = 20 








2 








➀ 








⇒ 








a 








p q 








= 13 








20 + = 13 








3 








➁ 








Subtracting 



➁ 



from 



➀ 



gives 








⇒ 








p 








p 








28 = 7 








= 








1 








4 








Substituting 



p 



= 








1 








4 








in 



➀ 








q 








q 








48 








1 








4 








+ = 20 








= 8 








⇒ 








× 








⇒ 








So 



p 








q 








= 








1 








4 








, =8 








There are 2 unknowns so you  








need to form 2 equations. 










Worked example 










5 Using series 








The sum of n terms of a series is given by  








n n 








S 



n 



= 








+ 








( 








) 








1 








4 








2 








2 








. 








i  



Write down the first four terms of the series. 








ii  



Find an expression for the nth term of the series. 








Solution 








i  








× 








S 








a 








= 








= 








1 








2 








4 








= 








4 








4 








= 1 








1 








1 








2 








2 








⇒ 



a 



1 



= 1 








× 








S 








a 








a 








= 








+ 








= 








2 








3 








4 








= 9 








2 








1 








2 








2 








2 








⇒ 



a 



2 



= 8 








× 








S 








a 








a 








a 








= 








+ 








+ 








= 








3 








4 








4 








= 36 








3 








1 








2 








3 








2 








2 








⇒ 



a 



3 



= 27 








× 








⇒ 








S 








a 








a 








a 








a 








a 








= 








+ 








+ 








+ 








= 








4 








5 








4 








= 100 








= 64 








4 








1 








2 








3 








4 








2 








2 








4 








So the series is 1 + 8 + 27 + 64... 








ii  



In general, 



a S S 








= - 








n 








n 








n-1 








− 








− 








− 








− 








− 








− 








− 








− 








a 








S 








S 








n n 








n 








n 








n n 








n 








n 








n 








n 








n 








n 








n 








n 








n n 








n 








= 








= 








( +1) 








4 








( 








1) 








4 








= 








( 








+2 +1) ( 








2 + 1) 








4 








= 








+ 2 + 








( 








2 + ) 








4 








= 








4 








4 








n 








n 








n 



1 








2 








2 








2 2 








2 








2 








2 








2 








4 








3 








2 








4 








3 








2 








3 








So the nth term of the series is 



n 








3 








For example, a 








S S 








= − 








2 2 1	and 








a 



S S 








= − 








3 3 2 








Check the first four terms of  








the series to see that this is  








correct. 








Notice that these are all cube  








numbers. You will prove this  








result in part ii. 
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Worked example 










6 Using sigma notation 








A sequence is defined by  








( 








) 








1 2 . 








a 








k 








k 








k 








= + 








Write out the series  



a 



k 








k 








∑ 








=2 








5 








 without simplifying the terms. 








Solution 








Substituting 



k 



= 2 into 








⇒ 








× 








k 








a 








( + 1)2 








=3 2 








k 








2 








2 








Substituting 



k 



= 3 into 








⇒ 








× 








k 








a 








( + 1)2 








=4 2 








k 








3 








3 








Substituting 



k 



= 4 into 








⇒ 








× 








k 








a 








( + 1)2 








=5 2 








k 








4 








4 








Substituting 



k 



= 5 into 








⇒ 








× 








k 








a 








( + 1)2 








=6 2 








k 








5 








5 








So 



∑ 








× 








× 








× 








× 








(k +1)2 = 3 2 + 4 2 + 5 2 + 6 2 








k 








k=2 








5 








2 








3 








4 








5 










Test yourself 










1  



Which of the following is the best description of the sequence whose nth term is  








( 








) 








cos 60 








n 



× ° 



? 








A  



divergent and geometric 








C  



both divergent and periodic with period 6 








B  



periodic with period 6 








D  



convergent and geometric 








2  



The sum of n terms of a series is given by  








n 








n 








S 



n 



= + 



1 








. 






Write down the first four terms in the series. 








3  



Decide whether each of the following statements is true or false. 








i 








r 








r 








∑ 



= 








= 








140 








2 








3 








7 








ii 



The sequence 1, −1, 1, −1, 1… diverges. 








iii  



The sequence 1, 3, 5, 7,… is defined by  








2 








1 



= + 








+ 








u 








u 








k 








k 








. 








iv 



The sum to n terms of the series  



+ + + 








1 








1 








2 








1 








4 








1 








8 








... is 2 1 








2 








. 








1 








n 








( ) 








− 








− 








4  



Write down the first four terms in the series  








rx 








r 








r 








r 








1 








1 








. 








1 








∑ 








+ 








− 








= 








∞ 








( ) 








Answers on page 212 








CHECKED ANSWERS 










Exam-style question 










Jan is being treated with a special drug. At 01:00 hours she is given 120 units of the drug. Each hour the  








amount in her body reduces by 10 units. At 06:00, 11:00, and 16:00 she is given subsequent doses, in each  








case enough to bring the amount in her body up to 120 units. 








The amounts in her body every hour are denoted by a 








a 








at 01:00, at 02:00 and so on. 








1 








2 








i  



Write down the sequence  , ,..., 








1 2 








20 








a a 








a 



. 








ii  



Describe this sequence. 








Jan is not given any more of the drug, (she is recovering well). 








iii  



Write down the value of a 



21. 








iv  



What is the mean amount of drug in Jan’s body from 01:00 to 21:00? 








v  



What is the total amount of the drug given to Jan? 








vi  



When is there no drug left in Jan’s body? 








Answers on page 212 








CHECKED ANSWERS 
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Sequences and series 










Key facts 










1  



In an arithmetic sequence (progression) with first term a,  








common difference d and n terms: 








●  



the kth term is given by a 



a k d 








k 



= + − 








( 








) 








1 








●  



the last term, l 



a a n d 








n 








= = + − 








( 








) 








1 








●  



the sum of n terms is  








n a l 








n a n d 








S 



n 



= 








+ = 








+ − 








( 








) 








( ) 








1 








2 








1 








2 








[2 








1 ]. 








2  



In a geometric sequence (progression) with first term a, common  








ratio r and n terms: 








●  



the kth term is given by a 



ar 








k 








k 








= 








−1 








●  



the last term, a 



ar 








n 








n 








= 








−1 








●  



the sum of n terms is  








a r 








r 








a r 








r 








S 



n 








n 








n 








= 








− 








− 








= 








− 








− 








( 








) 








( 








) 








( 








) 








( 








) 








1 








1 








1 








1 








●  



for an infinite geometric series to converge the common ratio  








must be between −1 and 1, so  1 








1 








r 








− < < 



 which is sometimes  








written |r|< 1 








● 



the sum 



to infinity of a convergent G.P. is  








a 








r 








S S 








= 








= − 








∞ 








1 








. 










Worked example 












1 Finding arithmetic sequences 










The fourth term of an arithmetic sequence is 13 and the seventh term  








is 19. 








i  



Find the first term.  








ii  



Find the nth term. 










Solution 










i 



Using 








− 








a 








a 








k 








d 








= + ( 








1) 








k 








gives 








4th term 



a 








a 








d 








= + 3 = 13 








4 








7th term 



a 








a 








d 








= +6 = 19 








7 








By subtraction 








= 








d 








3 








6 








Hence 



d 



= 2 and 



a 



= 7 








So the first term is 7 








ii  



The 



nth 



term is 7 + (n 



− 



1) 



× 



2 = 5 + 2n 








Sometimes u 



n	is	used	to	denote	 








the nth term, so the formula is  








written as u 



n	=	a	+	(n	−	1)d. 








Sometimes this formula is  








written as u 



n	=	ar 








n−1 








. 








Find a 








a 








− 








7 4. 








Use l 



a a n d 








n 








= = + − 








( ) 








1 . 








Check: when n 



= 7 then   








5 + 2 × 7 = 19 ✓ 
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Chapter 1 Sequences and series 










Worked example 












2 Solving problems involving arithmetic sequences 










i 



Show that the series whose kth term is given by a 








k 








k 



= + 








3 1 is an  








arithmetic series. 








ii  



Find the 20th term and the sum to 20 terms. 








Solution 








i 



By substitution 








× 








× 








a 








a 








= 3 1 + 1 = 4 








= 3 2 + 1 = 7 








1 








2 








× 








a 



= 3 3 + 1 = 10 








3 








In general, (k + 1)th term, 



a 








k 








k 








= 3( + 1) + 1 = 3 + 4 








k 



+1 








kth 



term: 



a 








k 








= 3 + 1 








k 








Difference: 








− 








a 








a 



= 3 








k 








k 








+1 








So the sequence is an arithmetic progression with first 








term 4 and common difference 3 








ii  



The 20th term is 



3 20 + 1 = 61 








× 








Using 



S 








n a l 








= 








1 








2 








( + ) 








n 








the sum to 20 terms is 








1 








2 








20(4 + 61) = 650 








× 








You can see that so far there is  








a common difference of 3. Now  








you need to prove that this is  








true for any pair of terms. 








k 








k 








+ − + = − = 








( ) ( ) 








3 4 3 1 4 1 3 










Worked example 












3 Finding geometric sequences 










A geometric sequence has second term 3 and fifth term 24. 








i  



Find the first term and the common ratio. 








ii  



Find the 8th term and the sum to 8 terms. 








Solution 








i 



Using 








− 








a 








ar 








= 








k 








k 



1 








gives: 








2nd term = 








− 








ar 








3 = 








2 1 








⇒ 



ar 



= 3 








5th term = 








⇒ 








− 








ar 








ar 








24 = 








= 24 








5 1 








4 








ar 








ar 








r 








So 








= 








24 








3 








= 8 








4 








3 








⇒ 








Hence 



r 



= 2 and 



a 



= 1.5 








ii 



8th term: 








× 








− 








a 








ar 








= 








=1.5 2 = 192 








8 








8 1 








7 








Sum to 8 terms: 








× 








− 








− 








S 



= 








1.5 (2 1) 








2 1 








= 382.5 








8 








8 








This is a very useful technique:  








dividing one equation by the  








other cancels a. 








Using 



ar 



= 3. 








Using  



= 








− 








− 








a r 








r 








S 



n 








n 








1 








1 








( ) 








( ) 








. 
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Worked example 










4 Finding the sum to infinity 








i 



Show that the geometric series 








+ + + 








5 








5 








2 








5 








4 








5 








8 








... 








has a sum to infinity. 








ii  



Find the sum to infinity. 








Solution 








i 



The first term is 



a 



= 5 








Each successive term is half of its predecessor so 



r 



= 








1 








2 








Since 



− < < 








1 








1 








r 



, the geometric sequence is convergent and 








has a sum to infinity. 








ii 



Sum to infinity 



S 








a r 








= 








1 








= 








5 








1 








= 








5 








= 10 








1 








2 








1 








2 








− 








− 








Remember that a geometric  








series can only have a sum to  








infinity if it converges, so you  








need to show the common ratio  








is between –1 and 1. 










Worked example 










5 Solving problems involving geometric series 








i  



State the common ratio of the geometric series 








+ 








+ 








+ 








x 








x 








x 








3 








3 








2 








3 








4 








3 








8 








... 








2 








3 















ii  



State the restrictions on x for the series to have a sum to infinity. 








iii  



State the sum to infinity in terms of x. 








iv  



Find x if the sum to infinity is 15. 








Solution 








i  



The first term is a = 3 








The common ratio is 



r 








x 








= 2 








ii  



For sum to infinity to exist 








r 








1 < < 1 








− 








so, in this case, 








x 








1 < 








2 








< 1 








− 








Multiplying through by 2 gives 








x 








2 < < 2 








− 








iii  



S 








a r 








x 








x 








x 








= 








1 








= 








3 








1 








2 








= 








6 








2(1 








2 








) 








= 








6 








2 








− 








− 








− 








− 








iv  



Given that 








x 








6 








2 








= 15 








− 








⇒ 








x 








x 








6 = 15(2 








) 








= 30 15 








− 








− 








⇒ 








x 








15 = 24 so 



x 



= 1.6 or 1 








3 








5 








The terms in the sequence  








involve x, so the common ratio  








is in terms of x. 








The sequence must converge in  








order to have a sum to infinity. 








Multiply both the numerator  








and denominator by 2 to  








clear the fraction,  2 








x 



, in the  








denominator. 








Notice that this satisfies  








− < < 








2 








2 








x 








. 
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Test yourself 










1  



The numbers p, 4, and q are the first three terms of a geometric sequence. 






Given that p = 64q, find the possible values of p and q. 








2 



The first three terms of an arithmetic sequence are −3, 2 and 7. 






What is the sum of the first 12 terms? 








3  



The 2nd term of an arithmetic sequence is 7 and the 6th term is −5. 








i 



Find the first term and the common difference. 








ii  



Work out the value of  



a 



k 








k 



2 








8 








∑ 








= 








. 








4  



You are given that the series  



− 








+ 








− 








+ 








x 








x 








x 








1 2 








4 








8 








... 








2 








3 








 has a sum to infinity. 








i 



Write down an inequality for the possible values of x. 








ii 



Find an expression for the sum to infinity. 








iii 



Given the sum to infinity is  








2 








3 








, find the first four terms in the series. 








Answers on page 212 








CHECKED ANSWERS 










Exam-style question 










i  



On Ian’s first birthday his parents put £25 into a money box. On his second birthday they give him £28,  








on his third birthday £31 and so on.  








a  



How much money does he receive on his 18th birthday? 








b  



How much money is in his money box at the end of his 18th birthday if none has been spent? 








ii  



On Ian’s eleventh birthday his grandparents put £200 into a bank account for him. 






Compound interest at 7% is added to this account every following year on his birthday. 






His grandparents add another £200 on each birthday. 






How much is in his account the day after Ian is eighteen? 








Answers on page 212 








CHECKED ANSWERS 
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WJEC A Level Mathematics 








About this topic 








A mapping is any rule which associates two sets of items. In mathematics, 








a mapping often transforms one set of numbers into another set of 








numbers. A function is a type of mapping where each input has exactly 








one output. 








Before you start, remember … 










● 



how to solve quadratic and linear equations 








● 



how to sketch the curves of a variety of functions including 










trigonometric functions – see also Chapter 3. 








Functions 








Chapter 2 Functions 










Key facts 










1  



Types of number 








Rational numbers – all the integers and all the fractions e.g. 



2 








3 








— — 








11 








5 








, 








Natural numbers 



ℕ 



(e.g. 1, 2, 3, …) 








Integers 



ℤ 



– the natural numbers, zero and all the negative 








whole numbers (e.g. … −3, −2, −1, 0, 1, 2, 3, …) 








Real numbers 



ℝ– 



all rational and irrational numbers (e.g. 



ö2, 



π) 








− 








2  



A mapping is a rule which links items in one set (the inputs or  








objects) to items in another set (the outputs 



or images). 








One–to–many mapping 








Many–to–many mapping 








These mappings are not  








functions. 
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3 



In a one–to–one 



mapping, each input has exactly one output and  








each output has exactly one input. 








One–to–one mapping 








Inputs (or objects) 








Outputs (or images) 








4  



In a many–to–one mapping, each input maps to just one output,  








but some points in the range are the image of more than one point  








in the domain. 








Many–to–one mapping 








Domain 








Range 








5 



A function is a mapping in which each point in the domain maps   








to just one image point. So a function is a many–to–one or a 








one–to–one mapping.  








6 



Functions are often written using the letters f, g and h. 






For example, 








f 



(x) = 2x 



+ 3 



or  








x x 








g 



→ 








: 








3 








7 



If you apply a function f to x to give f 



(x), and then apply another  








function g to the result, giving g[f 



(x)] or gf (x), then you have  








applied the composite 



function gf to x. 















x 








x 








x 








f 








gf 








f 








g 








( ) 








( ) 








 → 








 








→ 










gf 



(2) means substitute x = 2 into the function f (x) and the result into g(x). 






For example, 








( ) 








x 








x 








f 








= + 








2 3 and  








x x 








g 



→ 








: 








3 















f 








g 








2 








7 








343 








 → 








  → 








 















x 








x 








x 








f 








g 








2 3 








2 3 








3 








( 








) 








 → 








 








+  → 








 








+ 






To find fg(x) you apply g first. 










x 








x 








x 








g 








f 








2 








3 








3 








3 








 → 








  → 








 








+ 








8 



The diagram shows the relationship between the domains and  








ranges of the functions f and g and the composite function gf. 








domain of 



f 








range of 



f 








domain of 



g 








range of 



g 








range of 



gf 








f 



(x) 








g(x) 








gf 



(x) 








The set of outputs is called the  








range. 








The set of inputs is called the  








domain. 








Some inputs map to the same  








output. 








In general, gf 



(x) is not the same  








as gf 



(x). 



so fg(2) is found by: 








g f 








 →  → 








2 8 19 








To find g, you cube the input. 








To find f, you multiply the input  








by 2 and then add 3. 








Note that the range of f must be  








completely contained within the  








domain of g 



– otherwise some  








inputs won’t be valid when you  








try to apply g to the outputs of f. 








You say ‘g of x maps to x cubed’. 








g(x) = 8 








8 








2 








3 








⇒ = ⇒ = 








x 








x 








You say ‘ 



f 



of x equals two x plus 3’. 








= × + = 








( ) 








f 



8 



2 



8 



3 19 
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Worked example 










2 Finding the domain and range of a function 








You are given that g(x) = 1 − x 








2 






for  



ഛ ഛ 








1 








1 








− 








x 



. 








i  



Sketch the graph of y = g(x).  








ii  



State the range of the function g. 








Solution 








i  








x 








y 








−1 








1 








1 








0 








ii 



The range of g is 








x 








0 g( ) 1 








ഛ 








ഛ 



. 










Worked example 










1 Recognising functions 








Which of the following mappings are functions? 








Write down the domain and range of each function. 








i  








x 








f 



(x) 








0 








ii  








x 








f(x) 








0 








iii  








x 








f 



(x) 








0 








Solution 








i  



This is a many–to–one function, with domain 



∈ 



 








x 








and 








range 



x 








f( ) 



 








∈ 



. 








ii 



This is a one–to–one function, with domain 



x 



> 0 and 








range 



x 








f( ) 



 








∈ 



. 








iii 



This is 



not 



a function. It is a one–to–many mapping, with 








domain 



x 



0 








ജ 



and range 



x 








f( ) 



 








∈ 



. 








The set of outputs are real  








numbers. 








You can input any positive  








number. 








You can input any positive  








number or zero. 








You can input any real number. 








Reflect the graph of  








2 








= 








y x 



 in  








the x-axis to get  








2 








= − 








y x 



, then  








translate it 1 unit vertically  








to get  








1 1 








2 








2 








= − + = − 








y x 








x 



. See  








page 16 for a reminder of  








transformations. 
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Worked example 










3 Solving equations involving functions 








The function f is defined by f 



(x) = (x 



− 2) 








2 








 − 1 for  








 








∈ 








x 








. 








i  



Sketch the graph of y = f 



(x) and write down the range of f. 








ii  



Find f 



(−3). 








iii  



Find the values of x for which f 



(x) = 3. 








Solution 








i  



This is a quadratic function, with minimum 








point (2, 



−1). 



The range of f is  








− 








x 








f( ) 








1 








ജ 








ii  



x 








x 








f( ) = ( - 2) - 1 








2 















− 








− 



− 








− 








− 








− 








− 








f( 



3) 



= ( 



3 



2) 1 = ( 5) 1= 25 1= 24 








2 








2 








iii  



x 








f( ) = 3 















x 








x 








x 








x 








So x 








or x 








( 








2) 








1 = 3 








( 








2) = 4 








2 = ± 4 








= 2 ± 2 








= 0 








= 4 








2 








2 








⇒ 








− 








− 








⇒ 








− 








⇒ 








− 








⇒ 








Hint: 



You can think of the range  








as your ‘y-values’ – look at the 








y-axis: the curve runs from   








y = 0 to y = 1. 








0 








3 








y 








x 








(2, 



−1) 








Hint: 



It is easier not to expand  








the brackets. 










Worked example 










4 Finding composite functions 








The functions f and g are defined as follows. 








( ) 








f x 








x 








= − 








2 1  



x 



 








∈ 








( ) 








g x 








x 








= 















ജ 








x 



0 ,  



x 



 








∈ 








i  



Find a fg(x) 








       








b gf 



(x) 






giving the domain and range of the composite function   








in each case. 








ii  



Solve the equation ff 



(x) = x. 








Solution 








i  a 








 → 








 








→ 








− 








x 








x 








x 








2 








1 








g 








f 








− 








x 








x 








fg( 



)= 2 








1 








The domain is 



x 



0 








ജ 








since 



x 



does not exist for 



x 



< 0 








The smallest possible value of 



x 



is 0, so 








− 








− 








x 








2 








1 1 








ജ 








So the range is 








− 








x 








fg( ) 








1 








ജ 








Using set notation, the range is 



{ 








} 








− 








∈ 








y y 








y 








1 








ജ 








: 








, 








where 



y 








x 








= fg( ). 








b 



x 








x 








x 








2 








1 








2 








1 








f 








g 








→ 








− 



 → 








 








− 








x 








x 








gf( 



)= 2 - 1 








Since 








− 








x 








2 








1 does not exist for 



x 








2 - 1 < 0, the domain 








is 



x 








1 








2 








ജ 



, 



x 



 








∈ 



. 








Hint: 



Remember that  



x means  








the positive square root of x. 








ff 



(x) is sometimes written f 








2 








(x). 








Apply the function closest to  








the ‘x’ first. 








Apply f first as it is  








closest to the x. 








Common mistakes: This  








example illustrates some  








important points: 








•  fg(x)	is	not	the	same	as	gf 



(x).   








This is the case for most  








composite functions,  








although not in every case. 








•  You	need	to	be	careful	with	 








domains and ranges for  








composite functions. The  








domain for a composite  








function may not be the same  








as the domain for either of  








the functions involved. 








Remember completing the  








square from Unit 1. 
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Exam-style question 










The function f 



(x) is defined by  ( ) ( 








)( 








) 








x 








x 








x 








x 








f 








= + 








− 








3 








3 








3 








 for  








x 








ഛ ഛ 








2 








2 








− 








. 








The diagram shows a sketch of the graph of y 



= 



f 



(x). 








x 








y 








0 








–2 








2 








i  



Find the range of the function y 



= 



f 



(x). 








ii  



Show algebraically that  



( ) 








( ) 








x 








x 








f 








f 








− = − 








.  








State how this property relates to the shape of the curve. 








The function g(x) is defined by  



( ) 








x x 








g 








= −1 for  



ഛ ഛ 








1 








1 








− 








x 








. 








iii  



Find y 



= 



fg(x) and give its domain and range. 








Answers on page 212 








CHECKED ANSWERS 








Apply f to x and then f to the  








result. 








Check:  



 →   →  








f 



f 








1 1 1. 








Using set notation the domain is 








 








x x 








x 








: 








1 








2 








ജ 



, 








{ 








} 








∈ 








The smallest possible value of 








− 








x 








2 








1 is 0, and so the 








range is 








x 








gf( ) 0 








ജ 



, 



∈ 



 








x 








. 








Using set notation, the range is 



y y 








y 








0 








 








ജ 








: 








, 








{ 








} 








∈ 








where 








y 








x 








= gf( ). 








ii 








 → 








 








− 



 → 








 








− 



− 








x 








x 








x 








2 








1 








2(2 








1) 



1 








f 








f 















− − 








− 








x 








x 








x 








ff( ) = 2(2 








1) 1 








= 4 








3 

















ff(x) = 



x 



⇒ 








− 








x 








x 








4 








3= 















x 








x 








3 =3 








=1 








⇒ 








⇒ 










Test yourself 










1  



The mapping  








1 








2 








3 








→ 








− 








x 








x 








,  








 








∈ 








x 








, can be described as 








A  



one–to–one 








B 



one–to–many 








C  



many–to–one 








D 



many–to–many. 








2  



The function f is defined as f:  








2 3 








→ 








− 








x 








x 



. 






State the domain of the function f. 








3  



The function g is defined as  



( ) 








x x 








x 








g 








= 








− 








− 








2 








1 








2 








 for  



ഛ ഛ 








2 








2 








− 








x 








. 






Give the range of the function g. 








4  



The functions f and g are defined for all real numbers x as 















= − 








= − 








( ) 








( ) 








x x 








x 








x 








f 








g 








2 and 








3 2 








2 








. 






Find the function fg(x). 








5  



The functions p and q are defined as follows: 















( ) 








x 








x 








p 








= 








1 

       

       

       

       

       0 








≠ 








x 






and 










( ) 








x 








x 








q 



= − 








2 1  

       

       








 








∈ 








x 






Find the function pq(x). 








Answers on page 212 
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Worked example 










1 Finding the equation of a graph after successive transformations 








Find the equation of the new graph when the following  








transformations are applied to the graph of y = sin x. 








i  



A stretch, scale factor 2, parallel to the y-axis, followed by a  








translation of 1 unit vertically downwards. 








ii  



A translation of 1 unit vertically downwards, followed by a stretch,  








scale factor 2, parallel to the y-axis. 








Sketch the new graph in each case. 








Solution 








y 








y 








x 








x 








1 








0 








90 








−90 








180 








270 








360 








450 540 








−1 








x 








y 








90 








0 








180 








360 








270 








450 








1 








2 








−90 








y 








x 








540 










Key facts 










1  



The following graphs can be obtained by transformations of the  








graph of y = f 



(x). 








f 



(x − a) + b 








Translation through  








 








 








 








 








 








 








a 








b 








af 



(x) 








Stretch parallel to the y-axis, scale factor a 








f 



(ax) 








Stretch parallel to the x-axis, scale factor  1 








a 








f 



(−x) 








Reflection in the y-axis 








−f 



(x) 








Reflection in the x-axis 








2 



Take care when combining transformations. When the  








transformations involve the same direction or are a mix of vertical  








and horizontal transformations then the order matters.  






You should deal with transformations of f 



(x) to af (bx + c) + d 



in the  








following order: 






1  Horizontal translation  

       








bracket first  






2  Stretching or reflecting  

       








multiplication/division 






3  Vertical translation  















addition/subtraction 








f 



(x) 








translate 








c 



units left 








f 



(x 



+ 



c) 








af 



(bx 



+ 



c) 








stretch 








two way stretch 








translate 








d 



units up 








af 



(bx 



+ 



c) 



+ 



d 








3 



When you transform the graph of a trigonometric function make  








sure you know whether you are working in degrees or radians. 






Remember 360° = 2π radians. 








Radians are covered in Chapter 3 

       








on page 27. 








Reflections are really just a  








special case of stretches, with  








scale factor −1. 








It doesn’t matter which order  








you carry out the stretches  








in as they are in different  








directions. 








Graphs and transformations 
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i  








ii  








A stretch, scale factor 2,  








parallel to the y-axis, maps the  








graph of y = sin x to the graph  








of y = 2 sin x. A translation of   








1 unit vertically downwards  








maps the graph of y = 2 sin x to  








the graph of y = 2 sin x − 1. 








A translation of 1 unit vertically  








downwards maps the graph   








of y = sin x to the graph of   








y = sin x − 1. A stretch, scale  








factor 2, parallel to the y-axis,  








maps the graph of y = sin x − 1  








to the graph of y = 2 (sin x − 1)  








or y = 2 sin x − 2. 








x 








0 








90 








−90 








180 








270 








360 








450 540 








−1 








x 








y 








90 








0 








180 








360 








270 








450 








1 








2 








−1 








−90 








−2 








−3 








y 








x 








y 








x 








540 








90 








180 








270 








360 








450 








540 








−90 








0 








−1 








−2 








−3 








−4 








y 








x 








1 








y 








x 








y 








x 










Worked example 










2 Identify the transformations that map one graph onto another 








Show how the graph of y = −(x + 1) 








3 








 can be obtained from the graph of   








y = x 








3 








 using successive transformations, and hence sketch the graph of  








y = −(x + 1) 








3 








. 








Solution 








The graph of 



y 



= 



x 








3 








can be 








mapped to the graph of 








y 



= (x + 1) 








3 








by a translation 








of 1 unit to the left. 








The graph of 



y 



= (x + 1) 








3 








can 








be mapped to the graph of 








y 



= 



−(x 



+ 1) 








3 








by a reflection 








in the 



x-axis. 








x 








y 








y 








x 








0 








(x + 1) 








3 








y 








x 








y 








0 








= (x + 1) 








3 








y 








= 



−(x 



+ 1) 








3 








y 
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Test yourself 










1  



The curve  








4 








2 








= − 








y x 








x 



 is translated and the equation of the new curve is  



y x 








x 








( ) ( ) 








1 4 1 2 








2 








= − − − + 



.   








What are the coordinates of the vertex of the new curve? 








2  



The curve  








2 3 








2 








= − + 








y x 








x 



 is translated through  2 








4 








− 








 








 








 








 








 








 



. What is the equation of the new curve? 








3  



The graph of  








2 








= 








y x 



 is first translated 2 units to the right and 1 unit vertically upwards, and then  








reflected in the y-axis. 






What is the equation of the new curve? 








4  



The graph of y = f 



(x) has a maximum point at (−3, 2). 






Find the coordinates of the maximum point of the graph of  



= + 








( ) 








y 








x 








f 








2 3 








. 








5  



The diagram shows the graphs of y = f 



(x), y = g(x) and y = h(x). 






The graph of y = f 



(x) can be transformed to give   








y = g(x) and y = h(x). 






Give the equations of 








i  



y = g(x) 








ii  



y = h(x) 






in terms of f 



(x). 








Answers on page 212 








y 








x 








−8 −6 −4 −2 








−2 








−4 








−6 








2 








2 








4 








6 








4 








0 








6 8 








y 



= 



f(x) 








y 



= 



h(x) 








y 



= 



g(x) 








CHECKED ANSWERS 










Exam-style question 










You are given that  



( ) 








x x 








f 








2 








= 



 and  



( ) 








x 








x 








g 








3 ln 








= + 








 are defined for the domain  








0 








> 








x 



. 








i  



Find gf 



(x). 








ii  



State the transformation which maps the curve y = ln x onto the curve y = gf 



(x). 








Answers on page 212 
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Inverse functions 










Key facts 










1  



The inverse of a function ‘undoes’ the effect of a function.  






The inverse of a function f 



(x) is written as f   








−1 








(x). 






Since an inverse ‘undoes’ a function then ff   








−1 








(x) = x and f   








−1 








f 



(x) = x. 








2  



For a function f to have an inverse function f   








−1 








, then f must be a  








one–to–one function over the domain of f.  






The range of f is the same as the domain of f   








−1 








, and the domain   








of f is the same as the range of f   








−1 








. 






For example:  



x 








x 








x 








f 



→ + 
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