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Introduction 








This book has been written to support the AQA Level 



2 



Certificate 








in Further Mathematics, but you may also use 



it 



independently 



as 



an 








introduction to Mathematics beyond GCSE. 



It is 



expected that many 








of the students using this book could be working with little day-to- 








day teacher support and with this in mind the text has been written 








in an interactive way and the answers are fuller than 



is 



often the case 








in books of this nature. 








The qualification 



is 



designed for high-achieving students who have 








already acquired, or are expected to achieve, grades 



7 



to 



9 



in GCSE 








Mathematics. 



It is 



hoped that many of these students will progress to 








study Mathematics 



at 



Advanced Level and beyond. 








Higher order mathematical skills are studied in greater depth with 








an emphasis on algebraic reasoning, rigorous argument and problem- 








solving skills. Students following this course will be well prepared to 








tackle 



a 



Level 



3 



Mathematics qualification. 








The content 



is 



split into Algebra, Geometry, Calculus and Matrices, 








with each section containing work that stretches and challenges, and 








which goes beyond the Key Stage 



4 



Programme of 



Study. The 



topics 








are frequently linked together 



as 



progress 



is 



made through the book, 








highlighting the beauty and inter-connectedness of mathematics. 








Each chapter begins with 



a 



quote, designed to engage and bring the 








topic to life and/or provide an alternative 



viewpoint. The 



chapters are 








then broken down into sub-sections, each with 



a 



short introduction 








followed by 



a 



number of worked examples (with solutions) covering 








important techniques and question styles, and finally one or more sets 








of exercise questions. Coloured boxes, hints and notes help to clarify 








some of the key points. 








In addition, each chapter includes 



a 



number of 



activities. These 



are 








often used to introduce 



a 



new concept, or to reinforce the examples 








in the 



text. Throughout 



the book the emphasis 



is 



on understanding 








the mathematics being used rather than merely being able to perform 








the calculations, but the exercises do, nonetheless, provide plenty of 








scope for practising basic techniques. 








Three symbols are used throughout the book: 








This ‘warning sign’ alerts you either to restrictions that need to be 








imposed or to possible pitfalls. 








PS 



This indicates 



a 



problem-solving 



question. These 



questions will 








sometimes involve more than one topic area. 








RWC 



This indicates 



a 



question that relates to real-world contexts. 








Numerous ‘Discussion points’ are used throughout 



as 



prompts to 








help you understand the theory that has been, or 



is 



about to be, 








introduced. Answers to these are also included. 

















vi 








Introduction 








‘Prior knowledge’ boxes highlight the GCSE Mathematics, or content 








earlier in the book, that you should be familiar with before you tackle 








a topic. 








‘Future uses’ sections explain how the mathematics covered in 



a 



chapter 








can be used for further study, including 



at 



later points in the book, 








while ‘Real-world contexts’ explain the applications of the mathematics 








covered in each chapter. Also 



at 



the end of each chapter you will find 



a 








list of learning outcomes and key points. 








A 



short glossary of key words 



is 



provided, followed by two practice 








question papers. Answers to these, all exercise questions, activities and 








discussion points are then given 



at 



the back of the book. 








It is 



hoped that students who use this book will develop 



a 



fascination 








for mathematics, be inspired and challenged by the rigorous nature of 








the course and be able to appreciate the power of mathematics for its 








own sake 



as 



well 



as a 



problem-solving tool. 

















Number 



and 



algebra 



I 








1 








The 



Book 



of 



Nature 



is 








written 



in 



the language 








of 



mathematics 








Galileo Galilei 








1 



Numbers 



and the 



number system 








Number will be tested implicitly throughout the course. The following 








examples and questions provide practice of some of the basic number skills 








that may be needed. 








1 








Prior knowledge 








Students are expected to 








be 



familiar 



with all 



number 








and ratio topics from GCSE. 








In Exercise 1A, the GCSE 








specification 



references 








particularly 



assessed are 








N2, N3, N8, N12, N15, R4, R5 








and R9. 








Simplify the ratio 



3 



kilometres : 840 metres. 








Example 1.1 








Solution 






3 

km : 840 m 3000 m 

: 

840 m 






= 






= 

3000 

: 

840 






= 






300 

: 

84 






= 






100 

: 

28 






= 






25 

: 

7 

















2 








Numbers and the number system 






Given the ratios 

x y 






: 






5 : 3 






= 






and 

y z 






: 






4 : 7 






= 






, 

work out the ratio 

x z 






: 

in 






its simplest form. 








Example 1.5 








Solution 






x y 






: 






20 

: 12 






= 






and 






y z 






: 






12 

: 

21 






= 






so 






x y z 






: : 






20 

: 

12 

: 

21 






= 






so 






x z 






: 






20 

: 

21 






= 








Work out 43% of 5680 








Example 1.2 








Solution 






43% of  5680 0.43  5680 






= 






× 






= 

2442.4 








Increase 540 by 17.5%. 








Example 1.3 








Solution 






540 17.5% of 540 540  117.5% 






+ 






= 






× 






540  1.175 






= 






× 






= 

634.5 








Without using 



a 



calculator, work out 






− ÷ 






9 






10 






2 






5 






6 






7 






. 








Example 1.4 








Solution 






9 






10 






2 






5 






6 






7 






    9 






10 






2 






5 






7 






6 






− ÷ = 






− × 






  9 






10 






2 7 






5 6 






= 






− × 






× 






  9 






10 






1 7 






5 3 






= 






− × 






× 






  9 






10 






7 






15 






= 






− 






  

27 






30 






14 






30 






= 






− 






  

13 






30 






= 

















3 






Chapter 






1 






Number 






and 






algebra 






I 






1 






Work out, giving your answer to 

3 

significant figures, 






× 






× 






3.76 34 






78.4 980 






. 








Example 1.6 








Solution 






3.76 34 






78.4 980 






1.663890 046 10 






3 






× 






× 






= 






× 






− 






0.001663890 046 






= 






0.00166   3 s.f 

. 






( 






) 






= 








If a 



question 








involving money 








requires an answer to 








be given in pounds and 








pence, remember to give 








any non-integer answers 








to 



2 



decimal places. 








Do 



not use a 



calculator 



for the 



questions marked 



*. 








① 



ABCD 



is a 



straight line (not drawn to scale). AB 



= 



4 



cm, AC 



= 



10 cm, 








AD 



= 



22 cm. 








A 








B 








C 








D 








Work out these ratios, giving your answers in their simplest form. 








(i) 



AC 



:AB 








(ii)  



AB 



: 



BC 








(iii) 



AD 



: 



AB 








(iv)  



BC 



: 



CD 








(v) 



BD 



: 



BC 








② 



Work out 






(i) 

60% of £115 

(ii)  

33 






1 






3 

% 

of 780 






(iii) 

17.5% of 64 cm. 






③ 

Work out 






(i) 

95% of 7540 

(ii)  

12 






1 






2 






% 

of 53.76 






(iii)  

4.2% of £150. 






④ 

(i)  

Increase 80 by 5%. 






(ii) 

Increase £240 by 75%. 






(iii)  

Decrease £20 by 40%. 






(iv) 

Decrease 36 by 66 






2 






3 






%. 






⑤ 

(i)  

Increase 650 by 14%. 






(ii) 

Decrease 3250 by 3.5%. 






           (iii)  

Decrease £3650 by 64%. 






(iv) 

Increase £46.30 by 

5 






1 






2 

%. 








⑥ 



Work out, giving your answers 



as 



fractions in their simplest form, 






(i)  






+ × 






3 






5 






2 






3 






5 






6 






(ii)  






( ) 

÷ 






1 






2 






4 






3 






(iii) 

3 

2 






5 






3 






4 






− 

. 








* 








* 








* 








Exercise 1A 








⑦ 



(i)  



Work out, giving your answer to 



3 



significant figures, 






÷ 






52.7 4.93 








(ii) 



Work out, giving your answer to 



2 



significant figures, 






− × 






5.9 0.53 1.8 








(iii) 



Work out, giving your answer to 



1 



significant figure, 






× + 






0.23 0.14 0.09 






2 








(iv) 



Work out, giving your answer to 



2 



decimal places, 






+ 






− 






19 36 






144 52 






. 








⑧ 



A 



bag contains blue, green and white beads. 








The ratio of blue beads to green beads 



is 4 : 3. 










       








The ratio of green beads to white beads 



is 2 : 7. 










       








Work out the smallest possible number of beads in the bag. 








⑨ 



55% of teachers in 



a 



school are 



female. The 



other 36 teachers are male. 








Work out the number of teachers in the school. 

















4 








Simplifying expressions 








Simplify this expression. 








2(3x 



− 



4y) 



− 



3(x 



+ 



2y) 








Example 1.8 








Solution 






Expression 

= 

6x 

− 

8y 

− 

3x 

− 

6y 






(removing the brackets) 






= 

3x 

− 

14y 






− × = − 






y y 






3 2 6 








Simplify this expression. 






3x 






2 






yz 

× 

2xy 






3 








Example 1.9 








Solution 






Expression 

= 

(3 

× 

2) 

× 

(x 






2 






× 

x) 

× 

(y 

× 

y 






3 






) 

× 

z 






(collecting like terms) 






= 

6x 






3 






y 






4 






z 








Simplify this expression. 






a b c 






ab 

c 






12 






8 






3 2 2 






5 








Example 1.10 








Solution 








Divide the numerator and denominator by their highest common factor. 






= 






= 






− − 






− 






a b c 






ab 

c 






a c 






b 






a c 






b 






12 






8 






3 






2 






3 






2 






3 2 2 






5 






3 1 2 1 






5 2 






2 






3 








Note 








It is not necessary to 








include the 



intermediate 








step shown here. 








2 



Simplifying expressions 








When you are asked to 



simplify 



an algebraic expression you need to write 



it 








in its most compact 



form. This 



will involve techniques such 



as 



collecting like 








terms, removing brackets, factorising and finding 



a 



common denominator (if the 








expression includes fractions). 








Prior knowledge 








Students are expected 








to be familiar with 








all 



aspects 



of GCSE 








algebra. Exercise 1B 








particularly assesses 








GCSE specification 








reference A4. 








Simplify this expression. 






+ 






+ − − 






a 






b 






c a 






b c 






3 






4 – 2 






3 








Example 1.7 








Solution 








Expression 



= 



3a 



+ 



a 



+ 



4b 



− 



3b 



− 



2c 



− 



c 








(collecting like terms) 








= 



4a 



+ 



b 



− 



3c 








A 



common error 








in questions like this 



is 








to forget to multiply 








all terms in the second 








bracket by 



−3. 

















5 
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Factorise this expression. 






3a 






2 






b 

+ 

6ab 






2 








Example 1.11 








Solution 








First write the highest common factor of the two terms, and then work on 








the contents of the brackets. 






+ 






= 






+ 






a b 






ab 






ab 

a 






b 






3 






6 






3 ( 






2 ) 






2 






2 








Discussion 



point 








➜ Explain 



what the 








word 



factorise 








means. 






a b 

ab 

a 






3 






3 






2 






= × 

and 

ab ab 

b 






6 






3 2 






2 






= × 








Simplify this expression. 






÷ 






x 






yz 






xy 






z 






2 






3 






4 






5 






2 






2 






2 








Example 1.12 








Solution 






Expression 

= 






× 






x 






yz 






z 






xy 






2 






3 






5 






4 






2 






2 






2 






= 






x z 






xy 

z 






10 






12 






2 2 






3 






= 






xz 






y 






5 






6 






3 








Write 



as a 



single fraction 






− 






+ 






x 






t 






y 






t 






z 






t 






4 






2 






5 






2 






. 








Example 1.13 








Solution 






− 






+ 






= 






− 






+ 






= 






− + 






x 






t 






y 






t 






z 






t 






x 






t 






y 






t 






z 






t 






x 






y 






z 






t 






4 






2 






5 






2 






5 






20 






8 






20 






10 






20 






5 






8 

10 






20 






20t 

is the lowest 






common multiple of 






4t, 

5t 

and 

2t. 








① 



Simplify the following expressions. 






(i) 






12a 

+ 

3b 

− 

7c 

− 

2a 

− 

4b 

+ 

5c 






(ii) 

4x 

− 

5y 

+ 

3z 

+ 

2x 

+ 

2y 

− 

7z 






(iii) 

3(5x 

− 

y) 

+ 

4(x 

+ 

2y) 






(iv) 

2(p 

+ 

5q) 

− 

(p 

− 

4q) 






(v) 

x(x 

+ 

3) 

− 

x(x 

− 

2) 






(vi) 

a(2a 

+ 

3) 

+ 

3(3a 

− 

4) 






(vii) 

3p(q 

− 

p) 

− 

3q(p 

− 

q) 






(viii) 

5f(g 

+ 

2h) 

− 

5g(h 

− 

f) 








Exercise 



1B 

















6 








Simplifying expressions 








② 



Factorise the following expressions by taking out the highest common factor. 






(i) 






8 

+ 

10x 






2 






(ii) 

6ab 

+ 

8bc 






(iii) 

2a 






2 






+ 

4ab 






(iv) 

pq 






3 






+ 

p 






3 






q 






(v) 

3x 






2 






y 

+ 

6xy 






4 






(vi) 

6p 






3 






q 

− 

4p 






2 






q 






2 






+ 

2pq 






3 






(vii) 

15lm 






2 






− 

9l 






3 






m 






3 






+ 

12l 






2 






m 






4 






(viii) 

84a 






5 






b 






4 






− 

96a 






4 






b 






5 








③ 



Simplify the following expressions and factorise the results. 






(i) 






4(3x 

+ 

2y) 

+ 

8(x 

− 

3y) 






(ii) 

x(x 

− 

2) 

− 

x(x 

− 

8) 

+ 

6 






(iii) 

x(y 

+ 

z) 

− 

y(x 

+ 

z) 






(iv) 

p(2q 

− 

r) 

+ 

r(p 

− 

2q) 






(v) 

k(l 

+ 

m 

+ 

n) 

− 

km 






(vi) 

a(a 

− 

2) 

− 

a(a 

+ 

4) 

+ 

2(a 

− 

4) 






(vii) 

3x(x 

+ 

y) 

− 

3y(x 

− 

2y) 






(viii) 

a(a 

− 

2) 

− 

a(a 

− 

4) 

+ 

8 








④ 



Simplify the following expressions 



as 



much 



as 



possible. 






(i) 






2a 






2 






b 

× 

5ab 






3 






(ii) 

6p 






3 






q 

× 

2q 






3 






r 






(iii) 

lm 

× 

mn 

× 

np 






(iv) 

3r 






3 






× 

6s 






2 






× 

2rs 






(v) 

ab 

× 

2bc 

× 

4cd 

× 

8de 






(vi) 

3xy 






2 






× 

4yz 






2 






× 

5x 






2 






z 






(vii) 

2ab 






3 






× 

6a 






4 






× 

7b 






6 






(viii) 

6p 






2 






q 






3 






r 

× 

7pq 






5 






r 






4 








⑤ 



Simplify the following fractions 



as 



much 



as 



possible. 






(i) 






a b 






ab 






4 






2 






2 






(ii) 






× 






p 






q 






q 






p 






2 2 






(iii) 






× 






a 






b 






b 






a 






8 






3 






6 






4 






2 






3 






2 






(iv) 






× 






ab 






c 






cd 






a 






3 






2 






4 






6 






2 






2 






(v) 






xy 

z 






yz 






8 






12 






3 2 






(vi) 






÷ 






a 






b 






a 






b 






3 






9 






2 






15 






2 






3 






4 






(vii) 






÷ 






p q 






rs 






pq 






r 






5 






8 






15 






28 






3 






2 






5 






4 








⑥ 



Write the following expressions 



as 



single fractions. 






(i) 






+ 






a a 






2 






3 






4 






(ii) 






− + 






x x x 






2 






5 2 






3 






4 






(iii) 






− 






p 






p 






4 






3 






3 






4 






(iv) 






− + 






s s s 






2 






5 3 






4 






15 






(v) 






− + 






b b 






b 






3 






8 






6 






5 






24 






(vi) 






− 






a 






b 






a 






b 






3 2 






3 






(vii) 






− 






p 






q 






5 






2 






3 






2 






(viii) 






− 






x 






y 






x 






y 






2 






3 






3 






2 








⑦ 



The angles of the hexagon in Figure 1.1 are all 90° or 270°. 








Its side lengths are given in terms of 



x. 








(i) 








Work out its perimeter in terms of 



x. 








(ii) 



Work out its area 



in 



terms 



of 



x. 








Give your answers in simplified form. 








⑧ 



The rectangle in Figure 1.2 has length 






+ 






x 






5 2 

and width 






− 






x 






3 1. 








Squares of side 



x 



are removed from each corner of the rectangle. 








(i) 








Write down 



a 



simplified expression for the perimeter of the new 








shape. 








(ii) 



Write down 



a 



simplified expression for the area of the new shape. 








The new shape 



is 



the net of an open cuboid. 








(iii) 



Write down an expression for the volume of the cuboid. 








PS 








Figure 1.1 






5x − 4 






x 

+ 3 






2x − 1 






x 








PS 








Figure 



1.2 
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Solving 



linear 



equations 








Linear equations can be solved in different 



ways. The 



final answer will always 








be the same regardless of the method 



used. The 



only rule to remember 



is 



that 








whatever 



is 



done to one side 



is 



also done to the other 



side. The 



following 








examples illustrate 



this. With 



practice you would probably omit some of the 








working. 








Discussion points 








➜ 



What is an 



equation? 








➜ 



What does solving 








an 



equation 



mean? 








Prior knowledge 








Students are expected to be familiar with solving linear equations. Exercise 1C 








particularly 



assesses GCSE specification references A17 and A21. 








Solve this equation. 








3(3x 



− 



17) 



= 



2(x 



− 



1) 








Example 1.14 








Solution 








Multiply out the brackets 






⇒ 

9x 

− 

51 






= 

2x 

− 

2 








Subtract 2x from both sides 

⇒ 

9x 

− 

51 

− 

2x 

= 

2x 

− 

2 

− 

2x 








Tidy up 






⇒ 

7x 

− 

51 






= −2 








Add 51 to both sides 






⇒ 

7x 

− 

51 

+ 

51 

= −2 + 

51 








Tidy up 






⇒ 

7x 






= 

49 








Divide both sides by 



7 






⇒ 






x 






= 

7 








Solve this equation. 






+ = 






+ 






x 






x 






x 






1 






2 






( 






8) 

2 






1 






3 






(4 

– 

5) 








Example 1.15 








Solution 








Start by clearing the fractions by multiplying both sides by 



6 



(the least 








common multiple of 



2 



and 3). 






x 






x 






x 






x 






x 






x 






x 






x x 






x 






x 






x 






x 






x 






x 






Multiply both sides 

by 6 






6 1 






2 






8 6 2 6 1 






3 






4 5 






Tidy 

up 






3 8 12 2 4 5 






Multiply out the brackets 






3 24 12 8 10 






Tidy 

up 






3 24 20 10 






Subtract 

3 

from both sides 






24 17 10 






Add 

10 to 

both sides 






34 17 






Divide both sides 

by 17 






2 






( ) 






( ) 






( ) 






( 






) 






⇒ 






× 






+ = × + × 






− 






⇒ 






+ = + 






− 






⇒ 






+ = + − 






⇒ 






+ = − 






⇒ 






= − 






⇒ 






= 






⇒ 






= 






x 






x 






x 






x 






x 






x 






x 






x x 






x 






x 






x 






x 






x 






x 






Multiply both sides by 6 






6 1 






2 






8 6 2 6 1 






3 






4 5 






Tidy up 






3 






8 12 2 4 5 






Multiply out the brackets 






3 24 12 8 10 






Tidy up 






3 24 20 10 






Subtract 3 from both sides 






24 17 10 






Add 10 to both sides 






34 17 






Divide both sides by 17 






2 






( 






) 






( ) 






( 






) 






( 






) 






⇒ 






× 






+ = × + × 






− 






⇒ 






+ = + 






− 






⇒ 






+ = + − 






⇒ 






+ = − 






⇒ 






= − 






⇒ 






= 






⇒ 






= 








Discussion 



point 








➜ 



Why have the letter 








and the number 








swapped 



sides on 








the last 



line? 

















8 








Solving linear equations 








In 



a 



triangle, the largest angle 



is 



nine times 



as 



big 



as 



the 



smallest. The 



third 








angle 



is 



60°. 








(i) 








Write this information in the form of an equation. 








(ii) 








Solve the equation to work out the sizes of the three angles. 








Example 1.16 








Solution 








(i) 








Let 



s 



= 



the smallest angle in degrees 








So 9s 



= 



the largest angle 








The sum of all three angles 



is 



180° 








s 



+ 



9s 



+ 



60 



= 



180 








(ii) Solving 



⇒ 



10s 



= 



120 








⇒  



s 



= 



12 








The largest angle 



is 



then 



9 



× 



12 



= 



108 








So the angles are 12°, 60° and 108° 








① 



Solve the following equations. 






(i) 






2x 

− 

3 

= 

x 

+ 

4 






(ii) 






5a 

+ 

3 

= 

2a 

− 

3 






(iii) 

2(x 

+ 

5) 

= 

14 






(iv) 

7(2y 

− 

5) 

= −7 






(v) 

5(2c 

− 

8) 

= 

2(3c 

− 

10) 






(vi) 

3(p 

+ 

2) 

= 

4(p 

− 

1) 






(vii) 

3(2x 

− 

1) 

= 

6(x 

+ 

2) 

+ 

3x 






(viii) 






+ = 






x 






3 






7 5 






(ix) 






− = 






y 






5 






2 






11 






3 






(x) 






+ = 






k k 






2 3 






35 






(xi) 






− 






= 






t 






t 






2 






3 






3 






5 






4 






(xii) 






− − 






+ = 






p 






p 






5 4 






6 






2 3 






2 






7 






(xiii) 






( 






) ( 






) 






+ 






+ + 






+ = 






p 






p 






p 






1 






3 






1 






1 






4 






2 






5 






6 








② 



The length, 



l 



metres, of 



a 



field 



is 



80 m greater than the 



width. The 



perimeter 








is 



600 m. 








(i) 








Write this information in the form of an equation in 



l. 








(ii) 



Work out the area of the field. 








③ 



Ben and Chris are twins and their brother Stephen 



is 



four years younger. 








The total of their three ages 



is 



17 years. 








(i) 








Write this information in the form of an equation in 



s, 



Stephen’s age 








in years. 








(ii) 



What are all their ages? 








PS 








Exercise 1C 








Sometimes you will need to set up the equation 



as 



well 



as 



solve 



it. When 



you are 








doing this, make sure that you define any variables you introduce. 
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④ 



In 



a 



multiple-choice examination of 20 questions, four marks are given 








for each correct answer and one mark 



is 



deducted for each wrong answer. 








There 



is 



no penalty for not attempting 



a 



question. 



A 



candidate attempts 



a 








questions and gets 



c 



correct. 








(i) 








Write down, and simplify, an expression for the candidate’s total mark 








in terms of 



a 



and 



c. 








(ii) 



A 



candidate attempts three-quarters of the questions and scores 40. 








Write down, and solve, an equation for the number of correct answers. 








⑤ 



Chris 



is 



three times 



as 



old 



as 



his son, Joe, and in 12 years’ time he will be 








twice 



as 



old 



as 



him. 








(i) 








Given that Joe 



is 



j 



years old now, write an expression for Chris’ age in 








12 years’ time. 








(ii) 



Write down, and solve, an equation in 



j. 








⑥ 



A 



square has sides of length 2a metres, and 



a 



rectangle has length 3a metres 








and width 



3 



metres. 








(i) 








Write down, in terms of 



a, 



the perimeter of the square. 








(ii) 



Write down, in terms of 



a, 



the perimeter of the rectangle. 








(iii) 



The perimeters of the square and the rectangle are 



equal. Work 



out the 








value of 



a. 








⑦ 



The sum of five consecutive numbers 



is 



equal to 105. Let 



m 



represent the 








middle number. 








(i) 








Write down the five numbers in terms of 



m. 








(ii) 



Form an equation in 



m 



and solve it. 








(iii) 



What are the five consecutive numbers? 








⑧ 



One rectangle has 



a 



length of (x 



+ 



2) cm and 



a 



breadth of 



2 



cm. Another 








rectangle, of equal area, has 



a 



length of 



5 



cm and 



a 



width of (x 



− 



3) cm. 








(i) 








Write down an equation in 



x 



and solve it. 








(ii) 



What 



is 



the area of each of the rectangles? 








PS 








PS 








PS 








PS 








PS 








Discussion 



point 








➜ 



You may think that the 



following question 








appears to be very similar to the one on the 








left. What happens when you try to solve it? 








➜ 



A large ice cream costs 40p more than a small 








one. Five small ice 



creams 



plus three large 








ones cost 80p less than three small ice creams 








plus five large ones. What is the cost of each 








size of ice 



cream? 








Discussion 



point 








➜ 



A large ice cream costs 40p more than a small one. 








Two large ice creams cost the same as three small 








ones. What is the cost of each size of ice 



cream? 








➜ 



This is an 



example 



of the type of 



question 



that you 








might find in a puzzle book or the puzzle section of 








a newspaper or magazine. How would you set about 








solving 



it? 
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Algebra and number 








a 



is 



75% of 



b 



and 



b 



: 



c 



= 



3 : 2 








Show that 8a 



= 



9c. 








Example 1.17 








Solution 






a 

is 

75% of 

b 






= 






= 






a 






b 






a 






b 






75 






100 






3 






4 






➀ 






b 

: 

c 

= 

3 : 2 






= 






= 






b 






c 






b 






c 






3 






2 






3 






2 






➁ 






Substitute 

➁ 

in 

➀ 






= 






× 






= 






= 






a 






c 






a 






c 






a 






c 






3 






4 






3 






2 






9 






8 






8 






9 








Write an expression for 



x 



increased by 13%. 








Example 1.18 








Solution 






x 

increased by 13% 

= + 






x 






x 






13 






100 






= 






x 






1.13 








p 



: 



q 



= 



4 : 5 








Work out 



p 



+ 



2q 



: 



4q, giving your answer in its simplest form. 








Example 1.19 








Solution 








Thinking in terms of parts: 






p 

is 4 

parts, 

q 

is 5 

parts 






p 

+ 

2q 

is 4 

+ 

2 

× 

5 

= 

14 parts 






4q 

is 

20 parts 






p 

+ 

2q : 4q 

= 

14 : 20 






= 

7 : 

10 








4 



Algebra 



and 



number 








Some 



algebra 



questions will involve using number skills. 
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1 






Number 
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An alternative solution is: 






p q 






p 






q 






p 






q 






: 






4 : 5 






4 






5 






4 






5 






= 






⇒ 






= 






⇒ 






= 






p 






q q 






q q q 






q q 






2 : 4 






4 






5 






2 : 4 






14 






5 






: 4 






14 






5 






: 4 






7 : 

10 






+ 






= 






+ 






= 






= 






= 








① 



Write expressions for the following, giving your answers in their simplest 








form. 








(i) 








30% of 



b 








(ii) 



y 



% 



of 450 








(iii) 



c 



% 



of 



d 








② 



60% of 



p 



= 



40% of 



q 








Work out 



p 



as a 



percentage of 



q. 








③ 



Write expressions for the following, giving your answers 



in 



their simplest form. 








(i) 








a 



increased by 20% 








(ii) 



b 



increased by 5% 








(iii) 



k 



decreased by 35% 








(iv) 



m 



decreased by 2% 








④ 



a 



increased by 80% 



is 



equal to 



b 



increased by 50%. 








Show that 

b 






a 






= 

1.2 








⑤ 



p 



increased by 25% 



is 



equal to 



q 



decreased by 25%. 








Work out 



p 



as a 



percentage of 



q. 








⑥ 



x 



: 



y 



= 



2 : 3 



and 



y 



: 



z 



= 



4 : 9 








Work out 



x 



: 



y 



: 



z, 



giving your answer in its simplest form. 








⑦ 



a 



: 



b 



= 



5 : 2 








(i) 








Write 



a 



in terms of 



b. 








(ii) 



Work out 2a 



+ 



b 



: 



b, 



giving your answer in its simplest form. 








(iii) 



Work out 7a 



− 



5b 



: 



4a, giving your answer in its simplest form. 








⑧ 



m 



: 



n 



= 



3 : 8 



and 



r 



is 



20% of 



n. 








Work out 



m 



: 



r. 








⑨ 



y 



is 



20% greater than 



x. 








w 



is 



20% less than 



y. 








Work out the ratio 



w 



: 



x 



in its simplest form. 








⑩ 



p 



is 



m 



% 



greater than 



q. 








p 



is 



m 



% 



less than 



r. 








Work out the ratio 



r 



: 



q 



in terms of 



m. 








⑪ 



The ratio of boys to girls in 



a 



room 



is 3 : 7 








16 boys enter and 



6 



girls 



leave. The 



ratio 



is 



now 



4 : 5 








How many boys and how many girls are now in the room? 








PS 








PS 








PS 








PS 








PS 








PS 








PS 








Exercise 



1D 
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5 



Expanding brackets 








Prior knowledge 








Students 



are 



expected 



to be 



familiar 



with 



multiplication 



of two or three linear 








expressions. 



Exercise 1E 



particularly 



assesses GCSE specification reference A4h. 






An expression of the form 






+ + 






ax bx 

c 






2 






(where the coefficient of 

x 

is 

non-zero) 

is 






a 

quadratic 

in 

x. 






For example, 






x 






2 






+ 

3 






a 






2 






(a 

quadratic expression in 

a), 






2y 






2 






− 

3y 

+ 

5 (a 

quadratic expression in 

y). 








Discussion 



point 








➜ 



Why is 








(x 



+ 



5)(2x 



− 



3) 








a 



quadratic 








expression? 








Expand (x 



+ 



5)(2x 



− 



3). 








Example 1.20 








Solution 






( 






)( 






) 






+ 






− 






= 






+ 






= 






− + 






− 






= 






+ − 






x 






x 






x x 






x 






x 






x 






x 






x 






x 






5 2 






3 






(2 

– 

3) 5(2 

– 

3) 






2 






3 

10 15 






2 






7 

15 






2 






2 








This method has multiplied everything in the second bracket by each term 








in the first bracket. An alternative way of setting this out 



is 



used in the next 








example. 








Expanding brackets 






Expand (3x 

− 

5) 






2 






. 








Example 1.21 








Solution 






( 






) 






( 






)( 






) 






− 






= 






− 






− 






x 






x 






x 






3 






5 






3 






5 3 5 






2 






x 






x 






x 






x 






x 






x 






x 






3 5 






3 5 






15 25 






9 






15 






9 






30 






25 






2 






2 






− 






× − 






− 






+ 






− 






− 






+ 








Write the square as the 








product of two brackets 








so you don’t forget the 








middle term. 








Multiply the top line by 



−5. 








Add the two products. 








Multiply the top line by 



3x. 
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Chapter 






1 






Number 






and 






algebra 






I 






1 






Multiply (x 






3 






+ 

2x 

− 

4) by (x 






2 






− 

x 

+ 

3). 








Example 1.22 








Solution 






( 






)( 






) 






( 






) 






( 






) ( 






) 






+ 






− 






− + 






= 






− + + 






− + − 






− + 






= 






− 






+ 






+ 






− 






+ − 






+ − 






= 






− 






+ 






− 






+ 






− 






x 






x 






x 






x 






x x 






x 






x x x 






x x 






x 






x 






x 






x 






x 






x x 






x 






x 






x 






x 






x 






x 






2 






4 






3 






3 






2 






3 4 






3 






3 






2 






2 






6 4 






4 

12 






5 






6 






10 12 






3 






2 






3 2 






2 






2 






5 






4 






3 






3 






2 






2 






5 






4 






3 






2 








Expand and simplify 



(a 



− 



2) 








3 








. 








Example 1.23 








Solution 






(a 

− 

2) 






3 






= 

(a 

− 

2)(a 

− 

2) 






2 






First, work out 

(a 

− 

2) 






2 






− 






− 






= 






− − 






− 






= 






− − + 






= 






− + 






a 






a 






a a 






a 






a 






a a 






a 






a 






( 






2)( 






2) 






( 






2) 

2( 






2) 






2 2 4 






4 4 






2 






2 






Then multiply this by 

(a 

− 

2) 






( 






) 






( 






) ( 






) 






( 






) 






( 






) 






− 






= − 






− + 






= 






− 






+ − 






− + 






= 






− 






+ − 






+ − 






= 






− 






+ 






− 






a 






a 






a 






a 






a a 






a 






a 






a 






a 






a 






a 






a 






a 






a 






a 






a 






2 






2 






4 4 






4 






4 2 






4 4 






4 






4 






2 






8 8 






6 






12 

8 






3 






2 






2 






2 






3 






2 






2 






3 






2 








① 



Expand the following expressions. 






(i) 






(x 

+ 

5)(x 

+ 

4) 






(ii) 

(x 

+ 

3)(x 

+ 

1) 






(iii) 

(a 

+ 

5)(2a 

− 

1) 






(iv) 

(2p 

+ 

3)(3p 

− 

2) 






(v) 

(x 

+ 

3) 






2 






(vi) 

(2x 

+ 

3)(2x 

− 

3) 






(vii) 

(2 

− 

3m)(m 

− 

4) 






(viii) 

(6 

+ 

5t)(2 

− 

t) 






(ix) 

(4 

− 

3x) 






2 






(x) 

(m 

− 

3n) 






2 






② 

(i) 

Multiply (x 






3 






− 

x 






2 






+ 

x 

− 

2) by (x 






2 






+ 

1) 






(ii) 

Multiply (x 






4 






− 

2x 






2 






+ 

3) by (x 






2 






+ 

2x 

− 

1) 






(iii) 

Multiply (2x 






3 






− 

3x 

+ 

5) by (x 






2 






− 

2x 

+ 

1) 






(iv) 

Multiply (x 






5 






+ 

x 






4 






+ 

x 






3 






+ 

x 






2 






+ 

x 

+ 

1) by (x 

− 

1) 






(v) 

Expand (x 

+ 

2)(x 

− 

1)(x 

+ 

3) 






(vi) 

Expand (2x 

+ 

1)(x 

− 

2)(x 

+ 

4) 






(vii) 

Expand and simplify (x 

+ 

1) 






3 






(viii) 

Expand and simplify 

(p 

− 

5) 






3 






(ix) 

Expand and simplify (2a 

+ 

3) 






3 






(x) 

Simplify (2x 






2 






− 

1)(x 

+ 

2) 

− 

4(x 

+ 

2) 






2 






(xi) 

Simplify (x 






2 






− 

1)(x 

+ 

1) 

− 

(x 






2 






+ 

1)(x 

− 

1) 








Hint: Expand the 








first two sets of 








brackets first. 








Exercise 



1E 
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The binomial expansion 








ACTIVITY 



1.1 






Using your 

answers 

to 

Exercise 

1E, 

question 

5, make 

predictions 

about the 






simplified expansion of 

( 






) 






+ 






a b 






6 

. 






(i) 

How many terms will there be in the simplified 

expansion? 






(ii) 

What will be the coefficient of the 

a 






6 

term? 






(iii) 

What will be the coefficient of the 

a b 






5 

term in the simplified 

expansion? 






(iv) 

Can you make any other 

predictions? 






③ 

The cuboid 

in 

Figure 1.3 has length (2x 

+ 

1), width 

( ) 






− 






x 

3 , 

and height 

x. 






(i) 






Work out its volume. 






(ii) 

Work out its surface area. 






Leave your answers in expanded and simplified form. 






④ 

The prism in Figure 1.4 has three rectangular 






faces, and two congruent right-angled triangular faces. 

It 

has length 






( 






) 






− 






x 






3 






5 

and height 

( 






) 






+ 






x 

2 . 

Its slant height 

is 

( 






) 






− 






y 






2 3 

and its width 

is 






( 






) 






− 






x 






2 






1. 






(i) 






Work out its volume. 






(ii) 

Work out its surface area. 






Leave your answers in expanded and simplified form. 






⑤ 

(i) 

Expand and simplify 

( 






) 






+ 






a b 

. 






2 






(ii) 

Hence expand and simplify 

( 






) 






+ 






a b 

. 






3 






(iii) 

Hence expand and simplify 

( 






) 






+ 






a b 

. 






4 






(iv) 

Hence expand and simplify 

( 






) 






+ 






a b 

. 






5 






⑥ 

Use your answers to question 

5 

to write down the expansions of 






(i) 






( 






) 






+ 






x 

6 






3 






(ii) 

( 






) 






− 






p 

2 






3 






(iii) 

( 






) 






+ 






y 






2 






1 






4 






(iv) 

( 






) 






− 






x 

3 






4 






(v) 

( 






) 






− 






w 






3 






4 . 






5 






In the expansion of 

( ) 






+ 






a b 






3 






replace 

a 

with 

x, 

and 

b 

with 

6. 








6 The 



binomial expansion 






This section deals with the expansion of 

( 






) 






+ 






a b 






n 

where 

n 

is a 

positive integer. 






You already know 






( 






) 






( 






)( ) 






+ 






= 






+ 






+ 






a b 






a b a b 






2 






= + + 






a 






ab 

b 






2 






2 






2 






Repeatedly multiplying by 

( 






) 






+ 






a b 

gives 






( 






) 






+ 






= + 






+ 






+ 






a b 






a 






a b 

ab 

b 






3 






3 






3 






3 






2 






2 3 






( 






) 






+ 






= + 






+ 






+ + 






a b 






a 






a b a b 

ab 

b 






4 






6 






4 






4 






4 






3 






2 2 






3 4 






Figure 1.4 






3x − 5 






2x − 1 






2y − 3 






x 

+ 2 






Figure 1.3 






x 

− 3 






2x + 1 






x 
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Chapter 






1 






Number 






and 






algebra 






I 






1 






Each time you multiply by 

( 






) 






+ 






a b 

, 

the simplified expansion gains an extra term. 






So the simplified expansion of 

( 






) 






+ 






a b 






n 

will have 

+ 






n 

1 

terms. 






Each term will be of the form 

Pa 

b 






q r 

, 

where the indices are non-negative integers 






whose sum 

is 

n. 






The value of 

P 

is 

found in Pascal’s triangle. 








Pascal’s triangle 






Consider the coefficients of the expansions of 

( 






) 






+ 






a b 






n 

and 

( ) 






+ 






+ 






a b 






n 

1 






. 






For example: 






( 






) 






( 






) 






( 






)( 






) 






( 






) 






+ 






= 






+ 






+ 






= 






+ 






+ 






+ 






+ 






+ 






= 






+ 






+ 






+ 






+ 






+ 






+ 






+ 






+ + 






= 






+ + 






+ + 






+ + 






+ + 






+ 






= 






+ 






+ 






+ 






+ 






+ 






a b 






a b a b 






a b a 






a b a b 






ab 

b 






a 






ab 






ab 






ab 

ab 






a b 






a b 






a b 

ab 

b 






a 






ab 






ab 






ab 






ab 






b 






a 






ab 






ab 






ab 

ab b 






4 






6 






4 






1 






4 






6 






4 






1 






1 






4 






6 






4 1 






1 






(4 

1) 






(6 4) 






(4 6) 






(1 4) 






1 






5 






10 






10 






5 






5 






4 






4 






3 






2 2 






3 4 






5 






4 






3 2 






2 3 






4 






4 






3 2 






2 3 






4 5 






5 






4 






3 2 






2 3 






4 






5 






5 






4 






3 2 






2 3 






4 5 






The coefficients of 

( 






) 






+ 






a b 






5 






are the sums of adjacent coefficients of the 

( ) 






+ 






a b 






4 






expansion. 






The coefficients of 

( 






) 






+ 






a b 






n 

form Pascal’s triangle: 






1 4 6 4 1 






1 3 3 1 






1 2 1 






1 1 






1 






(a + 

b) 






4 

: 






(a + 

b)3 

: 






(a + 

b) 






2 

: 






(a + 

b) 






1 

: 






(a + 

b) 






0 

: 






Figure 1.5 






1 4 6 4 1 






1 3 3 1 






1 2 1 






1 1 






1 






(a + 

b) 






4 

: 






(a + 

b)3 

: 






(a + 

b) 






2 

: 






(a + 

b) 






1 

: 






(a + 

b) 






0 

: 






Each number in the triangle 

is 

the sum of the two numbers above it. 






1 5 10 10 5 1 






1 4 6 4 1 






row 5 is 






row 

4 is 






Figure 1.6 






a b 






a b 






a b 






a b 






a b 






a b a b 






a 






ab 






a b 






a b 






ab 






b 






So 






1 






5 






10 






10 






5 






1 






5 






10 






10 






5 






5 






5 0 






4 1 






3 2 






2 3 






1 4 0 5 






5 






4 






3 2 






2 3 






4 






5 






( 






) 






+ 






= 






+ 






+ 






+ 






+ 






+ 






= 






+ 






+ 






+ 






+ 






+ 






The 

1 

at the top of the 






triangle is usually referred to 






as the 

0th 

row. 
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Expand 

( 






) 






+ 






x 






y 






2 






3 






3 






. 








Example 1.24 








Solution 






In the expansion of 

( 






) 






+ 






a b 






3 






, 

replace 

a 

with 

x 






2 

and 

b 

with 

y 






3 . 






( 






) 






( ) 






( ) 






( ) 






( ) 






( ) 






( ) 






( ) 






( ) 






+ 






= 






+ 






+ 






+ 






= × 






× + × 






× + × × + × × 






= 






+ 






+ 






+ 






x 






y 






x 






y 






x y 






x y 






x y 






x 






x 






y 






x y 






y 






x 






x y 






xy 






y 






2 






3 






1 2 






3 






3 2 3 






3 2 3 1 2 3 






1 8 






1 3 4 






3 3 2 9 1 1 

27 






8 






36 






54 






27 






3 






3 






0 






2 






1 






1 






2 






0 






3 






3 






2 






2 






3 






3 






2 






2 






3 






Expand 

( 






) 






− 

w 






3 






4 

. 








Example 1.25 








Solution 






In the expansion of 

( 






) 






+ 






a b 






4 

, 

replace 

a 

with 

3 

and 

b 

with 

w 






– . 






w 






w 






w 






w 






w 






w 






w 






w 






w 






w 






w 






w 






w w 






3 






13 






43 






63 






43 






13 






1 81 1 4 27 






6 9 






4 3 






1 1 






81 108 






54 






12 






4 






4 






0 






3 






1 






2 2 






1 3 






0 4 






2 






3 






4 






2 






3 4 






( 






) 






( ) ( ) 






( ) ( ) 






( ) ( ) ( ) ( ) ( ) ( ) 






( ) 






− 






= 






− 






+ 






− + 






− + 






− + 






− 






= × × + × × − + × × + × × (− 

) 

+ × × 






= 






− 






+ 






− 






+ 








Note 






It is not necessary to learn the 

expansions 

of 

( ) 






+ 






a b 






n 

. 






Instead, just learn one of the rows of Pascal’s triangle. 






The binomial expansion 






Expand 

( 






) 






+ 






x 

2 






5 

. 








Example 1.26 








Solution 






The third row of Pascal’s triangle 

is 1, 3, 3, 1. 






Every row starts and finishes with 

1, 

so the fourth row 

is 1, 1 

+ 3, 

3 

+ 3, 

3 

+ 1, 

1 






which simplifies to 

1, 4, 6, 4, 1. 






And the fifth row 

is 1, 1 

+ 

4, 4 

+ 

6, 6 

+ 

4, 4 

+ 

1, 1 

which 

is 1, 5, 

10, 10, 

5, 1 






So 






( 






) 






+ 






= 






+ 






+ 






+ 






+ 






+ 






x 






x 






x 






x 






x 






x 






x 






2   1 2   

 5 

2   

 10 

2   

 10 

2   

 5 

2    1 2 






5 






? ? 






? ? 






? ? 






? ? 






? ? ? ? 






One set of indices goes up from 

0 

to 

5, 

whilst the other goes down from 

5 






to 

0. 






So 






( 






) 






+ 






= 






+ 






+ 






+ 






+ 






+ 






= 






+ 






+ 






+ 






+ 






+ 






x 






x 






x 






x 






x 






x 






x 






x 






x 






x 






x 






x 






2    1 2   

 5 

2   

 10 

2   

 10 

2   

 5 

2    1 2 






  






   32      80 

   

   80 

   

   40 

   

  10      






5 






0 5 






1 4 






2 3 






3 2 






4 1 5 0 






2 






3 






4 






5 
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1 
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and 






algebra 






I 






1 






Work out the first three terms in ascending powers of 

x 

in the expansion 






of 

( 






) 






+ 

x 






2 5 






6 

. 








Example 1.27 








Solution 






Row 

5 

of Pascal’s triangle 

is 1 5 

10 10 

5 1 






The first three numbers in row 

6 

are therefore 






1 6 

15 






So the first three terms in the expansion of 

( 






) 






+ 

x 






2 5 






6 

are 






( ) 






( ) 






( ) 






× 






× 






+ × × 






+ × × 






= × 






× + × 






× 






+ 






× × 






= 






+ 






+ 






x 






x 






x 






x 






x 






x 






x 






1 2 






5 






6 2 






5 






15 2 5 






1 

64 

1 






6 

32 

5 






15 16 25 






64 






960 






6000 






6 






0 






5 






1 






4 






2 






2 






2 






① 

Use Pascal’s triangle to expand 






(i) 






( 






) 






+ 

x 






1 






3 






(ii) 

( 






) 






+ 






y 

1 






4 






(iii) 

( ) 






+ 






x y 






5 






(iv) 

( 






) 






+ 

w 






5 






3 






(v) 

( 






) 






+ 






p 

4 






4 






(vi) 

( 






) 






+ 

m 






2 






5 

. 






② 

Use Pascal’s triangle to expand 






(i) 






( 






) 






− 






x y 






3 






(ii) 

( 






) 






− 

x 






1 2 






4 






(iii) 

( ) 






− 

y 






2 






5 






(iv) 

( 






) 






− 

p 






5 2 






3 






(v) 

( 






) 






− 






x 






3 4 






4 






(vi) 

( 






) 






− 






x 






4 1 






5 

. 






③ 

Work out the first three terms 

in 

ascending powers 

of 

x 

in 

the expansion 

of 






( 






) 






+ 

x 






1 






6 






. 






④ 

Work out the first three terms in descending powers of 

x 

in the expansion 






of (2 

+ 

x) 






7 






. 






⑤ 

Work out the coefficient of the 

x 






3 

term in the expansion of 

( 






) 






− 

x 






4 3 






5 

. 






⑥ 

Write down the second number in the 10th row of Pascal’s triangle. 






⑦ 

Write down the last number in the 19th row of Pascal’s triangle. 






⑧ 

Write down the third number in the 9th row of Pascal’s triangle. 






⑨ 

Expand 

( 






) 






+ 






x 






x 






3 






1 






2 






4 






. 






⑩ 

(i) 

Expand 

( 






) 






+ 

x 






1 2 






5 

. 






(ii) 

Hence write down the expansion of 

( 






) 






− 

x 






1 2 






5 

. 






(iii) 

Hence simplify 

( 






) ( 






) 






+ 






− − 






x 






x 






1 2 






1 2 






5 






5 

. 






⑪ 

(i) 

Expand 

( 






) 






+ 

w 






3 






3 

. 






(ii) 

Hence, by replacing 

w 

with 

x 

+ 

2y, write down the expansion of 






(3 

+ 

x 

+ 

2y) 






3 






. 






⑫ 

The simplified expansion of 

( 






) 






+ 






mx 

y 






n 

includes the term 240x 






2 






y 






4 






. 






(i) 






Write down the value of 

n. 






(ii) 

Hence work out the possible values of 

m. 






(iii) 

Hence work out the coefficient of the 

x y 






4 2 

term. 






⑬ 

In the expansion of 

( ) 






+ 






x x 






2 






6 






work out the term which 

is 

independent of 

x. 






⑭ 

Given that the 10th row of Pascal’s triangle 

is 






1, 

10, 45, 120, 210, 252, 210, 120, 45, 10, 

1, 






work out the coefficient of 

x 






2 






in the expansion of 

( ) 






− 






x x 






2 . 






10 






PS 






PS 






PS 








Exercise 1F 






After expanding 

an 






expression of the form 






a b 






n 






( 






) 






+ 

, 

and before 






simplifying, check that 






the sum 

of 

each pair 

of 






indices 

is 

n. 
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ACTIVITY 



1.2 










(i) 



How are the numbers 1, 11, 121, 1331, 14 641 related? 








(ii) 



Write a 



formula 



for the sum of the 



numbers 



in the 



nth 



row of 



Pascal’s triangle. 











(Assume 



that the top row, which 



contains 



only '1', is the 0th row.) 








(iii) 



Write a formula for the second number in the 



nth 



row of Pascal’s triangle. 








(iv) 



Write a 



formula 



for the third 



number 



in the 



nth 



row of 



Pascal’s triangle. 








(v) 



Each row of Pascal’s triangle reads the same backwards as forwards. 








What single word 



describes 



such a 



property? 








FUTURE 



USES 








At 



A-Level, 



the 



factorial function 



is used to quickly 



generate 



the 



numbers 



of 








Pascal’s triangle. Students may like to investigate the 



C 



function on their 








n r 








calculator 



to see how it relates to this topic. 








7 



Manipulating 



surds 








Simplifying expressions containing square 



roots 








In mathematics there are times when 



it is 



helpful to be able to manipulate 








square roots, rather than just find their values from 



a 



calculator. 








This ensures that you are working with the exact value, not just 



a 








rounded version. 








Prior knowledge 








Students are expected 








to be 



familiar 



with the 








manipulation 



of surd 








expressions. Exercise 








1G 



particularly 



assesses 








GCSE specification 








reference 



N8h. 








Manipulating surds 








Simplify the following. 






(i) 






8 






(ii) 






× 






6 






3 






(iii) 






− 






32 18 






(iv) 






+ 






− 






(4 3)(4 3) 








Example 1.28 








Solution 






(i) 






( ) 






= 






× × 






= 






× 






× 






= 






× 






= 






8 






2 2 2 






2 






2 






2 






2 






2 






2 2 






2 






(ii) 






( ) 






× 






= 






× 






= 






× × 






= 






× 






= 






6 






3 






6 3 






2 3 3 






3 






2 






3 2 






2 








REAL-WORLD 








CONTEXT 








The binomial 








expansion has many 








applications 



in the 








real world, including 








in the 



distribution 



of 








IP 



addresses. 



It is also 








used by 



economists 








when 



making 








predictions 



for the 








future 



behaviour 



of 








markets, and similarly 








by 



meteorologists 



when 








forecasting 



the 



weather. 
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algebra 






I 






1 








Notice that in part (iv) of Example 1.28 there 



is 



no square root in the answer. In 








the next example, all the numbers involve fractions with 



a 



square root 



as 



part of 








the denominator. 



It is 



easier to work with numbers 



if 



any square roots are only 








part of the numerator. Manipulating 



a 



number to that form 



is 



called 



rationalising 








the denominator. 








When the numerator and the denominator 



of a 



fraction are multiplied by the same 








number, then the value 



of 



the fraction stays the same. For example, 

= 








× 






× 






= 






3 






5 






3 2 






5 2 






6 






10 






. 








We use this principle when rationalising 



a 



denominator. In the next examples, and 








question 



3 



of Exercise 1G, the denominators have only one term. In each case, 








multiply both the numerator and denominator by this number, and then simplify. 








Discussion 



point 








➜ 



What is a 



rational 








number? 






(iii) 






− 






= 






× − × 






= 






− 






= 






32 






18 






16 

2 






9 2 






4 2 3 2 






2 






(iv) 






( 






)( 






) 






( ) 






+ 






− 






= 






− 






+ 






− 






= 






− 






= 






4 






3 4 






3 






16 

4 3 4 3 






3 






16 

3 






13 






2 








Look for square factors of 








32 



and 



18. 








16 



is the largest square 








factor of 



32. 








9 



is the largest square 








factor of 



18. 








Simplify the following by rationalising their denominators. 






(i) 






2 






3 






(ii) 






3 






5 






(iii) 






3 






8 








Example 1.29 








Solution 






(i) 






2 






3 






2 






3 






3 






3 






2 3 






3 






2 3 






3 






2 






( ) 






= 






× 






= 






= 






(ii) 






3 






5 






3 






5 






3 






5 






5 






5 






3 






5 






5 






15 






5 






2 






( ) 






= 






= 






× 






= 






× 






= 






(iii) 






3 






8 






3 






8 






3 






2 2 






3 






2 2 






2 






2 






3 2 






2 2 






6 






4 






2 






( ) 






= 






= 






= 






× 






= 






× 






= 

















20 








Do not use 



a 



calculator for this exercise. 








① 



Simplify the following. 






(i) 






32 






(ii) 






125 






(iii) 






× 






5 






15 






(iv) 






− 






8 2 






(v) 






− 






3 

27 

6 3 






(vi) 

4(3 

2) 

3(5 

2) 






+ − − 






(vii) 

4 

32 

3 8 






− 






(viii) 

5(6 

3) 

2(3 

4 3) 






− + + 






(ix) 

2 

125 

6 5 






+ 






(x) 






3 2 2 3 3 2 3 2 5 3 






( 






) ( 






) 






− 






− 






− 








② 



Simplify the following. 






(i) 






− 






( 2 1) 






2 






(ii) 






− 






+ 






(4 5)(2 5) 






(iii) 






− 






− 






(2 






7)( 7 1) 






(iv) 

( 5 

3)( 

5 

3) 






− 






+ 






(v) 






+ 






− 






(3 






2)(5 2 2) 






(vi) 






− 






+ 






( 7 

3)(2 

7 

3) 






(vii) 






− 






− 






(3 

3 

2)(2 

3 

3) 






(viii) 






− 






( 5 

3) 






2 






(ix) 






− 






− 






(5 

3 2)(2 2 1) 






(x) 






+ 






(2 

2 

3) 






2 








③ 



Simplify the following by rationalising their denominators. 






(i) 






1 






3 






(ii) 






5 






5 






(iii) 






8 






6 






(iv) 






2 






3 






(v) 






2 2 






8 






(vi) 






3 






7 






(vii) 






21 






7 






(viii) 






5 






3 5 






(ix) 






75 






125 






(x) 






8 






128 








④ 



Simplify the following by writing them 



as 



single fractions. 






(i) 






− 






+ + 






2 






3 






2 






2 






3 






2 






(ii) 






− 






− + 






5 






2 3 






3 






2 3 






(iii) 






− 






+ + 






1 






5 2 6 






3 






5 2 6 






(iv) 






+ 






− − 






4 






4 3 






1 






4 3 






⑤ 

(i) 

Use the expansion of 

( 






) 






+ 






a b 






3 

to simplify 

( 






) 






+ 






3 2 






3 






. 






(ii) 

Use the expansion of 

( 






) 






+ 






a b 






3 

to simplify 

( 






) 






+ 






2 5 






3 






. 






(iii) 

Use the expansion of 

( 






) 






+ 






a b 






4 

to simplify 

( 






) 






− 






2 3 






4 

. 






(iv) 

Use the expansion of 

( 






) 






+ 






a b 






4 

to simplify 

( 






) 






+ 






1 6 






4 

. 






(v) 

Use the expansion of 

( 






) 






+ 






a b 






5 

to simplify 

( 






) 






+ 






1 5 






5 






. 






(vi) 

Use the expansion of 

( 






) 






+ 






a b 






5 






to simplify 

( 






) 






− 






2 5 






5 

. 








⑥ 



Solve the following equations. 






(i) 






− 






= 






v 






32 






2 






8 






(ii) 






+ = 






w 

18 

8 

98 






(iii) 






+ 






= 






y 






3 3 






12 

2 

27 






(iv) 






+ 






= 






x 






x 






50 18 

5 8 








Exercise 1G 








Manipulating 



surds 
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Chapter 
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Number 






and 






algebra 






I 






1 






⑦ 

Simplify 

( 






) 






+ 






2 






3 . 






6 








⑧ 



Solve the following equations. 






(i) 






+ 






= 






m 






3 






1 






12 






3 






(ii) 






− 






+ 






= 






n n 






3 






2 






4 






8 






18 






(iii) 






= 






+ 






x 






x 






2 






5 






20 






45 






(iv) 






+ 






 






 






 






 

= 






+ 






x 






x x 






3 2 






8 






5 






18 






3 






32 






⑨ 

Solve 

( 






) 






( 






) 






− 






= 






− 






+ 






x 






x x 






2 






18 3 8 






3 






2 






. 






⑩ 

The area of 

a 

square 

is 7 4 

3. 






+ 






Given that the length of each side of the square 

is 

of the form 

m n 

3 






+ 






(where 

m 

and 

n 

are integers), work out the perimeter. 






Leave your answer in the form 

p q 






+ 

, 

where 

p 

and 

q 

are integers. 








Rationalising denominators 



with two 



terms 








For 



a 



denominator with two terms, the multiplier we use 



is 



the denominator with 








one of its signs changed. 








Rationalise the denominator of 






− 






3 2 






4 






5 






. 








Example 1.30 








Solution 






3 2 






4 






5 






3 2 






4 






5 






4 






5 






4 






5 






12 

2 3 2 5 






16 

4 5 4 5 ( 

5) 






12 

2 3 

10 






16 

5 






12 

2 3 

10 






11 






2 






− 






= 






− 






× 






+ 






+ 






= 






+ 






+ 






− 






− 






= 






+ 






− 






= 






+ 






Write 






− 






+ 






2 3 4 






3 3 5 






in the form 

+ 






a b 

3, where 

a 

and 

b 

are integers. 








Example 1.31 








Solution 






− 






+ 






= 






− 






+ 






× 






− 






− 






= 






− 






− 






+ 






− 






+ 






− 






= 






− 






+ 






− 






= 






− 






= 






− 






2 3 4 






3 3 5 






2 3 4 






3 3 5 






3 3 5 






3 3 5 






6( 

3) 10 

3 

12 

3 

20 






9( 

3) 15 

3 

15 

3 

25 
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