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iv 








Mathematics 



is 



not only 



a 



beautiful and exciting subject in its own right but 








also one that underpins many other branches of learning. 



It is 



consequently 








fundamental to our national wellbeing. 








This textbook covers the content of Y436 Further Pure with Technology, one 








of the minor options in the MEI 



A 



Level Further Mathematics specification. 








Some students will begin this course in year 12 alongside the 



A 



level course, 








whereas others only begin Further Mathematics when they have completed the 








full 



A 



Level Mathematics and so will have already met some of the topics, or 








background to topics, covered in 



MEI 



A 



Level Mathematics (Year 2). 



This book 








has been written with all these users in mind. 








The book begins with exploring the ideas relating to the shapes of curves 








expressed in cartesian, polar or parametric form including how they can plotted 








using graphing software and analysed with 



a 



Computer Algebra System (CAS). 








The next chapter “explores” differential equations by plotting 



tangent fields 



in 








graphing software and also analysing their solutions through either the use of 








a 



CAS, where they can be solved analytically, or 



a 



spreadsheet, to solve them 








numerically. The 



final chapter introduces some ideas in number theory and how 








a 



programming language can be used to search for solutions to problems. 








Between 2014 and 2016 



A 



Level Mathematics and Further Mathematics were 








very substantially revised, for first teaching in 2017. Changes include increased 








emphasis on 










l 



Problem solving 








l 



Mathematical rigour 








l 



Use of technology 








l 



Modelling. 











This book embraces these ideas. 



A 



large number of exercise questions involve 








elements of problem solving and require rigorous logical 



argument. Technology 








is 



used throughout the book and the number theory chapter includes examples 








of how mathematical problems can be modelled in software. 








When studying the content of this book you will need access to 



a 



graph-plotter, 








a 



spreadsheet and 



a 



Computer Algebra 



System. You 



are expected to be confident 








in using your software and this book suggests plenty of activities to support you 








in practising 



this. You 



will also need access to 



a 



programming language: Python 








has been used throughout this book. Specific guidance for programming in 








Python 



is 



included in this book. 








Throughout the book, the emphasis 



is 



on understanding and interpretation 








rather than mere routine calculations, but the various exercises do nonetheless 








provide plenty of scope for practising techniques. In addition, extensive online 








support, including further questions, 



is 



available by subscription to MEI’s

 Integral 








website, http://integralmaths.org. 








This book can be used alongside the study of 



A 



level Mathematics; however 








some knowledge of parametric equations of curves (covered in 



A 



level 








Mathematics) and polar equations of curves (covered in 



A 



level Further 








Mathematics Pure Core) 



is 



required in chapter 



1. 



In chapter 



2, 



knowledge of 








first order differential equations (covered in 



A 



level Mathematics) 



is 



required. 
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At the end of each chapter there 



is a 



list of key points covered 



as 



well 



as a 



summary 








of the new knowledge (learning outcomes) that readers should have gained. 








Two common features of the book are Activities and Discussion 



points. These 



serve 








rather different 



purposes. The 



Activities are designed 



to 



help readers get into the 








thought processes of the new work that they are about to meet. The Discussion 








points invite readers to talk about particular points with their fellow students and 








their teacher and so enhance their understanding. 








Answers to all exercise questions are provided 



at 



the back of the book, and also online 








at 



www.hoddereducation.co.uk/MEIFurtherMathsFurtherPurewithTechnology 








This 



is a 



4th edition MEI textbook so some of the material 



is 



well tried and tested. 








However, 



as a 



consequence of the changes to 



A 



Level requirements in Further 








Mathematics, some parts of the book are either new material or have been very 








substantially rewritten. 








Catherine Berry 








Roger Porkess 
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Investigation 



of 



curves 








1 








1 








Many mathematical relationships can be represented geometrically 



as 



curves, and 








these curves can often give insights into those relationships. In this topic, you will 








use graphing software and 



a 



computer algebra system (CAS) to investigate curves. 








You will learn to look for and recognise important properties of curves, or families 








of 



curves. You 



are expected to be able to make conjectures about these properties 








and then verify them using analytical techniques. 








You will meet 



a 



variety of curves expressed 



as 



cartesian, parametric or polar 








equations. You 



are not expected to know the particular properties of specific curves, 








or families of curves. Instead, you should be able to select and apply the skills 








learned in this topic to investigate them. 








Equations of curves 








In this topic, the equation of 



a 



curve will be expressed in one of the following ways: 








●  



A 



cartesian equation 



expresses 



a 



direct relationship between the 



x 



and 



y 








coordinates of points on the 



curve. These 



can be expressed 



explicitly, 



where an 








expression for 



y 



is 



given in terms of 



x, 



e.g. 








6 








2 3 








3 2 








2 








y x x x 








x x 








= 








+ − 








− − 








. 



They can also be 








expressed 



implicitly 



as 



an equation linking 



x 



and 



y 



that does not have 



y 



as 



the 








subject, e.g. 








1 








2 








3 








x y y 








+ + = 



. 








●  



A 



polar equation 



expresses the distance 



r 



from the pole (i.e. the origin) against 








the angle 



θ, 



usually given in radians, measured anticlockwise from the positive 








horizontal axis, e.g. 



r 



1 



2sin 



3 








= + 








θ 



. 



Some conventions/software show sections 








of the curve that correspond to negative values of 



r 



as a 



broken line and others 








display this 



as a 



solid line. 








●  



Parametric equations 



are pairs of expressions giving the 



x 



and 



y 



coordinates 








in terms of 



a 



parameter 



t, 



e.g. 



= 








= 








≤ < 



π 








x 








t y 








t t 








3cos 



2 








, sin 2 



,0 








4 . 



The limits 








of the parameter are also often 



stated. There 



can be non-identical parametric 








equations that give the same curve. 








      In 



a 



parametric equation, the parameter does not necessarily represent 



a 








geometrical quantity such 



as 



an angle. For this reason, 



it is 



preferable to use 



t 








instead of 



θ 



as 



the parameter to avoid this confusion. 








Algebra 



is 



nothing more 








than geometry, 



in 



words; 








geometry 



is 



nothing more 








than algebra, 



in 



pictures. 








Sophie Germain 








Note 








Polar coordinates are  








covered in MEI 



A 



Level 








Further Mathematics 








Core Year 



2. 








Note 








Parametric equations  








are covered in MEI 



A level 








Mathematics Year 



2. 
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1 



Equations	and	properties	of	 








curves 








Use of software: Graphing 








You will need access to graphing software that can plot curves in cartesian, polar 








and parametric 



forms. Your 



software should also be able to plot families of curves, 








with sliders (or equivalent) for parameters. 








The graphs in Figure 1.1 have been plotted using graphing software. 
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Figure 1.1 
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ACTIVITY 



1.1 








Use your graphing software to plot the curves in Figure 1.1. Try plotting some  








similar curves. 








Your graphing software should allow you to enter a parameter into the equation  








of a curve and view its effect on the family of curves when it is changed. This is  








usually represented by a slider whereby the value can be changed and the curve  








updates automatically. 


















3 








A 



family of curves has cartesian equation 








2 








1 








2 








y x 



kx 








x 








= 








+ − 








− 








. 








Sketch the curve for the cases 



k 



= 



-1, 



k 



= 



1 



and 



k 



= 



3. 
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Figure 1.2 
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k 



= 








Example 1.1 








First plot the  








curve in your  








software so  








that you can  








vary the value  








of k. Then  








observe that  








it has one of  








three shapes. 








For k < 1, the curve has  








two distinct branches  








either side of an  








asymptote at x = 1, both of  








which are increasing (i.e. 








the derivative is positive  








for all values). 








For k = 1, the curve  








is a straight line. 








Note that the curve  








is undefined at the  








point (1, 3) as the y  








value is given by 0 








0 








. 
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Figure 1.3 
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Figure 1.4 








For  








k 



> 



1, the curve has  








two distinct branches  








either side of an  








asymptote at  








1 








x 



= 



. 








The left-hand side  








intersects the x-axis at  








two values, one negative  








and one positive, with  








a turning point part  








way between them. 








The right-hand side is  








positive for all x values,  








with a minimum point. 








ACTIVITY 



1.2 








Find some examples of equations of curves in cartesian, parametric and polar form  








that you have met in A Level Maths/Further Maths and explore the effect on the  








graphs of replacing one, or more, of the numbers in the equation with a parameter. 








Discussion points 










➜  How does changing 











the parameter affect  








the following families  








of curves? 
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