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Mathematics 



is 



not only 



a 



beautiful and exciting subject in its own right but also one that underpins many 








other branches of learning. 



It is 



consequently fundamental to our national wellbeing. 








This book covers the Statistics elements in the Edexcel AS and 



A 



Level Further Mathematics specifications. 








Students start these courses 



at a 



variety of stages. Some embark on AS Further Mathematics in Year 








12, straight after GCSE, taking 



it 



alongside AS Mathematics, and so may have no prior experience of 








Statistics. In contrast, others only begin Further Mathematics when they have completed the full 



A 



Level 








Mathematics and so have already met the Statistics covered in Edexcel 



A 



Level Mathematics (Year 2). 








Between these two extremes are the many who have covered the Statistics in AS Mathematics but no more. 








This book has been written with all these users in 



mind. Those 



who already know some Statistics will find 








some revision material in the early chapters. 








In the Edexcel Further Mathematics specification, two Statistics papers are available 



at 



AS level each of 








which 



is 



also available 



at A 



level, with additional material. 








Chapter 



1 is 



review material from AS Mathematics. Chapters 



2 



to 



4 



cover AS Further Statistics 



1 



and 








Chapters 



5 



to 



7 



cover AS Further Statistics 



2. 








Chapter 



8 is 



review material from 



A 



level Mathematics and some extension material on Bayes’ theorem. 








Chapters 



9 



to 13 cover the additional material for 



A 



level Further Statistics 



1 



and Chapters 14 to 17 








complete the additional material for 



A 



level Further Statistics 



2. 








Between 2014 and 2016 



A 



Level Mathematics and Further Mathematics were very substantially revised, 








for 



first teaching 



in 



2017. Changes that particularly affect Statistics include increased emphasis 



on 










Problem solving 








Mathematical rigour 








Use of ICT 








Modelling. 











This book embraces these ideas. 



A 



large number of exercise questions involve elements of problem solving 








and require rigorous logical argument. 








Throughout the book the emphasis 



is 



on understanding and interpretation rather than mere routine 








calculations, but the various exercises do nonetheless provide plenty of scope for practising basic 








techniques. The 



exercise questions are split into three bands. Band 



1 



questions (indicated by 



a 



green bar) 








are designed to reinforce basic understanding; Band 



2 



questions (yellow bar) are broadly typical of what 








might be expected in an examination; Band 



3 



questions (red bar) explore around the topic and some of 








them are rather more demanding. 








In addition to the exercise questions, there are four sets of Practice 



questions. The 



first of these covers the 








background material in Chapters 



1 



to 



4, 



the second 



is 



based on the AS content in Chapters 



5 



to 



8, 



the 








third set covers Chapters 



9 



to 12, and the fourth set, coming 



at 



the end of the book, 



is 



drawn from the 








complete Further Mathematics 



A 



Level. 








There are places where the work depends on knowledge from earlier in the book or elsewhere and this 



is 








flagged up in the Prior knowledge 



boxes. This 



should be seen 



as 



an invitation to those who have problems 








with the particular topic to revisit it. At the end of each chapter there 



is a 



list of key points covered 



as 



well 








as a 



summary of the new knowledge (learning outcomes) that readers should have gained. 








Getting 



the most from this 



book 

















vi 








Several features are used to make this book easier to follow and more informative. 










● 



Call-out boxes 



are used to provide additional explanation particularly in the worked examples. 








● 



Notes 



are also used for additional explanation, particularly where 



it 



involves seeing broader or deeper 











aspects 



of 



the topic. 










● 



Caution boxes 



are used to highlight points where 



it is 



easy to go wrong. 








● 



Discussion points 



invite readers to talk about particular points with their fellow students and their 











teacher and so enhance their understanding. Short answers to discussion points are given, where 








appropriate, either in the text or 



at 



the back of the book. 










● 



Activities 



are designed 



to 



help readers get into the thought processes 



of 



the new work that they are 











about to meet; having done an Activity, what follows will seem much easier. 










● 



Historical notes 



provide readers with interesting information about the people who first worked on the 











topics, and insights into the world's cultural and intellectual development. 








As 



a 



consequence of the changes to AS and 



A 



Level requirements in Further Mathematics, large parts of this 








book are new material, including sections written specifically to cover the Edexcel 



specifications. Where 








existing material has been used, 



it 



has typically been drawn from the well tried and tested earlier MEI books. 








The Edexcel formulae booklet can be downloaded from Edexcel’s website: https://qualifications.pearson.com 








/content/dam/pdf/A%20Level/Mathematics/2017/specification-and-sample-assesment/Pearson_Edexcel_ 








A_Level_GCE_in_Mathematics_Formulae_Book.pdf. 








Answers 



to all 



exercise questions and practice questions are provided 



at 



the back 



of 



the book, and also online 








at 



www.hoddereducation.co.uk/EdexcelFurtherMathsStatistics 








Catherine Berry 








Roger Porkess 
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Prior 



knowledge 








This book 



is 



written on the assumption that readers are familiar with the statistics in GCSE Mathematics. 








Thus they should know 



a 



variety of elementary display techniques such 



as 



pictograms, tallies, pie charts, 








bar charts and scatter diagrams (including the ideas of correlation and 



a 



line of best fit). Summary 








measures which they are expected to know include mean, median, mode and range. Readers are also 








expected to be familiar with basic probability. 








Chapter 1 








This chapter sets up the framework in which much of statistics 



is 



carried out in everyday life. 



It is 



about 








statistical problem solving and so involves using display techniques and summary measures to shed light 








on real problems. Consequently, 



it 



draws on and extends the prior knowledge for the book. In particular, 








it 



introduces frequency charts and histograms, and variance and standard 



deviation. This 



chapter includes 








summary information about many of the terms that you will use throughout the book, including types of 








data, distributions and sampling. 








Chapter 2 








In this chapter on discrete random variables, you will use your prior knowledge of probability from 








GCSE, display techniques from GCSE and Chapter 



1, 



and your knowledge of variance and standard 








deviation from Chapter 



1. 








Chapter 



3 








This chapter on discrete probability distributions covers the binomial, Poisson and uniform distributions, 








all of which are particular examples of discrete random variables. Consequently, 



it 



builds on and 








exemplifies Chapter 



2. It 



also draws on background information from Chapter 



1, 



for example, about the 








idea of 



a 



distribution. 








Chapter 4 








In this chapter you meet the use of 



χ 








2 



tests in several different 



circumstances. These 



include goodness of fit 








tests for the uniform, binomial and Poisson distributions which you met in Chapter 



3. 








Chapter 



5 








This chapter 



is 



about correlation and association in bivariate data and so readers will draw on their GCSE 








experience of scatter 



diagrams. The 



chapter includes Spearman’s rank correlation coefficient and many 








readers will have met this in other subjects, for example geography. 








Chapter 



6 








This chapter 



is 



about regression lines in bivariate data. 



It 



extends the basic idea that you met in GCSE and 








formalises 



it 



beyond just drawing 



a 



line by eye. 








Chapter 7 








This chapter 



is 



on continuous random variables and so 



it 



builds on and extends the ideas in Chapters 








2 



and 



3 



on discrete random variables to continuous 



variables. The 



cumulative distribution function 



is 








introduced in this chapter which generalises the idea of cumulative frequency from 



GCSE. You 



will need 








to be able to differentiate and integrate polynomials and other functions. 








Chapter 



8 








This chapter 



is 



about conditional probability. 



It 



builds on and extends your knowledge of probability from 








GCSE. 








Chapter 9 








This chapter builds on Chapters 



2 



and 



3 



with the introduction of two more discrete distributions, the 








geometric and the negative 



binomial. The 



latter part of the chapter extends the ideas of hypothesis testing 








which you met in Chapters 



4 



and 



5. 

















viii 








Chapter 10 








This chapter requires recall of the Normal distribution and continuity corrections from 



A 



level Mathematics. 








It is 



about the Central Limit Theorem and, while this 



is 



new, some of the distributions to which 



it is 



applied 








were covered in Chapter 



3. 








Chapter 11 








In this chapter the ideas of hypothesis testing are extended to possible errors. So 



it is 



based on an 








understanding of the basic methodology of hypothesis testing, such 



as 



that developed in Chapters 



4, 5 



and 



9. 








Chapter 12 








Probability generating functions use algebra and calculus to find the mean and variance of the standard 








probability 



distributions from Chapters 



3 



and 



9. 



You need to be able to differentiate exponential functions. 








Chapter 13 








This chapter starts with 



a 



review of the Normal distribution which 



is 



in 



A 



level Mathematics. 



It 



then builds 








on ideas of expectation and variance that were introduced in Chapter 



2. 








Chapter 14 








This chapter 



is 



on confidence intervals for the 



mean. The 



work depends on the Normal distribution but goes 








on to situations where the 



t-distribution 



is 



used. 








Chapter 15 








The work in this chapter 



is 



closely related to that in Chapter 14, but 



it 



also requires 



a 



good understanding of 








hypothesis testing from earlier in the book. 








Chapter 16 








This chapter 



is 



about estimation and depends on expectation and variance, ideas which were introduced in 








Chapter 



2 



and developed in Chapter 13. 








Chapter 17 








The final chapter 



of 



the book 



is 



about confidence intervals 



for 



variance and associated hypothesis tests; 



it 








develops general ideas from earlier in the book, particularly Chapters 14 and 15. 

















1 








A 



judicious man looks 








at 



statistics, 



not to get 








knowledge but 



to 



save 








himself from having 








ignorance foisted 



on 



him. 








Thomas Carlyle (1795–1881) 








Statistical problem solving 








1 








Discussion point 








Do you agree with the ‘not to get knowledge’ part of Carlyle’s statement? 








Think of one example where statistics has promoted knowledge or is currently  








doing so. 








How would statistics have been different in Carlyle’s time from now? 
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1 The problem solving cycle 








Statistics provides 



a 



powerful set of tools for solving 



problems. While 



many of 








the techniques are specific to statistics they are nonetheless typically carried out 








within the standard cycle. 








1. Problem specification 








and analysis 








2. Information 








collection 








3. Processing and 








representation 








4. Interpretation 








Figure 1.1 








This chapter reviews the techniques that are used 



at 



the various stages, with 








particular emphasis on the information collection and the processing and 








representation elements. 








Problem specification and analysis, and  








interpretation 








The problem-solving cycle begins with 



a problem. That 



may seem like stating 








the obvious but 



it is 



not quite. Much of the work you do in statistics involves 








applying statistical techniques to statistical problems. By contrast, the problems 








tackled in this cycle are drawn from real 



life. They 



often require the use of 








statistics, but 



as a 



means to the end of providing an answer to the original 








problem, situation or context. Here are some examples: 










● 



Is a 



particular animal in danger of extinction? 













● 



How many coaches should 



a 



train operating company put on 



a 



particular 











train? 










● 



Will 



a 



new corner shop be viable in 



a 



particular location? 













● 



What provision of Intensive Care and High Dependency places should 



a 











hospital’s neonatal unit make? 








To answer questions like these you need data, but before collecting them 



it is 








essential to plan the 



work. Too 



often poor planning results in inappropriate data 








being collected. So, 



at 



the outset, you need to know: 










● 



what data you are going to collect 













● 



how you are going to collect the data 













● 



how you are going to analyse the data 













● 



how much data you will need 













● 



how you are going to present the results 













● 



what the results will mean in terms of the original problem. 











Thus planning 



is 



essential and this 



is 



the work that 



is 



carried out in the 








first stage, problem specification and analysis, and 



at 



the end of the process 








interpretation 



is 



required; this includes the possible conclusion that the problem 








has not been addressed satisfactorily and the whole cycle must be repeated. 
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Both planning and interpretation depend on knowledge of how data are 








collected, processed and represented and so the second and third stages of the 








cycle are the focus of this chapter. 








Information collection 








The information needed in statistics 



is 



usually in the form of data so the 








information 



collection stage in the cycle 



is 



usually called 



data collection. 



This 








is 



an important part of statistics and this section outlines the principles involved, 








together with the relevant terminology and notation. 








Terminology and notation 








Data collection often requires you to take 



a 



sample, 



a 



set of items which are 








drawn from the relevant population and should be representative of 



it. The 








complete population may be too large for 



it 



to be practical, or economical, to 








consider every item. 








A 



sample provides 



a 



set of data values of 



a 



random variable, drawn from all such 








possible values, the 



parent population. 



The parent population can 



be 



finite, 








such 



as 



all professional netball players, or infinite, such 



as 



the points where 



a 



dart 








can land on 



a 



dart board. 








A 



representation of the items available to be sampled 



is 



called the 



sampling 








frame. 



This could, for example, be 



a 



list of the sheep in 



a 



flock, 



a 



map marked 








with 



a 



grid or an electoral register. In many situations no sampling frame exists 








nor 



is it 



possible to devise one, for example for the cod in the North Atlantic. 








The proportion of the available items that are actually sampled 



is 



called the 








sampling fraction. 



A 



100% sample 



is 



called 



a 



census. 








The term 



random 



is 



often used in connection with data collection. For 



a 








process to be described 



as 



random, each item in the population has 



a 



probability 








of being included in the sample. In many situations these probabilities are equal, 








but this 



is 



not essential. Most calculators give random numbers and these allow 








you to select an item from 



a 



list 



at 



random. 










A 



parent population, often just called the population, 



is 



described in terms of its 








parameters, such 



as its 



mean, 



µ, 



and variance, 



σ  








2 








. By 



convention, Greek letters are 








used to denote these population parameters. 








A 



value derived from 



a 



sample 



is 



written in Roman letters, such 



as – 



x 



and 



s. 



Such 








a 



number 



is 



the value of 



a 



sample statistic (or just 



statistic). When 



sample statistics 








are used to estimate the parent population parameters they are called estimates. 








Thus 



if 



you take 



a 



random sample for which the mean 



is – 








x, 



you can use 



– 



x 



to 








estimate the population mean, 



μ. 



Thus 



if 



in 



a 



particular sample 



– 



x 



= 



25.9, you can 








use 25.9 



as 



an estimate of the population 



mean. You 



would, however, expect the 








true value of 



μ 



to be somewhat different from 25.9. 








An estimate of 



a 



parameter derived from sample data will, in general, differ 








from 



its 



true 



value. The 



difference 



is 



called the 



sampling error. 



To 



reduce 








the sampling error, you want your sample to be 



as 



representative of the parent 








population 



as 



you can make 



it. This, 



however, may be easier said than done. 








Note 








= 








Sampling fraction 








Sample 



size 








Population size 








Note 








Imagine you want to  








select a day of the year  








at random. You can  








number them 1 to 365.  








Then set your calculator  








to generate a three- 








digit number. If it is 365  








or less, that gives you  








your day. If it is over  








365, reject it and choose  








another number. 
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Sampling 








There are several reasons why you might want to take 



a sample. These 



include: 










● 



to help you understand 



a 



situation better 








● 



as 



part of 



a 



pilot study to inform the design of 



a 



larger investigation 








● 



to estimate the values of the parameters of the parent population 








● 



to avoid the work involved in cleaning and formatting all the data in 



a 



large set 








● 



to conduct 



a 



hypothesis test. 











At the outset you need to consider how your sample data will be collected and 








the steps you can take to ensure their 



quality. You 



also need to plan how you will 








interpret your data. Here 



is a 



checklist of questions to ask yourself when you are 








taking 



a 



sample. 










● 



Are the data relevant to the problem? 








● 



Are the data unbiased? 








● 



Is 



there any danger that the act of collection will distort the data? 








● 



Is 



the person collecting the data suitable? 








● 



Is 



the sample of 



a 



suitable size? 








● 



Is a 



suitable sampling procedure being followed? 








● 



Is 



the act of collecting the data destructive? 











There are many sampling 



techniques. The 



list that follows includes the most 








commonly used. In considering them, remember that 



a 



key aim when taking 



a 








sample 



is 



that 



it 



should be 



representative 



of 



the parent population being investigated. 








Simple random sampling 








In 



a 



simple random sampling procedure, 



every possible sample of 



a 



given 








size 



is 



equally likely to be selected. 



It 



follows that in such 



a 



procedure every 








member of the parent population 



is 



equally likely to be selected. However, the 








converse 



is 



not true. 



It is 



possible to devise 



a 



sampling procedure in which every 








member 



is 



equally likely to be selected but some samples are not possible; an 








example occurs with 



systematic sampling 



which 



is 



described later. 








Simple random sampling 



is 



fine when you can do it, but you must have 



a 








sampling 



frame. To 



carry out simple random sampling, the population must 








first be numbered, usually from 



1 



to 



n. 



Random numbers between 



1 



and 



n 








are then generated, and the corresponding members of the population are 








selected. 



If 



any repeats occur, more random numbers have to be generated to 








replace them. Note that, in order to carry out 



a 



hypothesis test or to construct 








a 



confidence interval (see Chapter 13), the sample taken should 



be a 



simple 








random sample and so some of the sampling methods below are not suitable 








for these purposes. 








Jury selection 








The first stage in selecting 



a 



jury 



is 



to take 



a 



simple random sample from the 








electoral role. 








This is often the  








situation when you are  








collecting data as part  








of the problem. 








Sample size is  








important. The larger  








the sample, the more  








accurate will be the  








information it gives you. 








Discussion point 








Give examples of cases  








where the answers to  








the first six of these  








questions are ‘no’. 








For example, bringing  








rare deep sea creatures  








to the surface for  








examination may result  








in their deaths. 








Example from 








real 



life 
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Stratified sampling 








Sometimes 



it is 



possible to divide the population into different groups, or 








strata. In 



stratified sampling, 



you would ensure that all strata were sampled. 








In 



proportional stratified sampling, 



the numbers selected from each of the 








strata are proportional to their 



size. The 



selection of the items to be sampled 








within each stratum 



is 



done 



at 



random, often using simple random sampling. 








Stratified sampling usually leads to accurate results about the entire population, 








and also gives useful information about the individual strata. 








Opinion polls 








Opinion polls, such 



as 



those for the outcome of an election, are often carried 








out 



online. The 



polling organisation collects sufficient other information to 








allow respondents to be placed in 



strata. They 



then use responses from the 








various strata in proportion to their sizes in the population. 








Cluster sampling 








Cluster sampling 



also starts with sub groups of the population, but in this 








case the items are chosen from one or several of the 



subgroups. The 



subgroups 








are now called clusters. 



It is 



important that each cluster should be reasonably 








representative of the entire population. If, for example, you were asked to 








investigate the incidence of 



a 



particular parasite in the puffin population of 








northern Europe, 



it 



would be impossible to use simple random sampling. Rather, 








you would select 



a 



number of sites and then catch some puffins 



at 



each place. 








This 



is 



cluster sampling. Instead of selecting from the whole population you are 








choosing from 



a 



limited number of clusters. 








Estimating the badger population size 








An estimate of badger numbers 



in 



England, carried out between 2011 and 








2013, was based on cluster sampling using 1411 



1km2 



squares from around the 








country. The 



number of badger setts 



in 



each square was 



counted. The 



clusters 








covered about 



1 % 



of the area of the 



country. There 



had been earlier surveys 








in 



1985–88 and 1994–97 but with such long time intervals between them 








the results cannot be used to estimate the short-term variability of population 








over 



a 



period of years rather than 



decades. There 



are two places where local 








populations have been monitored over many years. So the only possible 








estimate of short-term variability would depend on just two clusters. 








Systematic sampling 








Systematic sampling 



is a 



method of choosing individuals from 



a 



sampling 








frame. 



If 



the items in the sampling frame are numbered 



1 



to 



n, 



you would 








choose 



a 



random starting point such 



as 



38 and then every subsequent 



kth 



value, 








for example sample numbers 38, 138, 238 and so 



on. When 



using systematic 








sampling you have to beware of any cyclic patterns within the frame. For 








example, suppose that 



a 



school list 



is 



made up class by class, each of exactly 25 








children, in order of merit, so that numbers 



1, 



26, 51, 76, 101, ... in the frame 








are those 



at 



the top of their class. 



If 



you sample every 50th child starting with 








number 26, you will conclude that the children in the school are very bright. 








Example from 








real life 








Example from 








real 



life 

















The problem solving cycle 








6 








S1 AS 








Rubbish on beaches 








Information was collected, using systematic sampling, about the amount and 








type of rubbish on the high water line along 



a 



long beach. 








The beach was divided up into 



1 



m sections and, starting from 



a 



point near 








one end, data were recorded for every 50th interval. 








Quota sampling 








Quota sampling 



is 



the method often used by companies employing people to 








carry out opinion surveys. An interviewer’s quota 



is 



always specified in stratified 








terms, 



for 



example how many males and how many 



females. The 



choice 



of 



who 








is 



sampled 



is 



then left up to the interviewer and so 



is 



definitely non-random. 








If 



you regularly take part in telephone interviews, you may notice that, after 








learning your details, the interviewer seems to lose 



interest. That is 



probably 








because quota sampling 



is 



being used and the interviewer already has enough 








responses from people in your category. 








Opportunity sampling 








Opportunity sampling 



(also known 



as 



‘convenience sampling’) 



is a 



very cheap 








method of choosing 



a 



sample where the sample 



is 



selected by simply choosing 








people who are readily available. For example, an interviewer might stand in 



a 








shopping centre and interview anybody who 



is 



willing to participate. 








Credit card fraud 








A 



barrister asked 



a 



mathematician to check that his argument was statistically 








sound in 



a 



case about credit card 



fraud. The 



mathematician wanted to find 








out more about the extent of suspected fraud. By chance, he was about to 








attend 



a 



teachers’ conference and so he took the opportunity to ask delegates 








to fill in 



a 



short questionnaire about their relevant personal experience, 



if 



any. 








This gave him 



a 



rough idea of its extent and so achieved its aim. 








Self-selected sampling 








Self-selected sampling 



is a 



method of choosing 



a 



sample where people 








volunteer to be 



a 



part of the 



sample. The 



researcher advertises for volunteers, and 








accepts any that are suitable. 








A medical study 








Volunteers were invited to take part in 



a 



long-term medical study into the 








effects of particular diet supplements on heart function and other conditions. 








They would take 



a 



daily pill which might have an active ingredient or might 








be 



a 



placebo, but they would not know which they were taking. Potential 








participants were then screened for their suitability. At six-monthly intervals 








those involved were asked to fill in 



a 



questionnaire about their general 








health and 



lifestyle. The 



study was based on 



a 



self-selected sample of some 








10 000 people. 








Example from 








real life 








Example from 








real life 








Example from 








real life 








Example from 








real 



life 
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Other sampling techniques 








This 



is 



by no means 



a 



complete list of sampling techniques. Survey design and 








experimental design cover the formulation of the most appropriate sampling 








procedures in particular 



situations. They 



are major topics within statistics but 








beyond the scope of this book. 








Processing and representation 








At the start of this stage you have 



a 



set of raw data; by the end, you have worked 








them into forms that will allow people to see the information that this set 








contains, with particular emphasis on the problem in hand. Four processes are 








particularly important. 










● 



Cleaning the data, which involves checking outliers, errors and missing items. 








● 



Formatting the data so that they can be used on 



a 



spreadsheet or statistics 











package. 










● 



Presenting the data using suitable diagrams, which 



is 



described below. 








● 



Calculating summary measures, which 



is 



also described below. 











Describing data 








The data items you collect are often values of 



variables 



or of 



random 








variables. 



The number of goals scored by 



a 



football team in 



a 



match 



is a 








variable because 



it 



varies from one match to another; because 



it 



does so in an 








unpredictable manner, 



it is a 



random variable. Rather than repeatedly using the 








phrase ‘The number of goals scored by 



a 



football team in 



a 



match’ 



it is 



usual 








to use an upper case letter like 



X 



to represent it. Particular values of 



a 



random 








variable are denoted by 



a 



lower case letter; often (but not always) the same letter 








is 



used. So 



if 



the random variable 



X 



is 



‘The number of goals scored by 



a 



football 








team in 



a 



match’, for 



a 



match when the team scores 



5 



goals, you could say 



x 



= 5. 








The number of times that 



a 



particular value of 



a 



random variable occurs 



is 



called 








its 



frequency. 








When there are many possible values of the variable, 



it is 



convenient to allocate 








the data to groups. An example of the use of 



grouped data 



is 



the way people 








are allocated to age groups. 








The pattern in which the values of 



a 



variable occur 



is 



called its 



distribution. 








This 



is 



often displayed in 



a 



diagram with the variable on the horizontal scale and 








a 



measure of frequency or probability on the vertical scale. 



If 



the diagram has 








one peak, the distribution 



is 



unimodal; 



if 



the peak 



is 



to the left of the middle, 








the distribution has 



positive skew 



and 



if it is 



to the right, 



it 



has 



negative skew. 








If 



the distribution has two distinct peaks, 



it is 



bimodal. 








(a) 








(b) 








(c) 








Figure 1.2 (a) 



Positive skew (b) negative skew (c) a bimodal distribution 








Note 








In this example, the  








random variable  








happens to be discrete. 








Random variables  








can be discrete or  








continuous. 

















The problem solving cycle 








8 








S1 AS 








A 



data item which 



is 



far away from the rest 



is 



called an 



outlier. 



An outlier may 








be 



a 



mistake, for example 



a 



faulty reading from an experiment, or 



it 



may be 








telling you something really important about the situation you are investigating. 








When you are cleaning your data, 



it is 



essential to look 



at 



any outliers and decide 








which of these 



is 



the case, and so whether to reject or accept them. 








The data you collect can be of 



a 



number of different 



types. You 



always need to 








know what type of data you are working with 



as 



this will affect the ways you 








can display them and what summary measures you can use. 








Categorical (or qualitative) data 



come in classes or categories, like types 








of fish or brands of toothpaste. Categorical data are also called 



qualitative, 








particularly 



if 



they can be described without using numbers. 








Common displays for categorical data are pictograms, dot plots, tallies, pie charts 








and bar charts. 



A 



summary measure for the most typical item of categorical data 








is 



the modal class. 








Ranked data 



are the positions of items within their group when they are ordered 








according to size, rather than their actual measurements or scores. For example the 








competitors 



in a 



competition could be given their positions 



as 



1st, 2nd, 3rd, etc. 








Ranked data are extensively used 



in 



the branch of statistics called 



Exploratory 








Data Analysis; 



this 



is 



beyond the scope 



of 



this book, but some 



of 



the measures 








and displays for ranked data are more widely used and are relevant here. 








The median divides the data into two groups, those with high ranks and those 








with low 



ranks. The 



lower quartile 



and the 



upper quartile 



do the same for 








these two groups so, between them, the two quartiles and the median divide the 








data into four equal-sized groups according to their 



ranks. These 



three measures 








are sometimes denoted by 



Q 



1, 



Q 



2 



and 



Q 



3. These 



values, with the highest and 








lowest value can be used to create 



a 



box plot (or box and whisker diagram). 








Q 



1 








Q 



2 








Q 



3 








LQ 








UQMedian 








Least 








Greatest 








Figure 1.3 Box 



plot (or box and whisker diagram) 








The median 



is a 



typical middle value and so 



is 



sometimes called an 



average. 








More formally, 



it is a 



measure of central tendency. 



It 



often provides 



a 



good 








representative 



value. The 



median 



is 



easy 



to 



work out 



if 



the data are stored 



on a 








spreadsheet since that will do the ranking for you. Notice that extreme values 








have little, 



if 



any, effect on the median. 



It is 



described 



as 



resistant to outliers. 



It is 








often useful when some data values are missing but can be estimated. 








Interquartile range and semi interquartile range are measures of spread for 








ranked data, 



as is 



the range. 








Drawing 



a 



stem-and-leaf diagram can be helpful when ranking data. 








Numerical (or quantitative) data 



occur when each item has 



a 



numerical 








value (and not just 



a 



rank), like the number of people travelling in 



a 



car or the 








values of houses. 








Notes 








A pie chart is used for  








showing proportions of  








a total. 








There should be gaps  








between the bars in a  








bar chart. 








Note 








You have to be aware  








when working out the  








median as to whether  








n is odd or even. If it is  








odd, for example if   








n = 9,  








1 








2 








+ 








n 



 works out   








to be a whole number  








but that is not so if n is  








even. For example if   








n = 10,  








5 








1 








2 








1 








2 








+ = 








n 








. In that  








case, the data set does  








not have a single middle  








value; those ranked 5  








and 6 are equally spaced  








either side of the middle  








and so the median is  








half way between their  








values. 








Note 








Identifying outliers 








There are two common  








tests: 








•  



Is the item more  








than 2 standard  








deviations from the  








mean?   








•  



Is the item more  








than 1.5 × the  








interquartile range  








beyond the nearer  










      quartile? 
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Numerical data are described 



as 



discrete 



if 



items can take certain particular 








numerical values but not those in 



between. The 



number of eggs 



a 



song bird 








lays (0, 



1, 2, 3, 4, 



...), the number of goals 



a 



hockey team scores in 



a 



match 








(0, 



1, 2, 3, 



...) and the sizes of women’s clothes in the UK (... 



8, 



10, 12, 14, 16, 








...) are all examples of discrete variables. 



If 



there are many possible values, 



it is 








common to group discrete data. 








By contrast, 



continuous 



numerical data can take any appropriate value 



if 








measured accurately enough. 








Distance, mass, temperature and speed are all continuous 



variables. You 



cannot 








list all the possible values. 








If 



you are working with continuous data you will always need to 



group 



them. 








This includes two special cases: 










● 



The variable 



is 



actually discrete but the intervals between values are very 











small. For example, cost in euros 



is a 



discrete variable with steps of €0.01 (i.e. 








1 



cent) but this 



is 



so small that the variable may be regarded 



as 



continuous. 










● 



The underlying variable 



is 



continuous but the measurements of 



it 



are rounded 











(for example, to the nearest mm), making your data discrete. All measurements 








of continuous variables are rounded and, providing the rounding 



is 



not too 








coarse, the data should normally be treated 



as 



continuous. 



A 



particular case of 








rounding occurs with people’s ages; this 



is a 



continuous variable but 



is 



usually 








rounded down to the nearest completed year. 








Displaying numerical data 








Commonly used displays for discrete data include 



a 



vertical line chart and 



a 








stem-and-leaf diagram. 



A 



frequency table can be useful in recording, sorting and 








displaying discrete numerical data. 








A 



frequency chart and 



a 



histogram are the commonest ways of displaying 








continuous data. Both have 



a 



continuous horizontal scale covering the range of 








values of the variable. Both have vertical bars. 










● 



In 



a 



frequency chart, frequency 



is 



represented by the height of 



a bar. The 











vertical scale 



is 



Frequency. 










● 



In 



a 



histogram, frequency 



is 



represented by the area of 



a bar. The 



vertical scale 











is 



Frequency density. 








Look 



at 



this frequency chart and 



histogram. They 



show the time, 



t 



minutes, that 








a 



particular train was late 



at 



its final destination in 150 journeys. 








On both graphs, the interval 5–10 means 








5 



< 








10 








t 



≤ 








, 



and, similarly, for other 








intervals. 



A 



negative value of 



t 



means the train was early. 








Note 








In frequency charts and  








histograms, the values  








of the variables go at  








the ends of the bars.  








Note 








If you are using a  








frequency chart,  








the class intervals  








should all be equal.  








For a histogram,  








they don’t have to  








be equal. So, if you  








have continuous data  








grouped into classes  








of unequal width, you  








should expect to use a  








histogram. 
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Figure 1.4 








Numerical data can also be displayed on 



a 



cumulative frequency curve. 








To draw the cumulative frequency curve, you plot the cumulative frequency 








(vertical axis) against the upper boundary of each class interval (horizontal axis). 








Then you join the points with 



a 



smooth 



curve. This 



lends itself to using the 








median, quartiles and other percentiles 



as 



summary measures. 








Discussion point 








What is the same about  








the two displays and  








what is different? 
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Summary measures for numerical data 








Summary measures for both discrete and continuous numerical data include the 








following. 








Table 1.1 








Central tendency 








Spread 








Position in the data 








Mean 








Range 








Lower quartile 








Weighted mean 








Interquartile range 








Median 








Mode 








Standard deviation 








Upper quartile 








Mid-range 








Variance 








Percentile 








Median 








Modal class (grouped data) 








Standard deviation 








Standard deviation 



is 



probably the most important measure of spread in statistics. 








The calculation of standard deviation, and of variance, introduce important 








notation which you will often come 



across. This is 



explained in the example 








that follows. 








Alice enters dance competitions in which the judges give each dance 



a 



score 








between 



0 



and 10. Here 



is a 



sample of her recent scores. 








Table 1.2 








7 4 9 8 7 8 8 



10 



9 



10 








Calculate the mean, variance and standard deviation of Alice’s scores. 








Solution 








Alice received 10 scores, so the number of data items, 



n 



= 



10. 








In the following table her scores are denoted by 



x 



1, 



x 



2, 



..., 



x 



10, 



with the 








general term 



x 



i 



. 








The mean score 



is 



x. 








Note 








In practice, many  








people would just  








enter the data into  








their calculators and  








read off the answer.  








However, it is important  








to understand the  








ideas that underpin the  








calculation. 








Example 



1.1 
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Table 1.3 








x 



i 








x 



i 



– 



x 



(x 



i 



– 



x) 








2 








x 



i 








2 








x 



1 








7 








-1 








1 








49 








x 



2 








4 








-4 








16 








16 








x 



3 








9 








1 








1 








81 








x 



4 








8 








0 








0 








64 








x 



5 








7 








-1 








1 








49 








x 



6 








8 








0 








0 








64 








x 



7 








8 








0 








0 








64 








x 



8 



10 








2 








4 








100 








x 



9 








9 








1 








1 








81 








x 



10 



10 








2 








4 








100 








∑ 








80 








0 








28 








668 








The mean 



is 



given by 



x 








x 








n 








i 








= Σ = = 



8.0 








80 








10 








. 








The variance 



is 



given by 



s 








S 








n 








xx 








2 








= 



, 



where 



S 








x x 








xx 








i 








= − 








Σ( 








) 








2 








In this case, 



S 



xx 



= 



28. 








So the variance 



is 








28 








10 








2 








s 



= 








= 



2.8 








The standard deviation 



is 



s 



= 








= 








variance 2.8 



= 



1.673 








ACTIVITY 



1.1 








Using a spreadsheet, enter the values of 



x 



in cells B2 to B11. Then, using only  








spreadsheet commands, and without entering any more numbers, obtain the values  








of ( 



− 








x x) in cells C2 to C11, of ( 



− 








x 



x) 








2 








 in cells D2 to D11 and of x 








2 








 in E2 to E11. 








Still using only the spreadsheet commands, find the standard deviation using  








both of the given formulae.  








Now, as a third method, use the built in functions in your spreadsheet, for example  








=AVERAGE and =STDEV. PA to calculate the mean and standard deviation directly. 








Notation 








The notation in the example 



is 



often used with other variables. 








So, for example, 








2 








2 








2 








( 








) 








= Σ − = Σ − 








S 








y y 








y 



ny 








yy 








i 








i 








. 








In Chapters 



5 



and 



6, 



you will meet an equivalent form for bivariate data, 








( 








)( 








) 








= Σ − 








− = Σ − 








S 








x x y y 








xy 



nx y 








xy 








i 








i 








i i 








. 








You can also extend the notation 



to 



cases where the data 



are 



given 



in 



frequency tables. 








For example, Alice’s dance scores could have been written 



as 



the frequency table 








below. 








Table 1.4 








x 



i 








4 








7 








8 








9 








10 








f 



i 








1 








2 








3 








2 








2 








The value of 668 for  








2 








Σ 



x 



i 





       








was found in the right hand  








column of the table. 








The quantity ( 








) 








− 








x x 








i 








 is the  








deviation 



from the mean.  








Notice that the total of the  








deviations  



( ) 








Σ − 








x x 








i 








 is zero.  








It has to be so because x  








is the mean, but finding it  








gives a useful check that  








you haven’t made a careless  








mistake so far. 








Note 








Bivariate data 



cover  








two variables, such as  








the birth rate and life  








expectancy of different  








countries. 








When you are working  








with bivariate data  








you are likely to be  








interested in the  








relationship between  








the two variables, how  








this can be seen on a  








scatter diagram and  








how it can be quantified. 








Note 








An alternative but  








equivalent form of S 



xx 



is  








given by 








2 








2 








= Σ 








− 








x 



nx 








S 



xx 








i 








In this case, S 



xx = 668 −  








10 × 8 








2 








 = 668 − 640 = 28. 








This is, as expected,  








the same value as that  








found above. 








Notes 








Some authors use   








s 








S 








n 








xx 








2 








= 








− 



1 








. This  








is STDEV. S on a  








spreadsheet.  








For large values of n  








this makes very little  








difference. 
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The number of items 



is 



then given by 



n 



= Σ 



f 



i 








The mean 



is 








= Σ 








x 








f x 








n 








i i 








The sum of squared deviations 



is 








2 








2 2 








( 








) 








= Σ 








− = Σ − 








S 








f x x 








f x 



nx 








xx 








i i 








i i 








As before, the variance 



is 








2 








= 








s 








S 








n 








xx 








and the standard deviation 



is 








variance 








= 








= 








s 








S 








n 








xx 








. 










①  



A 



club secretary wishes to survey 



a 



sample of members of his club. He uses 











all members present 



at a 



meeting 



as a 



sample 










(i)  



Explain why this sample 



is 



likely to be biased. 













       








Later the secretary decides to choose 



a 



random sample of members. 








The club has 253 members and the secretary numbers the members 








from 1 to 253. He then generates random 3-digit numbers on his 








calculator. The 



first six random numbers are 156, 965, 248, 156, 073 








and 181. The secretary uses each number, where possible, 



as 



the number 








of 



a 



member in the sample. 










(ii)  



Find possible numbers for the first four members in the sample. [OCR] 













②  



This stem-and-leaf diagram shows the mean GDP per person 



in 



European 











countries, in thousands of 



US$. The 



figures are rounded to the nearest 








US$ 1000. 








Table 1.5 








Europe 








0 4 7 8 8 8 








1 1 1 2 4 6 8 9 








2 0 1 2 3 3 3 4 4 5 6 8 8 








3 0 0 1 6 6 7 7 8 8 








4 0 1 1 1 1 3 3 5 6 








5 4 5 7 








6 1 6 








7 








8 0 9 










(i)  



The mean per capita income for the UK 



is 



US$ 37 



300. What is 



the rank 











of the UK among European countries (where rank 



1 = 



largest GDP)? 










(ii)  



Find the median and quartiles of the data. 








(iii)  



Use the relevant test to identify any possible outliers. 








(iv)  



Describe the distribution. 








(v)  



Comment on whether these data can be used 



as a 



representative sample 











for the GDP of all the countries in the world. 










③  



Debbie 



is a 



sociology student. She 



is 



interested in how many children 











women have during their lifetimes. She herself has one sister and no 








brothers. She asks the other 19 students in her class ‘How many children has 








your mother had?’ Their answers follow; the figure for herself 



is 



included. 








Exercise 1.1 








Note 








Key 3|7 = US$ 37 000 








n = 49 
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Table 1.6 








1 1 2 3 1 4 2 1 2 2 








2 2 2 1 0 1 2 3 8 3 








Debbie says 








‘Thank you for your help. 



I 



conclude that the average woman has exactly 








2.15 children.’ 










(i)  



Name the sampling method that Debbie used. 








(ii)  



Explain how she obtained the figure 2.15. 








(iii)  



State four things that are wrong with her method and her stated 











conclusion. 










④ 



A 



supermarket chain 



is 



considering opening an out-of-town shop on 



a 











greenfield site. Before going any further they want to test public opinion 








and carry out 



a 



small pilot 



investigation. They 



employ three local students 








to ask people ‘Would you be in favour of this development?’ Each of the 








students 



is 



told to ask 30 adult men, 30 adult women and 40 young people 








who should be under 19 but may be male or female. 










       








Their results are summarised in this table. 








Table 1.7 








Men 








Women 








Young people 








Interviewer Yes No 








Don’t 








know Yes No 








Don’t 








know Yes No 








Don’t 








know 








A 








5 



20 








5 








18 12 



0 



12 10 18 








B 








12 14 








4 








20 



8 2 



11 11 18 








C 








9 18 








3 








17 9 4 10 15 15 










(i)  



Name the sampling method that has been used. 











The local development manager has to give 



a 



very brief report to the 








company’s directors and this will include his summary of the findings of the 








pilot survey. 










(ii)  



List the points that he should make. 











The directors decide to take the proposal to the next stage and this requires 








a 



more accurate assessment of local opinion. 










(iii)  



What sampling method should they use? 













⑤  



A 



certain animal 



is 



regarded 



as a pest. There 



have been two surveys, eight 











years apart, to find out the size of the population in the UK. After the 








second survey 



a 



newspaper carried an article which included these words. 








This animal is out of control. Its numbers have doubled 








in just 



8 



years. 








The actual population, which no one knows, 



is 



shown on the following 








graph for 



1995–2015. The 



unit on the vertical scale 



is 



100 000 animals. 
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0 
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2010 








2015 








Figure 1.5 



Graph of population 










(i)  



Describe the apparent pattern of the size of the population. 








(ii)  



In which years does 



it 



seem that the surveys were carried out? 








(iii)  



Suggest conclusions which might have been reached 



if 



the two surveys 











had been in (a) 1999 and 2007 (b) 1999 and 2015. 










       








Historic data of the sale of furs of Arctic mammals, such 



as 



lynx and hares, 








by the Hudson Bay Company indicate 



a 



10 to 11 year cycle in their 








population numbers over many years. 










(iv)  



Suppose the data are available on 



a 



spreadsheet. Describe how 



a 











systematic sample might be taken from the data on the spreadsheet. 








Comment on the problems that might result. 










⑥  



A 



study 



is 



conducted on the breeding success of 



a 



type of sea bird. Four 











islands are selected and volunteers monitor nests on them, counting the 








number of birds that fledge (grow up to fly away from the nest). 










       








The results are summarised in the table below. 








Table 1.8 








Number of fledglings 








Island 








0 








1 








2 








3 >3 








A 








52 








105 31 








2 








0 








B 








10 








81 55 








6 








0 








C 








67 








33 








2 








0 








0 








D 








29 








65 185 11 








0 










(i)  



Describe the sample that has been used. 








(ii)  



Explain why you are unable to give an accurate value for the sampling 











fraction. 










(iii)  



Estimate the mean number of fledglings per nest and explain why this 











figure may not 



be 



very close 



to 



that 



for 



the whole population. 










(iv)  



Ornithologists estimate that there are about 



120000 



breeding pairs of these 











birds. Suggest appropriate limits within which the number of fledglings 








might lie, showing the calculations on which your answers are based. 
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⑦  



The Highways Authority proposes to impose new parking restrictions on 



a 











small 



town. The 



Town Council fears that 



it 



will be bad for trade, and so for 








the town’s 



prosperity. They 



plan to object, but first they need data so that 








they can estimate the cost to the town. 










       








The council call 



a 



special 



meeting. Their 



room can only take 20 more 








people 



(in 



addition to the councillors) and they invite 










       








8 



of the 41 shops 










       








7 



of the 33 restaurants and cafes 










       








5 



of the 27 hotels and bed and breakfasts. 










(i)  



Describe the sort of sample they have selected. Explain how they 











decided on the numbers from the various groups. 










(ii)  



They use 



a 



random selection procedure to decide who actually gets 











invited. Describe two possible ways they might do this. 










(iii)  



Explain why those selected are not 



a 



simple random sample. 













       








At the meeting, those present are asked to estimate the annual cost, to the 








nearest £1000, to their businesses 



if 



the parking restrictions go 



ahead. Their 








replies, in thousands of pounds, are given in the table below. 








Table 1.9 








Shops 








2 1 5 0 12 10 8 3 








Restaurants and cafes 








1 2 2 1 3 2 1 - 








Hotels and B&B 








15 



0 0 



10 



1 - - - 










(iv)  



Use these figures to estimate the total cost of the parking restrictions to 











the town. 










(v)  



Comment on the likely accuracy of the estimate and suggest measures 











that might be taken to improve it. 










⑧  



A 



health authority takes part in 



a 



national study into the health of women 











during pregnancy. One feature of this 



is 



that pregnant women are invited to 








volunteer for 



a 



fitness programme in which they exercise every 



day. Their 








general health 



is 



monitored and the days on which their babies arrive are 








recorded and shown on the histogram below. 








240 








0 








1 








2 








3 








4 








5 








6 








7 








8 








9 








10 








11 








12 








Births 








per 








day 








245 








250 255 260 265 270 275 280 285 290 295 300 








Days 








Figure 1.6 
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(i)  



The women who take part in the programme constitute 



a 



sample. 











What sort of sample 



is 



it? 










(ii)  



Describe the parent population from which the sample 



is 



drawn and 











give one reason why 



it 



may not be completely representative. Comment 








on the difficulties in selecting 



a 



representative sample for this study. 










(iii)  



Use the histogram to find how many women participated in the study. 













       








The ‘due date’ of 



a 



mother to be 



is 



set 



at 



280 days. Babies born before 








260 days are described 



as ‘pre-term’. Those 



born after 287 days are 








‘post-term’. 










(iv)  



Give your answers to parts (a), (b) and (c) to 



1 



decimal place. 








(a)  



Find the percentage of the babies that arrived on their due dates. 








(b)  



Find the percentage that were pre-term. 








(c)  



Estimate the percentage of babies that were post-term. 








(d)  



Explain why your answers to parts (a), (b) and (c) do not add 











up to 100. 










⑨  



(i)  



Births, deaths and marriages are listed for England and Wales (and 











separately for other parts of the UK). As part of 



a 



pilot study, three 








research students, A, 



B 



and C, selected samples of the ages of women 








who died in 2016 from the list, using random numbers. 










       








Summary data for their samples are: 








Table 1.10 








n 








x 








x 








= 








Σ = 








Σ = 








25 








2038 








16 8545 








2 








n 








x 








x 








= 








Σ = 








Σ = 








35 








2720 








214893 








2 








n 








x 








x 








= 








Σ = 








Σ = 








40 








3230 








26 



4936 








2 










(a)  



Describe the samples that the research students took. 








(b)  



Find the mean and standard deviation for each of the samples. 











Explain why they are not all the same. 










(c)  



Find the mean and standard deviation when the three samples are 











put together. Comment on the likely accuracy of your answer. 










(ii)  



State the two formulae 



for 



S 



xx 



and show algebraically that they are 











equivalent. 










⑩  



A 



local police force records the number of people arrested per day during 











January, February and March one 



year. The 



results are 



as 



follows. 








Table 1.11 








No. of arrests Frequency 








0 








55 








1 








24 








2 








6 








3 








2 








4 








0 








5 








2 








6, 7 








0 








8 








1 








>8 








0 








A 








B 








C 
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(i)  



Find the mean and standard deviation of the number of arrests per day. 








(ii)  



The figure 



8 is 



an outlier. 



It 



was the result of 



a 



fight on 



a 



train that 











stopped in the area. 



It is 



suggested that the data should not include 








that 



day. What 



percentage changes would that make to the mean and 








standard deviation? 










(iii)  



Find the percentage error 



if 



the standard deviation (with the outlier 











excluded) 



is 



worked out using the formula 








1 








= 








− 








s 








S 








n 








xx 








instead of 



= 








s 








S 








n 








xx 








. 










(iv)  



The standard deviation of 



a 



sample 



is 



worked out using 



a 



divisor 



(n − 



1) 











instead of 



n. 



Find the smallest value of 



n 



for which the error in doing 








so 



is 



less than 1%. 








KEY POINTS 








1  



The problem solving cycle has four stages: 








•  



problem specification and analysis 








•  



information collection 








•  



processing and representation 








•  



interpretation. 








2  



Information collection often involves taking a sample. 








3  



There are several reasons why you might wish to take a sample: 








•  



to help you understand a situation better 








•  



as part of a pilot study to inform the design of a larger investigation 








•  



to estimate the values of the parameters of the parent population 








•  



to avoid the work involved in cleaning and formatting all the data in   








a large set 








•  



to conduct a hypothesis test. 








4  



Sampling procedures include: 








•  



simple random sampling 








•  



stratified sampling 








•  



cluster sampling 








•  



systematic sampling 








•  



quota sampling 








•  



opportunity sampling 








•  



self-selected sampling. 








5  



For processing and representation, it is important to know the type of data  








you are working with i.e.: 








•  



categorical or qualitative data 








•  



ranked data 








•  



discrete numerical data 








•  



continuous numerical data 








•  



bivariate data. 








6 



Display techniques and summary measures must be appropriate for the type  








of data. 
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7  



Notation for mean and standard deviation. 










       



Mean   








= Σ 








x 








x 








n 








i 










       



Sum of square deviations  








2 








2 2 








( 








) 








= Σ − = Σ − 








x x 








x 



nx 








S xx 








i 








i 










       



Variance  








2 








= 








s 








n 








S 



xx 










       



Standard deviation  








variance 








= 








= 








s 








n 








S 



xx 



. 








LEARNING OUTCOMES 








When you have completed this chapter you should be able to: 










➤ 



use statistics within a problem solving cycle 








➤ 



explain why sampling may be necessary in order to obtain information about  











a population, and give desirable features of a sample, including the size of the  








sample 










➤ 



know a variety of sampling methods, the situations in which they might be  











used and any problems associated with them 










➤ 



explain the advantage of using a random sample when inferring properties of  











a population 










➤ 



display sample data appropriately 








➤ 



calculate and interpret summary measures for sample data. 




















Discrete random variables 








An archery competition is held each month. In the first round of the competition,  








each competitor has five tries at hitting a small target. Those who hit the  








target at least three times get through to the next round. In April, there are  








250 competitors in the first round. The frequencies of the different numbers of  








possible successes are as follows. 








Table 2.1 








Number of successes 








0 








1 








2 








3 4 5 








Frequency 








65 89 48 21 11 16 








Probability theory 



is 








nothing but common 








sense reduced 



to 








calculation. 








Pierre Simon Laplace 








2 
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The numbers of successes are necessarily discrete. 



A 



discrete frequency distribution 








is 



best illustrated by 



a 



vertical line chart, 



as 



in Figure 



2.1. This 



shows you that the 








distribution has positive skew, with the bulk of the data 



at 



the lower end of the 








distribution. 

















21 
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Figure 2.1 








The survey involved 250 



competitors. This is a 



reasonably large sample and so 








it is 



reasonable to use the results to estimate the 



probabilities 



of the various 








possible outcomes: 



0, 1, 2, 3, 4, 5 successes. You 



divide each frequency by 250 








to obtain the 



relative frequency, 



or probability, of each outcome (number of 








successes). 








Table 2.2 








Outcome (Number of successes) 








0 








1 








2 








3 








4 5 








Probability 








0.260 0.356 0.192 0.084 0.044 0.064 








You now have 



a 



mathematical model 



to describe 



a 



particular situation. In 








statistics, you are often looking for models to describe and explain the data 








you find in the real world. In this chapter, you are introduced to some of the 








techniques for working with models for discrete data. Such models are called 








discrete probability distributions. 








The number of successes 



is a 



random variable 



since the actual value of the 








outcome 



is 



variable and can only be predicted with 



a 



given probability, i.e. the 








outcomes occur 



at random. The 



random variable 



is 



discrete 



since the number 








of successes 



is 



an integer (between 



0 



and 5). 








In the archery competition, the maximum number of successes 



is 



five so 








the variable 



is 



finite. 



For example, 



if 



each competitor had ten tries, then the 








maximum would be ten. In this case, there would be eleven possible outcomes 








(including 



zero). Two 



well-known examples of finite discrete random variables 








are the 



binomial distribution 



and the 



negative binomial distribution. 








By contrast, 



if 



you considered the number of times you need to roll 



a 



pair of 








dice to get 



a 



double six, there 



is 



no theoretical maximum, and so the distribution 








is 



infinite. 



Two well-known examples of infinite discrete random variables are 








the 



geometric distribution 



and the 



Poisson distribution. You 



will study 








these discrete distributions in Chapter 



3 



and Chapter 



9. 








Note  








You can draw a diagram  








to show this probability 








distribution. It is  








identical in shape to  








Figure 2.1 but with  








probability rather  








than frequency on the  








vertical axis. 








For example: the number  








of rolls to get a six on  








a dice. 

















Conditions for discrete random variables 








22 








S1 AS 








1  Conditions for discrete random  








variables 








● 



A 



random variable 



is 



denoted by an upper case letter, such 



as 



X, Y, 



or 



Z. 








● 



The particular values that the random variable takes are denoted by lower 








case letters, such 



as 



x, y, z 



and 



r. 








● 



In the case of 



a 



discrete variable these are sometimes given suffixes such 



as 








r 



1, 



r 



2, 



r 



3, 



… 








● 



Thus 



P 








1 








( 








) 








= 








X r 



means the probability that the random variable 



X 



takes 



a 








particular value 



r 



1. 








● 



If a 



finite discrete random variable can take 



n 



distinct values 



r 



1, 



r 



2,..., 



r 



n, 



with 








associated probabilities 



p 



1, 



p 



2, 



…, 



p 



n, 



then the sum of the probabilities must 








equal 



1. 








● 



In that case, 



p 



1 



+ 



p 



2 



+... 



+ 



p 



n 



= 1. 








● 



This can be written more formally 



as 








p 








X r 








k 








n 








k 








n 








P 








1. 








1 








1 








∑ ∑ 



( 








) 








= 








= = 








● 



If 



there 



is 



no ambiguity, then 








X r 








n 








k 








P 








1 








∑ 



( 








) 








= 








is 



often abbreviated to 








X r 



. 








∑ 



( ) 








= 








P 








The probability distribution of 



a 



random variable 



X 



is 



given by 








2 








X r 








r 








P 








k 








( 








) 








= = 








for 



r 



= 3, 4, 5 








P 








0 








( 








) 








= = 








X r 








otherwise. 








(i) 



Find the value of the constant 



k. 








(ii) 



Illustrate the distribution and describe the shape of the distribution. 








(iii) 



Two successive values 



of 



X 



are generated independently 



of 



each other. 








Find the probability that 








(a)



both values of 



X 



are the same 








(b) 



the total of the two values of 



X 



is 



greater than 



8. 








The various outcomes  








cover all possibilities;  








they are exhaustive. 








Example 2.1 








Note  








You will often see the  










expression P( 













) 











= 



r 








X 








  in a  








table heading. 
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Solution 








(i) 








Tabulating the probability distribution for 



X 



gives: 








Table 2.3 








r 








3 








4 








5 








P 



(X = 



r) 



9k 16k 25k 








Since 



X 



is a 



random variable, 








k 








k 








k 








k 








k 








P 








1 








9 



16 25 



1 








50 



1 








0.02 








( 








) 








( 








) 








Σ 








= = 








+ 








+ = 








= 








= 








X r 








Hence 



P 








0.02 








2 








( 








) 








= = 








X r 








r 








for 



r 



= 3, 4, 5 



which gives the following 








probability distribution. 








Table 2.4 








r 








3 








4 








5 








P 



(X 



= 



r) 



0.18 0.32 0.50 








(ii) 








The vertical line chart in Figure 2.2 illustrates this distribution. 



It 



has 








negative skew. 








3 








0 








0.1 








0.2 








0.3 








0.4 








0.5 








0.6 








4 








5 








P(X 








= 








r) 








r 








Figure 2.2 








(iii) (a) 



P 



(both values of 



X 



are the same) 








0.18 








0.32 








0.5 








0.0324 0.1024 0.25 








0.3848 








2 








2 








2 








( 








) ( ) ( ) 








= 








+ 








+ 








= 








+ 








+ 








= 








(b) 



P 



(total of the two values 



is 



greater than 8) 








0.32 0.5 0.5 0.32 0.5 0.5 








0.16 0.16 0.25 








0.57 








= 








× + × 








+ × 








= 








+ 








+ 








= 








The ways of getting a  








total greater than 8 are:  








4 and 5, 5 and 4, 5 and 5. 
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①  



A 



fair five-sided spinner has faces labelled 



1, 2, 3, 4, 5. The 



random variable 











X 



represents the score when the spinner 



is 



spun. 










(i)   



Copy and complete the table below to show the probability 











distribution of 



X. 








Table 2.5 








r 








1 








2 








3 








  








  








P 



(X = 



r) 



0.2 








  








  








  








  










(ii)   



Illustrate the distribution. 








(iii)   



Find the values of 











(a)  








X 



> 








P( 








2) 








(b)  








P(

X  is even) 








(c)  








X 



> 








P( 








5). 










②  



The probability distribution of 



a 



discrete random variable 



X 



is 



given by 











P 



( 








) 








= = 








X r kr 



for 



r 



= 1, 2, 3, 4 










       








P 








0 








( 








) 








= = 








X r 








otherwise. 










(i)  



Copy and complete the table below to show the probability 











distribution of 



X 



in terms of 



k. 








Table 2.6 








r 








1 








2 








3 








  








P 



(X 



= 



r) 








  








  








4k  










(ii)   



Use the fact that the sum of the probabilities 



is 



equal to 



1 



to find the 











value of 



k. 










(iii)   



Find the values of 








(a)  



P 








4 








( 








) 








= 










X 











(b)  



P ( 








4) 








< 








X 








. 










③  



A 



fair three-sided spinner has faces labelled 



1, 2 



and 



3. The 



random variable 














X 



is 



given by the sum of the scores when the spinner 



is 



spun three times. 










(i)   



Find the probability distribution of 



X. 








(ii)   



Illustrate the distribution and describe the shape of the distribution. 








(iii)   



Find the values of 











(a)  








X 



> 








P( 








6) 








(b)  








X 








P( 



is 



odd) 








(c)  








X 



− < 








P( 








4 



2). 










④  



The random variable 



Y 



is 



given by the absolute difference when the spinner 











in Question 



1 is 



spun twice. 










(i)   



Find the probability distribution of 



Y. 








(ii)   



Illustrate the distribution and describe the shape of the distribution. 








(iii)   



Find the values of 











(a)  








Y 



< 








P( 








2) 










(b)  



P(

Y 



is even) 
















. 
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⑤  



Two ordinary dice are 



thrown. The 



random variable 



X 



is 



the product of the 











numbers shown on the dice. 










(i)  



Find the probability distribution of 



X. 








(ii)  



What 



is 



the probability that any throw of the two dice results in 



a 



value 











of 



X 



which 



is 



an even number? 










⑥  



The probability distribution of 



a 



discrete random variable 



X 



is 



given by 













       








P 








4 








( 








) 








= = 








X r 








kr 



for 



r 



= 2, 3, 4, 5 










       








X r 








( 








) 








= = 








P 








0 



otherwise. 










(i)  



Find the value of 



k 



and tabulate the probability distribution. 








(ii)  



If 



two successive values of 



X 



are generated independently find the 











probability that 










(a)  



the two values are equal 








(b)  



the first value 



is 



less than the second value. 













⑦  



A 



curiously shaped four-faced spinner produces scores, 



X, 



for which the 











probability distribution 



is 



given by 








P 








2 10 








2 








( 








) 








( 








) 








= = 








+ + 








X r k r 








r 








for 



r 



= 0, 1, 2, 3, 4 










       








P 








0 








( 








) 








= = 








X r 








otherwise. 










(i)  



Find the value of 



k 



and illustrate the distribution. 








(ii)  



Show that, when this spinner 



is 



spun twice, the probability of obtaining 











one non-zero score which 



is 



exactly twice the other 



is 



very nearly 0.18. 










⑧  



Four fair coins are tossed. 













(i)  



By considering the set of possible outcomes, HHHH, HHHT, etc., 











tabulate the probability distribution of 



X, 



the number of heads occurring. 










(ii)  



Illustrate the distribution and describe the shape of the distribution. 








(iii)  



Find the probability that there are more heads than tails. 








(iv)  



Without further calculation, state whether your answer to part (iii) 











would be the same 



if 



five fair coins were tossed. Give 



a 



reason for 








your answer. 










⑨  



A 



doctor 



is 



investigating the numbers of children, 



X, 



which women have in 











a 



country. She notes that the probability that 



a 



woman has more than five 








children 



is 



negligible. She suggests the following model for 



X 








P 








0 



0.3 








( 








) 








= = 








X 










       








P 








12 3 – 








2 








( 








) 








( 








) 








= = 








+ 








X r k 








r r 








for 



r 



= 1, 2, 3, 4, 5 










       








X r 








( 








) 








= = 








P 








0 








otherwise. 










(i)  



Find the value of 



k 



and write the probability distribution 



as a 



table. 








(ii)  



Find the probability that two women chosen 



at 



random both have 











more than three children. 










⑩  



A 



motoring magazine correspondent conducts 



a 



survey of the numbers 











of people per car travelling along 



a 



stretch of motorway. He denotes the 








number by the random variable 



X 



which he finds to have the following 








probability distribution. 








Table 2.7 








r 








1 








2 








3 








4 








5 








6+ 








P 



(X = 



r) 








0.57 








0.28 








a 








0.04 0.01 negligible 










(i)  



Find the value of 



a. 
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He wants to find an algebraic model for the distribution and suggests the 








following model. 








X r k 








r 








( 








) 








= = 








− 








P 








2 








for 



r 



= 1, 2, 3, 4, 5 








X r 








( 








) 








= = 








P 








0 








otherwise. 










(ii)  



Find the value of 



k 



for this model. 








(iii)  



Compare the algebraic model with the probabilities he found, 











illustrating both distributions on one diagram. Do you think 



it is a 








good model? 










⑪  



In 



a 



game, each player throws four ordinary six-sided 



dice. The 



random 











variable 



X 



is 



the smallest number showing on the dice, so, for example, for 








scores of 



2, 5, 3 



and 



4, 



x 



= 2. 










(i)  



Find the probability that 











6 








= 








X 








, 



i.e. 



X 








( 








) 








= 








P 








6 . 








(ii)  



Find 








  








X 








( 








) 








P 








5 



and deduce that 



( 








) 








= = 








P 








5 








15 








1296 








X 








. 








(iii)  



Find 








  








X r 








( 








) 








P 








and so deduce 



X r 








( 








) 








= 








P 








, 



for 



r 



= 4, 3, 2, 1. 








(iv)  



Illustrate and describe the probability distribution of 



X. 










⑫  



A 



box contains six black pens and four red 



pens. Three 



pens are taken 



at 











random from the box. 










(i)  



Illustrate the various outcomes on 



a 



probability tree diagram. 








(ii)  



The random variable 



X 



represents the number of black pens obtained. 











Find the probability distribution of 



X. 








2 Expectation and variance 








The next round of the archery competition 



is 



held in May. In this round there 








are 200 competitors 



altogether. The 



organisers of the competition would like 








to increase the number of people getting through to the next round, without 








changing the 



rules. They 



decide to give each of the competitors 



a 



relaxation 








session before their 



attempt. The 



number of successes for each competitor this 








time 



is as 



follows. 








Table 2.8 








Number of successes 








0 








1 








2 








3 4 5 








Frequency 








36 54 60 19 15 16 








The competition involves 200 



people. This is 



again 



a 



reasonably large sample and 








so, once again, 



it is 



reasonable to use the results to estimate the probabilities of 








the various possible outcomes: 



0, 1, 2, 3, 4, 5 



successes, 



as 



before. 








Table 2.9 








Outcome (Number of successes) 








0 








1 








2 








3 4 5 








Probability (Relative frequency) 








0.18 0.27 0.30 0.095 0.075 0.08 








One way to compare the two probability distributions, in April and in May, 



is 



to 








calculate 



a 



measure of central tendency and 



a 



measure of spread. 








Just 



as 



you can calculate the mean and variance of 



a 



frequency distribution, you 








can also do something very similar for 



a 



probability distribution. 








Discussion point 








How would you compare  








the results in the  








competitions? 
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● 



The most useful measure of central tendency for 



a 



probability distribution 



is 











the 



mean 



or 



expectation 



of the random 



variable. This is 



denoted by 



µ. 










● 



The most useful measure of spread for 



a 



probability distribution 



is 



the 











variance, 



σ  








2 








, 



or its square root the 



standard deviation, 



σ . 








The expectation 



is 



given by 



E 








P 








( ) 








( 








) 








= = Σ 








= 








µ 








X 








r X r 



. 



Its calculation 



is 



shown 








below using the probability distribution for the archers in May (after the 








relaxation session) 



as 



an example. 








Table 2.10 








r 








P 



(X = 



r) 








rP 



(X = 



r) 








0 








0.18 








0 








1 








0.27 








0.27 








2 








0.30 








0.60 








3 








0.095 








0.285 








4 








0.075 








0.30 








5 








0.08 








0.4 








Totals 








1 








1.855 








In this case: 








E 








P 








0 



0.18 



1 



0.27 



2 



0.30 



3 



0.095 



4 



0.075 



5 



0.08 








( ) 








( 








) 








= = Σ 








= 








= × 








+ × 








+ × 








+ × 








+ × 








+ × 








µ 








X 








r X r 








       



= 



1.855 








There are two common ways of giving the variance. 








Either 








E 








E 








Var 








2 








2 








2 








( ) 



[ 








] 








( ) 








( ) 








= 








= 








− 








σ 








X 








X 








X 








or 








P 








E 








2 








2 








( 








) 








( 








) 



( 








) 








− 








= Σ − 








= 








µ 








µ 








X 








r 








X r 








To see how variance 



is 



calculated the 








same probability distribution 



is 



used 








as 



an example. 








The table below shows the working for the variance in May after the relaxation 








session, using both of the methods above. 








Table 2.11 








r 








P 



(X 



= 



r) r 








2 








P 



(X 



= 



r) 








r 








P 



(X 



= 



r) 








2 








P 








r 








X r 








−− 








== 








( ) 



( ) 








µµ 








0 








0.18 








0 








0 








0.18 








0.6194 








1 








0.27 








0.27 








1 








0.27 








0.1974 








2 








0.30 








1.2 








2 








0.30 








0.0063 








3 








0.095 








0.855 








3 








0.095 








0.1245 








4 








0.075 








1.2 








4 








0.075 








0.3451 








5 








0.08 








2 








5 








0.08 








0.7913 








Totals 








1 








5.525 








Totals 








1 








2.0840 








Note  








You will find it helpful  








to set your work out  








systematically in a table  








like this. 








This version can be remembered  








as ‘The expectation of the  








squares minus the square of the  








expectation’. It can also be written  








as  



X 








µ 








− 








E 








2 2 








( ) 








. 








Note  








You will use these  








statistics later  








to compare the  








distribution of numbers  








of successes with and  








without the relaxation  








session. 








The mean, µ, was  








found above. It is  








1.855. 
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The standard deviation 



of 



X 



is 



therefore 



2.084  



 1.44 








= 








In practice, the computation 



is 



usually easier in Method (a), especially when the 








expectation 



is 



not 



a 



whole number. 








ACTIVITY 2.1 








Show that the expectation and variance of the probability distribution in April  








(without the relaxation session) are 1.49 and 1.97, respectively. 








Discussion point 








Using these two  








statistics, judge the  








success or otherwise of  








the relaxation session. 








(b) Var 








2 








( ) 








( ) 








( ) 








= Σ − 








= 








µ 








X 








r P X r 








= 



2.084 








(a) Var 








P 








P 








2 








2 








( ) 








( 








) 








( 








) 








= Σ 








= − Σ 








= 








  








  








X 








r 








X r 








r X r 








= 



5.525 



− 1.855 








2 








= 



2.084 








Example 2.2 








The discrete random variable 



X 



has the following probability distribution: 








Table 2.12 








r 








0 








1 








2 








3 








P 



(X 



= 



r) 








0.2 








0.3 








0.4 








0.1 








Find 








(i) E( 



) 








X 








(ii) Var 



( ) 








X 



using 








(a) 



E 








2 2 








( ) 



− 



µ 








X 








(b) 



E 








2 








( 








) 








[ ] 








− 



µ 








X 








. 








Solution 








(i) 








Table 2.13 








r 








P(X 



= 



r) 








rP(X 



= 



r) 








0 








0.2 








0 








1 








0.3 








0.3 








2 








0.4 








0.8 








3 








0.1 








0.3 








Totals 








1 








1.4 








E 








P 








0 



0.2 



1 



0.3 



2 



0.4 



3 



0.1 








( ) 








( 








) 








= = Σ 








= 








= × 








+ × + × + × 








µ 








X 








r X r 








= 



1.4 








To find E(X 



) you simply  








multiply each value of  








r by its probability and  








then add. 
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(ii) 








Table 2.14 








r 








P 



(X = 



r) r 








2 








P 



(X = 



r) 








r 








P 



(X = 



r) 








2 








P 








r 








X r 








−− 








== 








( ) 



( ) 








µµ 








0 








0.2 








0 








0 








0.2 








0.392 








1 








0.3 








0.3 








1 








0.3 








0.048 








2 








0.4 








1.6 








2 








0.4 








0.144 








3 








0.1 








0.9 








3 








0.1 








0.256 








Totals 








1 








2.8 








Totals 








1 








0.84 








(b) Var 








E 








( ) P 








2 








2 








2 








( 








) 








[ ] 








( ) 








( ) 








= = 








− 








= Σ − 








= 








σ 








µ 








µ 








X 








X 








r 








X r 








= 



0.84 








(a) Var 








E 








2 








2 








2 








( ) 








( ) 



= = 








− 








σ 








µ 








X 








X 








= 



2.8 



− 1.4 








2 








= 



0.84 








Notice that the two methods of calculating the variance in part (ii) give the 








same result, since one formula 



is 



just an algebraic rearrangement of the other. 








In practice, you would not need to use both methods and so only either the 








left-hand or the right-hand table would be needed to calculate the variance, 








according to which method you are using. 








Discussion point 








Look carefully at both  








methods for calculating  








the variance. Are there  








any situations where  








one method might be  








preferred to the other? 








As well 



as 



being able to carry out calculations for the expectation and variance, 








you often need to solve problems in 



context. The 



following example illustrates 








this idea. 








Example 2.3 








Laura has one pint of milk on three days out of every four and none on the 








fourth day. 



A 



pint of milk costs 40 



p. 



Let 



X 



represent her weekly milk bill. 








(i) 



Find the probability distribution of her weekly milk bill. 








(ii) 



Find the mean 



(µ) 



and standard deviation 



(σ) 



of her weekly milk bill. 








(iii) 



Find 








(a) 








( 








) 








> + 








µ 



σ 








P X 








(b) 








( 








) 








< − 








µ 



σ 








P X 








. 








ACTIVITY 



2.2 








Use a spreadsheet to find the variance of X for the following probability  








distribution.  








r 








1 








2 








3 








4 








P 



(X 



= 



r) 








0.25 








0.22 








0.08 0.45 








You should use both methods of calculating the variance and check that they give  








the same result. 

















Expectation and variance 








30 








S1 AS 








Solution 








(i) 








The delivery pattern repeats every four weeks. 








Table 2.15 








M Tu W 



T F 



Sa Su Number of pints Milk bill 








✓ 








✓ ✓ 



✗ 



✓ ✓ ✓ 








6 








£ 



2.40 








✗ 








✓ ✓ ✓ ✗ ✓ ✓ 








5 








£ 



2.00 








✓ 








✗ 








✓ ✓ ✓ ✗ ✓ 








5 








£ 



2.00 








✓ 








✓ 








✗ ✓ ✓ ✓ ✗ 








5 








£ 2.00 








Tabulating the probability distribution for 



X 



gives the following. 








Table 2.16 








r 



(£) 








2.00 2.40 








P 



(X 



= 



r) 








0.75 0.25 








(ii) 








X 








r X r 








( ) 








( 








) 








= = Σ 








= 








= × 








+ × 








= 








µ 








E 








P 








2 



0.75 2.4 0.25 








2.1 








X 








X 








( ) 








( ) 



= = 








− 








= × 








+ 








× 








− 








= 








σ 








µ 








Var 








E 








4 



0.75 5.76 0.25 2.1 








0.03 








2 








2 








2 








2 








⇒  = 








= 








σ 








    



0.03 0.173 (correct to 



3 



s.f.) 








Hence her mean weekly milk bill 



is £ 



2.10, with 



a 



standard deviation of 








about 17 



p. 








(iii) (a) 








X 








X 








> + = 








> 








= 








µ 



σ 








P( 








) 



P( 








2.27) 0.25 








(b) 








X 








X 








< − = 








< 








= 








µ 



σ 








P( 








) 



P( 1.93) 



0 










①  



Find by calculation the expectation of the outcome with the following 








probability distribution. 











Table 2.17 








Outcome 








1 








2 








3 








4 








5 








Probability 








0.1 








0.2 








0.4 








0.2 0.1 










       








How otherwise might you have arrived 



at 



your answer? 










②  



The spreadsheet shows part of 



a 



discrete probability distribution, together 











with some calculations of 



r 



× 



P 



(X 



= 



r) 



and 



r 








2 








× 



P 



(X 



= 



r). 



Using only 








spreadsheet commands, and without entering any more numbers, obtain the 








remaining values in columns B, 



C 



and D. Hence find the mean and variance 








of this distribution. 








Exercise 



2.2 
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Figure 2.3 










③  



The probability distribution of the discrete random variable 



X 



is 



given by 











( 








) 








= = 








− 








P 








2 1 








16 








X r 








r 








for 



r 



= 1, 2, 3, 4 








P 








0 








( 








) 








= = 








X r 








otherwise. 








(i)  



Find E( 



) 



= 








X 








µ 








. 








(ii)  



Denote 



E 



(X 



) 



by 



µ. 



Find 



P 



(X 



< 



µ). 










④ 



(i) 



A 



discrete random variable 



X 



can take only the values 



4 



and 



5, 



and has 











expectation 4.2. 










       








By letting 








X 








p 








( 








) 








= = 








P 








4 








and 



X 








p 








( 








) 








= = − 








P 








5 1 , 



solve an equation 








in 



p 



and 



so 



find the probability distribution 



of 



X. 








(ii)  



A 



discrete random variable 



Y 



can take only the values 50 and 100. 








Given that 



Y 








( ) 



= 








E 








80, write out the probability distribution of 



Y. 










⑤  



The random variable 



Y 



is 



given by the absolute difference between the 











scores when two ordinary dice are thrown. 








(i)  



Find 



E 



(Y 



) 



and Var (Y 



). 








(ii)  



Find the values of the following. 








(a)  

       








Y 



> 



µ 








P( 








)  



(b)  





Y 



> + 








µ 



σ 








P( 








2 ) 










⑥  



Three fair coins are tossed. Let 



X 



represent the number of tails. 











(i)  



Find 



E 



(X 



). 








(ii)  



Show that this 



is 



equivalent to 



3 × 








1 








2. 








(iii)  



Find Var (X 



). 








(iv)  



Show that this 



is 



equivalent to 



3 × 








1 








4 








. 








If 



instead ten fair coins are tossed, let 



Y 



represent the number of tails. 








(v)  



Write down the values of 



E 



(Y 



) 



and Var (Y 



). 










⑦  



An unbiased tetrahedral dice has faces labelled 



2, 4, 6 



and 



8. If 



the dice 











lands on the face marked 



2, 



the player has to pay £5. 



If it 



lands on the face 








marked with 



a 4 



or 



a 6, 



the player wins £2. 



If it 



lands on the face labelled 



8, 








then no money changes hands. 










       








Let 



X 



represent the amount ‘won’ each time the player throws the dice. 








(A loss 



is 



represented by 



a 



negative 



X 



value.) 










(i)  



Copy and complete the following probability distribution for 



X. 











Table 2.18 








r 








−5 








0 








2 








P 



(X 



= 



r) 

















Expectation and variance 
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(ii)  



Find 



E 



(X



) 



and Var (X



). 











What does the sign 



of 



E 



(X ) 



indicate? 










(iii)  



How much less would the player have to pay, when the dice lands on 











the face marked 



2, 



so that he would break even in the long run? 










⑧  



85% of first-class mail arrives the day after being posted, the rest takes one 











day longer. 










       








For second class mail the corresponding figures are 10% and 40%, while 



a 








further 35% take three days and the remainder four days. 










       








Two out of every five letters go by first class mail. 








Let 



X 



represent the delivery time for letters. 












(i)  



Explain why 











X 








( 








) 








= = 








P 








1 



0.4. 








(ii)  



Copy and complete the following probability distribution for 



X. 








Table 2.19 








r 








1 








2 








3 








4 








P 



(X 



= 



r) 








0.4 








(iii)  



Calculate 



E 



(X 



) 



and Var (X 



). 










⑨  



(i) 



A 



discrete random variable 



X 



can take only the values 



3, 4 



and 



5, 



has 











expectation 



4 



and variance 0.6. 










       








By letting 



P 








3 








, P 








4 








( 








) 








( 








) 








= = 








= = 








X 








p X 








q 



and 



P 5 1 








( 








) 








= = − − 








X 








p q 



, 



solve 








a 



pair of simultaneous equations in 



p 



and 



q 



and so find the probability 








distribution of 



X. 








(ii)  



A 



discrete random variable 



Y 



can take only the values 20, 50 and 100. 








Given that 



Y 








( ) 



= 








E 








34 and Var 








624 








( ) 



= 








Y 








, 



write out the probability 








distribution of 



Y. 










⑩  



A 



random number generator in 



a 



computer game produces values which 











can be modelled by the discrete random variable 



X 



with probability 








distribution given by 










       








P 



(X 



= 



r) 



= 



kr! 








for 



r 



= 0, 1, 2, 3, 4 










       








P 



(X 



= 



r) 



= 0 








otherwise 










       








where 



k 



is a 



constant and 



r 



! = 



r 



× (r − 



1)× ... 



× 2 × 1 



with 



0! = 1. 








(i)  



Show that 



k 



= 








1 








34 



, 



and illustrate the probability distribution with 



a 



sketch. 








(ii)  



Find the expectation and variance of 



X. 








Two independent values of 



X 



are generated. Let these values be 



X 



1 



and 



X 



2. 








(iii)  



Show that 



P 



(X 



1 



= 



X 



2) 



is a 



little greater than 0.5. 








(iv)  



Given that 



X 



1 



= 



X 



2, 



find the probability that 



X 



1 



and 



X 



2 



are each equal 








to 



4. 










⑪  



A 



traffic surveyor 



is 



investigating the lengths 



of 



queues 



at a 



particular 



set 











of traffic lights during the daytime, but outside rush hours. He counts the 








number of cars, 



X, 



stopped and waiting when the lights turn green on 100 








occasions, with the following results. 








Table 2.20 








X 








0 








1 








2 








3 4 5 6 7 8 



9+ 








f 








3 








10 13 16 18 17 12 



9 2 



0 
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(i)  



Use these figures to estimate the probability distribution of the number 











of cars waiting when the lights turn green. 










(ii)  



Use your probability distribution to estimate the expectation and 











variance of 



X. 








A 



colleague of the surveyor suggests that the probability distribution might 








be modelled by the expression 








P 








8 








( 








) 








( 








) 








= = 








− 








X r kr 








r 








for 



r 



= 0, 1, 2, 3, 4, 5, 6, 7, 8 








P 








0 








( 








) 








= = 








X r 








otherwise. 










(iii)  



Find the value of 



k. 








(iv)  



Find the expectation and variance of 



X 



given by this model. 








(v)  



State, with reasons, whether 



it is a 



good model. 











3  Linear functions of random  








variables 








Sometimes you need to find the expectation and variance of 



a 



linear function of 








a 



random variable 



E 



aX 



b 








( 








) 








+ 



and 








aX 



b 








( 








) 








+ 








Var 








. 








Kiara 



is 



an employee 



at 



an estate 



agency. The 



number of properties that she 








sells during 



a 



month 



is 



denoted by the random variable 



X. 



The probability 








distribution of 



X 



is as 



follows. 








Table 2.21 








Number of houses 








0 








1 








2 








3 








4 








5+ 








Probability 








0.07 0.33 0.4 0.12 0.08 



0 








(i) 








Calculate 



E 



(X 



). 










Kiara earns £750 per month plus £400 for each house that she 



sells. The 








random variable 



Y 



is 



the amount (in £) that Kiara earns each month. 













(ii) 








Show that 








400 








750 








= 








+ 








Y 








X 








. 



Draw up 



a 



probability table for 



Y. 











(iii) 



Calculate 



E 



(Y 



). 








(iv) 



Calculate 400E  (X) + 750 and comment on your result. 








Figure 2.4 








Example 2.4 








Solution 








(i) 








X 








( ) 



= × 








+ × 








+ × + × + × = 








E 








0 



0.07 



1 



0.33 



2 



0.4 



3 



0.12 



4 



0.08 1.81 








(ii) 








Table 2.22 








Earnings, 



Y 








750 1150 1550 1950 2350 








Probability 








0.07 0.33 0.4 0.12 0.08 








(iii) 








(iv) 








400E 








750 400 1.81 750 1474 








( )+ 








= 








× 








+ = 








X 








Clearly 



E 








400E 








750 








( ) 








( ) 








= 








+ 








Y 








X 








, 



both having the value 1474. 








Y 








( ) 



= 








× 








+ 








× 








+ 








× 








+ 








× 








+ 








× 








= 








E 








750 0.07 1150 0.33 1550 0.4 








1950 0.12 2350 0.08 








1474 
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Expectation: general results 








In Example 2.4 you found that 



E 



(Y 



) = E 



(400X 



+ 



750) 



= 



400E (X 



) + 



750. 








The working was numerical, showing that both expressions came out to be 








1474. In fact, the following rules for expectation apply to any random variable 



X 








where 



a, 



b, 



c 



and 



d 



are constants. 








● 



E 








E 








( 








) 








( ) 








+ = 








+ 








aX 



b a X b 








● 



E 








E 








cX 








c X 








( ) 








( ) 








= 








● 



E 



( ) 



= 








d d 








Note 








These are very similar  








to the rules for the  








mean of a frequency  








distribution. 








The random variable 



X 



has the following probability distribution. 








Table 2.23 








r 








1 








2 








3 








4 








P 



(X = 



r) 








0.6 








0.2 








0.1 








0.1 








(i) 








Find Var (X 



) 



and the standard deviation of 



X. 








(ii) 








Find Var (3X



) 



and the standard deviation of 3X. Comment on the 








relationship between Var (3X



) 



and Var (X 



) 



and likewise for the standard 








deviations. 








(iii) 



Find Var 

(3X + 7)



and compare this with your answer to part (ii). 








Example 2.5 








Solution 








(i) 








E 








1 



0.6 



2 



0.2 



3 



0.1 



4 



0.1 








1.7 








( ) 



= × + × + × + × 








= 








X 








E 








1 



0.6 



4 



0.2 



9 



0.1 16 0.1 








3.9 








Var 








E 








[E ] 








3.9 1.7 








1.01 








2 








2 








2 








2 








( ) 








( ) 








( ) 








( ) 








= × 








+ × + × + × 








= 








= 








− 








= 








− 








= 








X 








X 








X 








X 








E 








1 0.6 4 0.2 9 0.1 16 0.1 








3.9 








Var 








E 








[E 



] 








3.9 1.7 








1.01 








2 








2 








2 








2 








( ) 








( ) 








( ) 








( ) 








= × + × + × + × 








= 








= 








− 








= 








− 








= 








X 








X 








X 








X 








The standard deviation of 








1.01 1.005 








= 








= 








X 








(ii) 








Var 



3 








E 3 








E 9 








E 3 








9E 








3E 








9 



3.9 



3 



1.7 








35.1 26.01 








9.09 








2 








2 








2 








2 








2 








2 








2 








( ) 








( ) 








[ 








] 








[ 








] 








( ) 








( ) 








( ) 








( ) 








( 








) 








= 



  








  



− 








= 








− 








= 








− 








= × − × 








= 








− 








= 








µ 








X 








X 








X 








X 








X 








X 








This shows that Var 



3 








9 



Var 








( ) 








( ) 








= × 








X 








X 








The standard deviation of 








= 








= 








= × 








X 








X 








3 








9.09 3.015 



3 



s.d. of 








Note that  



= 








9 3 








2 



. 








You can use the formula  








for E( 








) 








+ 








a b 








X 








 above  








to rewrite E 9 








2 








( ) 








X 



 as  








E 








9 








2 








( ) 








X 



 and likewise  








for E 3 








( ) 








X 



. 

















35 








This has the same value 



as 








X 








( ) 








Var 



3 








so 



is 



also equal to 








X 








( ) 








× 








9   Var 








Variance: general results 








In Example 2.5 you found that 








X 








X 








X 








( 








) 








( ) 








( ) 








+ = 








= × 








Var 



3 7 



Var 



3 9 



Var 








. 








As with expectation, the working was numerical, showing that both expressions 








came out to be 9.09. In fact, the following rules for variance apply to any 








random variable 



X 



where 



a, b, 



and 



c 



are constants. 








● 








Var 








Var 








2 








X 








X 








( ) 








( ) 








= 








a 








a 








● 








a 








b a 








X 








X 








( 








) 








( ) 








+ = 








Var 








Var 








2 








● 








Var 








0 








( ) 



= 








c 








It 



may seem surprising that Var 








Var 








2 








X 








X 








( ) 








( ) 








= 








a 








a 








rather than simply 



a 



Var 



X 








( 



)  



, 








but the former relationship then gives the result that the standard deviation of 








a 



X 








( 



) 



is 



equal to 



  



 the standard deviation of  X 








× 








a 








, as 



you would expect from 








common sense. 








Notice also that adding 



a 



constant does not make any difference to the variance, 








which 



is 



again 



as 



you would expect. 








Finally, the variance of 



a 



constant 



is zero. This 



result 



is 



obvious 



– a 



constant does 








not have any variation. 








Sums and differences of random variables 








Sometimes you may need to add or subtract 



a 



number of independent random 








variables. This 



process 



is 



illustrated in the next example. 








Notice that the variance of a constant  








is zero. It can only take one value so  








there is no spread. 








(iii) 








Var 



3 








7 



 E 



3 








7 








E 3 7 








E 9 








42 49 3E 








7 








E 9 








E 



42 








E 



49 



3 



1.7 



7 








9E 








42E 








49 12.1 








9 



3.9 42 1.7 49 146.41 








9.09 








2 








2 








2 








2 








2 








2 








2 








2 








( 








) 








( ) 








( ) 








[ 








] 








[ 








] 








[ 








] 








( 








) 








( 








) 








( 








) 








( ) 








( ) ( ) 








( ) 








+ = 








+ 








  








  



− 








+ 








= 








+ 








+ − 








+ 








= 








+ 








+ 








− × + 








= 








+ 








+ − 








= × + × + − 








= 








X 








X 








X 








X 








X 








X 








X 








X 








X 








X 








Note 








Notice that  








E 



9 








42 








49 








2 








( 








) 








+ 








+ 








X 








X 










       








is written as  








( ) 



( ) ( ) 








+ 








+ 








X 








X 








9 








42 








49 








2 








E 








E 








E 








 .  








This illustrates the  








general rule that  








E 








E 








E 








1 








2 








1 








2 








( 








) 








( ) ( ) 








+ 








+ … 








= 








+ 








+ … 








X X 








X 








X 
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A 



cricket bat manufacturer makes the blades and the handles separately. The 








blades are made in five lengths (in cm), with 



a 



uniform discrete distribution: 








38, 40, 42, 44, 46. 








The lengths (in cm) of the handles of the bats also form 



a 



discrete uniform 








distribution: 








22, 24, 26. 








0 








38 








0.2 








0.3 








40 42 44 46 








22 24 26 








Length of blade (cm) 








Length of blade (cm) 








Figure 2.5 








The blades and handles can be joined together to make bats of various 








lengths, and 



it 



may be assumed that the lengths of the two sections are 








independent. The 



different combinations occur with equal probabilities. 








(i) How many different (total) bat lengths are possible? 








(ii) Work out the mean and variance of random variable 



X 



1, 



the length 








(in cm) of the blades. 








(iii) Work out the mean and variance of random variable 



X 



2, 



the length 








(in cm) of the handles. 








(iv) Work out the mean and variance of random variable 



X 



1 



+ 



X 



2, 



the 








total length of the bats. 








(v) Verify that 








E 








E 








E 








1 








2 








1 








2 








X X 








X 








X 








( 








) ( ) ( ) 








+ 








= 








+ 








and Var 








Var 








Var 








1 








2 








1 








2 








X X 








X 








X 








( 








) 








( ) 








( ) 








+ 








= 








+ 








. 








Example 2.6 








Solution 








(i) 








The number of different bat lengths 



is 7. This 



can be seen from the 








sample space diagram below. 








26 








64 








66 








68 








70 72 








24 








62 








64 








66 








68 70 








22 








60 








62 








64 








66 68 








38 








40 








42 








44 46 








Length 



of 



blade (cm) 








Length 








of 








handle 








(cm) 








Figure 2.6 








total length of bats 

















37 








(ii) 








Table 2.24 








Length of blade (cm) 








38 








40 42 44 46 








Probability 








0.2 








0.2 0.2 0.2 0.2 








( ) 








( ) 








( ) 








( 








) ( 








) ( 








) 








( 








) ( 








) 








= 



= Σ 



= 








× 








+ × + × 








+ × 








+ × 








= 








= 








− 








µ 








µ 








X 








xp 








X 








X 








E 








38 0.2 40 0.2 42 0.2 








44 0.2 46 0.2 








42cm 








Var 








 E 








    








1 








1 








1 








2 








2 








2 








2 








( ) ( 








) ( 








) ( 








) 








( 








) ( 








) 








( ) 








= 








× 








+ 








× + × 








+ 








× 








+ 








× 








= 








= 








− 








= 








E 








38 0.2 40 0.2 42 0.2 








44 0.2 46 0.2 








1772 








Var 








1772 42 



8 








1 








2 








2 








2 








2 








2 








2 








1 








2 








X 








X 








(iii) 








Table 2.25 








Length of handle (cm) 








2 








24 26 








Probability 








1 








3 








1 








3 








1 








3 








( ) ( ) ( ) 








( ) 








( ) 








( ) 








( ) 








( ) 








= = × + × + × = 








= 








= 








× + 








× + 








× = 








= 








− 








= 








µ 








µ 








X 








X 








X 








X 








X 








E 








22 








24 








26 








24 cm 








Var 








E 








– 








E 








22 








24 








26 








578.667 to 



3 



d.p. 








Var 








578.667 24 2.667 to 



3 



d.p. 








1 








3 








1 








3 








1 








3 








1 








3 








1 








3 








1 








3 








2 








2 








2 








2 








2 








2 








2 








2 








2 








2 








2 








2 








2 








2 








(iv) The probability distribution of 



X 



1 



+ 



X 



2 



can be obtained from 








Figure 2.5. 








Table 2.26 








Total length of 








cricket bat (cm) 



60 62 64 66 68 70 72 
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