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Preface


This book is intended as a text for a course in analysis, at the senior or first-year graduate level.


A year-long course in real analysis is an essential part of the preparation of any potential mathematician. For the first half of such a course, there is substantial agreement as to what the syllabus should be. Standard topics include: sequences and series, the topology of metric spaces, and the derivative and the Riemann integral for functions of a single variable. There are a number of excellent texts for such a course, including books by Apostol [A], Ruin [Ru], Goldberg [Go], and Royden [Ro], among others.


There is no such universal agreement as to what the syllabus of the second half of such a course should be. Part of the problem is that there are simply too many topics that belong in such a course for one to be able to treat them all within the confines of a single semester, at more than a superficial level.


At M.I.T., we have dealt with the problem by offering two independent second-term courses in analysis. One of these deals with the derivative and the Riemann integral for functions of several variables, followed by a treatment of differential forms and a proof of Stokes’ theorem for manifolds in euclidean space. The present book has resulted from my years of teaching this course. The other deals with the Lebesgue integral in euclidean space and its applications to Fourier analysis.







Prerequisites 


As indicated, we assume the reader has completed a one-term course in analysis that included a study of metric spaces and of functions of a single variable. We also assume the reader has some background in linear algebra, including vector spaces and linear transformations, matrix algebra, and determinants.


The first chapter of the book is devoted to reviewing the basic results from linear algebra and analysis that we shall need. Results that are truly basic are  stated without proof, but proofs are provided for those that are sometimes omitted in a first course. The student may determine from a perusal of this chapter whether his or her background is sufficient for the rest of the book.


How much time the instructor will wish to spend on this chapter will depend on the experience and preparation of the students. I usually assign Sections 1 and 3 as reading material, and discuss the remainder in class.







How the book is organized 


The main part of the book falls into two parts. The first, consisting of Chapters 2 through 4, covers material that is fairly standard: derivatives, the inverse function theorem, the Riemann integral, and the change of variables theorem for multiple integrals. The second part of the book is a bit more sophisticated. It introduces manifolds and differential forms in Rn, providing the framework for proofs of the n-dimensional version of Stokes’ theorem and of the Poincaré lemma.


A final chapter is devoted to a discussion of abstract manifolds; it is intended as a transition to more advanced texts on the subject.


The dependence among the chapters of the book is expressed in the following diagram:


[image: 002]


Certain sections of the books are marked with an asterisk; these sections may be omitted without loss of continuity. Similarly, certain theorems that may be omitted are marked with asterisks. When I use the book in our undergraduate analysis sequence, I usually omit Chapter 8, and assign Chapter 9 as reading. With graduate students, it should be possible to cover the entire book.


At the end of each section is a set of exercises. Some are computational in nature; students find it illuminating to know that one can compute the volume of a five-dimensional ball, even if the practical applications are limited! Other exercises are theoretical in nature, requiring that the student analyze carefully the theorems and proofs of the preceding section. The more difficult exercises are marked with asterisks, but none is unreasonably hard.
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The Algebra and Topology of Rn








§1. REVIEW OF LINEAR ALGEBRA 




Vector spaces 


Suppose one is given a set V of objects, called vectors. And suppose there is given an operation called vector addition, such that the sum of the vectors x and y is a vector denoted x + y. Finally, suppose there is given an operation called scalar multiplication, such that the product of the scalar (i.e., real number) c and the vector x is a vector denoted cx.


The set V, together with these two operations, is called a vector space (or linear space) if the following properties hold for all vectors x, y, z and all scalars c, d: 1. x + y = y + x.

2. x + (y + z) = (x + y) + z.

3. There is a unique vector 0 such that x + 0 = x for all x.

4. x + (—1)x = 0.

5. 1x = x.

6. c(dx) = (cd)x.

7. (c + d)x = cx + dx.

8. c(x + y) = cx + cy.




One example of a vector space is the set Rn of all n-tuples of real numbers, with component-wise addition and multiplication by scalars. That is, if x = (x1,..., xn) and y = (y1,..., yn), then
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The vector space properties are easy to check.


If V is a vector space, then a subset W of V is called a linear subspace (or simply, a subspace) of V if for every pair x,y of elements of W and every scalar c, the vectors x + y and cx belong to W. In this case, W itself satisfies properties (1)—(8) if we use the operations that W inherits from V, so that W is a vector space in its own right.


In the first part of this book, Rn and its subspaces are the only vector spaces with which we shall be concerned. In later chapters we shall deal with more general vector spaces.


Let V be a vector space. A set a1,...,am of vectors in V is said to span V if to each x in V, there corresponds at least one m-tuple of scalars c1,...,cm such that
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In this case, we say that x can be written as a linear combination of the vectors a1,...,am.


The set a1,...,am of vectors is said to be independent if to each x in V there corresponds at most one m-tuple of scalars c1,...,cm such that
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Equivalently, {a1,...,am} is independent if to the zero vector 0 there corresponds only one m-tuple of scalars d1,...,dm such that[image: 006]


namely the scalars d1 = d2 = ··· = dm = 0.


If the set of vectors a1,...,am both spans V and is independent, it is said to be a basis for V.



One has the following result:


 




Theorem 1.1. Suppose V has a basis consisting of m vectors. Then any set of vectors that spans V has at least m vectors, and any set of vectors of V that is independent has at most m vectors. In particular, any basis for V has exactly m vectors. □


 



If V has a basis consisting of m vectors, we say that m is the dimension of V. We make the convention that the vector space consisting of the zero vector alone has dimension zero.


It is easy to see that Rn has dimension n. (Surprise!) The following set of vectors is called the standard basis for Rn:
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The vector space Rn has many other bases, but any basis for Rn must consist of precisely n vectors.


One can extend the definitions of spanning, independence, and basis to allow for infinite sets of vectors; then it is possible for a vector space to have an infinite basis. (See the exercises.) However, we shall not be concerned with this situation.


Because Rn has a finite basis, so does every subspace of Rn. This fact is a consequence of the following theorem:


 




Theorem 1.2. Let V be a vector space of dimension m. If W is a linear subspace of V (different from V), then W has dimension less than m. Furthermore, any basis a1,...,ak for W may be extended to a basis a1,...,ak, ak+1,...,am for V. □




Inner products 


If V is a vector space, an inner product on V is a function assigning, to each pair x, y of vectors of V, a real number denoted 〈x, y〉, such that the following properties hold for all x, y, z in V and all scalars c:1. 〈x, y〉 = 〈y, x〉.

2. 〈x + y, z〉 = (x, z) + 〈y, z〉.

3. 〈cx, y〉 = c〈x, y〉 = 〈x, cy〉.

4. 〈x, x〉 > 0 if x ≠ 0.




A vector space V together with an inner product on V is called an inner product space.


A given vector space may have many different inner products. One particularly useful inner product on Rn is defined as follows: If x = (x1,...,xn) and y = (y1,...,yn), we define
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The properties of an inner product are easy to verify. This is the inner product we shall commonly use in Rn. It is sometimes called the dot product; we denote it by 〈x, y〉 rather than x·y to avoid confusion with the matrix product, which we shall define shortly.


If V is an inner product space, one defines the length (or norm) of a vector of V by the equation
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The norm function has the following properties:1. ∥x∥ > 0 if x ≠0.

2. ∥cx∥ = |c| ∥x∥.

3. ∥x + y∥ ≤ ∥x∥ + ∥y∥.




The third of these properties is the only one whose proof requires some work; it is called the triangle inequality. (See the exercises.) An equivalent form of this inequality, which we shall frequently find useful, is the inequality
(3’) ∥x—y∥ ≥ ∥x∥—∥y∥.








Any function from V to the reals R that satisfies properties (1)—(3) just listed is called a norm on V. The length function derived from an inner product is one example of a norm, but there are other norms that are not derived from inner products. On Rn, for example, one has not only the familiar norm derived from the dot product, which is called the euclidean norm, but one has also the sup norm, which is defined by the equation[image: 010]


The sup norm is often more convenient to use than the euclidean norm. We note that these two norms on Rn satisfy the inequalities
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Matrices 



A matrix A is a rectangular array of numbers. The general number appearing in the array is called an entry of A. If the array has n rows and m columns, we say that A has size n by m, or that A is “an n by m matrix.” We usually denote the entry of A appearing in the ith row and jth column by aij; we call i the row index and j the column index of this entry.


If A and B are matrices of size n by m, with general entries aij and bij, respectively, we define A + B to be the n by m matrix whose general entry is aij + bij, and we define cA to be the n by m matrix whose general entry is caij. With these operations, the set of all n by m matrices is a vector space; the eight vector space properties are easy to verify. This fact is hardly surprising, for an n by m matrix is very much like an nm-tuple; the only difference is that the numbers are written in a rectangular array instead of a linear array.


The set of matrices has, however, an additional operation, called matrix multiplication. If A is a matrix of size n by m, and if B is a matrix of size m by p, then the product A · B is defined to be the matrix C of size n by p whose general entry cij is given by the equation
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This product operation satisfies the following properties, which are straightforward to verify:1. A · (A · C) = (A · B) · C.

2. A · (B + C) = A · B + A · C.

3. (A + B) · C = A · C + B · C.

4. (cA) · B = c(A · B) = A A · (cB).

5. For each k, there is a k by k matrix Ik such that if A is any n by m matrix,
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In each of these statements, we assume that the matrices involved are of appropriate sizes, so that the indicated operations may be performed.


The matrix Ik is the matrix of size k by k whose general entry δij is defined as follows: δij = 0 if i ≠ j, and δij = 1 if i = j. The matrix Ik is called the identity matrix of size k by k; it has the form[image: 014]


with entries of 1 on the “main diagonal” and entries of 0 elsewhere.


We extend to matrices the sup norm defined for n-tuples. That is, if A is a matrix of size n by m with general entry aij, we define


[image: 015]


The three properties of a norm are immediate, as is the following useful result:


 




Theorem 1.3. If A has size n by m, and B has saze m by p, then
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Linear transformations 


If V and W are vector spaces, a function T : V → W is called a linear transformation if it satisfies the following properties, for all x, y in V and all scalars c: 1. T(x + y) = T(x) + T(y).

2. T(cx) = cT(x).




If, in addition, T carries V onto W in a one-to-one fashion, then T is called a linear isomorphism.



One checks readily that if T : V → W is a linear transformation, and if S : W → X is a linear transformation, then the composite S o T : V → X is a linear transformation. Furthermore, if T : V → W is a linear isomorphism, then T—1: W → V is also a linear isomorphism.


A linear transformation is uniquely determined by its values on basis elements, and these values may be specified arbitrarily. That is the substance of the following theorem:


 




Theorem 1.4. Let V be a vector space with basis a1,...,am. Let W be a vector space. Given any m vectors b1,...,bm in W, there is exactly one linear transformation. T : V→Wsuch that, for all i, T(ai) = bi. □


 



In the special case where V and W are “tuple spaces” such as Rm and Rn, matrix notation gives us a convenient way of specifying a linear transformation, as we now show.


First we discuss row matrices and column matrices. A matrix of size 1 by n is called a row matrix; the set of all such matrices bears an obvious resemblance to Rn. Indeed, under the one-to-one correspondence[image: 017]


the vector space operations also correspond. Thus this correspondence is a linear isomorphism. Similarly, a matrix of size n by 1 is called a column matrix; the set of all such matrices also bears an obvious resemblance to Rn. Indeed, the correspondence[image: 018]


is a linear isomorphism.


The second of these isomorphisms is particularly useful when studying linear transformations. Suppose for the moment that we represent elements  of Rm and Rn by column matrices rather than by tuples. If A is a fixed n by m matrix, let us define a function T : Rm → Rn by the equation
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The properties of matrix product imply immediately that T is a linear transformation.


In fact, every linear transformation of Rm to Rn has this form. The proof is easy. Given T, let b1,..., bm be the vectors of Rn such that T(ej) = bj. Then let A be the n by m matrix A = [b1 ··· bm] with successive columns b1,..., bm. Since the identity matrix has columns e1,...,em, the equation A · Im = A implies that A · ej = bj for all j. Then A · ej = T(ej) for all j; it follows from the preceding theorem that A · x = T(x) for all x.


The convenience of this notation leads us to make the following convention :


 




Convention. Throughout, we shall represents the elements. of Rn by column matrices, unless we specifically state otherwise,





Rank of a matrix 


Given a matrix A of size n by m, there are several important linear spaces associated with A. One is the space spanned by the columns of A, looked at as column matrices (equivalently, as elements of Rn). This space is called the column space of A, and its dimension is called the column rank of A. Because the column space of A is spanned by m vectors, its dimension can be no larger than m; because it is a subspace of Rn, its dimension can be no larger than n.


Similarly, the space spanned by the rows of A, looked at as row matrices (or as elements of Rm) is called the row space of A, and its dimension is called the row rank of A.



The following theorem is of fundamental importance:


 




Theorem 1.5. For any matrix A, the reaur rank of A equals the columns rank off A. □


 



Once one has this theorem, one can speak merely of the rank of a matrix A, by which one means the number that equals both the row rank of A and the column rank of A.


The rank of a matrix A is an important number associated with A. One cannot in general determine what this number is by inspection. However, there is a relatively simple procedure called Gauss-Jordan reduction that can be used for finding the rank of a matrix. (It is used for other purposes as well.) We assume you have seen it before, so we merely review its major features here.


One considers certain operations, called elementary row operations, that are applied to a matrix A to obtain a new matrix B of the same size. They are the following:1. Exchange rows i1 and i2 of A (where i1 ≠ i2).

2. Replace row i1 of A by itself plus the scalar c times row i2 (where i1 ≠ i2).

3. Multiply row i of A by the non-zero scalar λ.




Each of these operations is invertible; in fact, the inverse of an elementary operation is an elementary operation of the same type, as you can check. One has the following result:


 




Theorem 1.6. If B is the matrix obtained by applying an elementary row operation to A, then
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Gauss-Jordan reduction is the process of applying elementary operations to A to reduce it to a special form called echelon form (or stairstep form), for which the rank is obvious. An example of a matrix in this form is the following:


[image: 021]


Here the entries beneath the “stairsteps” are 0; the entries marked * may be zero or non-zero, and the “corner entries,” marked [image: 022], are non-zero. (The corner entries are sometimes called “pivots.”) One in fact needs only operations of types (1) and (2) to reduce A to echelon form.


Now it is easy to see that, for a matrix B in echelon form, the non-zero rows are independent. It follows that they form a basis for the row space of B, so the rank of B equals the number of its non-zero rows.


For some purposes it is convenient to reduce B to an even more special form, called reduced echelon form. Using elementary operations of type (2), one can make all the entries lying directly above each of the corner entries into 0’s. Then by using operations of type (3), one can make all the corner entries into 1’s. The reduced echelon form of the matrix B considered previously has the form:


[image: 023]


It is even easier to see that, for the matrix C, its rank equals the number of its non-zero rows.




Transpose of a matrix 


Given a matrix A of size n by m, we define the transpose of A to be the matrix D of size m by n whose general entry in row i and column j is defined by the equation dij = aji. The matrix D is often denoted Atr.


The following properties of the transpose operation are readily verified:1. (Atr)tr = A.

2. (A + B)tr = Atr + Btr.

3. (A·C)tr = Ctr Atr.

4. rank Atr = rank A.




The first three follow by direct computation, and the last from the fact that the row rank of Atr is obviously the same as the column rank of A.



EXERCISES



1. Let V be a vector space with inner product 〈x, y〉 and norm ∥x∥ = 〈x, x〉½.a. Prove the Cauchy-Schwarz inequality (x, y〉 ≤ ∥x∥ ∥y∥. [Hint: If x, y ≠ 0, set c = 1/∥x∥ and d = 1/∥y∥ and use the fact that ∥cx ± dy∥ ≥ 0.]

b. Prove that ∥x + y∥ ≤ ∥x∥ + ∥y∥. [Hint: Compute 〈x + y, x + y〉 and apply (a.).]

c. Prove that ∥x—y∥ ≥ ∥x∥—∥y∥.



2. If A is an n by m matrix and B is an m by p matrix, show that[image: 024]




3. Show that the sup norm on R2 is not derived from an inner product on R2. [Hint: Suppose 〈x, y〉 is an inner product on R2 (not the dot product) having the property that |x| = 〈x, x〉1/2. Compute 〈x ± y, x ± y〉 and apply to the case x = e1 and y = e2.]

4.
(a) If x = (x1, x2) and y = (y1, y2), show that the function[image: 025]


is an inner product on R2.

*(b) Show that the function[image: 026]


is an inner product on R2 if and only if b2—ac < 0 and a > 0.






*5. Let V be a vector space; let {aα} be a set of vectors of V, as α ranges over some index set J (which may be infinite). We say that the set {aα} spans V if every vector x in V can be written as a finite linear combination[image: 027]


of vectors from this set. The set {aα} is independent if the scalars are uniquely determined by x. The set {aα} is a basis for V if it both spans V and is independent.a. Check that the set Rω of all “infinite-tuples” of real numbers[image: 028]


is a vector space under component-wise addition and scalar multiplication.

b. Let R∞ denote the subset of Rω consisting of all x = (x1,x2,...) such that xi = 0 for all but finitely many values of i. Show R∞ is a subspace of Rω; find a basis for R∞.

c. Let [image: 029] be the set of all real-valued functions f: [a, b] → R. Show that [image: 030] is a vector space if addition and scalar multiplication are defined in the natural way:[image: 031]




d. Let [image: 032] be the subset of [image: 033] consisting of all bounded functions. Let [image: 034] consist of all integtable functions. Let [image: 035] consist of all continuous functions. Let [image: 036] consist of all continuously differentiable functions. Let [image: 037] consist of all polynomial functions. Show that each of these is a subspace of the preceding one, and find a basis for [image: 038].There is a theorem to the effect that every vector space has a basis. The proof is non-constructive. No one has ever exhibited specific bases for the vector spaces Rω, [image: 039] .




e. Show that the integral operator and the differentiation operator,[image: 040]


are linear transformations. What are possible domains and ranges of these transformations, among those listed in (d)?














§2. MATRIX INVERSION AND DETERMINANTS 


We now treat several further aspects of linear algebra,. They are the following: elementary matrices, matrix inversion, and determinants. Proofs are included, in case some of these results are new to you.




Elementary matrices 



Definition. An elementary matrix of size n by n is the matrix obtained by applying one of the elementary row operations to the identity matrix In.



 



The elementary matrices are of three basic types, depending on which of the three operations is used. The elementary matrix corresponding to the first elementary operation has the form


[image: 041]


The elementary matrix corresponding to the second elementary row operation has the form


[image: 042]


And the elementary matrix corresponding to the third elementary row operation has the form


[image: 043]


One has the following basic result:


 





Theorem 2.1. Let A be an n by m matrix. Any elementary row operation on A may be carried out by pre-multiplying A by the corresponding elementary matrix.



 




Proof. One proceeds by direct computation. The effect of multiplying A on the left by the matrix E is to interchange rows i1 and i2 of A. Similarly, multiplying A by E‘ has the effect of replacing row i1 by itself plus c times row i2. And multiplying A by E“ has the effect of multiplying row i by λ. □


 



We will use this result later on when we prove the change of variables theorem for a multiple integral, as well as in the present section.




The inverse of a matrix 


Definition. Let A be a matrix of size n by m; let B and C be matrices of size m by n. We say that B is a left inverse for A if B A = Im, and we say that C is a right inverse for A if A·C = In.



 




Theorem 2.2. If A has both a left inverse B and a right inverse C, then they are unique and equal.



 




Proof. Equality follows from the computation


[image: 044]


If B1 is another left inverse for A, we apply this same computation with B1 replacing B. We conclude that C = B1; thus B1 and B are equal. Hence B is unique. A similar computation shows that C is unique. □


Definition. If A has both a right inverse and a left inverse, then A is said to be invertible. The unique matrix that is both a right inverse and a left inverse for A is called the inverse of A, and is denoted A—1.


 



A necessary and sufficient condition for A to be invertible is that A be square and of maximal rank. That is the substance of the following two theorems:


 




Theorem 2.3. Let A be a matrix of size n by m. If A is invertible, then
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Proof. Step 1. We show that for any k by n matrix D,


[image: 046]


The proof is easy. If R is a row matrix of size 1 by n, then R. A is a row matrix that equals a linear combination of the rows of A, so it is an element of the row space of A. The rows of D · A are obtained by multiplying the rows of D by A. Therefore each row of D·Ais an element of the row space of A. Thus the row space of D· A is contained in the row space of A and our inequality follows.



Step 2. We show that if A has a left inverse B, then the rank of A equals the number of columns of A.


The equation Im = B · A implies by Step 1 that m = rank (B · A) ≤ rank A. On the other hand, the row space of A is a subspace of m-tuple space, so that rank A ≤ m.



Step 3. We prove the theorem. Let B be the inverse of A. The fact that B is a left inverse for A implies by Step 2 that rank A = m. The fact that B is a right inverse for A implies that[image: 047]


whence by Step 2, rank A = n. □


 



We prove the converse of this theorem in a slightly strengthened version:

Theorem 2.4. Let A be a matrix of size n by m. Suppose .

  n = m = rank A
















Then A is invertible; and furthermore, A equals a product of elementary matrices.




Proof. Step 1. We note first that every elementary matrix is invertible, and that its inverse is an elementary matrix. This follows from the fact that elementary operations are invertible. Alternatively, you can check directly that the matrix E corresponding to an operation of the first type is its own inverse, that an inverse for E‘ can be obtained by replacing c by—c in the formula for E’, and that an inverse for E“ can be obtained by replacing λ by 1/λ in the formula for E”.



Steps 2. We prove the theorem. Let A be an n. by n matrix of rank n. Let us reduce A to reduced echelon form C by applying elementary row operations. Because C is square and its rank equals the number of its rows, C must equal the identity matrix In. It follows from Theorem 2.1 that there is a sequence E1,..., Ek of elementary matrices such that


[image: 048]


If we multiply both sides of this equation on the left by [image: 049], then by [image: 050], and so on, we obtain the equation[image: 051]


thus A equals a product of elementary matrices. Direct computation shows that the matrix[image: 052]


is both a right and a left inverse for A. □


 



One very useful consequence of this theorem is the following:


 




Theorem 2.5. If A is a square matrix and if B is a left inverse for A, then B is also a right inverse for A.


 




Proof. Since A has a left inverse, Step 2 of the proof of Theorem 2.3 implies that the rank of A equals the number of columns of A. Since A is square, this is the same as the number of rows of A, so the preceding theorem implies that A has an inverse. By Theorem 2.2, this inverse must be B. □


 



An n by n matrix A is said to be singular if rank A < n; otherwise, it is said to be non-singular. The theorems just proved imply that A is invertible if and only if A is non-singular.




Determinants 


The determinant is a function that assigns, to each square matrix A, a number called the determinant of A and denoted det A.


The notation |A| is often used for the determinant of A, but we are using this notation to denote the sup norm of A. So we shall use “det A” to denote the determinant instead.


In this section, we state three axioms for the determinant function, and we assume the existence of a function satisfying these axioms. The actual construction of the general determinant function will be postponed to a later chapter.


 




Definition. A function that assigns, to each n by n matrix A, a real number denoted det A, is called a determinant function if it satisfies the following axioms:1. If B is the matrix obtained by exchanging any two rows of A, then det B =—det A.

2. Given i, the function det A is linear as a function of the ith row alone.

3. det In = 1.




Condition (2) can be formulated as follows: Let i be fixed. Given an n-tuple x, let Ai(x) denote the matrix obtained from A by replacing the ith row by x. Then condition (2) states that


[image: 053]


These three axioms characterize the determinant function uniquely, as we shall see.



EXAMPLE 1. In low dimensions, it is easy to construct the determinant function. For 1 by 1 matrices, the function
det [a] = a






will do. For 2 by 2 matrices, the function[image: 054]


suffices, And for 3 by 3 matrices, the function[image: 055]


will do, as you can readily check. For matrices of larger size, the definition is more complicated. For example, the expression for the determinant of a 4 by 4 matrix involves 24 terms; and for a 5 by 5 matrix, it involves 120 terms! Obviously, a less direct approach is needed. We shall return to this matter in Chapter 6.





Using the axioms, one can determine how the elementary row operations affect the value of the determinant. One has the following result: 




Theorem 2.6. Let A be an n by n matrix.



a. If E is the elementary matrix corresponding to the operation that exchanges rows i1 and i2, then det(E·A) =—det A. 

b. If E‘ is the elementary matrix corresponding to the operation that replaces row i1 of A by itself plus c times row i2, then det(E’ · A) = det A.

c. If E“ is the elementary matrix corresponding to the operation that multiplies row i of A by the non-zero scalar λ, then det(E” · A) = λ(det A).

d. If A is the identity matrix In, then det A = 1.


Proof. Property (a) is a restatement of Axiom 1, and (d) is a restatement of Axiom 3. Property (c) follows directly from linearity (Axiom 2); it states merely that


[image: 056]


Now we verify (b). Note first that if A has two equal rows, then det A = 0. For exchanging these rows does not change the matrix A, but by Axiom 1 it changes the sign of the determinant. Now let E‘ be the elementary operation that replaces row i = i1 by itself plus c times row i2. Let x equal row i1 and let y equal row i2. We compute


[image: 057]


The four properties of the determinant function stated in this theorem are what one usually uses in practice rather than the axioms themselves. They also characterize the determinant completely, as we shall see.


One can use these properties to compute the determinants of the elementary matrices. Setting A = In in Theorem 2.6, we have


[image: 058]


We shall see later how they can be used to compute the determinant in general.


Now we derive the further properties of the determinant function that we shall need.


 




Theorem 2.7. Let A be a square matrix. If the rows of A are independent, then det A ≠ 0; if the rows are dependent, then det A = 0. Thus an n by n matrix A has rank n if and only if det A ≠ 0.



Proof. First, we note that if the ith row of A is the zero row, then det A = 0. For multiplying row i by 2 leaves A unchanged; on the other hand, it must multiply the value of the determinant by 2.


Second, we note that applying one of the elementary row operations to A does not affect the vanishing or non-vanishing of the determinant, for it alters the value of the determinant by a factor of either—1 or 1 or λ (whereλ≠0).


Now by means of elementary row operations, let us reduce A to a matrix B in echelon form. (Elementary operations of types (1) and (2) will suffice.) If the rows of A are dependent, rank A < n; then rank B < n, so that B must have a zero row. Then det B = 0, as just noted; it follows that det A = 0.


If the rows of A are independent, let us reduce B further to echelon form C. Since C is square and has rank n, C must equal the identity matrix In. Then det C ≠ 0; it follows that det A ≠ 0. □


 



The proof just given can be refined so as to provide a method for calculating the determinant function:


 




Theorem 2.8. Given a square matrix A, let us reduce it to echelon form B by elementary row operations of types (1) and (2). If B has a zero row, then det A = 0. Otherwise, let k be the number of row exchanges involved in the reduction process. Then det A equals (—1)k times the product of the diagonal entries of B.



 




Proof. If B has a zero row, then rank A < n and det A = 0. So suppose that B has no zero row. We know from (a) and (b) of Theorem 2.6 that det A = (—1)k det B. Furthermore, B must have the form[image: 059]


where the diagonal entries are non-zero. It remains to show that


[image: 060]


For that purpose, let us apply elementary operations of type (2) to make the entries above the diagonal into zeros. The diagonal entries are unaffected by the process; therefore the resulting matrix has the form


[image: 061]


Since only operations of type (2) are involved, we have det B = det C. Now let us multiply row 1 of C by 1/b11, row 2 by 1/b22, and so on, obtaining as our end result the identity matrix In. Property (c) of Theorem 2.6 implies that[image: 062]


so that (using property (d))[image: 063]


as desired. □


 




Corollary 2.9. The determinant function is uniquely characterized by its three axioms. It is also characterized by the four properties listed in Theorem 2.6.



 




Proof. The calculation of det A just given uses only properties (a)-(d) of Theorem 2.6. These in turn follow from the three axioms. □


 



Theorem 2.10. Let A and B be n by n matrices. Then



[image: 064]



Proof. Step 1. The theorem holds when A is an elementary matrix. Indeed:


[image: 065]



Steps 2. The theorem holds when rank A = n. For in that case, A is a product of elementary matrices, and one merely applies Step 1 repeatedly. Specifically, if A = E1 ··· Ek, then


[image: 066]


This equation holds for all B. In the case B = In, it tells us that


[image: 067]


The theorem follows.



Step 3. We complete the proof by showing that the theorem holds if rank A < n. We have in general,
rank (A · B) = rank (A · B)tr = rank (Btr · Atr) ≤ rank Atr,





where the inequality follows from Step 1 of Theorem 2.3. Thus if rank A < n, the theorem holds because both sides of the equation vanish. □


 



Even in low dimensions, this theorem would be very unpleasant to prove by direct computation. You might try it in the 2 by 2 case!


 



Theorem 2.11.


[image: 068]



Proof. Step 1. We show the theorem holds when A is an elementary matrix.


Let E, E‘, and E“ be elementary matrices of the three basic types. Direct inspection shows that Etr = E and (E”)tr = E“, so the theorem is trivial in these cases. For the matrix E’ of type (2), we note that its transpose is another elementary matrix of type (2), so that both have determinant 1.



Step 2. We verify the theorem when A has rank n. In that case, A is a product of elementary matrices, say


[image: 069]


Then


[image: 070]



Step 3. The theorem holds if rank A < n. In this case, rank Atr < n, so that det Atr = 0 = det A. □




A formula for A—1 


We know that A is invertible if and only if det A ≠ 0. Now we derive a formula for A—1 that involves determinants explicitly.



Definition. Let A be an n by n matrix. The matrix of size n—1 by n—1 that is obtained from A by deleting the ith row and the jth column of A is called the (i,j)-minor of A. It is denoted Aij. The number[image: 071]


is called the (i,j)-cofactor of A.



Lemma 2.12. Let A be an n by n matrix; let b denote its entry in row i and column j.a. If all the entries in row i other than b vanish, then 
det A = b(—1)i+j det Aij.







b. The same equation holds if all the entries in column j other than the entry b vanish. 





Proof. Step 1. We verify a special case of the theorem. Let b, a2,..., an be fixed numbers. Given an n—1 by n—1 matrix D, let A(D) denote the n by n matrix[image: 072]


We show that det A(D) = b(det D).


If b = 0, this result is obvious, since in that case rank A(D) < n. So assume b ≠ 0. Define a function f by the equation[image: 073]


We show that f satisfies the four properties stated in Theorem 2.6, so that f(D) = det D.



Exchanging two rows of D has the effect of exchanging two rows of A(D), which changes the value of f by a factor—1. Replacing row i1 of D by itself plus c times row i2 of D has the effect of replacing row (i1 + 1) of A(D) by itself plus row (i2 + 1) of A(D), which leaves the value of f unchanged. Multiplying row i of D by λ has the effect of multiplying row (i + 1) of A(D) by λ, which changes the value of f by a factor of λ. Finally, if D = In—1, then A(D) is in echelon form, so det A(D) = b · 1 ··· 1 by Theorem 2.8, and f(D) = 1.



Step 2. It follows by taking transposes that


[image: 074]



Step 3. We prove the theorem. Let A be a matrix satisfying the hypotheses of our theorem. One can by a sequence of i—1 exchanges of adjacent  rows bring the ith row of A up to the top of matrix, without affecting the order of the remaining rows. Then by a sequence of j—1 exchanges of adjacent columns, one can bring the jth column of this matrix to the left edge of the matrix, without affecting the order of the remaining columns. The matrix C that results has the form of one of the matrices considered in Steps 1 and 2. Furthermore, the (1,1)-minor C1,1 of the matrix C is identical with the (i,j)-minor Aij of the original matrix A.


Now each row exchange changes the sign of the determinant. So does each column exchange, by Theorem 2.11. Therefore


[image: 075]


Thus


[image: 076]


Theorem 2.13 (Cramer’s rule). Let A be an n by n matrix with successive columns a1, ..., an. Let [image: 077]


be column matrices.



[image: 078]


[image: 079]



Proof. Let e1,...,en be the standard basis for Rn, where each ei is written as a column matrix. Let C be the matrix


[image: 080]


The equations A · ej = aj and A · x = c imply that


[image: 081]


By Theorem 2.10,[image: 082]


 [image: 083]


where the entry xi appears in row i and column i. Hence by the preceding lemma,


[image: 084]


The theorem follows, □


 



Here now is the formula we have been seeking:


 




Theorem 2.14. Let A be an n by n matrix of rank n; let B = A—1. Then



[image: 085]



Proof. Let j be fixed throughout this argument. Let[image: 086]


denote the jth column of the matrix B, The fact that A·B= In implies in particular that A · x = ej . Cramer’s rule tells us that


[image: 087]


We conclude from Lemma 2.12 that


[image: 088]


Since xi = bij, our theorem follows. □


This theorem gives us an algorithm for computing the inverse of a matrix A. One proceeds as follows:1. First, form the matrix whose entry in row i and column j is (—1)i+j det Aij; this matrix is called the matrix of cofactors of A.

2. Second, take the transpose of this matrix.

3. Third, divide each entry of this matrix by det A. 




This algorithm is in fact not very useful for practical purposes; computing determinants is simply too time-consuming. The importance of this formula for A—1 is theoretical, as we shall see. If one wishes actually to compute A—1, there is an algorithm based on Gauss-Jordan reduction that is more efficient, It is outlined in the exercises.




Expansion by cofactors 


We now derive a final formula for evaluating the determinant. This is the one place we actually need the axioms for the determinant function rather than the properties stated in Theorem 2.6.


 




Theorem 2.15. Let A be an n by n matrix. Let i be fixed. Then



[image: 089]


Here Aik is, as usual, the (i,k)-minor of A. This rule is called the “rule for expansion of the determinant by cofactors of the ith row.” There is a similar rule for expansion by cofactors of the jth column, proved by taking transposes.


 




Proof. Let Ai(x), as usual, denote the matrix obtained from A by replacing the ith row by the n-tuple x. If e1,..., en denote the usual basis vectors in Rn (written as row matrices in this case), then the ith row of A can be written in the form


[image: 090]


Then


[image: 091]



EXERCISES



1. Consider the matrix[image: 092]


a. Find two different left inverses for A.

b. Show that A has no right inverse.



2. Let A be an n by m matrix with n ≠ m.a. If rank A = m, show there exists a matrix D that is a product of elementary matrices such that[image: 093]




b. Show that A has a left inverse if and only if rank A = m.

c. Show that A has a right inverse if and only if rank A = n. 



3. Verify that the functions defined in Example 1 satisfy the axioms for the determinant function.

4.a. Let A be an n by n matrix of rank n. By applying elementary row operations to A, one can reduce A to the identity matrix. Show that by applying the same operations, in the same order, to In, one obtains the matrix A—1.

b. Let[image: 094]


Calculate A—1 by using the algorithm suggested in (a). [Hint: An easy way to do this is to reduce the 3 by 6 matrix [A I3] to reduced echelon form.]

c. Calculate A—1 using the formula involving determinants.



5. Let[image: 095]


where ad—bc ≠ 0. Find A—1.

*6. Prove the following:Theorem. Let A beakby matrix, let D have size n by n and let C have size n by k. Then



[image: 096]








Proof. First show that


[image: 097]


Then use Lemma 2.12.










§3. REVIEW OF TOPOLOGY IN Rn 




Metric spaces 


Recall that if A and B are sets, then A × B denotes the set of all ordered pairs (a, b) for which a∈A and b ∈ B.



Given a set X, a metric on X is a function d: X × X → R such that the following properties hold for all x, y, z ∈ X:1. d(x,y) = d(y,x).

2. d(x,y) > 0, and equality holds if and only if x = y.

3. d(x,z) ≤ d(x,y) + d(y,z).




A metric space is a set X together with a specific metric on X. We often suppress mention of the metric, and speak simply of “the metric space X.”


If X is a metric space with metric d, and if Y is a subset of X, then the restriction of d to the set Y × Y is a metric on Y; thus Y is a metric space in its own right. It is called a subspace of X.


For example, Rn has the metrics[image: 098]


they are called the euclidean metric and the sup metric, respectively. It follows immediately from the properties of a norm that they are metrics. For many purposes, these two metrics on R“ are equivalent, as we shall see.


We shall in this book be concerned only with the metric space Rn and its subspaces, except for the expository final section, in which we deal with general metric spaces. The space Rn is commonly called n-dimensional euclidean space.


If X is a metric space with metric d, then given x0 ∈ X and given ∈ > 0, the set[image: 099]


is called the ∈-neighborhood of x0, or the ∈-neighborhood centered at x0. A subset U of X is said to be open in X if for each x0 ∈ U there is a corresponding ∈ > 0 such that U(x0; ∈) is contained in U. A subset C of X is said to be closed in X if its complement X—C is open in X. It follows from the triangle inequality that an ∈-neighborhood is itself an open set.


If U is any open set containing x0, we commonly refer to U simply as a neighborhood of x0.


 




Theorem 3.1. Let (X, d) be a metric space. Then finite intersections and arbitrary unions of open sets of X are open in X. Similarly, finite unions and arbitrary intersections of closed sets of X are closed in X. □


 




Theorem 3.2. Let X be a metric space; let Y be a subspace. A subset A of Y is open in Y if and only if it has the form [image: 100]


where U is open in X. Similarly, a subset A of Y is closed in Y if and only if it has the form [image: 101]


where C is closed in X. ℻


 



It follows that if A is open in Y and Y is open in X, then A is open in X. Similarly, if A is closed in Y and Y is closed in X, then A is closed in X.


If X is a metric space, a point x0 of X is said to be a limit point of the subset A of X if every ∈-neighborhood of x0 intersects A in at least one point different from x0. An equivalent condition is to require that every neighborhood of x0 contain infinitely many points of A.


 




Theorem 3.3. If A is a subset of X, then the set Ā consisting of A and all its limit points is a closed set of X. A subset of X is closed if and only if it contains all its limit points. □


The set Ā is called the closure of A.



In Rn, the ∈-neighborhood in our two standard metrics are given special names. If a∈Rn, the ∈-neighborhood of a in the euclidean metric is called the open ball of radius ∈ centered at a, and denoted B(a; ∈). The ∈-neighborhood of a in the sup metric is called the open cube of radius ∈ centered at a, and denoted C(a; ∈). The inequalities [image: 102] lead to the following inclusions:


[image: 103]


These inclusions in turn imply the following:



Theorem 3.4. If X is a subspace of Rn, the collection of open sets of X is the same whether one uses the euclidean metric or the sup metric on X. The same is true for the collection of closed sets of X. ℻


 



In general, any property of a metric space X that depends only on the collection of open sets of X, rather than on the specific metric involved, is called a topological property of X. Limits, continuity, and compactness are examples of such, as we shall see.




Limits and Continuity 


Let X and Y be metric spaces, with metrics dX and dY, respectively.


We say that a function f : X → Y is continuous at the point x0 of X if for each open set V of Y containing f(x0), there is an open set U of X containing x0 such that. f(U) ⊂ V. We say f is continuous if it is continuous at each point x0 of X. Continuity of f is equivalent to the requirement that for each open set V of Y, the set[image: 104]


is open in X , or alternatively, the requirement that for each closed set D of Y, the set f—1(D) is closed in X.



Continuity may be formulated in a way that involves the metrics specifically. The function f is continuous at x0 if and only if the following holds: For each ∈ > 0, there is a corresponding δ > 0 such that [image: 105]


This is the classical “∈—δ formulation of continuity.”


Note that given x0 ∈ X it may happen that for some δ > 0, the δ neighborhood of x0 consists of the point x0 alone. In that case, x0 is called an isolated point of X, and any function f : X → Y is automatically continuous at x0!


A constant function from X to Y is continuous, and so is the identity function iX : X → X. So are restrictions and composites of continuous functions:


 




Theorem 3.5. (a) Let x0 ∈ A, where A is a subspace of X. If f: X → Y is continuous at x0, then the restricted function f | A: A → Y is continuous at x0.



(b) Let f : X→Yand g : Y → Z. If f is continuous at x0 and g is continuous at y0 = f(x0), then gof: X → Z is continuous at x0. □


 




Theorem 3.6. (a) Let X be a metric space. Let f : X → Rn have the form



[image: 106]



Then f is continuous at x0 if and only if each function fi : X → R is continuous at x0. The functions fi are called the component functions of f.



(b) Let f, g : X → R be continuous at x0. Then f + g and f—g and f · g are continuous at x0; and f/g is continuous at x0 if g(x0) ≠ 0.


(c) The projection function πi : Rn → R given by πi(x) = xi is continuous. □


 



These theorems imply that functions formed from the familiar real-valued continuous functions of calculus, using algebraic operations and composites, are continuous in Rn. For instance, since one knows that the functions ex and sin x are continuous in R, it follows that such a function as[image: 107]


is continuous in R4.


Now we define the notion of limit. Let X be a metric space. Let A ⊂ X and let f : A → Y. Let x0 be a limit point of the domain A of f. (The point x0 may or may not belong to A.) We say that f(x) approaches y0 as x approaches x0 if for each open set V of Y containing y0, there is an open set U of X containing x0 such that f(x) ∈ V whenever x is in U ∩ A and x ≠ x0. This statement is expressed symbolically in the form


[image: 108]


We also say in this situation that the limit of f(x), as x approaches x0, is y0. This statement is expressed symbolically by the equation


[image: 109]


Note that the requirement that x0 be a limit point of A guarantees that there exist points x different from x0 belonging to the set U ∩ A. We do not attempt to define the limit of f if x0 is not a limit point of the domain of f.



Note also that the value of f at x0 (provided f is even defined at x0) is not involved in the definition of the limit.


The notion of limit can be formulated in a way that involves the metrics specifically. One shows readily that f(x) approaches y0 as x approaches x0 if and only if the following condition holds: For each ∈ > 0, there is a corresponding > 0 such that



[image: 110]


There is a direct relation between limits and continuity; it is the following:



Theorem 3.7. Let f : X → Y. If x0 is an isolated point of X, then f is continuous at x0. Otherwise, f is continuous at x0 if and only if f(x) → f(x0) as x → x0. □


 



Most of the theorems dealing with continuity have counterparts that deal with limits:


 




Theorem 3.8. (a) Let A ⊂ X; let f : A → Rn have the form



[image: 111]



Let a = (a1,..., an). Then f(x) → a as x → x0 if and only if fi(x) → ai as x → x0, for each i.


(b) Let f, g : A → R. If f(x) → a and g(x) → b as x → x0, then as x → x0,[image: 112]


also, f(x)/g(x) → a/b if b≠0. □




Interior and Exterior 


The following concepts make sense in an arbitrary metric space. Since we shall use them only for Rn, we define them only in that case.


 




Definition. Let A be a subset of Rn. The interior of A, as a subset of Rn, is defined to be the union of all open sets of Rn that are contained in A; it is denoted Int A. The exterior of A is defined to be the union of all open sets of Rn that are disjoint from A; it is denoted Ext A. The boundary of A consists of those points of Rn that belong neither to Int A nor to Ext A; it is denoted Bd A.
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