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Introduction 








This 



is 



one of 



a 



series of five books supporting the Cambridge International 








AS 



& A 



Level Mathematics 9709 syllabus for examination from 



2020. The 








series then continues with four more books supporting Cambridge 








International AS 



& A 



Level Further Mathematics 9231. 



It 



follows on from 








Probability 



& 



Statistics 



1. 



The six chapters in this book cover the probability 








and statistics required for the Paper 



6 examination. This 



part of the series also 








contains two books for pure mathematics and one book for mechanics. 








These books are based on the highly successful series for the Mathematics 








in Education and Industry (MEI) syllabus in the UK but they have been 








redesigned and revised for Cambridge International students; where 








appropriate, new material has been written and the exercises contain many 








past Cambridge International examination questions. An overview of 








the units making up the Cambridge International syllabus 



is 



given in the 








following pages. 








Throughout the series, the emphasis 



is 



on understanding the mathematics 



as 








well 



as 



routine 



calculations. The 



various exercises provide plenty of scope for 








practising basic techniques; they also contain many typical examination-style 








questions. 








The original MEI author team would like to thank Sophie Goldie who has 








carried out the extensive task of presenting their work in 



a 



suitable form for 








Cambridge International students and for her many original contributions. 








They would also like to thank Cambridge Assessment International 








Education for its detailed advice in preparing the books and for permission 








to use many past examination questions. 








Roger Porkess 








Series editor 
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How to use this book 








The 



structure 



of the book 








This book has been endorsed by Cambridge Assessment International 








Education. 



It is 



listed 



as 



an endorsed textbook for students taking the 








Cambridge International AS 



& A 



Level Mathematics 9709 



syllabus. The 








Probability 



& 



Statistics 



2 



syllabus content 



is 



covered comprehensively and 



is 








presented across six chapters, offering 



a 



structured route through the course. 








The book 



is 



written on the assumption that you have covered and 








understood the content of the Cambridge IGCSE® Mathematics 0580 








(Extended curriculum) or Cambridge O Level Mathematics 4024/4029 








syllabus. The 



following icon 



is 



used to indicate material that 



is 



not directly on 








the syllabus. 








There are places where the book goes beyond the requirements of the 








syllabus to show how the ideas can be taken further or where fundamental 








underpinning work 



is 



explored. Such work 



is 



marked 



as 



extension. 








Each chapter 



is 



broken down into several sections, with each section covering 








a 



single 



topic. Topics 



are introduced through 



explanations, 



with 



key terms 








picked out in 



red. These 



are reinforced with plentiful 



worked examples, 








punctuated with commentary, to demonstrate methods and illustrate 








application of the mathematics under discussion. 








Regular 



exercises 



allow you to apply what you have 



learned. They 



offer 



a 








large variety of practice and higher-order question types that map to the key 








concepts of the Cambridge International syllabus. Look out for the following 








icons. 








PS 



Problem-solving questions 



will help you to develop the ability 








to analyse problems, recognise how to represent different situations 








mathematically, identify and interpret relevant information, and select 








appropriate methods. 








M 



Modelling questions 



provide you with an introduction to 








the important skill of mathematical modelling. In this, you take 








an everyday or workplace situation, or one that arises in your 








other subjects, and present 



it 



in 



a 



form that allows you to apply 








mathematics to it. 








CP 



Communication and proof questions 



encourage you to become 








a 



more fluent mathematician, giving you scope to communicate your 








work with clear, logical arguments and to justify your results. 








Exercises also include questions from real Cambridge Assessment 








International Education past papers, so that you can become familiar with the 








types of questions you are likely to meet in formal assessments. 








e 








IGCSE® 



is a 



registered trademark. 

















Answers 



to exercise questions, excluding long explanations and proofs, 








are included in the back of the book, so you can check your work. 



It is 








important, however, that you have 



a 



go 



at 



answering the questions before 








looking up the answers 



if 



you are to understand the mathematics fully. 








In addition to the exercises, 



a 



range of additional features 



is 



included to 








enhance your learning. 








ACTIVITY 








Activities 



invite you to do some work for yourself, typically to introduce 








you to ideas that are then going to be taken further. In some places, 








activities are also used to follow up work that has just been covered. 








In applied mathematics (mechanics and statistics), 



it is 



often helpful to carry 








out 



experiments 



so that you can see for yourself what 



is 



going 



on. The 








same 



is 



sometimes true for pure mathematics, where 



a 



spreadsheet can be 



a 








particularly powerful tool. 








Other helpful features include the following. 








? 



This symbol highlights points 



it 



will benefit you to 



discuss 



with 








your teacher or fellow students, to encourage deeper exploration and 








mathematical communication. 



If 



you are working on your own, there 








are answers in the back of the book. 








This 



is a 



warning 



sign. 



It is 



used where 



a 



common mistake, 








misunderstanding or tricky point 



is 



being described to prevent you 








from making the same error. 








A 



variety of notes 



is 



included to offer advice or spark your interest: 








Note 








Notes 



expand on the topic under 



consideration 



and explore the deeper 








lessons 



that 



emerge 



from what has just been done. 








Historical 



note 








Historical notes 



offer interesting 



background information 



about famous 








mathematicians 



or results to 



engage 



you in this 



fascinating 



field. 








Finally, each chapter ends with the 



key points 



covered, plus 



a 



list of the 








learning outcomes 



that summarise what you have learned in 



a 



form that 



is 








closely related to the syllabus. 
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EXPERIMENT 

















Digital 



support 








Comprehensive online support for this book, including further questions, 








is 



available by subscription to MEI’s Integral® online teaching and learning 








platform for AS 



& A 



Level Mathematics and Further Mathematics, 








integralmaths.org



. This online platform provides extensive, high-quality 








resources, including printable materials, innovative interactive activities, and 








formative and summative assessments. Our eTextbooks link seamlessly with 








Integral, allowing you to move with ease between corresponding topics in the 








eTextbooks and Integral. 








Additional support 








The 



Question 



& 



Workbooks 



provide additional practice for 



students. These 








write-in workbooks are designed to be used throughout the course. 








The 



Study and Revision Guides 



provide further practice for students 



as 








they prepare for their examinations. 








These supporting resources and MEI’s Integral® material have not been 








through the Cambridge International endorsement process. 
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The 



Cambridge International 








AS & A Level 



Mathematics 








9709 



syllabus 








The syllabus content 



is 



assessed over six examination papers. 








Paper 1: Pure Mathematics 



1 








• 



1 



hour 50 minutes 








• 



60% of the AS Level; 30% of the 








A 



Level 








• 



Compulsory for AS and 



A 



Level 








Paper 4: Mechanics 








• 



1 



hour 15 minutes 








• 



40% of the AS Level; 20% of the 



A 








Level 








• 



Offered 



as 



part of AS or 



A 



Level 








Paper 2: Pure Mathematics 



2 








• 



1 



hour 15 minutes 








• 



40% of the AS Level 








• 



Offered only 



as 



part of AS Level; 








not 



a 



route to 



A 



Level 








Paper 5: Probability 



& 



Statistics 



1 








• 



1 



hour 15 minutes 








• 



40% of the AS Level; 20% of the 



A 








Level 








• 



Compulsory for 



A 



Level 








Paper 3: Pure Mathematics 



3 








• 



1 



hour 50 minutes 








• 



30% of the 



A 



Level 








• 



Compulsory for 



A 



Level; not 



a 








route to AS Level 








Paper 6: Probability & Statistics 2 








• 



1 



hour 15 minutes 








• 



20% of the 



A 



Level 








• 



Offered only 



as 



part of 



A 



Level; 








not 



a 



route to AS Level 








The following diagram illustrates the permitted combinations for AS Level 








and 



A 



Level. 








AS Level 








Mathematics 








A Level 








Mathematics 








Paper 1 and Paper 2 








Pure Mathematics only 








Paper 1 and Paper 4 








Pure Mathematics and Mechanics 








Paper 1 and Paper 5 








Pure Mathematics and 








Probability & Statistics 








Paper 1, 3, 4 and 5 








Pure Mathematics, Mechanics and 








Probability & Statistics 








Paper 1, 3, 5 and 6 








Pure Mathematics and 








Probability & Statistics 








(No progression to A Level) 
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x 








Prior 



knowledge 








Knowledge of the content of the Cambridge IGCSE® Mathematics 0580 








(Extended curriculum), or Cambridge O Level 4024/4029, 



is 



assumed. 








Learners should be familiar with scientific notation for compound units, 








e.g. 5 m s



–1 



for 



5 



metres per second. 








In addition, learners should: 








» 



be able to carry out simple manipulation of surds (e.g. expressing 12 



as 








2 3 



and 








6 








2 








as 3 



2) 








» 



know the shapes of graphs of the form 



y = kxn 



, 



where 



k 



is a 



constant and 



n 








is 



an integer (positive or negative) or 



1 








2 








± 



. 








Knowledge of the content of Paper 



5: 



Probability 



& 



Statistics 1 



is 



assumed, 








and learners may be required to demonstrate such knowledge 



in 



answering 








questions. Knowledge of calculus within the content for Paper 



3: 



Pure 








Mathematics 



3 



will also be assumed. 








Command 



words 








The table below includes command words used in the assessment for this 








syllabus. The 



use of the command word will relate to the subject context. 








Command word 



What it 



means 








Calculate 








work out from given facts, figures or information 








Describe 








state the points of 



a 



topic / give characteristics and main 








features 








Determine 








establish with certainty 








Evaluate 








judge or calculate the quality, importance, amount, or value 








of 



something 








Explain 








set out purposes or reasons 



/ 



make the relationships between 








things evident 



/ 



provide why and/or how and support with 








relevant evidence 








Identify 








name/select/recognise 








Justify 








support 



a 



case with evidence/argument 








Show (that) 








provide structured evidence that leads 



to a 



given result 








Sketch 








make 



a 



simple freehand drawing showing the key features 








State 








express 



in 



clear terms 








Verify 








confirm 



a 



given statement/result 



is 



true 

















xi 








Key 



concepts 








Key concepts are essential ideas that help students develop 



a 



deep 








understanding of mathematics. 








The key concepts are: 








Problem solving 








Mathematics 



is 



fundamentally problem solving and representing systems and 








models in different 



ways. These 



include: 








» 



Algebra: this 



is 



an essential tool which supports and expresses 








mathematical reasoning and provides 



a 



means to generalise across 



a 








number of contexts. 








» 



Geometrical techniques: algebraic representations also describe 



a 



spatial 








relationship, which gives us 



a 



new way to understand 



a 



situation. 








» 



Calculus: this 



is a 



fundamental element which describes change 



in 








dynamic situations and underlines the links between functions and graphs. 








» 



Mechanical models: these explain and predict how particles and objects 








move or remain stable under the influence of forces. 








» 



Statistical methods: these are used to quantify and model aspects of the 








world around us. Probability theory predicts how chance events might 








proceed, and whether assumptions about chance are justified by evidence. 








Communication 








Mathematical proof and reasoning 



is 



expressed using algebra and notation so 








that others can follow each line of reasoning and confirm its completeness 








and accuracy. Mathematical notation 



is 



universal. Each solution 



is 



structured, 








but proof and problem solving also invite creative and original thinking. 








Mathematical modelling 








Mathematical modelling can be applied to many different situations and 








problems, leading to predictions and solutions. 



A 



variety of mathematical 








content areas and techniques may be required to create the model. Once the 








model has been created and applied, the results can be interpreted to give 








predictions and information about the real world. 








These key concepts are reinforced in the different question types included 








in this book: 



Problem-solving, Communication and proof, 



and 








Modelling. 
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1 










› 



Assuming that the figures quoted 



in 



the article are true, does this really mean 











that Independent Mrs Chalashika will be elected to Parliament next week? 








? 








Only time will tell, but meanwhile the newspaper report raises 



a 



number of 








questions that should make you suspicious of its conclusion. 








Was the sample large enough? 



Thirty seems 



a 



very small number. 








Were those interviewed asked the right question? 



They were asked who they thought 








would make the best member 



of 



parliament, not who they intended to vote for. 








How was the sample selected? Was 



it 



representative 



of 



the whole electorate? 








Before addressing these questions, you will find 



it 



helpful to be familiar with 








the language and notation associated with sampling. 








Politics Now 








Independent 



set to become member of parliament 








Next week’s local election looks set to produce the first 








independent member of parliament for many years, according 








to an opinion poll conducted by the ‘Politics Now’ team. 








When 30 potential voters were asked who they thought would 








make the best member of parliament, 12 opted for 








Independent candidate Mrs Chalashika. The other three 








candidates attracted between three and nine votes. 








Mrs Grace Chalashika is 








taking the polls by storm. 








1 



Sampling 








If you wish 








to learn 








swimming 



you 








have to go into 








the water. 








George Pólya 








(1887–1985) 

















2 








1 








1.1 



Terms 



and 



notation 








‘Politics Now’ took 



a 



sample of size 



30. Taking 



samples and interpreting them 








is 



an essential part of 



statistics. The 



populations in which you are interested 








are often so large that 



it 



would be quite impractical to use every item; the 








electorate for that area might well number 70 000. 








A 



sample 



provides 



a 



set of data values of 



a 



random variable, drawn from all 








such possible values, the 



parent population. 



The parent population can be 








finite, such 



as 



all professional footballers, or infinite, such 



as 



the points where 








a 



dart can land on 



a 



dart board. 








A 



representation of the items available to be sampled 



is 



called the 



sampling 








frame. 



This could, for example, be 



a 



list of the sheep in 



a 



flock, 



a 



map 








marked with 



a 



grid or an electoral register. In many situations no sampling 








frame exists nor 



is it 



possible to devise one, for example for the cod in 








the North 



Atlantic. The 



proportion of the available items that are actually 








sampled 



is 



called the 



sampling fraction. 








A 



parent population, often just called the 



population, 



is 



described in terms 








of its 



parameters, 



such 



as 



its mean, 



m,



and variance, 



s2 



. 



By convention Greek 








letters are used to denote these parameters. 








A 



value derived from 



a 



sample 



is 



written in Roman letters: mean, 



x– 



, 



variance, 








s2 



, 



etc. Such 



a 



number 



is 



the value of 



a 



sample statistic 



(or just 



statistic). 








When sample statistics are used to estimate the parent population parameters 








they are called 



estimates. 








Thus 



if 



you take 



a 



random sample in which the mean 



is 



x– 



, 



you can use 



x– 



to 








estimate the parent mean, 



µ. 



If 



in 



a 



particular sample 



x– 



= 



23.4, then you can 








use 23.4 



as 



an estimate of the population 



mean. The 



true value of 



µ 



will 








generally be somewhat different from your estimated value. 








Upper case letters, 



X, Y, 



etc., are used to represent the random variables, 








and lower case letters, 



x, y, 



etc., to denote particular values of them. In 








the example of ‘Politics Now’’s survey of voters, you could define 



X 



to be 








the percentage of voters, in 



a 



sample of size 30, showing support for Mrs 








Chalashika. The 



particular value from this sample, 



x , 



is 



12 








30 








( ) 



× 



100 



= 



40%. 








1.2 



Sampling 








There are essentially two reasons why you might wish to take 



a 



sample: 








» 



to estimate the values of the parameters of the parent population 








» 



to conduct 



a 



hypothesis test. 








There are many ways you can interpret data. First you will consider how 








sample data are collected and the steps you can take to ensure their quality. 








An estimate of 



a 



parameter derived from sample data will in general differ 








from its true 



value. The 



difference 



is 



called the 



sampling error. 



To reduce 








the sampling error, you want your sample to be 



as 



representative of the parent 








population 



as 



you can make 



it. This, 



however, may be easier said than done. 

















3 








1 








Here are 



a 



number of questions that you should ask yourself when about to 








take 



a 



sample. 








1 Are the data 



relevant? 








It is a 



common mistake to replace what you need to measure by something 








else for which data are more easily obtained. 








You must ensure that your data are relevant, giving values 



of 



whatever 



it is 



that 








you really want to 



measure. This 



was clearly not the case 



in 



the example 



of 



the 








‘Politics Now’ survey, where the question people were 



asked,‘Who 



would make 








the best member 



of 



parliament?’, was not the one whose answer was required. 








The question should have been ‘Which person do you intend to vote for?’ 








2 Are the data likely to be 



biased? 








Bias 



is a 



systematic error. If, for example, you wished to estimate the 








mean time of young women running 100 metres and did so by timing the 








members of 



a 



hockey team over that distance, your result would be biased. 








The hockey players would be fitter and more athletic than most young 








women and so your estimate for the time would be too low. 








You must try to avoid bias in the selection of your sample. 








3 Does the 



method 



of 



collection 



distort the data? 








The process of collecting data must not interfere with the data. 



It 



is, for 








example, very easy when designing 



a 



questionnaire to frame questions in such 








a 



way 



as 



to lead people into making certain 



responses.‘Are 



you 



a 



law-abiding 








citizen?’ and ‘Do you consider your driving to be above average?’ are both 








questions inviting the answer ‘Yes’. 








In the case of collecting information on voting intentions another problem 








arises. Where people put the cross on their ballot papers 



is 



secret and so 








people are being asked to give away private 



information. There 



may well be 








those who find this offensive and react by deliberately giving false answers. 








People often give the answer they think the questioner wants to receive. 








4 Is the right person 



collecting 



the data? 








Bias can be introduced by the choice of those taking the sample. For 








example, 



a 



school’s authorities want to estimate the proportion of the 








students who smoke, which 



is 



against the school rules. Each class teacher 



is 








told to ask five students whether they smoke. Almost certainly some smokers 








will say ‘No’ to their teacher for fear of getting into trouble, even though 








they might say ‘Yes’ to 



a 



different person. 








5 Is the sample large 



enough? 








The sample must be sufficiently large for the results to have some meaning. 








In this case the intention was to look for differences of support between the 

















4 








1 








four candidates and for that 



a 



sample of 30 



is 



totally inadequate. For opinion 








polls, 



a 



sample size of about 1000 



is 



common. 








The sample size depends on the precision required in the results. For 








example, in the opinion polls for elections 



a 



much larger sample 



is 



required 



if 








you want the estimate to be reliable to within 1% than 



if 



5% will do. 








6 Is the 



sampling procedure appropriate 



in the 








circumstances? 








The method of choosing the sample must be appropriate. Suppose, for 








example, you were carrying out the survey of people’s voting intentions 








in the forthcoming election for ‘Politics Now’. How would you select the 








sample of people you are going to ask? 








If 



you stood in the town centre in the middle of one morning and asked 








passers-by, you would probably get an unduly high proportion of those 








who, for one reason or another, were not employed. 



It is 



quite possible that 








this group has different voting intentions from those in work. 








If 



you selected names from the telephone directory, you would automatically 








exclude those who do not have telephones, those who do not have landlines 








and those who are ex-directory. 








It is 



actually very difficult to come up with 



a 



plan that will yield 



a 



fair sample, 








one that 



is 



not biased in some direction or 



another. There 



are, however, 



a 








number of established sampling techniques and these are described in the 








next section of this chapter. 










❯ 



Each of the situations below involves 



a 



population and 



a 



sample. 











In each case identify both, briefly but precisely. 








(i) 



A 



member of parliament 



is 



interested in whether her constituents 








support proposed legislation to make convicted drug dealers do 








hard physical work every day while they are in prison. Her staff 








report that letters on the proposed legislation have been received 








from 361 constituents of whom 309 support it. 








(ii) 



A 



flour company wants to know what proportion of households 








in 



Karachi bake some or all of their own 



bread. A 



sample of 500 








residential addresses 



in 



Karachi 



is 



taken and interviewers are sent 








to these 



addresses. The 



interviewers are employed during regular 








working hours on weekdays and interview only during these hours. 








(iii) 



The Chicago Police Department wants to know how black residents 



of 








Chicago feel about police 



service. A 



questionnaire with several questions 








about the police 



is 



prepared. 



A 



sample of 300 postal addresses in 








predominantly black areas 



of 



Chicago 



is 



taken and 



a 



police officer 



is 



sent 








to each address to administer the questionnaire to an adult living there. 










❯ 



Each sampling situation contains 



a 



serious source 



of 



probable bias. In each 











case give the reason that bias may occur and also the direction 



of 



the bias. 








? 
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