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MATHEMATICS


A complete introduction


Trevor Johnson and Hugh Neill




Welcome to Complete Mathematics!



Complete Mathematics aims to give you a broad mathematical experience and a firm foundation for further study. The book will also be a useful source of reference for homework or revision for students who are studying a mathematics course.


This book is primarily aimed at students who do not have teacher support. Consequently, the explanations are detailed and there are numerous worked examples. Throughout this new edition are author insight boxes which provide additional support, including memory aids and tips on how to avoid common pitfalls. Also new to this book are end of chapter summaries of all the key points and formulae.


Access to a calculator has been assumed throughout the book. Generally, a basic calculator is adequate but, for Chapters 20 and 21, a scientific calculator, that is, a calculator which includes the trigonometric functions of sine, cosine and tangent, is essential. Very little else, other than some knowledge of basic arithmetic, has been assumed.


To derive maximum benefit from Complete Mathematics, work through and don’t just read through the book. This applies not only to the exercises but also to the examples. Doing this will help your mathematical confidence grow.


The authors would like to thank the staff of Hodder Education for the valuable advice they have given.


Trevor Johnson, Hugh Neill, 2013




Introduction


Mathematics is probably the most versatile subject there is. It has applications in a wide range of other subjects from science and geography through to art. In science, without mathematics there would be no formulae or equations describing the laws of physics which have enabled the technology that we use each day to develop. Mathematics enables psychologists to find out more about human behaviour, looking for correlations between sets of statistics. Doctors and pharmaceutical companies use mathematics to interpret the data resulting from a drug trial. An understanding of mathematics is essential in architecture and engineering. Mathematics is also used to model situations such as the stock market or the flow of traffic on motorways.


Mathematics is also intrinsically beautiful. Many famous artists used mathematics as a basis for their work – Kandinsky made extensive use of geometry in his paintings and Escher is famed for his complicated tessellations and optical illusions. Mathematics also occurs naturally. For example, the patterns on the wings of a butterfly or moth are symmetrical, and the pattern of seeds on a sunflower head, the scales of a pinecone and the spiral of a snail’s shell all follow the same sequence of numbers – called the Fibonacci sequence.


Maths really is ubiquitous and having an understanding of the basics of mathematics is invaluable to many aspects of modern life.


The word ‘mathematics’ originally comes from the Greek for knowledge and science. To most people maths means arithmetic – addition, subtraction, multiplication and division – which are the building blocks for maths. Without these we couldn’t interpret large sets of data, solve an equation or work out the area of a shape.


We live in a technological age and mathematics underpins all of this technology. It is hard to think of an aspect of modern life that is not reliant in some way on technology and therefore mathematics. Mathematics is also intrinsic to many careers: civil engineers rely on mathematics to work out whether the bridge they are building will actually support a given load and surveyors use trigonometry to calculate the distance between two points. Insurance companies use complex probability tables for their life assurance policies, the self-employed use percentages to file their tax returns, while pharmacists use formulae to work out the correct dosage for a particular drug and sportspeople are constantly using forms of intuitive mathematics.


Many people lack confidence in mathematics and feel that they are not very good in this subject. It seems acceptable to say, ‘Oh, I’m hopeless at maths’, in a way that would not be accepted about reading or writing. However, without realising it, every day we are using maths. Working out which box of cereal is best value for money involves proportion. Placing a bet on a horse requires an understanding of probability. Calculating the best mobile phone tariff involves using simple formulae. Working out how much tax you should pay for your tax return needs a good grasp of percentages. When reading the newspaper we are bombarded with statistics – results of surveys, charts and graphs – which we need to be able to interpret so that we can make informed choices about our daily lives.


Maths is also fun, a fact which is often forgotten! Most newspapers run a daily maths type puzzle: Sudoku, Futoshiki and Kakuro are three popular puzzles which involve numbers, logical thinking and problem-solving skills. Researchers are discovering more and more health benefits from solving the ubiquitous brain training maths style puzzles. Many of these puzzles are not only fun but are also positively good for you. Recent research suggests that keeping the mind stimulated with activities such as Sudoku and crossword puzzles may help prevent Alzheimer’s disease and can improve your cognitive abilities.


In today’s society being numerate is at least as important a skill as being literate. The key mathematics skills – such as basic numeracy and problem solving – are essential to many careers and highly valued by employers. Being proficient in mathematics has a positive impact on career development and employability, as well as self-esteem. Complete Mathematics takes you through worked examples and has carefully graded exercises designed to improve confidence and problem-solving skills.




1


Number
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In this chapter you will learn:



•  about place value




•  about the four operations of arithmetic




•  about the order in which arithmetic operations should be carried out




•  about some special numbers.
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1.1  Introduction – place value


Over the centuries, many systems of writing numbers have been used. For example, the number which we write as 17 is written as XVII using Roman numerals.


Our system of writing numbers is called the decimal system, because it is based on ten, the number of fingers and thumbs we have.


The decimal system uses the digits 0, 1, 2, 3, 4, 5, 6, 7, 8, 9.


The place of the digit in a number tells you the value of that digit.


When you write a number, the value of the digit in each of the first four columns, starting from the right, is


[image: image]


Thus, in the number 3652, the value of the 2 is two units and the value of the 6 is six hundreds.


The decimal system uses zero to show that a column is empty. So 308 means three hundreds and eight units; that is, there are no tens. The number five thousand and twenty-three would be written 5023, using the zero to show that there are no hundreds.


Extra columns may be added to deal with larger numbers, the value of each column being ten times greater than that of the column on its immediate right. It is usual, however, to split large numbers up into groups of three digits.


You read 372 891 as three hundred and seventy-two thousand, eight hundred and ninety-one.


In words, 428 763 236 is four hundred and twenty-eight million, seven hundred and sixty-three thousand, two hundred and thirty-six.
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Exercise 1.1








   1   What is the value of the 5 in each of the following numbers?



(a)   357



(b)   598


        (c)   5842


        (d)   6785


   2   Write these numbers in figures.


        (a)   seventeen


        (b)   seventy


        (c)   ninety-seven


        (d)   five hundred and forty-six


        (e)   six hundred and three


        (f)   eight hundred and ten


        (g)   four hundred and fifty


        (h)   ten thousand


        (i)    eight thousand, nine hundred and thirty-four


        (j)    six thousand, four hundred and eighty


        (k)   three thousand and six


   3   Write these numbers completely in words.


        (a)   52


        (b)   871


        (c)   5624


        (d)   980


        (e)   7001


        (f)   35 013


        (g)   241 001


        (h)   1 001 312


   4   Write down the largest number and the smallest number you can make using


        (a)   5, 9 and 7


        (b)   7, 2, 1 and 9.


   5   Write these numbers completely in words.


        (a)   342 785


        (b)   3 783 194


        (c)   17 021 209


        (d)   305 213 097


   6   Write these numbers in figures.


        (a)   five hundred and sixteen thousand, two hundred and nineteen


        (b)   two hundred and six thousand, and twenty-four


        (c)   twenty-one million, four hundred and thirty-seven thousand, eight hundred and sixty-nine


        (d)   seven million, six hundred and four thousand, and thirteen


[image: image]



1.2  Arithmetic – the four operations


In this book, the authors assume that you have access to a calculator, and that you are able to carry out simple examples of the four operations of arithmetic – addition, subtraction, multiplication and division – either in your head or on paper. If you have difficulty with this, you may wish to consult Teach Yourself Basic Mathematics.


Each of the operations has a special symbol, and a name for the result.


Adding 4 and 3 is written 4 + 3, and the result, 7, is called the sum of 4 and 3.


Subtracting a number, 4, from a larger number, 7, is written 7 − 4, and the result, 3, is their difference.


Addition and subtraction are ‘reverse’ processes:


4 + 3 = 7 and 7 − 4 = 3.


Multiplying 8 by 4 is written 8 × 4, and the result, 32, is called the product of 8 by 4.


Dividing 8 by 4 is written 8 ÷ 4, or [image: image], and the result, 2, is called their quotient.


Multiplication and division are ‘reverse’ processes:


4 × 2 = 8 and 8 ÷ 4 = 2.


Sometimes divisions are not exact. For example, if you divide 7 by 4, the quotient is 1 and the remainder is 3, because 4 goes into 7 once and there is 3 left over.



Exercise 1.2 gives you practice with the four operations. You should be able to do all of this exercise without a calculator.
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Exercise 1.2








   1   Work out the results of the following additions.


        (a)   23 + 6


        (b)   33 + 15


        (c)   45 + 9


        (d)   27 + 34


   2   Find the sum of


        (a)   65, 24 and 5


        (b)   27, 36 and 51.


   3   Work out the following differences.


        (a)   73 − 9


        (b)   49 − 35


        (c)   592 − 76


        (d)   128 − 43


        (e)   124 − 58


        (f)   171 − 93


   4   Find the difference between


        (a)   152 and 134


        (b)   317 and 452.


   5   Work out


        (a)   5 × 9


        (b)   43 × 7


        (c)   429 × 6


        (d)   508 × 7


        (e)   27 × 11


        (f)   12 × 28


        (g)   13 × 14


        (h)   21 × 21


   6   Find the product of 108 and 23.


   7   Work out


        (a)   375 ÷ 5


        (b)   846 ÷ 3


        (c)   1701 ÷ 7


        (d)   1752 ÷ 8


   8   Find the quotients and the remainders for the following divisions.


        (a)   8 ÷ 3


        (b)   23 ÷ 5


        (c)   101 ÷ 8
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1.3  Order of operations


Sometimes you will see a calculation in the form 8 − (2 × 3), where brackets, that is the symbols ( and ), are put around part of the calculation. Brackets are there to tell you to carry out the calculation inside them first. So 8 − (2 × 3) = 8 − 6 = 2.


If you had to find the answer to 8 + 5 − 3, you might wonder whether to do the addition first or the subtraction first.


If you do the addition first, 8 + 5 − 3 = 13 − 3 = 10.


If you do the subtraction first, 8 + 5 − 3 = 8 + 2 = 10.


In this case, it makes no difference which operation you do first.


If, however, you had to find the answer to 3 + 4 × 2, your answer will depend on whether you do the addition first or the multiplication first.


If you do the addition first, 3 + 4 × 2 = 7 × 2 = 14.


If you do the multiplication first, 3 + 4 × 2 = 3 + 8 = 11.


To avoid confusion, mathematicians have decided that, if there are no brackets, multiplication and division are carried out before addition and subtraction. Such a rule is called a convention: clearly the opposite decision could be made, but it has been agreed that the calculation 3 + 4 × 2 should be carried out as 3 + 4 × 2 = 3 + 8 = 11.


There are a number of these conventions, often remembered by the word ‘BiDMAS’, which stands for


Brackets,


Indicies,


Divide,


Multiply,


Add,


Subtract.


This is the order in which arithmetic operations must be carried out. Most calculators have the ‘BiDMAS’ convention programmed into them, and so automatically carry out operations in the correct order.
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Nugget








When a calculation involves just multiplication/division or addition/subtraction, then you can carry it out in any order. It often helps to reorder a calculation to make it easier to perform. You must keep the operation with its original number.


For example, 2 × 24 × 5 ÷ 3 = 2 × 5 × 24 ÷ 3 = 10 × 24 ÷ 3 = 10 × 8 = 80
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Example 1.3.1








Carry out the following calculations.



(a)   5 × (6 − 2)



(b)   (10 + 2) ÷ 4



(c)   20 − 3 × 5



(d)   24 ÷ 6 + 2



(e)   4 × (8 − 3) + 2
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Try the calculations in Example 1.3.1 on your calculator to see if it uses the ‘BiDMAS’ convention and carries them out correctly.
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Exercise 1.3








In each part of question 1, use the ‘BiDMAS’ convention to carry out the calculation.



1      (a)  (3 + 4) × 5


        (b)   3 + 4 × 5


        (c)   (7 − 3) × 2


        (d)   7 − 3 × 2


        (e)   (12 ÷ 6) ÷ 2


        (f)   12 ÷ (6 ÷ 2)


        (g)   20 ÷ 4 + 1


        (h)   3 × 5 + 4 × 2


        (i)    4 × (7 − 2) + 6


        (j)    6 × 4 − 2 × 8


        (k)   24 ÷ (4 + 2) − 1


        (l)    (7 + 3) × (9 − 2)


        (m)  10 + (8 + 4) ÷ 3


        (n)   9 + 5 × (8 − 2)


        (o)   15 ÷ 3 − 16 ÷ 8


        (p)   5 + 6 × 3 − 1


        (q)   (5 + 6) × 3 − 1


        (r)   5 + 6 × (3 − 1)
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1.4  Problems which use arithmetic


In Exercise 1.4, you have to decide which arithmetic operation to use. If you are not sure, it can sometimes be helpful to think of a similar question with smaller numbers.
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Example 1.4.1








An egg box holds six eggs. How many eggs boxes are needed to pack 500 eggs, and how many eggs are there in the last box?


You need to find how many sixes there are in 500. If you use a calculator you get 500 ÷ 6 = 83.333 333 3.


This means that 84 boxes are needed. 83 full boxes hold 83 × 6 eggs, which is 498 eggs. So there are 2 eggs in the last box.
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Nugget








Whether you need to round up or down depends on the context of the question. In the last example, you rounded up as you needed 84 boxes altogether. The answer to the question: ‘How many pens costing £6 each can be bought for £500?’ is 83, as 83 × £6 = £498. So there is not enough money to buy 84 pens.
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Exercise 1.4








   1   In a school, 457 of the pupils are boys and 536 are girls. Work out the number of pupils in the school.


   2   How many hours are there in 7 days?


   3   The sum of two numbers is 3472. One of the numbers is 1968. Find the other number.


   4   The product of two numbers is 161. One of the numbers is 7. Find the other number.


   5   A car travels 34 miles on one gallon of petrol. How far will it travel on 18 gallons?


   6   How many pieces of metal 6 cm long can be cut from a bar 117 cm long? What length of metal is left over?


   7   A box holds 24 jars of coffee. How many boxes will be needed to hold 768 jars?


   8   At the start of a journey, a car’s milometer read 34 652. After the journey, it read 34 841. How long was the journey?


   9   There are 365 days in a year. How many days are there in 28 years?


 10   A coach can carry 48 passengers. How many coaches are needed to carry 1100 passengers? How many seats will be unoccupied?


[image: image]



1.5  Special numbers


The numbers 0, 1, 2, 3, 4, … are called whole numbers.


The numbers 1, 2, 3, 4, … are called natural numbers. They are also called counting numbers or positive whole numbers.


The numbers …, −3, −2, −1, 0, 1, 2, 3, … are called integers. These are the positive and negative whole numbers, together with 0.


The natural numbers can be split into even and odd numbers.


An even number is one into which 2 divides exactly. The first six even numbers are 2, 4, 6, 8, 10 and 12. You can tell whether a number is even by looking at its last digit. If the last digit is 2, 4, 6, 8 or 0, then the number is even. The last digit in the number 784 is 4, so 784 is even.


An odd number is one into which 2 does not divide exactly; that is, it is a natural number which is not even. The first six odd numbers are 1, 3, 5, 7, 9 and 11. You can tell whether a number is odd by looking at its last digit. If the last digit is 1, 3, 5, 7 or 9, then the number is odd. In other words, if the last digit is odd, then the number is odd. The last digit in the number 837 is odd, so 837 is odd.


A square number is a natural number multiplied by itself. It is sometimes called a perfect square or simply a square, and can be shown as a square of dots. The first four square numbers are 1 × 1 = 1, 2 × 2 = 4, 3 × 3 = 9 and 4 × 4 = 16 (Figure 1.1).


[image: image]


Figure 1.1


To get a square number you multiply a whole number by itself. So the fifth square number is 5 × 5 = 25.


A triangle number can be illustrated as a triangle of dots (Figure 1.2). The first four triangle numbers are 1, 3, 6 and 10.


[image: image]


Figure 1.2


Each triangle number is obtained from the previous one by adding one more row of dots down the diagonal. The fifth triangle number is found by adding 5 to the fourth triangle number, so the fifth triangle number is 15.


A rectangle number can be shown as a rectangle of dots. A single dot or a line of dots is not regarded as a rectangle. Figure 1.3 shows the rectangle number 12 illustrated in two ways.
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Figure 1.3


A cube number can be shown as a cube of dots (Figure 1.4). The first three cube numbers are 1, 8 and 27 which can be written 1 = 1 × 1 × 1, 8 = 2 × 2 × 2 and 27 = 3 × 3 × 3. To get a cube number you multiply a whole number by itself, and then by itself again. So the fourth cube number is 4 × 4 × 4 = 64.
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Figure 1.4
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Exercise 1.5








   1   From the list 34, 67, 112, 568, 741 and 4366, write down


        (a)   all the even numbers,


        (b)   all the odd numbers.


   2   Write down the first ten square numbers.


   3   Write down the first ten triangle numbers.


   4   Write down the first ten rectangle numbers.


   5   Write down the first ten cube numbers.


   6   From the list of numbers 20, 25, 28, 33, 36 and 37, write down


        (a)   all the square numbers,


        (b)   all the triangle numbers,


        (c)   all the rectangle numbers.


   7   The difference between consecutive square numbers is always the same type of number. What type of number is it?


   8   The sum of the first two triangle numbers is 4 (=1 + 3).


        (a)   Find the sums of three more pairs of consecutive triangle numbers.


        (b)   What do you notice about your answers?


   9   Find the sums of the first two, three, four and five cube numbers. What do you notice about your answers?


 10   (a)   Write down a rectangle number, other than 12, for which there are two different patterns of dots. Draw the patterns.


        (b)   Write down a rectangle number for which there are three different patterns of dots.


        (c)   Write down a rectangle number for which there are four different patterns of dots.
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1.6  Multiples, factors and primes



Figure 1.5 shows the first five numbers in the 8 times table. The numbers on the right, 8, 16, 24, 32 and 40, are called multiples of 8. Notice that 8 itself, which is 1 × 8 or 8 × 1, is a multiple of 8.


[image: image]


Figure 1.5


The factors of a number are the numbers which divide exactly into it. So, the factors of 18 are 1, 2, 3, 6, 9 and 18. Notice that 1 is a factor of every number and that every number is a factor of itself.
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Example 1.6.1








Write down all the factors of (a) 12, (b) 11.



(a)   The factors of 12 are 1, 2, 3, 4, 6 and 12.



(b)   The factors of 11 are 1 and 11.
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Nugget








It is easy to find all the factors of a number by looking for pairs of numbers that multiply to give that number. For example, 1 × 18 = 18, 2 × 9 = 18, 3 × 6 = 18, so the factors of 18 are 1, 2, 3, 6, 9 and 18.


[image: image]


The number 11 has only two factors and is an example of a prime number. A prime number, sometimes simply called a prime, is a number greater than 1 which has exactly two factors, itself and 1.


Thus, the first eight prime numbers are 2, 3, 5, 7, 11, 13, 17 and 19.
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Nugget








2 is the only even prime number.


Is 1 a prime number? The number 1 has only one factor (itself), and so it is not a prime number since the definition states that a prime number must have two factors.
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Exercise 1.6








   1   Write down the first five multiples of 7.


   2   (a)   Write down the first ten multiples of 5.


        (b)   How can you tell that 675 is also a multiple of 5?


   3   Write down all the factors of 20.


   4   (a)   Find the sum of the factors of 28, apart from 28 itself.


        (b)   Comment on your answer.


   5   Write down all the factors of 23.


   6   (a)   The number 4 has three factors (1, 2 and 4). Find five more numbers, each of which has an odd number of factors.


        (b)   What do you notice about your answers to part (a)?


   7   Write down the four prime numbers between 20 and 40.


   8   2 is the only even prime number. Explain why there cannot be any others.


   9   Write down the largest number which is a factor of 20 and is also a factor of 30.


 10   Write down the smallest number which is a multiple of 6 and is also a multiple of 8.


 11   Write down the factors of 30 which are also prime numbers. (These are called the prime factors of 30.)


 12   Write down the prime factors of 35.


 13   The prime factors of 6 are 2 and 3. Find another number which has 2 and 3 as its only prime factors.


[image: image]









	
[image: image]



	

Key ideas









•  The decimal system uses the digits 0, 1, 2, 3, 4, 5, 6, 7, 8, 9.



•  Sum means the result of adding two or more numbers together.



•  Difference means the result of subtracting a smaller number from a larger number.



•  Product means the result of multiplying two or more numbers together.



•  Quotient means the whole number resulting from the division of two numbers i.e. when 14 is divided by 3, the quotient is 4 and the remainder is 2.



•  The order operations should be performed in can be remembered using the mnemonic BiDMAS, which stands for:


    »  Brackets } Work out any brackets first…


    [image: image]
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•  Natural numbers or counting numbers or positive whole numbers are the numbers 1, 2, 3, 4, …



•  Integers are the numbers …, −3, −2, −1, 0, 1, 2, 3, …



•  Even numbers are exactly divisible by 2, and are the numbers 2, 4, 6, 8, …



•  Odd numbers are not exactly divisible by 2, and are the numbers 1, 3, 5, 7, …



•  Square numbers are the result of multiplying a natural number by itself. They include the numbers 1, 4, 9, 16, …



•  Triangle numbers can be shown as a triangle of dots. They include the numbers 1, 3, 6, 10, …



•  Rectangle numbers are any number that can be shown as a rectangle of dots.



•  Cube numbers can be shown as a cube of dots. The first three cube numbers are 1, 8 and 27.



•  The multiples of a number are the answers to that number’s times table. So the multiples of 4 are 4, 8, 12, 16, 20, …



•  A factor of a number is any number which divides exactly into that number. Every number has 1 and itself as factors. The factors of 10 are 1, 2, 5 and 10.



•  Prime numbers are numbers with exactly two factors. The first five prime numbers are 2, 3, 5, 7 and 11.
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2


Angles
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In this chapter you will learn:



•  about different types of angles




•  how to measure and draw angles




•  angle facts and how to use them




•  about parallel lines




•  about bearings.
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2.1  Introduction


The study of angles is one branch of geometry, which is concerned also with points, lines, surfaces and solids. Geometry probably originated in Ancient Egypt, where it was applied, for example, to land surveying and navigation. Indeed, the name ‘geometry’ is derived from the Greek for ‘earth measure’.


It was Greek mathematicians, notably Euclid, who developed a theoretical foundation for geometry. He began his classic treatise Elements with definitions of basic geometrical concepts including angles, the subject of this chapter.



2.2  Angles


An angle is formed when two straight lines meet, as in Figure 2.1. The point where the lines meet is called the vertex of the angle. The size of the angle is the amount of turn from one line to the other, and is not affected by the lengths of the lines. The angles in Figure 2.2 are all equal.


[image: image]


Figure 2.1


[image: image]


Figure 2.2


If you begin by facing in a certain direction and then turn round until you are facing in the original direction again, as in Figure 2.3, you will have made a complete turn (or revolution). One complete turn is divided into 360 degrees, which is written as 360°.


[image: image]


Figure 2.3


In a half turn, Figure 2.4, therefore, there are 180°. In a quarter turn there are 90°, which is called a right angle. It is often marked on diagrams with a small square, as shown in Figure 2.5. If the angle between two lines is a right angle, the lines are said to be perpendicular.


[image: image]


Figure 2.4
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Figure 2.5


Apart from angles of 90° and 180°, all other sizes of angles fall into one of three categories, shown in Figure 2.6.


[image: image]


Figure 2.6


An angle which is less than 90° is called an acute angle.


An angle which is between 90° and 180° is called an obtuse angle.


An angle which is greater than 180° is called a reflex angle.
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Nugget








A useful memory aid is ‘a-cute little angle’ to remind you that angles less than 90° are acute.


[image: image]


There are three ways of naming angles.


One way is to use a letter inside the angle, as with the angle marked x in Figure 2.7. Usually, a small letter, rather than a capital, is used.


[image: image]


Figure 2.7


In Figure 2.8, the angle could be called angle B, but you should do this only if there is no risk of confusion. The symbols ∠ and ∧ are both used to represent ‘angle’, so angle B could be shortened to ∠B or [image: image]. It could be argued that there are two angles at B, one of them acute and one of them reflex, but you should assume that the acute angle is intended unless you are told otherwise.


Alternatively, the angle in Figure 2.8 could be called angle ABC (or angle CBA). You could shorten this to ∠ABC or [image: image]. The middle letter is always the vertex of the angle.


[image: image]


Figure 2.8
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Exercise 2.1








   1   How many degrees does the hour hand of a clock turn in 20 minutes?


   2   Work out the size of the angle the second hand of a clock turns through in 1 second.


   3   Work out the size of the angle the hour hand of a clock turns through in 35 minutes.


   4   Work out the size of the angle the second hand of a clock turns through in 55 seconds.


   5   Work out the size of the angle between South and West when it is measured (a) clockwise, (b) anticlockwise.


   6   Work out the size of the angle between West and North West when it is measured (a) clockwise, (b) anticlockwise.


   7   State whether each angle drawn below is acute, obtuse or reflex.
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[image: image]


[image: image]


   8   State whether each of the following angles is acute, obtuse or reflex.


        (a)   172°


        (b)   203°


        (c)   302°


        (d)   23°


   9   Use capital letters to name the angles x, y, z and t in the figure.


[image: image]


[image: image]



2.3  Measuring and drawing angles


It is a good idea to estimate the size of an angle before you try to measure it, as this will prevent you from giving answers which are not sensible. For this purpose, it is really only necessary to decide whether an angle is less than 90°, between 90° and 180°, between 180° and 270°, or greater than 270°. With practice, you will probably be able to estimate an angle to within about 20°.


To estimate the size of the angle in Figure 2.9, notice that it is less than 90°. It is also more than half a right angle (45°), but nearer to 45° than 90°. A reasonable estimate is, therefore, 50° or 60°.


[image: image]


Figure 2.9


[image: image]


Figure 2.10


The reflex angle at O in Figure 2.10 is between 270° and 360°. It is easier to estimate the size of the acute angle and then to subtract it from 360°.


The acute angle at O is about a quarter of a right angle, about 20° or 30°, so an estimate for the reflex angle at O is 330° or 340°.


To measure or draw an angle accurately, you use a protractor. The outer scale goes clockwise from 0° to 180° and the inner scale goes anticlockwise from 0° to 180°.


[image: image]


Figure 2.11


To measure the angle ABC in Figure 2.11, place the base line of the protractor on the line BC with the centre of the protractor over the vertex B. Read from the scale which has its zero on BC, that is, the outer scale. The size of angle ABC is 45°.









	
[image: image]



	

Nugget








Always estimate the angle first. So if you mistakenly use the inner scale and give 135° as your measurement, you should see that this is not sensible, as angle ABC is acute.


[image: image]
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Exercise 2.2








   1   Estimate the size of each of the angles and then measure them. Trace the angles and extend the lines so that you can use your protractor to measure the angles as accurately as possible.


[image: image]


[image: image]
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[image: image]


   2   Draw angles with each of the following sizes.


        (a)   73°


        (b)   246°


        (c)   109°


        (d)   281°


        (e)   172°


[image: image]



2.4  Using angle facts


You should be able to measure and draw angles to within one or two degrees. Note, however, that many of the diagrams in the rest of this chapter are not drawn accurately but they are still helpful, even when you find solutions by carrying out a calculation.


This section deals with situations which use angle facts, most of which you met in Section 2.2.


[image: image]


Figure 2.12


[image: image]


Figure 2.13



There are 90° in a right angle. In Figure 2.12, ∠XYZ = 90°, so a + 71° = 90° giving a = 90° − 71° = 19°. Two angles whose sum is 90° are complementary.


The angle made on a straight line is 180°. If there are two or more angles on a straight line, then their sum must also be 180°. This fact is usually stated as angles on a straight line add up to 180°. In Figure 2.13, PQ is a straight line, so c and 78° add up to 180°. Thus, c = 180° − 78° = 102°. Two angles which add up to 180° are called supplementary, so 78° and 102° are supplementary angles.


There are 360° in a complete turn. The angles in Figure 2.14, when added together, make a complete turn. They are called angles at a point. So the angles at a point add up to 360°.


Therefore 117°, 122° and e add to 360°. 117° + 122° = 239°, e = 360° − 239° = 121°.


When two straight lines cross, as in Figure 2.15, four angles, a, b, c and d, are formed. Since a added to b makes 180°, and c added to b also makes 180°, it follows that a = c. Similarly, b = d.


[image: image]


Figure 2.14


[image: image]


Figure 2.15


The angles a and c are called vertically opposite. The angles b and d are also vertically opposite. The argument in the previous paragraph shows that vertically opposite angles are equal.









	
[image: image]



	

Nugget








You can think of a pair of scissors: as the angle between the handles increases, so does the angle between the blades.


[image: image]
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Exercise 2.3








   1   Find the size of each angle marked with a letter. Where they occur, AB and CD are straight lines.


[image: image]


[image: image]
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[image: image]


[image: image]


   2   In the diagram, is ∠AOD a straight line? Give a reason for your answer.


[image: image]


[image: image]



2.5  Parallel lines


The word ‘parallel’, derived from the Greek, means ‘alongside one another’. Straight lines are parallel if they are always the same distance apart. Parallel lines never meet, no matter how far they are extended. Straight railway lines, for example, are parallel.


[image: image]


Figure 2.16


[image: image]


Figure 2.17


In diagrams, arrows are often used to show that lines are parallel. (See Figure 2.16.) A straight line which crosses two or more parallel lines is called a transversal. Figure 2.17 shows a transversal.


[image: image]


Figure 2.18


[image: image]


Figure 2.19


In Figure 2.18, a transversal cuts a pair of parallel lines. The pair of shaded angles are called corresponding angles and are equal to each other.









	
[image: image]



	

Nugget








You will see from Figure 2.19 that the corresponding angles form an ‘F-shape’. Looking for such a shape may help you to find pairs of corresponding angles.


[image: image]


Other pairs of corresponding angles have been shaded in Figure 2.20.


[image: image]


Figure 2.20


In Figure 2.21, a transversal cuts a pair of parallel lines. The pair of shaded angles are alternate angles, and are equal to each other.


[image: image]


Figure 2.21


[image: image]


Figure 2.22


[image: image]


Figure 2.23
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Nugget








The characteristic ‘Z-shape’ in Figure 2.22 can help you spot alternate angles.


[image: image]


In Figure 2.24, the angles marked a and b are equal because they are corresponding, and the angles marked b and c are equal because they are vertically opposite. So the alternate angles a and c are equal.


[image: image]


Figure 2.24









	
[image: image]



	

Example 2.5.1








Find, with reasons, the sizes of the angles marked a and b.


Angles a and 120° are vertically opposite, so a = 120°.


Angles a and b are corresponding, so b = 120°.


[image: image]


[image: image]









	
[image: image]



	

Exercise 2.4








   1   Write down the letter of the angle which is (i) corresponding to the shaded angle, (ii) alternate to the shaded angle.


[image: image]


[image: image]


[image: image]


   2   Find the size of each of the marked angles.


[image: image]


[image: image]


[image: image]


[image: image]
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[image: image]



2.6  Bearings


In some situations, compass bearings, based on North, East, South and West, are used to describe directions. For navigation, three-figure bearings are used. A three-figure bearing is the angle always measured clockwise from North. When the angle is less than 100°, one or two zeros are inserted in front of the angle, so that the bearing still has three figures. Thus, East as a bearing is 090° and South is 180°. The directions of the four bearings 032°, 143°, 227° and 315° are shown in Figure 2.25.


[image: image]


Figure 2.25
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Example 2.6.1








The bearing of B from A is 074°. Find the bearing of A from B.


It is important to draw a rough sketch.


Start by putting A on the paper with the line due North through A, and then put B on the diagram, together with the line due North through B.


The bearing of A from B is the reflex angle at B and is therefore 180° + x. But the angle x is alternate to the angle of 74°, so x = 74°.


Therefore the bearing of A from B is 180° + x = 254°.


[image: image]


[image: image]
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Nugget








There are plenty of mnemonics to help you remember the order of the compass points. Never Eat Slimy Worms is one example.


[image: image]
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Exercise 2.5








   1   Make a tracing of the figure and extend the lines. Then, using your protractor, find the bearings of A, B, C and D from O.


[image: image]


   2   Draw accurate diagrams to illustrate these bearings.


        (a)   083°


        (b)   126°


        (c)   229°


        (d)   284°


   3   Express the following directions as three-figure bearings.


        (a)   West


        (b)   North East


        (c)   South West


        (d)   North West


   4   Express the following directions as three-figure bearings.


[image: image]


[image: image]


[image: image]


   5   The bearing of B from A is 139°. Find the bearing of A from B.


   6   The bearing of D from C is 205°. Find the bearing of C from D.


[image: image]









	
[image: image]



	

Key ideas









•  An angle is formed when two straight lines meet.



•  The vertex of an angle is the point where the lines meet.



•  A right angle is a quarter turn, which is 90°.



•  An acute angle is an angle which is less than 90°.



•  An obtuse angle is an angle which is between 90° and 180°.



•  A reflex angle is an angle which is greater than 180°.



•  A protractor is used to measure angles accurately.



•  Complementary angles are two angles whose sum is 90°.



•  Supplementary angles are two angles whose sum is 180°.



•  Angles on a straight line add up to 180°.



•  Angles at a point add up to 360°.



•  Vertically opposite angles are equal.



•  Perpendicular lines cross at right angles.



•  Parallel lines are straight lines which are always the same distance apart. Parallel lines never meet.



•  A transversal is a straight line which crosses two or more parallel lines.



•  Corresponding angles on a transversal are equal to each other. These are sometimes called F-angles.


[image: image]



•  Alternate angles on a transversal are equal to each other. These are sometimes called Z-angles.


[image: image]



•  A three-figure bearing is the angle measured clockwise from North. So an angle of 27º from North corresponds to a bearing of 027º.


[image: image]




3


Fractions


[image: image]


In this chapter you will learn:



•  about equivalent fractions




•  how to compare fractions




•  how to add and subtract fractions




•  how to multiply and divide fractions.


[image: image]






3.1  Introduction


The word ‘fraction’ comes from the Latin fractus (broken) and fractions were often called ‘broken numbers’. For many centuries, the numbers 1, 2, 3, 4, etc. met humanity’s needs and, although the Babylonians developed a system of fractions in about 2000 BC, it was 400 years later that the Ancient Egyptians produced the first thorough treatment.



3.2  What is a fraction?


A fraction is one or more equal parts of a whole.


In Figure 3.1, the left circle has been split into 4 equal parts (quarters) and 3 of them are shaded. The fraction of the circle which is shaded is [image: image]. The top number, 3, is called the numerator and the bottom number, 4, is called the denominator. One of the four parts is unshaded, so the fraction of the circle which is unshaded is [image: image].


[image: image]


Figure 3.1


If you were asked what fraction of the circle is shaded in the middle circle in Figure 3.1, you might give [image: image] as your answer, as the circle has been split into 8 equal parts and 6 of them are shaded. Similarly, in the third circle, the fraction [image: image] is shaded.


You might say that it is obvious from Figure 3.1 that the three fractions [image: image] and [image: image] are equal. You would be right: they are equal in value and they are called equivalent fractions. You can write [image: image].
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