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Getting 



the most from this book 








Mathematics 



is 



not only 



a 



beautiful and exciting subject in its own right but also one that underpins many 








other branches of learning. 



It is 



consequently fundamental to our national wellbeing. 








This book covers the content of A2 Mathematics and so provides 



a 



complete course for the second of the 








two years of Advanced Level 



study. The 



requirements of the first year are met in the first book. 








Between 2014 and 2016 



A 



level Mathematics and Further Mathematics were very substantially revised, for 








first teaching in 2017. Major changes include increased emphasis on 








■ 








Problem solving 








■ 








Proof 








■ 








Use of ICT 








■ 








Modelling 








■ 








Working with large data sets in statistics. 








This book embraces these 



ideas. The 



first section of Chapter 



1 is 



on 



problem solving 



and this theme 



is 








continued throughout the book with several spreads based on the problem solving cycle. In addition 



a 



large 








number of exercise questions involve elements of problem solving; these are identified by the 



PS 



  icon 








beside 



them. The 



ideas of 



mathematical proof 



and rigorous logical argument are also introduced in 








Chapter 



1 



and are then involved in suitable exercise questions throughout the 



book. The 



same 



is 



true of 








modelling; 



the modelling cycle 



is 



introduced in the first chapter and the ideas are reinforced through the 








rest of the book. 








The use of 



technology, 



including graphing software, spreadsheets and high specification calculators, 








is 



encouraged wherever possible, for example in the Activities used to introduce some of the topics 








in Pure mathematics, and particularly in the analysis and processing of 



large data sets 



in Statistics. 








Places where ICT can be used are highlighted by 



a   



 T 



  icon. 



A 



large data set 



is 



provided 



at 



the end 








of the book but this 



is 



essentially only for reference. 



It is 



also available online 



as a 



spreadsheet 








(www.hoddereducation.co.uk/MEIMathsYear2) and 



it is 



in this form that readers are expected to store 








and work on this data set, including answering the exercise questions that are based on 



it. These 



are found 








at 



the end of each exercise in the Statistics chapters and identified with 



a 



purple 



bar. They 



illustrate, for 








each topic, how 



a 



large data set can be used to provide the background for examination-type questions. 








Throughout the book the emphasis 



is 



on understanding and interpretation rather than mere routine 








calculations, but the various exercises do nonetheless provide plenty of scope for practising basic 








techniques. The 



exercise questions are split into three bands. Band 



1 



questions (indicated by 



a 



green bar) 








are designed to reinforce basic understanding. Band 



2 



questions (yellow bar) are broadly typical of what 








might be expected in an examination: some of them cover routine techniques; others are designed to 








provide some stretch and challenge for readers. Band 



3 



questions (red bar) explore round the topic and 








some of them are rather more demanding. Questions in the Statistics chapters that are based on the large 








data set are identified with 



a 



purple bar. In addition, extensive online support, including further questions, 








is 



available by subscription to MEI’s Integral website, http://integralmaths.org. 








In addition to the exercise questions, there are five sets of questions, called Practice questions, covering 








groups of chapters. All of these sets include identified questions requiring 



problem solving 



  PS 



 , 








mathematical proof 



     MP 



 , 



use of ICT 



  



T 



  and 



modelling 



   M 



 . 








This book follows on from 



A 



Level Mathematics 



for Year 1 



(AS) and most readers will be familiar with 








the material covered in it. However, there may be occasions when they want to check on topics in the 








earlier book; the parts entitled Review allow them to do this without having to look 



elsewhere. The 








five short Review chapters provide 



a 



condensed summary of the work that was covered in the earlier 








book, including one or more exercises; in addition there are nine chapters that begin with 



a 



Review 




















vi 








Getting the most from this book 








section and exercise, and then go on to new work based on it. Confident readers may choose to miss out the 








Review material, and just refer to these parts of the book when they are uncertain about particular topics. 








Others, however, will find 



it 



helpful to work through some or all of the Review material to consolidate their 








understanding of the first year work. 








There are places where the work depends on knowledge from earlier in the book and this 



is 



flagged up in 








the margin in Prior knowledge 



boxes. This 



should be seen 



as 



an invitation to those who have problems with 








the particular topic to revisit 



it 



earlier in the 



book. At 



the end of each chapter there 



is a 



summary of the new 








knowledge that readers should have gained. 








Two common features of the book are Activities and Discussion 



points. These 



serve rather different 








purposes. The 



Activities are designed to help readers get into the thought processes of the new work that 








they are about to meet; having done an Activity, what follows will seem much 



easier. The 



Discussion points 








invite readers to talk about particular points with their fellow students and their teacher and so enhance 








their understanding. Callout boxes and Note boxes are two other common features. Callout boxes provide 








explanations for the current work. Note boxes set the work in 



a 



broader or deeper context. Another feature 



is 








a 



Caution icon 








, 



highlighting points where 



it is 



easy to go wrong. 








The authors have taken considerable care to ensure that the mathematical vocabulary and notation are 








used correctly in this book, including those for variance and standard deviation, 



as 



defined in the OCR 








specification for 



A 



Level in Mathematics 



B 



(MEI). In the paragraph on notation for sample variance and 








sample standard deviation (page 46), 



it 



explains that the meanings of ‘sample variance’, denoted by 



s 










2 











, 



and 








‘sample standard deviation’, denoted by 



s, 



are defined to be calculated with divisor 



(n – 



1). In early work in 








statistics 



it is 



common practice to introduce these concepts with divisor 



n 



rather than 



(n – 



1). However there 








is 



no recognised notation to denote the quantities so derived. Students should be aware of the variations 








in notation used by manufacturers on calculators and know what the symbols on their particular models 








represent. 








Answers to all exercise questions and practice questions are provided 



at 



the back of the book, and also online 








at 



www.hoddereducation.co.uk/MEIMathsYear2. Full step-by-step worked solutions to all of the practice 








questions are available online 



at 



www.hoddereducation.co.uk/MEIMathsYear2. All answers are also available 








on Hodder Education’s Dynamic Learning platform. 








Finally 



a 



word of 



caution. This 



book covers the content of Year 



2 



of 



A 



Level Mathematics and 



is 



designed 








to provide readers with the skills and knowledge they will need for the examination. However, 



it is 



not the 








same 



as 



the specification, which 



is 



where the detailed examination requirements are set out. So, for example, 








the book uses the data set of cycling accidents to give readers experience of working with 



a 



large data set, but 








this 



is 



not the data set that will form the basis of any examination questions. Similarly, in the book cumulative 








binomial tables are used in the explanation of the output from 



a 



calculator, but such tables will not be 








available in examinations. Individual specifications will also make 



it 



clear how standard deviation 



is 



expected 








to be calculated. So, when preparing for the examination, 



it is 



essential to check the specification. 








This 



is a 



4th edition MEI textbook so much of the material 



is 



well tried and tested. However, 



as a 








consequence of the changes to 



A 



Level requirements in mathematics, large parts of the book are either new 








material or have been very substantially rewritten. 








Catherine Berry 








Roger Porkess 
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Prior 



knowledge 








This book builds on work from 



AS/Year 



1 A 



level Mathematics. AS work 



is 



reviewed either in 








sections at the start of chapters, or in separate review chapters in this A2 book. 








The order of the chapters has been designed to allow later ones to use and build on work in earlier 








chapters. The 



list below identifies cases where the dependency 



is 



particularly strong. 








The Statistics and Mechanics chapters are placed in separate sections of the book for easy reference, but 



it 








is 



expected that these will be studied alongside the Pure mathematics work rather than after it. 








■ 








The work in 



Chapter 1: Proof 



pervades the whole book. 



It 



builds on the work on problem solving 








and proof covered in 



Chapter 



1 



of AS/Year 



1 



Mathematics. 








■ 








Chapter 



2: Trigonometry 



builds on the trigonometry work in 



Chapter 



6 



of AS/Year 



1 








Mathematics. 








■ 








Review: Algebra 



1 



reviews the work on surds, indices, exponentials and logarithms from 








Chapters 2 and 13 of AS/Year 



1 



Mathematics. 








■ 








Chapter 3: Sequences and series 



requires some use of logarithms, covered in 



Review: Algebra 



1. 








■ 








Review: Algebra 



2 



reviews the work on equations, inequalities and polynomials from 



Chapters 3, 








4 



and 



7 



of AS/Year 



1 



Mathematics. 








■ 








Chapter 4: Functions 



begins with 



a 



review of the work on transformations covered in 



Chapter 



8 








of AS/Year 



1 



Mathematics. 








■ 








Chapter 5: Differentiation 



begins with 



a 



review of the work on differentiation covered in 








Chapter 10 of AS/Year 



1 



Mathematics. 








■ 








Review: The 



sine and cosine rules 



reviews the work on triangles covered in part of 



Chapter 



6 








of AS/Year 1 Mathematics. 








■ 








Chapter 



6: Trigonometric 



functions 



builds on the work in 



Chapter 



2, 



and uses ideas about 








functions from 



Chapter 4. 








■ 








Chapter 7: Further algebra 



starts with 



a 



review of the work on the binomial expansion from 








Chapter 9 of AS/Year 1 Mathematics. 



It 



also builds on work on the factor theorem and algebraic 








division, covered in 



Review: Algebra 



2. 








■ 








Chapter 



8: Trigonometric 



identities 



builds on the work in 



Chapter 2 



and 



Chapter 6. 








■ 








Chapter 9: Further differentiation 



builds on the work in 



Chapter 5. 



It 



also requires the use of 








radians, covered in 



Chapter 



2. 








■ 








Chapter 10: Integration 



starts with 



a 



review of the work on integration covered in 



Chapter 11 








of AS/Year 



1 



Mathematics. 



It 



follows on from the differentiation work in 



Chapter 



9, 



and also 








requires the use of radians, covered in 



Chapter 



2, 



and partial fractions, covered in 



Chapter 



7. 








■ 








Review: Coordinate geometry 



reviews the work in 



Chapter 



5 



of AS/Year 



1 



Mathematics. 








■ 








Chapter 11: Parametric equations 



uses trigonometric identities covered in 



Chapter 



6 



and 








Chapter 



8. You 



should also recall the equation of 



a 



circle, covered in 



Review: Coordinate 








geometry, 



and be confident in the differentiation techniques covered in 



Chapter 



5 



and 



Chapter 



9. 








■ 








Chapter 



12: Vectors builds on the vectors work in 



Chapter 12 of AS/Year 



1 



Mathematics. 








■ 








Chapter 13: Differential equations 



uses integration work covered in 



Chapter 10. 








■ 








Chapter 14: Numerical methods 



requires some simple differentiation and knowledge of how 








integration relates to the area under 



a 



graph. 

















viii 








■ 








Review: Working 



with data 



reviews the work in 



Chapters 14 and 15 of AS/Year 1 Mathematics. 








■ 








Chapter 15: Probability 



starts with 



a 



review of the probability work in 



Chapter 16 of AS/Year 



1 








Mathematics. 








■ 








Chapter 16: Statistical distributions 



starts with 



a 



review of the work on the binomial distribution 








covered in 



Chapter 17 of AS/Year 1 Mathematics. 



It 



involves use of probability covered in 








Chapter 15. 








■ 








Chapter 17: Statistical hypothesis testing 



starts with 



a 



review of the work on hypothesis testing 








covered in 



Chapter 18 of AS/Year 



1 



Mathematics. 



It 



requires use of the Normal distribution 








covered in 



Chapter 16. 








■ 








Chapter 18: Kinematics 



starts with 



a 



review of the work on kinematics covered in 



Chapters 19 and 








21 of AS/Year 



1 



Mathematics. You 



should be confident in working with vectors in two dimensions 








(reviewed in 



Chapter 12) 



and in working with parametric equations (Chapter 



11). 








■ 








Chapter 19: Forces and motion 



starts with 



a 



review of the work on force covered in 



Chapter 20 of 








AS/Year 



1 



Mathematics. 



It 



requires the use of vectors in two dimensions (reviewed in 



Chapter 12). 








■ 








Chapter 20: Moments of forces 



uses work on force covered in 



Chapter 19, 



and the use of vectors in 








two dimensions (reviewed in 



Chapter 12). 








■ 








Chapter 21: Projectiles 



uses trigonometric identities from 



Chapter 



6 



and 



Chapter 



8, 



and work on 








parametric equations from 



Chapter 11. 



It 



also requires use of vectors in two dimensions (reviewed in 








Chapter 12). 








■ 








Chapter 22: A model for friction 



uses work on force and moments covered in 



Chapters 19 and 20, 








as 



well 



as 



vectors in two dimensions (reviewed in 



Chapter 12). 
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Mathematics teaches 








us to solve 



puzzles. 








You can claim to be a 








mathematician 



if, and 








only if, you feel that you 








will be able to solve a 








puzzle 



that 



neither 



you, 








nor 



anyone 



else, has 








studied before. 



That is 








the test of 



reasoning. 








W. W. Sawyer (1911−2008) 








Proof 








1 








Figure 1.1 shows a square of side 



c 



inside a square of side 



a 



+ 



b. 








b 








b 








a 








a 








c 








b 








a 








a 








b 








c 








c 








c 








Figure 1.1 










➜  



   How can you 



deduce Pythagoras’ theorem 



(c 











2 








= 



a 








2 








+ 



b 








2 








) by finding two ways 








of 



expressing 



the area of the 



central square? 
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Problem solving 








1 Problem solving 








Mathematical problem solving sometimes involves solving purely mathematical 








problems, and sometimes involves using mathematics to find 



a 



solution to 



a 



‘real- 








life’ problem. 








The 



problem solving cycle 



in Figure 1.2 shows the processes involved in 








solving 



a 



problem. 








2 Information collection 








4 Interpretation 








3 Processing and 








representation 








1 Problem specification 








and analysis 








Figure 1.2 








In purely mathematical problems, the same cycle can often be expressed using 








different words, 



as 



in Figure 1.3. 








2 Trying out some cases 








to see what is happening 








4 Proving or disproving 








the conjecture 








3 Forming a conjecture 








1 Problem specification 








and analysis 








Figure 1.3 








Forming a conjecture 








Rob 



is 



investigating what happens when he adds the terms of the sequence 








2, 1, 



1 








2 








, 



1 








4 








, 



1 








8 








, 



… 








He says: 










■  











‘However many terms 



I add, the 



answer 



is 



always 



less 



than 



4.’ 










■  











‘If I add 



enough terms, 



I can get as 



close 



to 4 as I 



like.’ 








These statements are 



conjectures. 



They are Rob’s theories. 








A 



statement 



that 








has not yet 



been 








proved 



is 



called 








a 



conjecture. 

















1 
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Chapter 1 








Proof 








A 



conjecture may or may not be true, but once you have made 



a 



conjecture you 








obviously want to know whether 



it is 



true. 



If it 



is, you will want to convince 








other people, and that means you must prove it. 








Rob draws the diagram 



in 



Figure 1.4. 








1 








1 








1 








2 








— 








1 








2 








— 








1 








2 








2 








Figure 1.4 








Here 



is a 



well-known conjecture that no one has managed to prove yet. 








Goldbach’s conjecture 








Every even integer greater than 



2 



can 



be 



written 



as 



the sum 



of 



two prime 








numbers. 








Most people believe 



it is 



true and many have tried to prove it, but so far without 








success. 








Rob’s conjectures can be shown geometrically, but many other conjectures need 








algebra. Proving 



a 



conjecture always requires rigorous, logical argument. 








Here are some symbols and words that are very useful in this: 










■  











The symbol 



⇒ 



means ‘leads 



to’ or 



‘implies’ and 



is 



very helpful when you 








want 



to 



present 



an 



argument logically, step 



by 



step. 








n 



= 



5 



⇒ 



n 



is a 



prime number. 










■  











You can write the symbol 



⇒ 



the other way round, 



as 



⇐. 



In 



that case, 



it 








means 



‘is 



implied by’ 



or 



‘follows from’. 










       








2n is 



even 



⇐ 



n 



is 



even. 










       








This statement could also 



be 



written 



in 



the form 










       








n 



is 



even 



⇒ 



2n is 



even. 










■  











In 



situations where both 



the 



symbols 



⇒ 



and 



⇐ 



give true 



statements, 



the 








two 



symbols 



are 



written together 



as 



⇔. 



You can read this as 



‘implies 



and is 








implied by’ 



or ‘is 



equivalent to’. 










       








n 



is an 



even number 



⇔ 



n² 



is an 



even 








number. 








Discussion points 








➜ 



How can Rob use 








the diagram 



to 



prove 








his 



conjectures? 








➜ 



How would 



he 



make 








the arguments 








watertight? 








You can say that the 



statement 










‘2n is 



even’ 



is a 



necessary 



condition 











for the 



statement 



‘n is 



even’. 








You can say that 








‘n is 



an even number’ 



is a 








necessary and sufficient 








condition 



for the 



statement 








‘n² is an 



even number’. 








Discussion point 








➜ 



Explain why the 








converse statement 








‘2n is 



even 



⇒ 



n 



is 








even’ 



is 



not true. 








Discussion point 










➜ 



Explain why 











Goldbach’s 








conjecture does not 








apply 



to all 



integers. 








You can say that the 



statement 








‘n 



= 



5’ 



is a 



sufficient 



condition 



for 








the 



statement 



‘n is a 



prime number’. 








Discussion point 










➜ 



Explain why the 











converse 



statement 








‘n is a 



prime number 








⇒ 



n 



= 



5’ 



is 



not true. 
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Problem solving 








Exercise 1.1 










① 



  In each case, write one of the symbols 



⇒, ⇐ 











or 



⇔ 



between the two statements 



A 



and B. 








(i) 








A: PQRS 



is a 



rectangle. 








B: PQRS has two pairs of equal sides. 










(ii) 



   A: The 



point 



P is 



inside 



a 



circle centre O, 











radius 



3. 








B: The 



distance OP 



is 



less than 



3. 










(iii) 



  A: 



p 



is a 



prime number greater 











than 



2. 








B: 



p 



is 



odd. 










(iv) 



  A: (x 



− 



3) (x 



− 



4) 



> 



0 











B: 



x 



> 



4 








② 



  Samir writes: 








AB 



is 



parallel to CD 



⇒ 



ABCD 



is a 








parallelogram. 








(i) 








Is 



Samir correct? Explain your answer. 










(ii) 



   Write down the converse of Samir’s 











statement. 



Is 



the converse true? 








③ 



  Winnie lives in 



a 



village in rural Africa; 



it is 








marked 



P 



on the diagram in Figure 1.5. 








Q 








river 








P 








R 








Figure 1.5 








Each day she goes to 



a 



river which flows 








due east. She fills 



a 



bucket with water 



at 



R 








and takes 



it 



to her grandmother who lives in 








a 



nearby village, 



Q. Winnie 



wants to know 








where to fill the bucket so that she has the 








shortest distance to walk. 








Referred to 



a 



coordinate system with axes 








east and north, 



P is 



the point (2, 3), 








Q 



is 



(8, 1) and the equation of the river 



is 








y 



= 



5. 








(i) 








Draw the diagram accurately on graph 








paper, using equal scales for both axes. 










(ii) 



  Winnie thinks that the best point for R 



is 











(5, 5). Show that her conjecture 



is 



wrong. 










(iii) 



  Find the coordinates for the best position 











of R. Explain carefully how you know 








that this 



is 



indeed the case. 








④ 



  Place the numbers from 



1 



to 



8 



in 



a 



copy of the 








grid in Figure 1.6 so that consecutive numbers 








are not in adjacent cells (i.e. cells that have 



a 








common edge or vertex). 








Figure 1.6 








If 



you can’t do it, explain why not. 








If 



you can do it, state in how many ways 



it 








can be done, justifying your answer. 








⑤ 



  Figure 1.7 shows 



a 



square of side 



1 



m and four 








circles. 








The small red circle fits in the gap in the 








middle. 








Figure 1.7 








Show that the diameter of the red circle 



is 








2 








m 








1 








2 








1 








2 










( 








) 











− 








. 
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2 Methods of proof 








Discussion point 








Sarah challenges her classmates 



to find 



two consecutive numbers such that the 








difference between their squares 



is 



even. 








➜ 



What answers 



do 



you think she will get? 








You have probably found that Sarah’s challenge in the discussion point appears 








to be impossible. You have formed the conjecture that the 



difference 



between 








the squares of two consecutive numbers 



is 



always 



odd. The 



next step 



is 



to prove 








that your conjecture 



is 



true, and then you will know for certain that Sarah’s 








challenge 



is 



impossible. 








Two of Sarah’s classmates decide to prove that her challenge 



is 



impossible. 








Jamie writes: 








For two consecutive numbers, one must be even and one must be 








odd. 








An even number squared is even. 








An odd number squared is odd. 








The difference between an even number and an odd number is always 








odd, so the difference between the square of an even number and the 








square of an odd number must be odd. 








So the difference between the squares of consecutive numbers must be 








odd. 










⑥ 



  A 



game 



is 



played using 



a 



standard 











dartboard. 








Figure 1.8 








In this game, the ‘doubles’ count 



as 



squares 








and the ‘trebles’ count 



as 



cubes. 








A 



player has three darts and must score one 








‘single’, one ‘double’ and one ‘treble’ to 








make 



a 



total of 501. 










(i) 











Find two ways in which 



a 



player can 








finish 



(ignoring the order in which 








the darts are thrown). 










(ii) 



   Prove that there are no other possible 











ways. 
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Methods of proof 








Zarah writes: 








Let the first number be n. 








So the next number is n 



+ 



1. 








The difference between their squares 



= 



(n 



+ 



1) 








2 








− 



n 








2 








= 



n 








2 








+ 



2n 



+ 



1 



− 



n 








2 








= 



2n 



+ 



1 








2n 



+ 



1 is an odd number, so the difference between 








the squares of consecutive numbers is always odd. 








Jamie and Zarah have both proved the conjecture, in 



different 



ways. 








You have now reached the stage where 



it is 



no longer always satisfactory to 








assume that 



a 



fact 



is 



true without proving it, since one fact 



is 



often used to 








deduce another. 








There are 



a 



number of 



different 



techniques that you can use. 








Proof by direct argument 








Both Jamie’s proof and Zarah’s proof are examples of proof by direct argument, 








or deductive proof. You start from known facts and deduce further facts, step by 








step, until you reach the statement that you wanted to prove. 








Discussion point 








➜ 



Which proof 



do 



you 








prefer? 








Prove that the opposite angles of 



a 



cyclic quadrilateral are supplementary (add 








up to 180°). 








You may assume the result that the angle subtended by an arc 



at 



the centre of 








a 



circle 



is 



twice the angle subtended by the same arc 



at 



the circumference. 








Example 1.1 








Solution 








Figure 1.9 shows 



a 



circle centre O and 



a 








cyclic quadrilateral ABCD. 








∠ADC = 



x 



and 



∠ABC = 



y. 








The 



minor arc AC 



subtends angle 



x 



at 



the 








circumference of the circle, and angle 



p 



at 



the 








centre of the circle. 








So 








p 



= 



2x. 








The 



major arc AC 



subtends angle 



y 



at 



the 








circumference of the circle, and angle 



q 



at 



the centre of the circle. 








So 








q 



= 



2y. 








Adding the two angles 



at 



O gives 



p 



+ 



q 



= 



360° 










       








⇒ 



2x 



+ 



2y 



= 



360° 










       








⇒ 



x 



+ 



y 



= 



180°. 








The sum of the four angles of any quadrilateral 



is 



360°, so the sum of each 








pair of opposite angles of 



a 



cyclic quadrilateral 



is 



180°. 








Figure 1.9 








B 








C 








D 








A 








y 








p 








q 








x 








2n 



is a 



multiple 








of 



2, 



so it is an 








even number. 



So 










2n 



+ 



1 



must 



be 











an odd 



number. 








These 



two 



statements 








use the 



result 



that you 








may assume, given 



in the 








question. 
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Chapter 1 








Proof 








Proof by exhaustion 








For some conjectures 



it is 



possible to test all possible cases, 



as 



in Example 1.2. 








Prove that when 



a 



two-digit number 



is 



divisible by 



9, 



reversing its digits also 








gives 



a 



number that 



is 



divisible by 



9. 








Prove that the sum of the interior angles 



x 



and 



y 



for 



a 



pair of parallel lines, 



as 








shown in Figure 1.10, 



is 



180°. 








P 








A 








y 








Q 








C 








x 








B 








D 








Figure 1.10 








Example 1.2 








Example 1.3 








Solution 








There are only 10 two-digit numbers divisible by 



9: 








18, 27, 36, 45, 54, 63, 72, 81, 90, 99. 








Reversing each of these gives the following: 








81, 72, 63, 54, 45, 36, 27, 18, 09, 99. 








These numbers are also divisible by 



9, 



so the conjecture has been proved. 








Solution 








Assume that 



x 



+ 



y 



< 



180° 



as 



shown in Figure 1.11. 








P 








Q 








B 








E 








D 








A  








y 








C 








x 








Figure 1.11 








➜ 








Discussion points 








➜ 



Is it 



true that reversing the digits 



of a 



two-digit number that 



is 



divisible 



by 9 








always gives 



a 



two-digit number that 



is 



divisible 



by 9? 








➜ 



How is 



this question different from the one 



in 



Example 1.2? 








It is 



important 



to be 



precise about wording. 








Proof by contradiction 








In some cases 



it is 



possible to deduce 



a 



result by showing that the opposite 



is 








impossible, 



as 



in the following examples. 








ACTIVITY 1.1 








Prove the result from 








Example 



1.2 



using 








direct proof. 








Prove 



the 



corresponding 








result 



for a 



three-digit 








number. 








If the 



conjecture 



is 








false, then either 








x 



+ 



y 



< 



180° 



or 








x 



+ 



y 



> 



180°. Look 








at 



these 



two 



cases 








separately. 
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Methods of proof 








In this case the lines AB and CD, when extended, will meet 



at a 



point E, 








where 










       








∠BED = 



180° 



− 



x 



− 



y. 








This means that AB and CD are not parallel. 








Similarly, assuming that 



x 



+ 



y 



> 



180°, 



as 



shown in Figure 1.12, will give 








angles (180° 



− 



x) 



and (180° 



− 



y), 



with 



a 



sum of (360° 



− 



(x 



+ 



y)). 








P 








R 








Q 








B 








D 








A 








y 








C 








x 








180º–x 








180º–y 








Figure 1.12 








360° 



− 



(x 



+ 



y) 



< 180°, 



so now AP and CQ when extended will meet 



at a 








point R, showing that AP and CQ are not parallel. 








Consequently, 



x 



+ 



y 



= 



180°. 










Using 



the 



sum 



of the 



angles 



in a 



triangle. 











Prove that 



2 is 



irrational. 








Example 1.4 








Solution 








Assume that 



2 is 



rational, so 



2 



= 








m 








n 








2 








, 



where 



m 



and 



n 



have no common 








factor. 








Squaring 



⇒ = 








⇒ 








= 








m 








n 








n 








m 








2 








2 








(1) 








2 








2 








2 








2 








① 








2n² is a 



multiple of 



2 



⇒ 



2n² is 



even 










       








⇒ 



m² 



is 



even 










       








⇒ 



m 



is 



even. 








So let 



m 



= 



2p. 








In equation 



① 



this gives 








= 








= 








n 








p 








p 








2 








(2 



) 4 








2 








2 








2 








⇒ 








= 








n 








p 








2 








2 








2 








2p² is a 



multiple of 



2 



⇒ 



2p² is 



even 










       








⇒ 



n² 



is 



even 










       








⇒ 



n 



is 



even. 








You have now shown that both 



m 



and 



n 



are even numbers, which 








contradicts the assumption that 



m 



and 



n 



have no common factor. 








Consequently, 



2 is 



not rational, so 



it 



must be irrational. 








As 



m 



is 



even, 



it can be 



expressed 








as 2p, 



where 



p 



is an 



integer. 








It has now 



been shown 








that 



assuming 



that 








either 



x 



+ 



y 



< 



180° 



or 








x 



+ 



y 



> 



180° leads 



to a 








contradiction, 



so the only 








remaining possibility 



is 








that 



x 



+ 



y 



= 



180°. 
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Disproof by the use of a 



counter-example 








Sometimes you may come across 



a 



conjecture that looks 



as if it 



might be true, 








but 



is 



in fact false. Always start by checking the result for 



a 



few particular values, 








to try to get 



a 



‘feel’ for what 



is 



happening. Next, 



if 



you think that 



it is 



true, you 








could try to prove 



it 



using any of the methods discussed earlier. 



If 



you seem to 








be getting nowhere, then finding just one case, 



a 



counter-example, 



when 



it 








fails 



is 



sufficient to disprove it. 








Prove that there are an infinite number of prime numbers. 








Hassan says that 1003 



is a 



prime number. 








Is 



Hassan correct? Either prove his conjecture, or find 



a 



counter-example. 








Example 1.5 








Example 1.6 








Solution 








Suppose there are 



a 



finite number 



of 



prime numbers: 








p 








2,3, 



5, , 



n 








… 



. 








Let 



q 








p 








(2 



3 5 








) 1 








n 








= 








× × × × 








+ 








… 








. 








Is 



q 



prime? 










■ 



 If 



q 



is 



prime, then 



it is a 



new prime number, not in the original list. 








■ 



 If 



q 



is 



not prime, then 



it 



has 



a 



prime factor. 











2 



cannot be 



a 



factor of 



q, 



because 



q 



is 



one more than 



a 



multiple of 



2. 








3 



cannot be 



a 



factor of 



q, 



because 



q 



is 



one more than 



a 



multiple of 



3. 








Similarly, none of the primes in the list can be 



a 



factor of 



q. 








So 



if 



q 



is 



not prime, then 



it 



must have 



a 



prime factor which 



is 



not 



in 



the list. 








So there 



is 



another prime number that 



is 



not in the list. 








So, whether 



q 



is 



prime or not, there 



is 



another prime number not in the 








list. This 



contradicts the original assertion that there are 



a 



finite number of 








prime numbers. 








Solution 








Checking for prime factors of 1003: 








2 is 



not 



a 



factor of 1003 








3 is 



not 



a 



factor of 1003 








5 is 



not 



a 



factor of 1003. 








… 








However, 



it 



turns out that 17 



is a 



factor of 1003: 








17 



× 



59 



= 



1003 








Hassan 



is 



wrong. 








q 



is 



formed 



by 



multiplying 








together 



all the 



prime numbers 








in the list and 



then adding 



1. 
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Methods of proof 








Exercise 1.2 








In questions 1−12 



a 



conjecture 



is 



given. Decide whether 








it is 



true 



or 



false. 



If it is 



true, prove 



it 



using 



a 



suitable 








method and name the method. 



If it is 



false, give 



a 








counter-example. 








① 








+ 








− − 








= 








a b 








a b 








ab 








( 








) 








( 








) 








4 








2 








2 








, 



where 



a 



and 



b 



are 








real numbers. 








② 



  The triangle with sides of length 








+ 








n 








2 








1, 



n 








and 



(n 



+ 



1) 



is 



right-angled. 








③ 



  No square number ends in 



8. 








④ 



  The number of diagonals of 



a 



regular polygon 








with 



n 



sides 



is 



< 



n. 








⑤ 



  The sum of the squares of any two consecutive 








integers 



is 



an odd number. 








⑥ 








3 is 



irrational. 








⑦ 



  If 



T 



is a 



triangular number (given by 








= 








+ 








T 








n n 








( 








1) 








1 








2 








where 



n 



is 



an integer), then 








(i) 








+ 








T 








9 








1 is a 



triangular number 








(ii) 








+ 








T 








8 








1 is a 



square number. 








⑧ 



    (i) 



   A 



four-digit number formed by writing 








down two digits and then repeating them 








is 



divisible by 101. 










(ii) 



   A 



four-digit number formed by writing 











down two digits and then reversing them 








is 



divisible by 11. 








⑨ 



  The value of 



(n² 



+ 



n 



+ 



11) 



is a 



prime number 








for all positive integer values 








of 



n. 








⑩ 



  The tangent to 



a 



circle 



at a 



point 



P is 








perpendicular to the radius 



at P. 








⑪ 



  (i) 



    The sum of the squares of any five 








consecutive integers 



is 



divisible by 



5. 








(ii) 



   The sum of the squares of any four 








consecutive integers 



is 



divisible by 



4. 








⑫ 



  For any pair of numbers 



x 



and 



y, 








2(x² 



+ 



y²) 



is 



the sum of two squares. 








⑬ 



  (i) 



     Prove that 








− 








n n 








3 








is a 



multiple of 



6 



for all 








positive integers 



n. 










(ii) 



   Hence prove that 











+ 








n 








n 








11 








3 








is a 



multiple 








of 



6 



for all positive integers 



n. 








⑭ 



  Prove that no number in the infinite sequence 








10, 110, 210, 310, 410, … 








can be written in the form 



a 








n 



where 



a 



is 



an 








integer and 



n 



is 



an integer 



> 



2. 








⑮ 



  Prove that 



if 








) 








(a 



b c 








, , 



and 








) 








(A 



B C 








, , 








are Pythagorean triples then so 



is 








) 








( 



− 








+ 








aA bB aB bA cC 








, 








, 








. 








⑯ 



  Which positive integers cannot be written 



as 








the sum of two or more consecutive numbers? 








Prove your conjecture. 








⑰ 



  An integer 



N 



is 



the sum of the squares of two 








different integers. 








(i) 








Prove that 



N 



² is 



also the sum of the 








squares of two integers. 










(ii) 



   State the converse 



of 



this result and either 











prove 



it is 



true or provide 



a 



counter- 








example to disprove it. 
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FUTURE USES 








You will need 



to 



use problem solving and proof throughout this book. 








KEY POINTS 








1 



   ⇒ 



means ‘implies’, 



‘if … 



then 



… 



therefore 



...’ 








⇐ 



means 



‘is 



implied by’, ‘follows from’ 








⇔ 



means ‘implies 



and is 



implied 



by’, ‘is 



equivalent 



to’. 








2 



  The converse 



of 



A 



⇒ 



B 



is 



A 



⇐ 



B. 








3 



  If 



A 



⇐ 



B, 



A 



is a 



necessary 



condition 



for 



B. 








If 



A 



⇒ 



B, 



A 



is a 



sufficient 



condition 



for 



B. 








4 



  The methods 



of 



proof are 










■ 



   proof 



by 



direct argument 








■ 



   proof 



by 



exhaustion 








■ 



   proof 



by 



contradiction. 











5 



   Methods 



of 



disproof are 










■ 



   disproof 



by 



direct argument 








■ 



   disproof 



by the use of a 



counter-example. 











LEARNING OUTCOMES 








Now you have 



finished 



this chapter, you should 



be 



able 



to 










➤  



understand the problem solving cycle 








➤  



know that simplifying 



a 



problem can help 



to 



begin 



in 



problem solving 








➤  



use algebra 



to 



formulate and solve problems 








➤  



interpret your solution 



in 



the context 



of 



the problem 








➤  



generalise your solution 



to 



extend your understanding 



of a 



wider problem 








➤  



write your Mathematics using appropriate language and symbols such 



as 










❍  



necessary and 



sufficient 








❍  



‘if …’ 



and ‘then 



…’ 








❍  



⇔ ⇒ ⇐ 








∴ 








, , 








and 








❍  



converse 



of a 



statement 











➤  



prove statements 



by 



deduction 








➤  



prove statements 



by 



exhaustion 








➤  



prove statements 



by 



contradiction 








➤  



disprove statements 



by finding a 



counter-example. 
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2 








1 Radians 








Have you ever wondered why angles are measured in degrees, and why there are 








360° in one revolution? 








There are various legends to support the choice of 360, most of them based in 








astronomy. One of these 



is 



that the shepherd-astronomers of Sumeria thought 








that the solar year was 360 days long; this number was then used by the ancient 








Babylonian mathematicians to divide one revolution into 360 equal parts. 








This compass has two scales: the inner scale shows degrees and the outer  








scale shows angular mils. There are 6400 angular mils in 360 degrees. 








Mils are used by the military, in navigation and in mapping because they are  








more accurate than degrees. 










➜  



    A pilot flies one degree off course. How far from the intended position is  











the aeroplane after it has flown 10 km? 








Look at 



situations 



from 








all 



angles, 



and you will 








become 



more open. 








Dalai Lama (1935– 



) 
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Degrees are not the only way in which you can measure angles. Some 








calculators have modes which are called ‘rad’ and ‘gra’ (or ‘grad’); 



if 



yours 



is 








one of these, you have probably noticed that these give different answers when 








you are using the sin, cos or tan 



keys. These 



answers are only wrong when the 








calculator mode 



is 



different from the angular measure used in the calculation. 








The 



grade 



(mode ‘gra’ or ‘grad’) 



is a 



unit which was introduced to give 



a 



means of 








angle measurement which was compatible with the metric 



system. There 



are 100 








grades 



in a 



right angle, so when you are 



in 



the grade mode, sin 100 



= 



1, 



just 



as 



when 








you are 



in 



the degree mode, sin 90 



= 



1. 



Grades are largely of historical interest and 








are only mentioned here to remove any mystery surrounding this calculator mode. 








By contrast, radians are used extensively in mathematics because they simplify 








many 



calculations. The 



radian 



(mode ‘rad’) 



is 



sometimes referred to 



as 



the 








natural unit of angular measure. If, 



as 



in Figure 2.1, the arc AB of 



a 



circle centre 








O 



is 



drawn so that 



it is 



equal in length to the radius of the circle, then the angle 








AOB 



is 1 



radian, about 57.3°. 








A 








B 








O 








r 








r 








r 








1 



radian 








Figure 2.1 








You will sometimes see 



1 



radian written 



as 1 








c 








, 



just 



as 1 



degree 



is 



written 1°. 








Since the circumference of 



a 



circle 



is 



given by 2πr, 



it 



follows that the angle of 



a 








complete turn 



is 



2π radians. 








360° 



= 



2π radians 








Consequently 








180° 



= 



π 



radians 








90° 



= 








π 








2 



radians 








60° 



= 








π 








3 








radians 








45° 



= 



π 








4 








radians 








30° 



= 








π 








6 



radians 








To convert degrees into radians you multiply by 



π 








180 








. 








To convert radians into degrees you multiply by 180 








π 








. 
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Radians 








Solution 








(i) (a) 30° 



= 



30 



× 








π 








180 








= 








π 








6 








(b) 315° 



= 



315 



× 








π 








180 








= 



π 








4 








(c) 29° 



= 



29 



× 








π 








180 



= 



0.506 radians (to 



3 



s.f.). 








(ii) (a) 








π 








12 








= 








π 








12 



× 



180 








π 








= 



15° 








(b) 








8π 








3 








= 








8π 








3 








× 








180 








π 








= 



480° 








(c) 



1.2 radians 



= 



1.2 



× 



180 








π 








= 



68.8° 



(to 3 



s.f.). 








Notes 








1   If an angle is a simple  








fraction or multiple  








of 180° and you wish  








to give its value in  








radians, it is usual  








to leave the answer  








as a fraction of π, for  








example 








π 








6 








. 








2   When an angle is  








given as a multiple of  








π it is assumed to be  








in radians. 








Example 2.1 








(i) Express in radians 








(a) 30° 








(b) 315° 








(c) 29°. 








(ii) Express in degrees (a) 



π 








12 








(b) 8π 








3 








(c) 1.2 radians. 








Trigonometry 



and radians 








You can use radians when working with trigonometric functions. 








Remember that the 



x–y 



plane 



is 



divided into four quadrants and that angles are 








measured from the 



x-axis 



(see Figure 2.2). 








or +135° 








an angle of 








radians 








x 








an angle of 








x 








Anticlockwise angles are 








positive. 








Clockwise angles 



are 








negative. 








3 








4 








2 








− 








2 








− 








2 








2 








� 








� 








6 








− radians 








or –30° 








� 








� 








� 








� 








� 








� 








Figure 2.2 








Note 








Angular mils (see  








page 12) are derived  








from the milliradian  








( 








1 








1000 



th  of a radian).  








There are approximately  








6283 milliradians in  








360° (2π × 1000) and  








this number is rounded  








to make 6400 angular  








mils, which is a more  








convenient unit for  








navigation. 
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You can extend the definitions for sine, cosine and tangent by drawing 



a 



unit 








circle drawn on the 



x–y 



plane, 



as 



in Figure 2.3. 








x 








x 








O 








P(x, 



y) 








1 








y 








y 








θ 








The point 



P 



can 



be 



anywhere 








on the unit 



circle. 








Figure 2.3 








For any angle (in degrees or radians): 








y 








sinu 



= 



, 








x 








cosu 



= 



, 








y 








x 








tanu 



= 








and  



tan 








sin 








cos 








, 



cos 



0. 








u 








u 








u 








u 








= 








≠ 








Graphs of 



trigonometric 



functions 








The graphs of the trigonometric functions can be drawn using radians. 








The graph of 



y 



sinu 








= 








is 



shown in Figure 2.4. 








–0.5 








–1 








0 








1 








0.5 








y 








2 








� 








2 








� 








2 








2� 








3� 








2 








3� 








� 








2� 








� 



– 








– 








– 








– 








y 



= sin 








Figure 2.4 








The graph of 



y 



cosu 








= 








is 



shown in Figure 2.5. 








–0.5 








–1 








0 








1 








0.5 








y 








2 








� 








2 








� 








2 








2� 








3� 








2� 








2 








3� 








� 








� 








– 








– 








– 








– 








y 



= cos 








Figure 2.5 








●  

       








Period is 2π radians. 








●  

       








Rotational symmetry  








of order 2 about the  








origin. 








● 








Oscillates between   








−1 and 1, so   








−1 



sin 



 



1. 








●  



Period is 2π radians. 








●  

       








Symmetrical about   








y-axis. 








●  





       








Oscillates between  








−1 and 1, so   








−1 



cos 



 



1. 
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Radians 








The graph of 



y 



tanu 








= 








is 



shown in Figure 2.6. 








0 








y 








2 








� 








2 








� 








2 








2� 








3� 








2� 








2 








3� 








� 








� 








– 








– 








– 








– 








y 



= tan 








Figure 2.6 








The diagrams in Figure 2.7 can be used to help you remember the sign of sin 



, 








cos 



 



and tan 



 



in each of the four quadrants. 








    








All positive 








1st quadrant 








Only cos 



θ 



positive 








4th quadrant 








Only sin 



θ 



positive 








2nd quadrant 








Only tan 



θ 



positive 








3rd quadrant 








S 








T 








A 








C 








    








All positive 








1st quadrant 








Only cos 



θ 



positive 








4th quadrant 








Only sin 



θ 



positive 








2nd quadrant 








Only tan 



θ 



positive 








3rd quadrant 








S 








T 








A 








C 








Figure 2.7 








●  

       








Period is  



π 








2 








 radians. 








●  

       








Rotational symmetry of  








order 2 about the origin. 








●  

       








Asymptotes at ± 








π 








2 








, 








± 








3π 








2 








, 



… 








Note 








If you wish to fi nd the  








value of, say, sin 



1.4 








c 








  








or cos  








π 
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, use the  








‘rad’ mode on your  








calculator. This will give  








the answers directly –  








in these examples,  








0.9854…   



and  








0.9659…  








You could convert the  








angles into degrees (by  








multiplying by 180 








π 








) but  








this would usually be  








a clumsy method. It is  








much better to get into  








the habit of working in  








radians. 








Exercise 2.1 








① 



  Express the following angles in radians, leaving 








your answers in terms of 



π 



where appropriate. 








(i)  



45° 








(ii) 








90° 








(iii)  



120° 








(iv) 








75° 








(v)  



300° 








(vi) 








23° 








(vii)  



450° 








(viii) 



209° 








(ix)  



150° 








(x) 








7.2° 








② 



  Express the following angles in degrees, using 



a 








suitable approximation where necessary. 








(i)  








π 








10 








(ii) 








3π 








4 








(iii)  



2 



radians 








(iv) 








4π 








9 








(v)  



3π 








(vi)  



  



4π 








3 








(vii)  



0.5 radians 








(viii) 



5π 








2 








(ix)  



7π 








3 








(x) 








3π 








7 








③ 



  In Figure 2.8, ABC 



is 



an equilateral triangle. 








AB 



= 



2 



cm. 



D is 



the midpoint of BC. 








D 








2 cm 








C 








B 








A 








Figure 2.8 








(i) 



  Find the exact lengths of 








(a)  



 BD 








(b) 



 AD. 








(ii)  



  Write down each of these angles in 








radians. 








(a)  



  ABD 








(b) 



  BAD 








Exact means you  








should leave your  








answer in surd  








form (e.g.  



2) or  








as a fraction, so  








you probably don’t  








need to use your  








calculator. 








This is  








called  








a CAST  








diagram. 
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2 Circular measure 








The length of an arc of a circle 








From the definition of 



a 



radian (see 



p. 



13), an angle of 



1 



radian 



at 



the centre of 



a 








circle corresponds to an arc of length 



r 



(the radius of the circle). 








Similarly, an angle of 



2 



radians corresponds to an arc length of 



2r 



and, in general, 








an angle of 



 



radians corresponds to an arc length of 



r, 



which 



is 



usually written 








r 



 



(Figure 2.9). 








r 








arc length 



rθ 








r 








θ 








Figure 2.9 










(iii)  



 Hence find the exact values of the 











following. 








(a)  



sin 



π 








3 








(b) 



cos 



π 








3 








(c)  



tan 



π 








3 








(d)  



sin 



π 








6 








(e)  



cos 



π 








6 








(f) 



tan 



π 








6 










④ 



By drawing 



a 



suitable right-angled triangle, 











prove that 








(i)  



sin 








π 








4 








2 








2 








= 








(ii) 



cos 








π 








4 








2 








2 








= 








(iii)  



tan 








π 








4 








1 








= 










⑤ 



Match together the expressions with the same 











value. 








Do not use your calculator. 








cos 








5π 








3 








cos 



π 








4 








( ) 








− 








tan 3π 








4 








sin 








5π 








6 








tan 








4π 








3 








cos 



π 








tan 








5π 








3 








( ) 








− 








sin 








9π 








4 








sin 








2π 








3 








cos 








11π 








6 








3 








2 








1 








2 








2 








2 








3 








−1 








⑥ 



  Draw the graph 



of 



y 



= 



sin 



x 



for 








0 



¯ 



x 



¯ 



2π. 








Use your graph to find two values of 



x, 



in 








radians, for which sin 



x 



= 



0.6. 








You can use a graphical calculator or  








graphing software. 








⑦ 



  Draw the graphs of 



y 



= 



sin 



x 



and 








y 



= 



cos 



x 



on the same pair of axes for 








0 



¯ 



x 



¯ 



2π. 








Use your graphs to solve the equation 








sin 



x 



= 



cos 



x. 










⑧ 



Write down the smallest positive value 



of 











k, 



where 



k 



is 



in radians, to make each of the 








following statements true. 








(i)  



  sin (x 



− 



k) 



= −sin 



x 








(ii)  



cos (x 



− 



k) 



= 



sin 



x 








(iii)  



tan (x 



− 



k) 



= 



tan 



x 








(iv)  



cos 



(k 



− 



x) 



= −cos 



(k 



+ 



x) 








⑨ 



(i) 



  Given that sin 



x 



= 



sin 








5π 








7 



where 








0 < 



x 



< 








π 








2 



, 



find 



x. 








(ii)  



Given that cos 



y 



= 



cos 








2π 








5 








( ) 








− 








where 








y 








π 








2π 








< < 








, 



find 



y. 








(iii)  



Given that tan 



kπ 



= 



tan 








5π 








3 








( ) 








− 








where 



< < 








k 








0 








1 








2 



, 



find 



k. 








T 
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Circular measure 








ACTIVITY 2.1 








You can work out the length of an arc and the area of a sector using degrees  








instead of radians, but it is much simpler to use radians. Copy and complete  








Table 2.1 to show the formulae for arc length and sector area using radians and  








degrees. 








Table 2.1 








Radians 








Degrees 








Angle 








 








c 








α 



° 








180 








π 








u 








α 








( 








) 








= × 








Arc length 








Area of sector 








The area of a sector of a circle 








A 



sector 



of 



a 



circle 



is 



the shape enclosed by an arc of the circle and two radii 








(Figure 2.10). 








major sector 








minor 








sector 








A 



major sector 



is 



larger 








than 



a 



semicircle. 








A 



minor sector 



is 



smaller 








than 



a 



semicircle. 








Figure 2.10 








Note 








A chord divides a circle into two regions called segments. 








major segment 








minor segment 








Figure 2.12 








The area of 



a 



sector 



is a 



fraction of the area of 








the whole 



circle. The 



fraction 



is 



found by writing 








the angle 



u 



as a 



fraction of one revolution, i.e. 2π 








(Figure 2.11). So the area of the shaded sector 



is 








2π 








u 



  of the area of the whole circle. 








r 








r 








θ 








Figure 2.11 
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Solution 








(i) 








u 








r 








Arc length 








6 2π 








3 








4π 



cm 








= 








= × 








= 








Perimeter 



= 



4π 



+ 



6 



+ 



6 








= 



(4π 



+ 



12) cm 








u 








r 








Area 








6 








2π 








3 








12π cm 








1 








2 








1 








2 








2 








2 








2 








= 








= × 








× 








= 








Draw a sketch if  








one is not given in  








the question. 








Don’t forget to add  








on the two radii.  








(i)   Calculate the exact arc length, 








perimeter and area of 



a 



sector 








of angle 








2π 








3 








and radius 



6 



cm. 








(ii)  Calculate the area of the segment bounded by the chord AB and the 








arc AB. 








Example 2.2 








(ii) 








6 cm 








6 cm 








O 








A 








B 








2π 








3 








Figure 2.14 








Area of segment 



= 



area of sector AOB 



− 



area of triangle AOB 








Area of 



a 



triangle 



= 



1 








2 



× 



base 



× 



height 








Using OA 



as 



the base, the height of the triangle 



is 6 



sin 



2π 








3 








. 








Area of triangle AOB 



= 



1 








2 



× 



6 



× 



6 



sin 



2π 








3 








= 



× 








18 








3 








2 








= 



9 3 








Area of segment 



= 



12π 



9 3 22.1 








− 








= 








cm 








2 








to 



3 



s.f. 








In general, the area of a  








triangle is  



1 








2 



  








ab 



sin C,  








where a and b are two  








sides and C is the angle  








between them. 








From part (i), the area of  








the sector is 12π cm 








2 








. 








sin 








2π 








3 








sin 








π 








3 








3 








2 








= 








= 








6cm 








6cm 








O 








A 








B 








2π 








3 








Figure 



2.13 
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Circular measure 








① 



  For each sector in Figure 2.15 find 










(a)  



  the arc length 



       (b) 



  the perimeter 








(c)  



   the area. 











π 








3 








3cm 








7π 








4 








4cm 








Figure 2.15 








(i) 








(ii) 








② 



  Each row of Table 2.2 gives dimensions of 








a 



sector of 



a 



circle of radius 



r 



cm. 








The angle subtended 



at 



the centre of the 








circle 



is 



 



radians, the arc length of the 








sector 



is 



s 



cm and its area 



is 



A 



cm 








2 








. 








Copy and complete the table. 








Table 2.2 








r 



(cm) 



 



(rad) 



s 



(cm) 



A 



(cm 








2 








) 








4 








2 








π 








3 








π 








2 








5 








10 








0.8 








1.5 








2π 








3 








4π 








③ 



  In 



a 



cricket match, 



a 



particular cricketer 








generally hits the ball anywhere in 



a 



sector 








of angle 100°. 



If 



the boundary (assumed 








circular) 



is 



80 yards away, find 








(i)  



the length of boundary which the 








fielders should patrol 








(ii)  



the area of the ground which the 








fielders need to cover. 








④ 



  The perimeter of the sector in 








Figure 2.16 



is 



(5π 12) 








+ 








cm. 








    








O 








B 








A 








6 cm 








Figure 2.16 








Find the exact area of 










(i)  



   the sector AOB 








(ii)  



  the triangle AOB 








(iii)  



  the shaded segment. 











⑤ 



  A 



circle, centre O, has two radii OA and 








OB. The 



line AB divides the circle into 








two regions with areas in the ratio 



3 :1. The 








angle AOB 



is 



 



(radians). 








Show that 








sin 








π 








2 








u 








u 








− 








= 



. 








⑥ 



   (i) 



  Show that the perimeter of the shaded 








segment in Figure 2.17 



is 



r 








2 



sin 



2 








u 








u 








( 








) 








+ 








. 








  



  








r 








θ 








Figure 2.17 










(ii)  



   Show that the area of the shaded 











segment 



is 








− 








u u 








r 



( 



sin 



) 








1 








2 








2 








. 








Exercise 2.2 
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⑦ 



  The silver brooch illustrated 



in 



Figure 2.18 



is 











in 



the shape 



of 



an ornamental cross. 








    



Figure 2.18 








The dark shaded areas represent where the 








metal 



is 



cut away. Each 



is 



part 



of a 



sector 



of a 








circle 



of 



angle 



π 








4 








and radius 



1.8cm. 








The overall diameter of the brooch 



is 



4.4 cm, 








and the diameter of the centre 



is 1 



cm. The 








brooch 



is 1 



mm thick. 








Find the volume of silver in the brooch. 








⑧ 



  In the triangle OAB in Figure 2.19, 








OA 



= 3 



m, OB 



= 8 



m and angle AOB 



= 



π 








12 








. 








A 








B 








O 








8m 








3m 








π 








12 








not to scale 








Figure 2.19 








Calculate, correct to 



2 



decimal places 










(i)  



   the length of AB 








(ii)  



  the area of triangle OAB. 













⑨ 



  The plan of an ornamental garden in 











Figure 2.20 shows two circles, centre O, 








with radii 



3 



m and 



8 



m. 








O 








A 








P 








B 








Q 








not to scale 








12 








� 








4 








� 








Figure 2.20 








Grass paths of equal width are cut 








symmetrically across the circles. 








The brown areas represent flower beds. 








BQ and AP are arcs of the circles. 








Triangle OAB 



is 



the same triangle 



as 








shown in Figure 2.19. 








Given that angle POA 



= 



π 








4 








, 



calculate the 








area of 










(i)  



   sector OPA 








(ii)  



  sector OQB 








(iii)  



  the flower bed PABQ. 













⑩ 



    (i) 



   Find the area of the shaded segment in 











Figure 2.21. 








5π 








6 








O 








B 








A 








4cm 








Figure 2.21 










(ii)  



   Figure 2.22 shows two circles, each 











of radius 



4 



cm, with each one passing 








through the centre of the other. 








B 








A 








Figure 2.22 








Calculate the shaded area. 










⑪ 



  Figure 2.23 shows the cross-section of 











three pencils, each of radius 3.5 mm, held 








together by 



a 



stretched elastic band. 








Find 










(i)  



   the shaded area 








(ii)  



  the stretched 











length of the 








band. 








Figure 



2.23 
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Small-angle approximations 








3 



Small-angle approximations 








Figure 2.24 shows the graphs of 



y 



= 



, 



y 



= 



sin 



 



and 



y 



= 



tan 



 



on the same axes, 








for 



0 



¯ 



 



¯ 








π 








2 








. 








y 



= 



θ 








y 



= sin 



θ 








y 



= tan 



θ 








2 








1 








O 








π 








2 








θ 








In 



this graph, 



θ 



is 



measured 








in 



radians, and the same scale 








is 



used on both axes. 








y 








Figure 2.24 








From this, you can see that for small values of 



, 



where 



 



is 



measured in radians, 








both sin 



 



and tan 



 



are approximately equal to 



. 








To prove this result, look 



at 



Figure 2.25. PT 



is a 



tangent to the circle, radius 








r 



units and centre O. 








T 








Q 








r 








r 








O 








P 








r 



tan 



θ 








θ 








Figure 2.25 








Area of sector OPQ 








r 








1 








2 








2 








u 








= 








Area of triangle OPQ 








r 



sin 








1 








2 








2 








u 








= 








Area of triangle OPT 








r 



tan 








1 








2 








2 








u 








= 








When 



 



is 



very small, these three areas are very close in size. 








θ 








r 








Figure 2.26 








So 



r 








r 








r r 








sin 








tan 








sin 








tan 








1 








2 








1 








2 








1 








2 








2 








2 








u 








u 








u 








u 








u 








u 








≈ 








≈ 



× × 








⇒ ≈ 








≈ 








u 



must be in radians for this  








formula to work! 








Area of triangle is  



1 








2 








 ab 



sin C. 








Using  



1 








2 



 × base × height. 








Discussion point 








➜ 



Why does  need to  








be in radians? 
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TECHNOLOGY 








Use a graphic calculator or graphing software to draw y = , y = sin  and  








y = tan  on the same axes, for 0 <  < 0.2 radians. Notice how close the graphs  








are (you can also see this by looking at Figure 2.24). This suggests that for  








small values of , sin  ≈  and tan  ≈ . 








The small-angle 



approximation 



for cos 



 








The result for cos 



 



can be derived by considering 



a 



right-angled triangle drawn 








on 



a 



unit circle (Figure 



2.27).The 



angle 



 



is 



small and in radians. 








O 








P R 








1 








Q 








θ 








sin 



θ 








cos 



θ 








θ 








OP 



is the radius which 








is 



1, 



so 



RP 



= 1 − 



cos 



θ. 








1 − 



cos 



θ. 








The length 



of the arc 








PQ 



is 



1 × 



θ 



= 



θ 



as 








the 



radius 



is 



1 



unit. 








Figure 2.27 








In the right-angled triangle PQR, PQ 



≈ 



 



when 



 



is 



small. 








Using right-angled trigonometry 








cos 



 








u 








OR 








1 








OR cos 








= 








⇒ 








= 








and 








sin 



 








u 








RQ 








1 








RQ sin 








= 








⇒ 








= 








Pythagoras’ theorem gives PQ 








2 








= 



PR 








2 








+ 



RQ 








2 








(1 cos 



) 



sin 








2 








2 








2 








u 








u 








u 








≈ − 








+ 








1 



2cos cos sin 








2 








2 








2 








u 








u 








u 








u 








≈ − 








+ 








+ 








u 








u 








1 



2cos 



1 








2 








≈ − 








+ 








u 








u 








2 



cos 








2 








2 








≈ − 








u 








u 








cos 








1 2 








2 








≈ − 








All of these approximations are very good for 



−0.1 



< 



 



< 



0.1 radians. 








The length  








of the arc is  








approximately  








the same as  








the hypotenuse  








of triangle  








PQR. 








sin 








2 








  + cos 








2 



  ≡ 1,  








see p 137. 








Make cos  the subject. 








Discussion points 








➜ 



What do you think  








is meant by the  








expression ‘very  








good’ here? 








➜ 



Quantify this  








by calculating  








the maximum  








percentage error. 








Expand brackets. 

















24 








Solution 








(i) When 



 



and 



2 



are both small 








cos 








1 2 








2 








u 








u 








≈ − 








and 








cos 



2 








1 








(2 



) 








2 








1 2 








2 








2 








u 








u 








u 








≈ − 








≈ − 








Using these approximations, when 



 



is 



small 








cos cos 



2 








1 2 








1 2 








3 








2 








2 








2 








2 








u 








u 








u 








u 








u 








( 








) 








− 








≈ − 








 








 








 








 








 








 



− − 








≈ 








(ii) 



  cos 








cos 



2 








3 








2 








2 








2 








2 








u 








u 








u 








u 








u 








− 








≈ 








≈ 



3 








2 








Hence 



lim cos 








cos 



2 








3 








2 








0 








2 








u 








u 








u 








u 








− 








= 








→ 








Check this result by  








substituting in values of   








(in radians) starting with  








 



= 



0.2 and decreasing in  








steps of 



0.02. 








Example 2.3 








(i) 








Find an approximation for cos 



 



− 



cos 



2 



when 



 



and 



2 



are both small. 








(ii)     Hence find 








lim cos 








cos 



2 








0 








2 








u 








u 








u 








− 








θ 



→ 








. 








① 



  When 



 



is 



small, find approximate 








expressions for the following. 








(i)  








tan 








u u 








(ii)  



1 



cosu 








− 








(iii)  



cos 



2u 








(iv)  



sin 








tan 








u 








u 








+ 








② 



  When 



 



is 



small enough for 



 








3 








to be 








ignored, find approximate expressions for 








the following. 








(i)  








sin 








1 



cos 








u u 








u 








− 








(ii)  



cos cos 



2 








u 








u 








(iii)  








tan 








1 cos 2 








u u 








u 








− 








(iv)  








cos4 








cos 



2 








sin 



4 








sin 



2 








u 








u 








u 








u 








− 








− 








③ 



   (i)  



    Find an approximate expression for 








sin 



2 



+ 



tan 



3 



when 



 



is 



small enough 








for 



3 



to be to be considered 



as 



small. 










(ii)  



   Hence find 











  








lim sin 



2 



tan 



3 








0 








u 








u 








u 








u 








+ 








→ 








④ 



   (i) 



    Find an approximate expression for 








1 



− 



cos 



 



when 



 



is 



small. 










(ii)  



   Hence find 











u 








u u 








u 








lim 



1 



cos 








4 



sin 








0 








− 








→ 








Exercise 2.3 








Small-angle approximations 








This means ‘the limit as  








 tends to zero’. 
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⑤ 



   (i) 



    Find an approximate expression for 








1 



− 



cos 



4 



when 



 



is 



small enough for 








4 



to be considered 



as 



small. 








(ii)  



   Find an approximate expression for 








tan 








2 








2 



when 



 



is 



small enough for 



2 








to be considered 



as 



small. 










(iii)   



   Hence find 











u 








u 








u 








lim 



1 



cos4 








tan 



2 








0 








2 








− 








→ 








⑥ 



  Use 



a 



trial and improvement method to 








find the largest value of 



 



correct to 



2 








decimal places such that 








sin 








tan 








u 








u 








u 








= 








= 








where 



 



is 



in radians. 








⑦ 



  Use small-angle approximations to find the 








smallest positive root of 








cos 



x 



+ 



sin 



x 



+ 



tan 



x 



= 



1.2 








Why can’t you use small-angle 








approximations to find 



a 



second root to this 








equation? 










⑧ 



  There are regulations in fencing to ensure 











that the blades used are not too bent. 








For épées, the rule states that the blade 








must not depart by more than 



1 



cm from 








the straight line joining the base to the 








point (see Figure 2.28a). For sabres, the 








corresponding rule states that the point 








must not be more than 



4 



cm out of line, i.e. 








away from the tangent 



at 



the base of the 








blade (see Figure 2.28b). 








¯1 



cm 








¯4 



cm 








θ θ 








O 








B 








A 








r 








E 








C 








D 








Figure 2.28 








Suppose that 



a 



blade AB 



is 



bent to form 








an arc of 



a 



circle of radius 



r, 



and that AB 








subtends an angle 



2 at 



the centre O of the 








circle. Then 



with the notation of Figure 








2.28c, the épée bend 



is 



measured by CD, 








and the sabre bend by BE. 








(i)  



Show that CD 



= 



r 



(1 



− 



cos 



). 








(ii)  



Explain why angle BAE 



= 



. 








(iii)  



Show that BE 



= 



2r 



sin 








2 



. 








(iv)  



Deduce that 



if 



 



is 



small, BE 



≈ 



4CD 








and hence that the rules for épée and 








sabre amount to the same thing. 








(b) 








(a) 








(c) 








LEARNING OUTCOMES 








Now you have finished this chapter, you should be able to 










➤ 



convert between degrees and radians 








➤  



know and use exact values of sin  and cos  for u 








0, π 








6 








, π 








4 








, π 








3 








, π 








2 








,π 








= 








 and  








multiples of these 








➤  



know and use exact values of tan  for  








0, π 








6 








, π 








4 








, π 








3 








,π 








u 



= 








 and multiples   








of these 








➤  



know and use the graphs of sin , cos  and tan , working with radians 








➤  



find the arc length and area of a sector of a circle, working with radians 








➤  



use the small–angle approximations for sin, cos and tan.  
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Small-angle approximations 








KEY POINTS 








1 



  2π radians = 360° 








To convert degrees into radians you multiply by  



π 








180 








. 








To convert radians into degrees you multiply by  



180 








π 








. 








2  



  Table 2.3 








 



° 








0° 








30° 








45° 








60° 








90° 








 radians 








0 








π 








6 








π 








4 








π 








3 








π 








2 








sin  








0 








1 








2 








2 








2 








3 








2 








1 








cos 



 








1 








3 








2 








2 








2 








1 








2 








0 








tan  








0 








3 








3 








1 








3 








undefined 








3 








–1 








–2 








0 








2 








1 








y 








2 








� 








2 








� 








2 








2� 








3� 








2 








3� 








� 








� 








– 








– 








– 








y 



= 



sin 



θ 








Period 



is 



2� 



radians. Rotational symmetry 



of 








order 



2 



about 



the 



origin. Oscillates between 








–1 



and 



1, 



so 



–1 



р 



sin 



θ 



р 



1. 








y 



= 



cos 



θ 








Period 



is 



2π 



radians. Symmetrical 








about 



y-axis. 



Oscillates between 








–1 



and 



1, 



so 



–1 



р 



cos 



θ 



р 



1. 








y 



= 



tan 



θ 








Period 



is 



radians. Rotational 








symmetry 



of 



order 



2 



about 



the 








origin. Asymptotes 



at 








� 








2 








� 








2 








3 








2 








� 








± ± 



... 








, 








Figure 2.29 








4  



Area of a sector 








Arc length  








5  



For small angles where −0.1  



¯   ¯ 0.1 radians, you can use the following  








approximations.  








  








 sin 



 



≈ 



 








  








tan  ≈  








  








u 








u 








cos 








1 2 








2 








≈ − 








FUTURE USES 








n  








You will often need  








to use radians in  








the trigonometry  








work in Chapters 6  








and 8. 








n  








Radians are also  








important when  








you differentiate  








and integrate  








trigonometric  








functions (covered in  








Chapters 9 and 10). 








θ 








r 








r 








Figure 2.30 








u 








u 








r 








r 








= 








= 








1 








2 








2 








u 








u 








r 








r 








= 








= 








1 








2 








2 
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Review: Algebra 



1 








1 Surds and indices 








Surds 








Sometimes you need to simplify expressions 








containing 



surds. 








Remember 








■  








= 








x 








x 








( ) 








2 








■  








= 








xy 








x y 








Addition, subtraction and multiplication follow the same rules 



as 



any other 








algebraic manipulation. 








■  








Addition: 








+ 








+ − 








= − 








(2 








3) (3 4 3) 5 3 3 








■  








Subtraction: 








+ 








− − 








= − + 








(2 








3) (3 



4 



3) 



1 5 3 








■  








Multiplication: 








+ 








− 








= + 








− − 








= − 








− 








= − − 








(2 








3)(3 



4 



3) 



6 3 3 8 3 4 3 3 








6 5 3 



12 








6 5 3 








When dividing by 



a 



surd you need to 



rationalise the 








denominator 



as 



shown in Example R.1 overleaf. 








Notice 



that in 








this case the 



final 








term 



is a 



rational 








number. 








R 








A 



surd 



is a 



number 








involving 



a root 



(such 








as a 



square root) 



that 








cannot 



be 



written 



as a 








rational number. 








Seeing 



that there 








is 



nothing 



that is 








so 



troublesome 



to 








mathematical practice, 








nor that doth more 



molest 








and 



hinder calculations, 








than the 



multiplications, 








divisions, square 



and 








cubical extractions 



of 








great 



numbers 



... I began 








therefore 



to 



consider 



in 








my mind by what 



certain 








and ready art I might 








remove 



these 



hindrances. 








John Napier (1550–1617), 








the inventor of 



logarithms 

















28 








Surds and indices 








Example R.1 








Solution 








(i) 








= 








× 








= 








= 








5 








2 3 








5 








2 3 








3 








3 








5 3 








(2 3) 



3 








5 3 








6 








(ii) 








To rationalise this denominator you can make use of the result 








+ 








− = − 








a b a b a b 








( 








)( 








) 








2 2 








. 








− 








+ 








= 








− 








+ 








× 








− 








− 








= 








− 








− 








+ 








− 








= 








− 








− 








+ 








− 








= 








− 








− 








= 








− 








2 








3 








1 








3 








2 








3 








1 








3 








1 3 








1 3 








(2 








3)(1 3) 








(1 








3)(1 3) 








2 








3 2 3 3 








1 3 








5 3 3 








2 








3 3 5 








2 








6 



is a 



rational number. 








= × = 








2 3 3 2 3 6 








Multiply 



top and 



bottom 



by 



3. 








Multiplying 



top and 








bottom 



by 








− 








(1 3) 



. 








Simplify the following by rationalising the denominator. 








(i) 








5 








2 3 








(ii) 








− 








+ 








2 








3 








1 3 








Indices 








The rules for manipulating indices are: 








n  








Multiplication: 








× = 








+ 








a a a 








m n m n 








n  








Division: 








÷ = 








− 








a a a 








m n m n 








n  








Power 



of a 



power: 








= 








a 








a 








( ) 








m n 



mn 








n  








Power zero: 








= 








a 








1 








0 








n  








Negative indices: 








= 








− 








a 








a 








1 








m 








m 








n  








Fractional indices: 








a 








a 








n 








n 








1 



= 








Add the 



indices. 








Subtract 



the 



indices. 








Multiply 



the 



indices. 








Example R.2 








Solution 








(i) 








− 








x 








(2 



) 








2 3 








= 








× 








− 








x 








2 








( ) 








3 








2 3 








= 








− 








x 








8 








6 








Simplify the following. 








(i) 








− 








x 








(2 



) 








2 3 








(ii) 








x y 








16 








4 6 








(ii) 








x y 








16 








4 6 








= 








× 



x y 








16 








4 6 








= 



x y 








4 








2 3 








The denominator 








is now 



rational. 








TECHNOLOGY 








Most calculators will 








simplify expressions 








involving surds 



for 



you. 








You can use 



a 



calculator 








to 



check your work. 
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All 



exponential functions have 








similar graphs: 








■ 



all 



have 



the 



negative 



x-axis 



as 








an 



asymptote 








■ 



all 



pass through 



the 



point 



(0,1) 








■ 



all 



have 



a 



positive gradient 



at 








every point. 








Exercise R.1 








① 



  Simplify the following. 








(i) 








+ 








+ − 








(4 



2 



3) (2 



3 



3) 








(ii) 








+ 








− − 








(2 



3 2) 



(3 



2 2) 








(iii) 








− 








(3 



2 2) 








2 








(iii) 








− 








+ 








(3 



2 2)(3 2 2) 








② 



  Simplify the following by rationalising the 








denominator. 








(i) 








9 








3 








(ii) 








− 








5 








5 








5 








(iii) 








+ 








− 








4 2 2 








3 








2 








(iv) 








− 








5 








3 5 4 








③ 



  Evaluate the following. 








(i) 








− 








2 








5 








(ii) 



27 








1 








3 








(iii) 



25 








3 








2 








(iv) 








16 








9 








1 








2 








( ) 








− 








④ 



  Simplify the following, writing your answers in 








the form 



x 








n 








. 








(i) 








× 








x x 








4 3 








(ii) 








÷ 








x x 








4 3 








(iii) 








− 








x 








( ) 








3 2 








(iv) 








x 








8 








(v) 








x 








12 








3 








⑤ 



  Simplify the following. 








(i) 








× 








x y 








x y 








2 








3 








2 3 








3 2 








(ii) 








× 








x y 








x y 








2 3 








2 5 








(iii) 








÷ 








x y 








x y 








12 








4 








6 5 








2 3 








(iv) 








+ + 








+ 








x 








x x 








(1 



) 2 



(1 



) 








3 








2 








2 



Exponentials 



and 



logarithms 








Exponentials 








Exponent 



is 



another name for power or index: for example, when you write 








= 








x a 








n 








, 



a 



is 



the base and 



n 



can be referred to using any of the names power, 








index or exponent. 








A 



function of the form 



= 








y a 








x 








, 



where 



a 



is 



positive and 



x 



is 



the variable, 



is 



called 








an 



exponential function. 








O 








1 








y 



= 



a 








x 








x 








y 








Figure 



R.1 
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Logarithms 








A 



logarithm 



is 



the inverse of an index: 








x a 








n 








x 








log 








n 








a 








= 








⇔ = 








for 



a 



(the base) 



> 



0 



and 



> 








x 



0. 








O 








1 








y 



= log 



ax 








x 








y 








Figure R.2 








When using the same scale on both axes, the graphs of 



= 








y a 








x 



and 



= 








y 








x 








log 



a 








are reflections of each other in the line 



= 








y 



x. 



This 



is 



because 








x 








log 



a 



and 



a 








x 








are 








inverse functions. 








O 








1 








1 








y 



= 



a 








x 








x 








y 








y 



= log 



a 



x 








Figure R.3 








The rules of logarithms are derived from those for indices: 








n  








Multiplication: 








= 








+ 








xy 








x 








y 








log 








log log 








n  








Division: 








x 








y 








x 








y 








log 








log log 








 








 








 








 








= 








− 








n  








Powers: 








= 








x n x 








log 








log 








n 








n  








Logarithm 



of 1: 








= 








log 



1 0 








n  








Reciprocals: 








y 








y 








log 








1 








log 








 








 








 








 








= − 








n  








Roots: 








= 








x 








n 








x 








log 








1 



log 








n 








n  








Logarithm 



to its 



own base: 








= 








a 








log 








1 








a 








Any positive number can be used 



as 



the base for 



a 



logarithm, but the two most 








common bases are 10 and the irrational number 2.718 28…, which 



is 



denoted 








by the letter 



e. 



Logarithms to base 



e 



are written 



as ln 



and on your calculator you 








will see that, just 



as 



log and 10 








x 



are inverse functions and appear on the same 








button, so are 



ln 



and 



e 










x 



. 











All 



logarithmic functions have 








similar graphs: 








n 



all 



have 



the 



negative 



y-axis 



as 








an 



asymptote 








n 



all 



pass through 



the 



point 



(1,0) 








n 



all 



have 



a 



positive gradient 



at 








every point. 








Exponentials and 



logarithms 
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Example R.3 








Solution 








Taking logarithms of both sides: 








3 








2 








log 3 








log 2 








x 








x 








= ⇒ 








= 








3 








2 








log 



3 








log 



2 








x 








x 








= ⇒ 








= 








x 



log 3 



log 



2 








⇒ 








= 








x 



log 



3 log 2 








⇒ 








= 








x 








log 2 








log 3 








⇒ 



= 



x 








log 



2 








log 



3 








⇒ 



= 








= 



0.631 (3 s.f.) 








You can use 



logs 








to any 



base. 








Solve the equation 








= 








3 








2 








x 








, 



giving your answer correct to 



3 



significant figures. 








Example R.4 








The number of people infected with 



a 



disease varies according to the 








formula 








= 








− 








− 








N 



200(1 



e 








) 








t 








0.004 








where 



N 



is 



the number of people infected and 



t 



is 



the time in weeks from 








the first detection of the disease. 








(i) 








How many people had the disease when 



it 



was first detected? 








(ii) 








How many months did 



it 



take until there were only 10 people 








infected? 








Solution 








(i) 








Initially, 



t 



= 



0. 








Substituting this into 



= 








− 








− 








N 



200(1 



e ) 








t 








0.004 








gives 








= 








N 



200. 








(ii) 








When 








= 








N 



10, 








= 








− 








− 








10 200(1 



e 








) 








t 








0.004 








⇒ 








= − 








− 








0.05 



1 e 








t 








0.004 








⇒ 



e 








0.95 








t 








0.004 








= 








− 








t 








0.004 








ln(0.95) 








⇒ − 








= 








⇒ 








t 



12.8233 








= 








So 



it 



took around 



3 



months for only 10 people to be infected. 








Reducing to linear form 








Logarithms are particularly useful when trying to find an equation to fit 








experimental data, since this often involves an exponential relationship, such 



as 








= 








y 



kx 








n 



or 



= × 








y a b 








x 



. 



Equations of this form can be written in linear form, 








which makes 



it 



easier to plot 



a 



graph and estimate its equation. 
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Example R.5 








In an experiment, Yuen obtains the data in Table R.1. 








Table R.1 








t 








1 








2 








3 








4 








5 








6 








y 








1.3 








3.4 








6.2 








9.8 








13.3         17.5 








Yuen thinks that the relationship between 



y 



and 



t 



is 



given by an equation of 








the form 








= 








y kt 








n 








. 








(i) 








Show that 



if 



Yuen 



is 



correct, then plotting log 



y 



against log 



t 



will give 








an 



approximately straight line graph. 








(ii) 








Plot this graph and use 



it 



to estimate the values of 



n 



and 



k. 








Solution 








(i) 








Taking logarithms of both sides: 








= 








= 








+ 








= 








+ 








= 








+ 








y 








kt 








k 








t 








k n t 








n t 








k 








log 








log 








log 








log 








log 








log 








log log 








n 








n 








This 



is 



of the form 



y 



= 



mx 



+ 



c, 



so plotting 



a 



graph of log 



y 



against 








log 



t 



should give 



a 



straight line with gradient 



n 



and vertical axis 








intercept 








k 








log 



 . 








(ii) 








Table R.2 








t 








1 








2 








3 








4 








5 








6 








y 








1.3 








3.4 








6.2 








9.8 








13.3 








17.5 








log 



t 








0 








0.301 








0.478 0.602 0.699 0.778 








log 



y 








0.114 








0.531 








0.792 0.991 1.124 1.243 








(17, 10) 








0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 








0.5 








0 








0 








1 








1.5 








2 








log 








y 








log t 








x 








x 








x 








x 








x 








x 








Figure R.4 








Gradient of graph 



≈ 



1.5 so 



≈ 








n 



1.5. 








Intercept 



≈ 



0.1 








⇒ 








≈ 








⇒ 








≈ 








≈ 








k 








k 








k 








log 








0.1 








10 








1.26 (3 s.f .) 








0.1 








⇒ 








≈ 








⇒ 








≈ 








≈ 








k 








k 








k 








log 








0.1 








10 








1.26 (3 s.f .) 








0.1 








⇒ 








≈ 








⇒ 








≈ 








≈ 








k 








k 








k 








log 








0.1 








10 








1.26 (3 s.f .) 








0.1 








⇒ 








≈ 








⇒ 








≈ 








≈ 








k 








k 








k 








log 0.1 








10 








1.26 



(3 s.f .) 








0.1 








Logarithms 



to 



base 



10 



have 








been used here, 



but any 



base 








can be 



used. 








TECHNOLOGY 








Use 



a 



spreadsheet 



or 








graphing software 



to 








verify that the equation 








y 



= 



1.26 



× 



t 








1.5 








is a 



good 








fit for 



the original data. 








Exponentials and 



logarithms 
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If 



the relationship 



is 



of the form 



= × 








y a b 








x 








, 



then taking logs of both sides gives 








= 








× 








= 








+ 








= 








+ 








y 








a b 








a 








b 








a x 








b 








log 








log( 








) 








log 








log 








log 








log 








x 








x 








In this case you would plot log 



y 



against 



x 



to obtain 



a 



straight line with gradient 








log 



b 



and intercept log 



a. 








Compare 



this 



with 



y 



= 



mx 



+ 



c. 








Exercise R.2 








① 



  Write the following expressions 



in 



the form 








x 








log where 



x 



is a 



number. 








(i) 








+ 








− 








log 



3 



log 



6 



log 



2 








(ii) 








+ 








log 



9 2 



log 



4 








1 








2 








(iii) 








+ 








− 








log 



1 



log 



2 



log 



3 








② 



  Write the following expressions 



in 



terms of 








x 








log 



. 








(i) 








− 








x 








x 








log 








2log 








4 








(ii) 








+ 








x 








x 








3 



log 








log 








3 








(iii) 








x 








log( 



) 








3 








③ 



  Solve the following equations. 








(i) 








= 








+ 








10 








5 








x 








2 








3 








(ii) 








= 








− 








10 








6 








x 








1 








(iii) 








= 








− 








e 








5 








x 








3 2 








(iv) 








= 








− 








e 








1 








x 








4 2 








④ 



  Solve the following equations, giving exact 








solutions. 








(i) 








+ = 








x 








log( 








1) 5 








(ii) 








+ + 








− 








= 








x 








x 








log( 








2) log( 








2) 



0 








(iii) 








+ = 








x 








ln( 








3) 



4 








(iv) 








+ + 








− 








= 








x 








x 








ln( 








2) ln( 








2) 



0 








⑤ 



  Make 



x 



the subject of the following formulae. 








(i) 








= 








− 








a 








x b 








log 



( 








) 








c 








(ii) 








= 








+ 








s 








e 








px 



q 








⑥ 



  The number 



N 



of bees in 



a 



hive 



is 



given 








by 








= 








N 



200 



e 








t 








0.1 








where 



t 



is 



the number of days 








since observations began. 








(i) 








How many bees were in the hive initially? 








(ii) 



Sketch the graph of 



N 



against 



t. 








(iii) 



What 



is 



the population of the hive after 








30 days? 








(iv) 



How good do you think this model is? 








Explain your answer. 








⑦ 



  During 



a 



chemical reaction, the concentration 








C 



(kg m 








−3 








) 



of 



a 



particular chemical 



at 



time 



t 








minutes 



is 



believed to be given by an equation 








of the form 



= × 








C p q 








t 



.The 



data 



in 



Table R.3 








are obtained. 








Table R.3 








t 








0 1 2 3 4 5 6 








C 



1.32 1.23 0.95 0.76 0.62 0.51 0.38 








(i) 








Explain why, 



if 



this relationship 



is 



correct, 








plotting 



a 



graph of log 



C 



against 



t 



will 








give an approximate straight line. 








(ii) 



Plot the graph and use 



it 



to estimate the 








values of 



p 



and 



q. 








⑧ 



  The data 



in 



Table R.4 are obtained 



in 



an 








experiment. 








Table R.4 








r 








1.2 2.3 2.8 3.2 3.9 








s 








5.4 7.6 8.3 9.0 9.8 








The relationship between 



r 



and 



s 



is 



believed to 








be of the form 



= 








s kr 








n 








. 








(i) 








Explain why, 



if 



this relationship 



is 



correct, 








plotting 



a 



graph of log 



s 



against log 



r 



will 








give an approximate straight line. 








(ii) 



Plot the graph and use 



it 



to estimate the 








values of 



k 



and 



n. 
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KEY POINTS 








1 



The laws of indices 








n 








× 








= 








+ 








a 








a 








a 








m 








n 








m n 








n 








÷ 








= 








− 








a 








a 








a 








m 








n 








m n 








n 








= 








a 








a 








( ) 








m n 








mn 








n 








= 








a 








1 








0 








n 








= 








− 








a 








a 








1 








m 








m 








n 








= 








a 








a 








n 








n 








1 








2 



n 








= 








x 








x 








( ) 








2 








= 








xy 








x y 








3 



When simplifying expressions containing square roots you need 



to 








n 



make the number under the square root 



as 



small 



as 



possible 








n 



rationalise the denominator 



if 



necessary. 








4 



A 



function 



of 



the form 



a 








x 



is 



described 



as 



exponential. 








5 



A 



logarithm 



is 



the inverse 



of an 



index: 








= 








⇔ 








= 








y 








x 








a 








x 








log 



a 








y 








6 



The laws of 



logarithms 



to any base 








n 








= 








+ 








xy 








x 








y 








log 








log 








log 








n 








( ) 



= − 








x 








y 








x 








y 








log 








log 








log 








n 








= 








log 



1 0 








n 








= 








x 








n 








x 








log 








log 








n 








n 








y 








y 








log 








1 








log 








 








 








 








 








= − 








n 








x 








x 








n 








x 








log 








log 








1 



log 








n 








n 








1 








= 








= 








n 








= 








a 








log 








1 








a 








7 



The 



function 



e 








x 








, 



where 



e 



is the 



irrational number 2.718 



28…, is 



called 



the 








exponential function. 








log 



e 



x 



is 



called the natural logarithm 



of 



x 



and 



is 



denoted 



by 



ln 



x. 








8 



Logarithms may 



be 



used 



to 



discover the relationship between variables 



in 








two types 



of 



situation. 








n 








= 








⇔ 








= 








+ 








y 



kx 








y n x 








k 








log 








log log 








n 








Plotting 








y 








log 



against 








x 








log 



gives 



a 



straight line where 



n 



is 



the gradient 








and 








k 








log 



is 



the 



y-axis 



intercept. 








n 



y 



ka 








y x a 








k 








log 








log log 








x 








= 








⇔ 








= 








+ 








Plotting 








y 








log 



against 



x 



gives 



a 



straight line where 








a 








log 



is 



the gradient 








and 








k 








log 



is 



the 



y-axis 



intercept. 








Exponentials and 



logarithms 
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Population, 



when 








unchecked, increases 








in a 



geometrical 








ratio. 



Subsistence 








increases 



only in an 








arithmetical 



ratio. A 








slight 



acquaintance 



with 








numbers 



will show the 








immensity 



of the first 








power in 



comparison 








with the 



second. 








Thomas Malthus 








(1766–1834) 








Sequences 



and 



series 








3 








Figure 3.1 



Human population, 1600–2050 



A.D. 



(projections shown 



by red 



crosses) 










➜ 



    What 



was the 



approximate 



world 



population 



when 



Malthus 



made his 











famous statement 



that is quoted on the left? 










➜ 



    Look at the 



graph and comment 



on 



whether things are turning out the way 











he 



predicted. What other information would you 



find 



helpful 



in 



answering this 








question? 








0 0 1600 1650 1700 1750 








Year 








1800 1850 1900 1950 








2043 








2024 








2011 








1999 
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1974 








1960 








1930 








1800 








2000 2050 








2 








4 








6 








Population 








(billions) 








8 








10 
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1 Definitions and notation 








Discussion point 








θ 








A 








Figure 3.2 










➜  



Each 



of 



the following sequences 



is 



related 



to 



one 



of 



the pictures 



in 



Figure 3.2. 











(i) 



  5000, 



10 



000, 



20 



000, 



40 



000, 



… 








(ii) 



  8, 0, 10, 10, 10, 10, 12, 8, 0, 



… 








(iii) 



5, 



3.5, 



0, 



−3.5, −5, −3.5, 



0, 



3.5, 



5, 



3.5, 



… 








(iv) 



20, 40, 60, 80, 



100, 



… 










➜  



For each 



of 



these sequences: 











(a) 



 identify which picture 



it 



goes with 








(b) 



 give the next few 



numbers 



in the 



sequence 








(c) 



 describe the pattern 



of 



numbers 








(d) 



 decide whether the sequence will 



go on for 



ever, 



or 



come 



to a 



stop. 








A 



sequence 



is 



an ordered set of objects with an underlying rule. Each of the 








numbers or letters 



is 



called 



a 



term 



of the sequence. 



It 



can be 



finite 



or 



infinite. 








Examples of sequences are: 








■  








1, 3, 



5, 7, 



… 








■  








… 








1 








2 , 1 








4 , 1 








8 , 1 








16 , 








■  








■  








Monday, Tuesday, Wednesday, 



… 
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Notation 








When writing the terms 



of a 



sequence algebraically, 



it is 



usual 



to 



denote the 








position 



of 



any term 



in 



the sequence 



by a 



subscript, 



so a 



general sequence may 








be 



written 



as 








… 








a a a a 








, , , , 








1 2 3 4 








In 



this case 



the 



general term could 



be 



written 



as 



a 



k. 








For the sequence 



1, 3, 5, 7, 



… 



, 








the 3rd term 



is 5 



= 



(2 



× 



3) 



− 



1 








the 4th term 



is 7 



= 



(2 



× 



4) 



− 



1. 








Continuing this pattern, the general term 



a 



k 



is 



written 



as 2k 



− 



1. 








Series 








When the terms of 



a 



sequence are added together, like 








1 



+ 



3 



+ 



5 



+ 



7 



+ … 








the resulting sum 



is 



called 



a 



series. 



The process of adding the terms together 



is 








called 



summation 



and 



is 



indicated by the symbol 



Σ 



(the Greek letter sigma), 








with the position of the 



first 



and last terms involved given 



as 



limits. 








You can write 








+ 








+ + + 








a 








a 








a 








a a 








1, 








2 








3 








4 








5 



as 



∑ 








= 








= 








a 



k 








k 








k 








1 








5 








or just 



as 



∑ 








= 








a 



k 








k 



1 








5 








or even 



∑ 



a 



k 








1 








5 








. 










If 



all the terms of 



a 



sequence are to be added, the sum may be written 



as 



∑ 



a 



k 



. 











A 



sequence may have an 



infinite 



number of terms, in which case 



it is 



called an 








infinite 



sequence 



and the corresponding series 



is 



called an 



infinite 



series. 








For example 








+ 








+ 








+ 








+ 








+ = + 








x 








x 








x 








x 








x 








x 








1 5 








10 








10 








5 








(1 



) 








2 








3 








4 








5 








5 








4 1 








π 








1 








3 








1 








5 








1 








7 



… 








( 








) 








− + − + 








= 








and 



− 








+ 








− 








x 








x 








x 








3! 








5! 








3 








5 








… 



= 



sin 



x. 








Defining 



sequences 








Definitions 



which give the value of 



a 



k 



directly are called 



deductive 



definitions 








(position to term). Alternatively, there 



is 



an 



inductive 



definition 



(term to 








term), where each term 



is defined by 



relating 



it to 



the previous one. Look 










at 



the sequence 



5, 8, 



11, 14, 



… 



.This 



sequence, and many others, can be 











written algebraically in more than one 



way. Try 



out the following formulae for 








yourself. 








■  








= + 








a 








k 








2 3 








k 








for 



k 



= 



1, 2, 3, 



… 








■  








= + 








− 








a 








k 








5 3( 








1) 








k 








for 



k 



= 



1, 2, 3, 



… 








■  








= 








a 








5 








1 








; 








= 








+ 








+ 








a 








a 








3 








k 








k 








1 








This series 



has a 








finite 



number 



of 








terms 



(6). 








This formula 



has the 



advantage 








that it 



contains both 



the 



number 








5, 



which 



is the first 



term, 



and the 








number 



3, 



which 



is the 



difference 








between the terms. 








x 



is 



measured 



in 



radians. 








ACTIVITY 3.1 








Look 



at 



the series 



for 








π 



and 



for sin 



x. 








1 



  How many terms 










would you expect 








to 



need 



in 



each 








of 



these 



to 



give 



a 








result accurate 



to 








2 



decimal places? 











2 



  See how good your 










estimates are 



by 








adding terms 



on 








your calculator. 











In this 



case, substituting 



= 








k 



1 



gives 



= + = + = 








a a 



3 5 3 8 








2 1 








, 








substituting 



= 








k 



2 



gives 



= + = + = 








a 








a 








3 8 3 



11 








3 








2 








, etc. 








Both 



of 



these series have 



an 








infinite 



number 



of 



terms. 
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Example 3.1 








A 



sequence 



is 



defined deductively by 



= − 








a 








k 








3 1 








k 








for 



k 



1,2,3, 



… 








= 








. 








(i) 








Write down the first six terms of the sequence, and describe the 








sequence. 








(ii) Find the value of the series 



∑ 








= 








= 








a 



k 








k 








k 








1 








6 








. 








Arithmetic sequences 








A 



sequence in which consecutive terms differ by the addition of 



a 



fixed (positive 








or negative) number 



is 



described 



as 



arithmetic. 



This number 



is 



called the 








common difference. 








The general form of an arithmetic sequence 



is 



a a d a d a d 








, , 2 , 3 



,… 








+ + + 








, 



where 








the first term 



is 



a 



and the common difference 



is 



d. 








Thus the sequence 



5 8 



11 14 



… 



is 



arithmetic with 



= 








a 



5 



and 



= 








d 



3. 








You will look 



at 



arithmetic sequences in more detail later in the chapter. 








Geometric sequences 








A 



sequence in which you find each term by multiplying the previous one 








by 



a 



fixed number 



is 



described 



as 



geometric; 



the fixed number 



is 



called the 








common ratio. 








The general form of 



a 



geometric sequence 



is 



a ar ar ar 








, , , , 








2 3 








… 



, 



where the first 








term 



is 



a 



and the common ratio 



is 



r. 








Thus the sequence 10 20 40 80 



… 



is a 



geometric sequence with 



= 








a 



10 








and 



= 








r 



2 . 








×2 ×2 ×2 








Solution 








(i) 








Substituting 



k 



= 



1, 2, 3, 



… 



6 



in 



= − 








a 








k 








3 1 








k 








gives 








= 








− = 








a 








3(1) 



1 2 








1 








= 








− = 








a 








3(2) 



1 5 








2 








= 








− = 








a 








3(3) 



1 8 








3 








= 








− = 








a 








3(4) 



1 



11 








4 








= 








− = 








a 








3(5) 



1 



14 








5 








= 








− = 








a 








3(6) 



1 



17 








6 








So 



the sequence 



is 2, 5, 8, 



11, 14, 17, which starts with 



2 



and then 








adds 



3 



each time. 








(ii) 








∑ 








= 








= 








a 



k 








k 








k 








1 








6 








= 








+ + + + + 








a a a a a a 








1 








2 








3 4 5 6 








= 



2 



+ 



5 



+ 



8 



+ 



11 



+ 



14 



+ 



17 








= 



57 








+3 








+3 








+3 
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Example 3.2 








Find the common ratio for the geometric sequence 



2, , , , 








1 








2 








1 








8 








1 








32 



… 








− − 








Geometric sequences are also dealt with in more detail later in the chapter. 








Periodic 



sequences 








A 



sequence which repeats itself 



at 



regular intervals 



is 



called 



periodic. 



In the case 








of the pizza take-away in Figure 3.2, the number of hours 



it is 



open each day 








forms the sequence 








= 








a 








8 








1 








, 








= 








a 








0 








2 








, 








= 








a 








10 








3 








, 








= 








a 








10 








4 








, 








= 








a 








10 








5 








, 








= 








a 








10 








6 








, 








= 








a 








12 








7 








, 








(Sun) 








(Mon) 








(Tues) 








(Wed) 








(Thurs) (Fri) (Sat) 








= 








a 








8 








8 








, 








= 








a 








0 








9 








, 



… 








(Sun) 








(Mon) 








There 



is 



no neat algebraic formula for the terms of this sequence but you can 








see that 








= 








= 








a 








a a 








a 








, 








8 








1 9 








2 



and so on. 








In general, this sequence can be written 



as 








= 








+ 








a 








a 








k 








k 








7 








for 



k 



= 



1, 2, 3, 



… 








This sequence 



is 



periodic with period 



7 



since each term 



is 



repeated after seven terms. 








A 



sequence for which 








= 








+ 








a 








a 








k p 








k 








for 



k 



= 



1, 2, 3, 



… 



(for 



a 



fixed integer 



p) 








is 



periodic. The period 



is 



the smallest positive value of 



p 



for which this 



is 



true. 








Increasing and 



decreasing sequences 








A 



sequence 



is 



increasing 



if 



each term of the sequence 



is 



greater than the term 








immediately preceding it. 








For example 








■  








2, 5, 8, 



11, 



… 



is 



an increasing arithmetic sequence with 



a 



common difference 



of 3. 








■  








2, 6, 



18, 54, 



… 



is 



an increasing geometric sequence with 



a 



common ratio of 



3. 








Solution 








The first term, 



a 



= 



2 



and the second term 



ar 








1 








2 








= − 



. 



Hence 








= 








r 








ar 








a 








= 








− 








2 








1 








2 








⇒ 



common ratio 



= 



− 



1 








4 








. 








It 



may be written algebraically 



as 








= × 








a 








5 2 








k 








k 








for 



= 








k 



1, 2, 3, 



… 








(deductive definition) 








or 



as 








= 








a 








10; 








1 








= 








+ 








a 








a 








2 








k 








k 








1 








for 



k 



= 



1, 2, 3, 



… 








(inductive definition). 
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■  








1, 4, 9, 



16, 



… 



is 



the increasing sequence of the squares of positive integers. 








■  








0.9, 0.909, 0.90909, 0.9090909, 



… 



is 



an increasing sequence which converges 








to 



10 








11 








. 








Similarly 



a 



sequence 



is 



decreasing 



if 



each term of the sequence 



is 



smaller than 








the term immediately preceding it. 








For example 








■  








9, 5, 1, 



−3, … 



is a 



decreasing arithmetic sequence with 



a 



common 



difference 








of 



−4. 



This sequence 



diverges. 








■  








, , , , 








1 








2 








1 








4 








1 








8 








1 








16 








… 



is a 



decreasing geometric sequence with 



a 



common ratio of 



1 








2 








. 










       








This sequence 



converges to zero. 








■  








1 








2 








, 2 








3 








, 3 








4 








, 4 








5 








,… 



is 



an increasing sequence with general term 








= + 








a 








k 








k 



1 








k 








. 








This sequence converges to 



1. 








Example 3.3 








A 



sequence 



is defined 



by 








= − 








a 








( 1) 








k 








k 



for 



k 



= 



1, 2, 3, 



… 








(i) 








Write down the 



first 



six terms of the sequence and describe its 








pattern in 



as 



many ways 



as 



you can. 








(ii) 








Find the value of the series 



∑ 



a 



k 








2 








5 








. 








(iii) Describe the sequence 



defined 



by 



= + − × 








b 








5 ( 1) 2 








k 








k 








for 



k 



= 



1, 2, 3, 



… 








Solution 








(i) 








= − = − 








a 








( 1) 








1 








1 








1 








= − 








= 








a 








( 1) 








1 








2 








2 








= − 








= − 








a 








( 1) 








1 








3 








3 








= − 








= 








a 








( 1) 








1 








4 








4 








= − 








= − 








a 








( 1) 








1 








5 








5 








= − 








= 








a 








( 1) 








1 








6 








6 








The sequence 



is 



−1, +1, −1, +1, −1, +1, … 



. 








It is 



periodic with period 



2. 








It is 



also geometric with 



first 



term 



−1 



and common ratio 



−1. 








(ii) 



∑ 



a 



k 








2 








5 








= 








+ + + 








a 








a a a 








2 








3 








4 5 








= 



(+1) 



+ 



(−1) 



+ 



(+1) 



+ 



(−1) 








= 



0 








The 



terms take greater 



and 



greater negative values. 








The 



terms 



get 



closer 



and 








closer 



to 



zero without 








ever getting there. 








However small 



a 



number 








you can 



think 



of, 



there 








comes 



a 



point when 



all 








the 



subsequent terms 








are 



closer 



to 



zero. 








Note 








Multiplying 



an 








expression 



for 



a 



k 



by 








(-1) 








k 








ensures that the 








signs 



of 



the terms 








alternate between 








positive and negative. 



It 








is a 



very useful device. 
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Sequences 



with other 








patterns 








There are many other possible 








patterns in sequences. Figure 3.3 








shows 



a 



well-known children’s toy 








in which blocks with 



a 



square 








cross-section are stacked to make 



a 








tower. The 



smallest square shape has 








sides 



1 



cm long, and the length of the 








sides increase in steps of 



1 



cm. 








The areas of these squares, in cm 








2 








, 








form the sequence 








1 








2 








, 2 








2 








, 3 








2 








, 4 








2 








, 5 








2 








… 








or 



1, 4, 9, 



16, 25, 



… 








This 



is 



the sequence of square numbers and 



it 



does not fit any of the patterns 








described so far. 



If 



you subtract each term from the next, however, you will find 








that the differences form 



a 



pattern. 








Sequence 








1 








4 








9 








16 








25 



… 








Difference 








3 








5 








7 








9 



… 








These differences form an arithmetic sequence with common difference 



2. 








The next difference in the sequence will be 



9 



+ 



2 



= 



11, and so the next term in 








the areas sequence will be 25 



+ 



11 



= 



36, which 



is 



indeed 



6 








2 








. 








Looking 



at 



the differences between the terms often helps you to spot the pattern 








within 



a 



sequence. Sometimes you may need to look 



at 



the differences between 








the differences, or go even further. 








Figure 3.3 








Exercise 3.1 










① 



  For each of the following sequences, write 











down the next four terms (assuming the same 








pattern continues) and describe its pattern 



as 








fully 



as 



you can. 








(i) 








7, 



10, 13, 16, 



… 








(ii) 



8, 7, 6, 5, 



… 








(iii) 



4.1, 3.9, 3.7, 3.5, 



… 








(iv) 



3, 6, 



12, 24, 



… 








(v) 



64, 32, 16, 



8, 



… 








(vi) 



1, 



−2, 



4, 



−8, … 








(vii) 



2, 2, 2, 5, 2, 2, 2, 5, 2, 2, 2, 5, 



… 








(viii) 



1, 3, 5, 3, 1, 3, 5, 3, 



… 








Discussion point 








Identify some more 








examples 



of 



each 








of 



these types 



of 








sequence: arithmetic, 








geometric, periodic, 








increasing and 








decreasing. 



Try to find 








some examples that 








fit 



into more than one 








category, and 



for 



each 








of 



your sequences 








define 



a 



k. 








(iii) 








= + − × = 








b 








5 ( 1) 2 3 








1 








= + − × = 








b 








5 ( 1) 








2 7 








2 








2 








= + − × = 








b 








5 ( 1) 2 3 








3 








3 








= + − × = 








b 








5 ( 1) 2 7 








4 








4 








and so on, giving the sequence 



3, 7, 3, 7, 



… 



which 



is 



periodic with 








period 



2. 

















42 








② 



  Write down the first four terms of each of the 








sequences defined deductively below. In each 








case, 



k 



takes the values 



1, 2, 3, 



… 



. 








(i) 








= 








+ 








a 








k 








2 








1 








k 








(ii) 








= × 








a 








3 2 








k 








k 








(iii) 








= 








+ 








a 








k 








2 








2 








k 








k 










(iv) 



  a 











k 








1 








k 



= 








(v) 








= + − 








a 








5 ( 1) 








k 








k 








③ 



  Write down the first four terms of each of the 








sequences defined inductively below. 








(i) 








= 








+ 








+ 








a 








a 








3 








k 








k 








1 








; 



a 








5 








1 



= 



− 








12 








(ii) 








= − 








+ 








a 








a 








k 








k 








1 








; 



a 








5 








1 



= − 








(iii) 








= 








+ 








a 








a 








k 








k 








1 








1 








2 








; 



= 








a 








72 








1 








(iv) 








= 








+ 








+ 








+ 








a 








a 








k 








2 








1 








k 








k 








1 








; 



= 








a 








1 








1 








(v) 








= 








+ 








a 








a 








k 








k 








2 








; 



= 








= 








a 








a 








4, 








6 








1 








2 










④ 



  Find the value of the series 



∑ 



a 



k 











1 








4 








in each of the 








following cases. 








(i) 








= + 








a 








k 








2 5 








k 








(ii) 








= × 








a 








3 2 








k 








k 








(iii) 








= 








a 








k 








12 








k 








(iv) 








= + − 








a 








2 ( 1) 








k 








k 








(v) 








= 








= 








+ 








a 








a a 








3 , 








1 








k 








k 








1 








1 








⑤ 



  Express each of the following series in the 








form 



∑ 



a 



k 








n 








1 








, 



where 



n 



is 



an integer and 



a 



k 



is 



an 








algebraic expression for the 



kth 



term of the 








series. 








(i) 








1 



+ 



2 



+ 



3 



+ … + 



10 










(ii) 



   21 



+ 



22 



+ 



23 



+ … + 



30 








(iii) 



  210 



+ 



220 



+ 



230 



+ … + 



300 








(iv) 



  211 



+ 



222 



+ 



233 



+ … + 



310 








(v) 



   190 



+ 



180 



+ 



170 



+ … + 



100 











⑥ 



  Find the value of each of the following. 








(i) 








∑ 



k 








1 








5 








(ii) 








∑ 








∑ 








− 








k 








k 








2 








1 








20 








2 








1 








19 








(iii) 



∑ 



− 








k 








k 








( 








5 ) 








2 








0 








5 








(iv) 



∑ 



− − 








k k 








( 








( 1) ) 








2 








2 








1 








10 








(v) 








∑ 



+ − − 








k 








k 








(( 1) ( 1) ) 








2 








2 








1 








10 








⑦ 



  The Fibonacci sequence 



is 



given by 



1, 1, 2, 3, 








5, 8, 



… 



. 








(i) 








Write down the sequence of differences 








between the terms of this sequence, and 








comment on what you find. 










(ii) 



   Write down the next three terms of the 











Fibonacci sequence. 










(iii) 



  Write down the sequence formed by the 











ratio of one term to the next, 








+ 








a 








a 








k 








k 








1 








, 



using 








decimals. What 



do you notice about it? 








⑧ 



  The terms of 



a 



sequence are defined by 








= + − × 








a 








4 ( 1) 2 








k 








k 








. 








(i) 








Write down the first six terms of this 








sequence. 










(ii) 



   Describe the sequence. 








(iii) 



  What would be the effect of changing the 











sequence to 








(a) 








= + − 








a 








4 ( 2) 








k 








k 








(b) 








= + − 








a 








4 ( ) 








k 








k 








1 








2 



? 








⑨ 



  A 



sequence of numbers 



t t t 








, , , 








1 2 3 



… 



is 



formed 








by taking 



a 



starting value of 



t 



1 



and using the 








result 








= − 








+ 








t 








t 








2 








k 








k 








1 








2 








for 



k 



= 



1, 2, 3, 



… 








(i) 








If 



= 








t 








2 








1 








, 



calculate 



t 



2, 



t 



3 



and 



t 



4. 








Show that 



= 








t 








2 








5 








, 



and write down the 








value of 



t 



100. 










(ii) 



   If 



= 











t 








2 








1 








, 



show that all the terms of the 








sequence are the same. 








Find the other value of 



t 



1 



for which all the 








terms of the sequence are the same. 










(iii) 



  Determine whether the sequence 











converges, diverges or 



is 



periodic in the 








cases where 








(a) 








= 








t 








3 








1 








(b) 








= 








t 








1 








1 








(c) 








= 








− 








t 








5 1 








2 








1 








. 








[MEI] 








Definitions and notation 
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2 Arithmetic sequences and series 








When the terms of an arithmetic sequence are added together, the result 



is 



called 








an 



arithmetic 



series, 



or 



arithmetic progression. 








Notation 








The following conventions will 



be 



used: 








■  








first 



term, 








= 








a 








a 








1 








■  








number 



of 



terms 



= 



n 








■  








last term, 








= 








a 








l 








n 








■  








common difference 



= 



d 








■  








the general term 



= 



a 



k, 



i.e. 



the term 



in 



the 



kth 



position. 








For the arithmetic sequence 



5, 8, 



11, 14, 17, 20, 








a 



= 



5, 



n 



= 



6, 



l 



= 



20 and 



d 



= 



3. 








To 



find 



an expression for the general term, look 



at 



how the terms are formed: 








= 








a 








a 








1 








= 



5 








= + 








a 








a d 








2 








= 



5 



+ 



3 








= 



8 








= + 








a 








a 








d 








2 








3 








= 



5 



+ 



2(3) 








= 



11 








= + 








a 








a 








d 








3 








4 








= 



5 



+ 



3(3) 








= 



14 








= + 








a 








a 








d 








4 








5 








= 



5 



+ 



4(3) 








= 



17 








In each case, the number of 



differences 



that are added 



is 



one less than the 








position number 



of 



the term you are 



finding. This 



gives rise 



to 



the formula 








= + − 








a 








a k 








d 








( 








1) 








k 








. 








For the last term this becomes 








= + − 








l a n 








d 








( 








1) 



. 








These are both general formulae which apply to any arithmetic sequence. 








The 4th 



term 



is the first 








term 



(5) 



plus three times 








the 



common difference 



(3). 








⑩ 



Throughout time there have been many attempts 








to 



find a 



series that will calculate 



π, 



two 



of 



which 








are the following: 








… 








= − + − 








π 








4 








1 1 








3 








1 








5 








1 








7 








(James Gregory 1671 








and Gottfried Liebnitz 








1674) 








= 








+ 








+ 








+ 








π 








6 








1 








1 








1 








2 








1 








3 








1 








4 








. 








2 








2 








2 








2 








2 



+ 



… 








(Leonhard Euler 1748) 








(i) 








Which 



of 



these would you expect 



to 








converge more quickly? Why? 








(ii) 



   Use 



a 



spreadsheet to 



find 



out how many 








terms of each are needed to give an 








approximation to 



π 



which 



is 



correct to 








(a) 



   one d.p. 








(b) 



   two d.p. 








(c) 



   three d.p. 








(d) 



   four d.p. 
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Example 3.4 








How many terms are there in the arithmetic sequence 14, 18, 22, 



… 



, 



162? 








Solution 








This 



is 



an arithmetic sequence with first term 



a 



= 



14, last term 



l 



= 



162 and 








common difference 



d 



= 



4. 








Using the result 



= + − 








l a n 








d 








( 1) 



gives 








162 



= 



14 



+ 



4(n 



− 



1) 








n 








n 








n 








148 4( 



1) 








37 








1 








38 








⇒ 








= 








− 








⇒ 








= − 








⇒ 








= 








There are 38 terms. 








Example 3.5 








Find the 25th term in the arithmetic sequence 



7, 4, 1, 



… 



. 








Solution 








In this case 



a 



= 



7 



and 



d 



= −3 



(negative since the terms are decreasing). 








Using the result 








= + − 








a 








a k 








d 








( 1) 








k 








gives 








= + 








− × − 








a 








7 



(25 



1) ( 



3) 








25 








= −65 








The 25th term 



is 



−65. 








When Carl Friedrich Gauss (1777–1855) was 



at 



school 



he 



was always quick 



to 








answer mathematical questions. One day 



his 



teacher, hoping 



for 



half 



an 



hour 








of 



peace 



and 



quiet, 



told his 



class 



to add up all of the 



whole numbers 



from 



1 



to 










100. 



Almost 



at 



once the 



10-year-old 



Gauss announced that 



he 



had done 



it 



and 










that the answer was 



5050. 








Gauss had not, 



of 



course, added the terms one 



by 



one. Instead 



he 



wrote the 








series down twice, once 



in 



the given order and once backwards, and added the 








two together: 








S 



= 



1 



+ 



2 



+ 



3 



+ 



… 



+ 



98 



+ 



99 



+ 



100 








S 



= 



100 



+ 



99 



+ 



98 



+ 



… 



+ 



3 



+ 



2 



+ 



1 








Adding, 








2S 



= 



101 



+ 



101 



+ 



101 



+ 



… 



+ 



101 



+ 



101 



+ 



101 








Since there are 



100 



terms 



in 



the series, 








= 








× 








S 








2 








100 101 








⇒ = 








S 



5050. 








The numbers 



1, 2, 3, 



… 



, 



100 



form 



an 



arithmetic sequence with common 








difference 



1. 



Gauss’ method gives rise 



to a 



formula which can 



be 



used 



to find 








the sum 



of 



any arithmetic sequence. 








Historical note 








Arithmetic sequences and series 

















3 
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The sum of the terms of an arithmetic sequence 








It is 



common to use the letter 



S 



to denote the sum of the terms of 



a 



sequence. 








When there 



is 



any doubt about the number of terms that are being summed, 








this 



is 



indicated by 



a 



subscript: 



S 



4 



indicates 



4 



terms and 



S 



n 



indicates 



n 



terms. 








Example 3.6 








Find the sum of the arithmetic series 10 



+ 



7 



+ 



3 



+ … + 



(−20). 








Solution 








This arithmetic series has 



a first 



term of 10 and 



a 



common 



difference 



of 



−3. 








Using the formula 



= + − 








l a n 








d 








( 1) , 








−20 = 



10 



+ 



(n 



− 



1)(−3) 








n 








n 








30 



( 








1)( 3) 








10 








1 








⇒ − = − − 








⇒ 








= − 








so there are 11 terms. 








Writing down the series both forwards and backwards gives 








S 



= 



10 



+ 



7 



+ 



… 



+ 



(−17) 



+ 



(−20) 








and 








S 



= 



(−20) 



+ 



(−17) 



+ 



… 



+ 



7 



+ 



10 








Adding gives 2S 



= 



(−10) 



+ 



(−10) 



+ 



… 



+ 



(−10) 



+ 



(−10) 








Since there are 11 terms this gives 








2S 



= 



(−10) 



× 



11 








⇒ = − 








S 








55. 








Obviously 



it 



would be rather tedious to have to do this each time, so this 








method 



is 



generalised to give 



a 



formula for the sum of 



n 



terms of the arithmetic 








sequence that has 



a first 



term 



a 



and 



a 



common 



difference 



d: 








S 



= 








[a] 








+ 








[a 



+ 



d] 








+ 



… 



+ 



[a 



+ 



(n 



− 



2)d] 



+ 



[a 



+ 



(n 



− 



1)d] 








S 



= 



[a 



+ 



(n 



− 



1)d] 



+ 



[a 



+ 



(n 



− 



2)d] 



+ 



… 



+ 








[a 



+ 



d] 



+ 








[a] 








2S 



= 



[2a 



+ 



(n 



− 



1)d] 



+ 



[2a 



+ 



(n 



− 



1)d] 



+ 



… 



+ 



[2a 



+ 



(n 



− 



1)d] 



+ 



[2a 



+ 



(n 



− 



1)d] 








Since there are 



n 



terms 



it 



follows that 








= 








+ − 








S 








n a n 








d 








[2 



( 








1) ] 








1 








2 








. 








This result may also be written 



as 








= 








+ 








S 








n a l 








( 








) 








1 








2 








. 








TECHNOLOGY 








Use 



a 



spreadsheet 



to 








generate 



an 



arithmetic 








sequence 



and to 








calculate the sum 



of 



the 








terms. Verify that the 








formula gives the same 








answers. 








l 



= 



a 



+ (n − 



1)d 



is the 








last 



term. 
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Example 3.8 








Catherine has just completed her degree and her starting salary with her 








first employer 



is 



£21 000 per annum. She has been promised an increase of 








£1200 each year for the first five years and then 



a 



salary review 



at 



that point. 








(i) 








What 



is 



her salary in her fifth year? 








(ii) 








What will her total earnings be after five years? 








Solution 








(i) 








Using 








= + − 








a 








a 








k 








d 








( 1) 








k 








0 








, 








a 



5 



= 



21 000 



+ 



4(1200) 








= 



25 800. 








Catherine’s salary 



is 



£25 800. 








(ii)     Using 








= 








+ 








S 








n a l 








( 








) 








1 








2 








, 








total salary 



= 








+ 








(21 000 25 800) 








5 








2 








= 



£117 000. 








Her total earnings are £117 000. 








Solution 








This 



is 



an arithmetic series of 60 terms with first term 



2 



and common 








difference 



( ) 








− 



1 








3 








. 








Using 



= 








+ − 








S 








n a n 








d 








[2 



( 1) ] 








1 








2 








gives 








S 



= 








( ) 








+ × − 








 








 








 








 








4 



59 








60 








2 








1 








3 








= −470. 








Exercise 3.2 








① 



Are the following series arithmetic? 



If 



so, state 








the common difference and the tenth term. 








(i) 








5, 8, 



11, 14, 



… 








(ii) 



1, 4, 8, 



12, 



… 








(iii) 



5, 2, 



−1, −4, … 








(iv) 



3, 7, 



11, 15, 



… 








(v) 



−1, 



2, 3, 4, 



… 








(vi) 



2, 



3.5, 



5, 



6.5, 



… 








② 



The first term of an arithmetic sequence 



is 



−10 








and the common difference 



is 4. 








(i) 








Find the twelfth term. 








(ii) 



The last term 



is 



102. How many terms are 








there? 








③ 



The first term of an arithmetic sequence 



is 3, 








the common difference 



is 



−2 



and the last term 








is 



−71. 



How many terms are there? 








④ 



The first term of an arithmetic sequence 



is 



−5 








and the sixth term 



is 



10. 








(i) 








Find the common difference. 








(ii) 



Find the sum of the first 20 terms. 








⑤ 



The 



kth 



term of an arithmetic sequence 



is 








given by 








= − + 








a 








k 








7 4 








k 








. 








(i) 








Find the common difference. 








(ii) 



Write down the first four terms of the 








sequence. 








(iii) 



Find the sum of the first 15 terms. 








Example 3.7 








The arithmetic sequence 



2, 1 , 1 , 1, 



… 








2 








3 








1 








3 








has 60 terms. Find the sum of the 








sequence. 








Arithmetic sequences and series 
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3 Geometric sequences and series 








When the terms of 



a 



geometric sequence are added together, the result 



is 



called 








a 



geometric series, 



or 



geometric progression. 








Notation 








The following conventions will 



be 



used: 








■  








first 



term 








= 








a 








a 








1 








■ 








common ratio 



= 



r 








■ 








number 



of 



terms 



= 



n 








■ 








the general term 



= 



a 



k, 



i.e. 



the term 



in 



the 



kth 



position. 








Prior knowledge 








You need 



to know 



how 








to 



use logarithms. 








These are covered 



in 








Review: Algebra 



(1) on 








page 



30. 








⑥ 



The sixth term of an arithmetic sequence 



is 








twice the third term and the 



first 



term 



is 3. 








(i) 








Find the common 



difference. 








(ii) 



Find the sum of the 



first 



100 terms. 








⑦ 



  In an arithmetic sequence, the third term 








is 7 



and the common 



difference is 2. 








(i) 








Find the sum of the 



first 



ten terms. 








(ii) 



After how many terms does the sum equal 








528? 








⑧ 



   (i) 



Find the sum of all the odd numbers from 








49 to 149 inclusive. 








(ii) 



Find the sum of all the even numbers 








from 50 to 150 inclusive. 








(iii) 



Explain how you could deduce the answer 








to 



(ii) 



from the answer to 



(i). 








⑨ 



  A 



ball rolls down 



a slope. The 



distances 



it 








travels in successive seconds are 



4 



cm, 12 cm, 








20 cm, 28 cm, 



… 



. 








How many seconds elapse before 



it 



has 








travelled 



a 



total of 36 metres? 










⑩ 



  In an arithmetic sequence the 8th term 



is 











twice the 4th term and the 20th term 



is 



40. 








(i) 








Find the 



first 



term and the common 








difference. 








(ii) 



Find the sum of the terms from the 10th 








to the 20th inclusive. 










⑪ 



  50 m of adhesive tape 



is 



wound onto 



a 



reel of 










circumference 12 cm. Owing to the thickness 








of the tape, each turn takes 0.5 mm more tape 








than the previous one. 








How many complete turns are needed? 










⑫ 



  A 



piece of string 10 m long 



is 



to be cut into 










pieces, so that the lengths of the pieces form 








an arithmetic 



sequence. The 



lengths of the 








longest and shortest pieces are 



1 



m and 25 cm 








respectively. 








(i) 








How many pieces are there? 








(ii) 



   If 



the same string had been cut into 








20 pieces with lengths that formed an 








arithmetic sequence, and 



if 



the length of 








the second longest had been 92.5 cm, how 








long would the shortest piece have been? 








⑬ 



  The sum of the 



first 



n 



terms of 



a 








sequence 



is 



S 



n 



where 








= − 








S n n 








2 








n 








2 








. 








(i) 








Prove that the sequence 



is 



arithmetic, 








stating the 



first 



term and the common 








difference. 








(ii) 



   Find the sum of the terms from the 3rd to 








the 12th inclusive. 








⑭ 



  (i) 



 Rewrite the formula 








S 








n a n d 








1 








2 








[2 



( 1) ] 








n 



= 








+ − 








in the form 








= 








+ 








S 



pn qn, 








n 








2 








where 



p 



and 



q 



are 








constants, stating the values of 



p 



and 



q 



in 








terms of 



a 



and 



d. 








(ii) 



   Explain why the 



nth 



term of the sequence 








is 



given by 



− 



− 








S S 








n n 



1 








, 



and hence 



find a 








formula for the 



nth 



term in terms of 



p 



and 








q. 








(iii) 



  Show that any sequence where 



S 



n 



is 



of 








the form 








+ 








pn qn 








2 








is 



arithmetic and 



find 








the 



first 



term and common 



difference 



in 








terms of 



p 



and 



q. 
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For the geometric sequence 



3, 6, 



12, 24, 48, 








a 



= 



3, 



r 



= 



2 



and 



n 



= 



5. 








To find an expression for the general term, look 



at 



how the terms are formed: 








= 








a 








a 








1 








= 



3 








= 








a 








ar 








2 








= 








× 








3 2 








= 



6 








= 








a 








ar 








3 








2 








= 








× 








3 2 








2 








= 



12 








= 








a 








ar 








4 








3 








= 








× 








3 2 








3 








= 



24 








= 








a 








ar 








5 








4 








= 








× 








3 2 








4 








= 



48 








In each case, the power of 



r 



is 



one less than the position number of the term, for 








example 








= 








a 








ar 








4 








3 








.This 



can be written deductively 



as 








= 








− 








a 








ar 








k 








k 



1 








(the general term). 








The last term 



is 








= 








− 








a 








ar 








n 








n 



1 



. 








These are both general formulae which apply to any geometric sequence. 








Example 3.9 








Find the eighth term in the geometric sequence 



5, 



15, 45, 135, 



… 



. 








Solution 








In the sequence the first term 



a 



= 



5 



and the common ratio 



r 



= 



3. 








The 



kth 



term 



is 



given by 








= 








− 








a ar 








k 








k 



1 



. 








⇒ 








= × 








a 








5 3 








8 








7 








= 



10 935 








Example 3.10 








How many terms are there in the geometric sequence 








0.2, 



1, 5, 



25 



… 



, 



390 625? 








Solution 








The last (nth) term of 



a 



geometric sequence 



is 



given by 



= × 








− 








a a r 








n 








n 



1 








. 








In this case, 



a 



= 



0.2 and 



r 



= 



5, 



so 








× 








= 








⇒ 








= 








= 








⇒ 








= 








⇒ 








− 








= 








⇒ 








− = 








= 








⇒ 








= 








− 








− 








− 








n 








n 








n 








0.2 



5 








390 625 








5 








390 625 








0.2 








1 



953 125 








log 



5 








log 



1 



953 125 








( 








1) 



log 



5 



log 



1 



953 125 








1 








log 



1 



953 125 








log 



5 








9 








10 








n 








n 








n 








1 








1 








1 








There are 10 terms. 








You can 



solve 



the 



equation 








by 



taking logarithms 



of 



both 








sides. Alternatively, 



you can 








use trial and 



improvement 








to 



solve the equation. 
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The sum of the terms of a geometric sequence 








The next example shows you how to derive 



a 



formula for the sum of 



a 








geometric sequence. 








Example 3.11 








Find the value of 



2 



+ 



6 



+ 



18 



+ 



54 



+ … + 



1 



062 882. 








Solution 








This is a geometric series with first term 2 and a common ratio of 3.








Let 








S 



= 



2 



+ 



6 



+ 



18 



+ 



54 



+ 



… 



+ 



1 



062 882 








① 








Multiplying by the common ratio 



3 



gives 








3S 



= 



6 



+ 



18 



+ 



54 



+ 



… 



+ 



1 



062 882 



+ 



3 



188 646 








② 








Subtracting 



① 



from 



② 








3S 



= 








6 



+ 



18 



+ 



54 



+ 



… 



+ 



1 



062 882 



+ 



3 



188 646 








− 



S 



= 



2 



+ 



6 



+ 



18 



+ 



54 



+ 



… 



+ 



1 



062 882 








⇒ 








2S 



= −2 + 



0 



+ 



0 



+ 



0 



+ + 



0 








+ 



3 



188 646 








⇒ 








2S 



= 



3 



188 644 








⇒ 








S 



= 



1 



594 322 








Applying this to the general geometric series to give 



a 



formula for the sum: 








= + + 








+ 








− 








S a ar ar 








ar 








..... 








n 








2 








1 








① 








Multiplying by the common ratio 



r 



gives 








= + 








+ 








+ + 








rS 



ar ar 








ar 








ar 








.... 








n 








2 








3 








② 








Subtracting 



① 



from 



② 



as 



before gives 








− 








= − + 








r 








S 








a ar 








( 








1) 








n 








= 








− 








ar 








a 








n 








= 








− 








a r 








( 








1) 








n 








⇒ 








= 








− 








− 








S 








a r 








r 








( 








1) 








1 








n 








The sum 



of 



n 



terms 



is 



usually written 



as 



S 



n 



and that for an 



infinite 



sum 



as 



S 



or 



∞ 








S 



. 








For values of 



r 



between 



−1 



and 



+1, 



the sum of 



n 



terms 



is 



usually written as: 








= 








− 








− 








S 








a 








r 








r 








(1 








) 








1 








n 








n 



. 








This 



means 



that you are 



working 



with 








positive numbers inside 



the 



brackets. 








TECHNOLOGY 








Use 



a 



spreadsheet 



to 



generate 



a 



geometric sequence and 



to 



calculate the sum 



of 








the 



terms. Verify 



that the 



formula gives 



the 



same answers. 
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Infinite geometric series 








In the general geometric series 








… 








+ + + 








a ar ar 








2 








, 



the terms become 








progressively smaller in size 



if 



the common ratio, 



r, 



is 



between 



−1 



and 



+1. 








For 



−1 



< 



r 



< 1, 



→ 








r 








0 








n 








as 



→ ∞ 








n 








and so the formula for the sum of 



a 








geometric series, 








= 








− 








− 








S 








a 








r 








r 








(1 








) 








1 








n 








n 








may be rewritten for an 



infinite 



series 



as 








= 








− 








S 








a 








r 








1 








or 








= 








− 








∞ 








S 








a 








r 








1 








. 








For an 



infinite 



series to have 



a finite 



sum, the value 



of 



r 



must be such that 



−1< 



r 



<1. 








Solution 








(i) 








nth 



term 








ar 








n 



1 








= 








− 








n 








n 








n 








4 2 








1024 








2 








256 








log 



2 








log 256 








( 








1) 



log 



2 



log 256 








1 








log 256 








log 



2 








1 8 








n 








n 








n 








1 








1 








1 








⇒ 








× 








= 








⇒ 








= 








⇒ 








= 








⇒ − 








= 








⇒ 








− = 








⇒ 








− = 








− 








− 








− 








There are 



9 



terms in the sequence. 








(ii) 








= 








− 








− 








S 








a r 








r 








( 








1) 








1 








n 








= 








− 








− 








4(2 








1) 








2 1 








9 








= 



2044 








a 



= 



4, 



r 



= 



2 



and 



nth 



term 



= 



1024. 








Discussion point 








➜ 



What happens 



to an 








infinite 



series 



if 



r 



= +1 








or 



r 



= −1? 








Example 3.13 








Find the sum of the 



infinite 



series 



+ + + + + 








2 1 



1 








2 








1 








4 








1 








8 








… 



. 








Solution 








This series 



is 



geometric with 



a 



= 



2 



and 



= 








r 



1 








2 



so the sum 



is 



given by 








= 








− 








S 








a 








r 








1 








where 



a 



= 



2 



and 



= 








r 



1 








2 








. 








= − 








S 








2 








1 



1 








2 








= 



2 








1 








2 








= 



4. 








You saw this 



example 



in 








Chapter 



1, 



on 



page 



2. 








Example 3.12 








A 



geometric sequence has terms 



4, 8, 



16, 



… 



1024. 








(i) 








How many terms are there in the sequence? 








(ii)     Find the sum of the terms in this sequence. 








Note 








−1 < 



r 



< 



1 is 



sometimes 








written 



as |r | 



< 



1. |r| is the 








modulus 



of 



r 



(or 



mod 



r 



) 








and is the 



absolute value 








or 



magnitude 



of 



r. 








For 



example, 



|−1| 



= 



1, 








| 



− 








1 








2 



| 



= 








1 








2 



and |1| 



= 



1. 








So if the 



magnitude 



of 








the 



common ratio 



is less 








than 



1 



then 



the 



sequence 








converges. 
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Example 3.14 








The 



first 



term of 



a 



geometric progression 



is 



20 and the sum to 



infinity is 



13 



1 








3 








. 








Find the common ratio. 








Solution 








= 








− 








⇒ 








= 








− 








⇒ 








− = 








⇒ 








− = 








× 








= 








⇒ 








=− 








S 








a 








r 








r 








r 








r 








r 








1 








13 








20 








1 








(1 



) 



20 








1 








20 








1 








3 








40 








3 








3 








40 








3 








2 








1 








2 








Example 3.15 








The 



first 



three terms of an 



infinite 



geometric sequence are 



2, 



1.6 and 1.28. 








(i) 








State the common ratio of the sequence. 








(ii)     Which 



is 



the 



first 



term of the sequence with 



a 



value less than 0.5? 








(iii)    After how many terms will the sum be greater than 9? 








Solution 








(i) 








= 








a 



2 



and 








= 








ar 



1.6 








⇒ 



= 








r 








1.6 








2 








⇒ 



= 








r 








1.6 








2 








⇒ 



= 








r 



0.8⇒ 



= 








r 



0.8 








(ii) The 



nth 



term 



= 



× 








− 








2 



0.8 








n 



1 



. 








× 








< 








− 








2 



0.8 








0.5 








n 



1 








⇒ 



− 








< 








n 








( 








1) log 0.8 log 0.25 








⇒ 








< 








− 








0.8 








0.25 








n 



1 








⇒ 



− 








< 








n 








( 








1) log 0.8 



log 0.25 








⇒ 








< 








− 








log 0.8 








log 0.25 








n 



1 








⇒ − 








< 








n 








( 








1) 



log 0.8 log 0.25 








⇒ − 








< 








n 








( 








1) log 0.8 log 0.25 








⇒ 



− 








< 








n 








( 








1) log 0.8 log 0.25 








⇒ 



− > 








n 








( 








1) 








log 0.25 








log 0.8 








⇒ 



− 








< 








n 








( 








1) log 0.8 log 0.25… 








− > 








n 








( 








1) 



6.21 








⇒ 



− 








< 








n 








( 








1) log 0.8 log 0.25 



… 








> 








n 



7.21 








So 



it is 



the 8th term. 








➜ 








1 








2 








2 








1 








2 








1 








– 



2 








1 








– 



8 








1 








– 



6 








1 








– 








16 








1 








– 



4 








Figure 3.4 








Discussion point 








You saw 



a 



diagram like 








Figure 



3.4 on 



page 



3. 








➜ 



How does 



it 



illustrate 








Example 3.13? 








n 



is a 



number 



of 








terms 



so it 



must 



be 








a 



whole number. 








The log of any 



number 








less 



than 



1 



is 



negative, 








so you 



need 



to 



reverse 








the 



inequality since 



you 








are 



dividing 



by a 



negative 








amount. 








TECHNOLOGY 








Use 



a 



spreadsheet 



to 








generate this sequence 








and the sum 



of 



the 








series. How quickly does 








it 



converge? 



Try 



some 








other geometric series 








for 



which 



−1 < 



r 



< 



1. 
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(iii) 








= 








− 








− 








= 








− 








S 








2(1 0.8 



) 








(1 0.8) 








10(1 0.8 



) 








n 








n 








n 








− 








> 








10(1 0.8 



) 9 








n 








⇒ 



− 








> 








1 0.8 








0.9 








n 








⇒ 



− 








> 








1 



0.8 








0.9 








n 








⇒ 



− 








> 








1 0.8 








0.9 








n 








⇒ 








> 








0.1 0.8 








n 








⇒ 



− 








> 








1 0.8 








0.9 








n 








⇒ 








> 








log 0.1 log 0.8 








n 








⇒ 



− 








> 








1 0.8 








0.9 








n 








⇒ 








>n 








log 0.1 








log 0.8 








⇒ 



− 








> 








1 0.8 








0.9 








n 








⇒ 








<n 








log 0.1 








log 0.8 








⇒ 



− 








> 








1 0.8 








0.9 








n 








> 








n 



10.31… 








The sum will be greater than 



9 



after 11 terms. 








log 



0.8 



is 



negative 



so 








reverse 



the 



inequality. 








Note 








Logarithms have been 








used 



in 



this solution 








but since the numbers 








are small, 



it 



would also 








have been reasonable 



to 








find 



the answer using 



a 








trial and improvement 








method. 








Discussion point 








You need 



to be 



very careful when dealing with 



infinite 



sequences. 








Think about the following arguments: 








(i) 








S 



= 



1 



− 



2 



+ 



4 



− 



8 



+ 



16 



− 



32 



+ 



64 



− … 








⇒ 



S 



= 



1 



− 



2(1 



− 



2 



+ 



4 



− 



8 



+ 



16 



− 



32 



…) 








⇒ 



= − 








S 








S 








1 2 








⇒ 



= − 








S 








S 








1 2 








⇒ 



= − 








S 








S 








1 2 








⇒ 








= 








S 








3 








1 








S 



1 








3 








= 








(ii) 








S 



= 



1 



+ 



(−2 



+ 



4) 



+ 



(−8 



+ 



16) 



+ 



(−32 



+ 



64) 



+ … 








⇒ = 



− 








S 








S 








1 2 








S 



1 2 8 



16 








⇒ = 



+ + + 



… 








So 



S 



diverges towards 



+ 



`. 








(iii) 








S 



= 



(1 



− 



2) 



+ 



(4 



− 



8) 



+ 



(16 



− 



32) 



+ … 








… 








⇒ 



= − − − − 








S 








1 4 16 



… 








⇒ 



= − − − − 








S 








1 4 



16 








So 



S 



diverges towards 



−`. 








➜ 



What is 



the sum 



of 



the series: 



is it 








` ` 








+ − 








, , 








1 








3 








or 



something else? 








Modelling using 



sequences 



and series 








Compound interest 



is 



an example of geometric growth: investing £100 



at a 



rate 








of interest of 4% p.a. compounded annually will yield £100 



× 



1.04 after one 








year, £100 



× 



1.04 










2 











after two years and so on. In this example 



it is 



the geometric 








sequence 



that 



is 



important; the 



series 



has no practical relevance. 








Although population growth may be thought to follow 



a 



similar pattern, the 








annual percentage rate 



is 



unlikely to be constant, since 



it is affected 



by many 








external factors. 








Similarly, radioactive decay follows 



a 



geometric sequence, 



as 



shown in the next 








example. 








Discussion point 








➜ 



 What factors are 








likely 



to 



affect the 








annual percentage 








rate 



for 



population 








growth? 
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Example 3.16 








A 



sample of radioactive material 



is 



decaying. Initially, the sample contains 



N 








nuclei. The 



probability that any nucleus will decay in the course of one year 








is 



p. 



What 



is 



the expected number of nuclei remaining after 



y 



years? 








Solution 








At the end of the first year 



N 



0 



× 



p 



nuclei will have decayed. 








Number remaining, 



N 



1 



= 



N 



0 



− 



N 



0 



p 








= 



N 



0 



(1 



− 



p). 








Similarly, after the second year, 



N N 








p 








(1 



) 








2 








1 








= 








− 








= 



N 



0(1 



− 



p) 








2 








. 








Continuing this, the expected number 



of 



nuclei remaining after 



y 



years 



is 








N 



0(1 



− 



p) 








y 








. 








Exercise 3.3 








① 



  Are the following series geometric? 



If 



so, state 








the common ratio and the sixth term. 








(i) 








5, 



10, 20, 40, 



… 








(ii) 



1, 



−1, 



1, 



−1, 



1, 



… 








(iii) 



2, 4, 6, 8, 



… 








(iv) 



1, 



1.1, 1.11, 1.111, 



… 








(v) 



6, 3, 1 



1 








2 








, 



3 








4 








, 



… 








(vi) 



  2, 



−4, 



8, 



−16, … 








② 



  Write down the fifth term, the common ratio 








and the 



nth 



term of the following geometric 








progressions. 








(i) 








3, 



−6, 



12, 



… 








(ii) 



2, 1, 



1 








2 



, 



… 








(iii) 








… 








a 



ab ab 








, , , 








2 








③ 



  Which of the following geometric series 








converge? For each one that converges, find 








the sum to infinity. 








(i) 








First term 



8 



and common ratio 



1 








2 








− 








(ii) 



First term 



4 



and second term 



2 








(iii) 



First term 0.1 and second term 



1 








(iv) 



First term 



3 



and sixth term 



1 








81 








(v) 



First term 



4 



and common ratio 



−1 








④ 



(i) 



Find how many terms there are in the 








geometric sequence 



2, 4, 8, 



… 



2048. 








(ii) 



Find the eighth term of this sequence. 








(iii) 



Find the sum of all the terms of this 








sequence. 








⑤ 



  For each of the geometric sequences below, 








(a) 



find the common ratio and the 








number of terms 








(b) 



find the sum of the sequence. 








(i) 








5, 



10, 20, 



… 



10 240 








(ii) 



2, 6, 



18, 



… 



118 098 








(iii) 



8, 



−4, 



2, 



…, − 



1 








4096 








⑥ 



  The value of 



a 



car when new 



is 



£10 000 and 








each year its value depreciates by 15%. Use 








logarithms to find how many complete years 



it 








will be before the car 



is 



worth less than £500. 








⑦ 



  The fifth term of 



a 



geometric sequence of 








positive numbers 



is 



48 and the ninth term 



is 



768. 








(i) 








Find the common ratio. 








(ii) 



Find the first term. 








(iii) 



Find the sum of the first ten terms. 








(iv) 



How many terms are needed 



if 



the sum 



is 








greater than 



a 



million? 








⑧ 



  The first three terms of an infinite geometric 
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