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CALCULUS


A complete introduction


P. Abbott & Hugh Neill




Introduction


Calculus is sometimes defined as ‘the mathematics of change’. The whole point of calculus is to take the conventional rules and principles of mathematics and apply them to dynamic situations where one or more variable is changing. In particular, calculus provides you with the tools to deal with rates of change.


There are actually two ‘big ideas’ in calculus, called differentiation and integration. These are both techniques that can be applied to algebraic expressions. As you will discover, one is the converse of the other. Algebraically, what this means is that, if you start with some function f(x) and differentiate it, then integrating the result will get you back, roughly speaking, to your original function f(x). And the same idea is true in reverse – if you first choose to integrate f(x), then differentiating the result will get you back to your original function f(x). The notation used for integration is the sign ∫, which is the old-fashioned, elongated letter ‘S’.


But why might you want to perform a differentiation or an integration? Well, differentiating a function f(x) gives a new function that tells you about the rate of change of f(x). Because rate of change is a way of calculating the gradient of the graph of a function, this information allows you to explore many aspects of the function’s shape. Integrating the function f(x) allows you to find the area contained between the graph of f(x) and the x-axis. A useful extension is that by imagining rotating, in three dimensions, the graph of a function around the x-axis (or the y-axis), integration can allow you to calculate the volume of the ‘solid of revolution’ so formed. This is a useful tool for finding the volumes of awkward shapes.
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Functions


[image: image]


In this chapter you will learn:



•  what a function is, and how to use the associated notation




•  how to draw the graph of a function




•  how to use the notation δ x to mean an increase in x.


[image: image]






1.1  What is calculus?



Calculus is the Latin word for ‘stone’, and stones were used by the Romans for calculations. Here is a typical problem of calculus.


Consider a small plant which grows gradually and continuously. If you examine it after an interval of a few days, the growth will be obvious and you can measure it. But if you examine it after an interval of a few minutes, although growth has taken place, the amount is too small to see. If you observe it after an even smaller interval of time, say a few seconds, although you can detect no change, you know that the plant has grown by a tiny amount.


You can see the process of gradual and continuous growth in other situations. What is of real importance in most cases is not the actual amount of growth or increase, but the rate of growth or rate of increase. The problem of finding the rate of growth is the basis of the differential calculus.



Historical note: Sir Isaac Newton, in England, and Gottfried Leibnitz, in Germany, both claim to have invented the calculus. Leibnitz published an account in 1684, though his notebooks show that he used it in 1675; Newton published his book on the subject in 1693, but he told his friends about the calculus in 1669. It is generally accepted now that they discovered it independently.



1.2  Functions


You will know, from algebra, that the example in Section 1.1 of the growth of a plant is a function. The growth is a function of time, but you may not be able to give an equation for the function.


As the idea of a function is fundamental to calculus, this section is a brief revision of the main ideas.


When letters are used to represent quantities or numbers in an algebraic formula, some represent quantities which may take many values, while others remain constant.
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Example 1.2.1








In the formula for the volume of a sphere, namely, [image: image], where V is the volume and r is the radius of the sphere:



•  V and r are different for different spheres, and are often called variables



•  π and [image: image] are constants, and do not depend on the size of the sphere.
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Spotlight – Spotting variables








In general, when you look at a formula, it is clear that the variables are the letters (conventionally written in italics) and the constants are the numbers. However, just to keep you on your toes, there are some constants that appear to masquerade as variables. One of these is pi, written π. Remember that pi is a constant; its value never changes. Another example of a constant disguised as a letter is the acceleration due to gravity, g. On the Earth’s surface, the standard value of gravitational acceleration (at sea level) is 9.80665 metres per second per second, or approximately 9.81 ms−2.
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Example 1.2.2








In the formula for a falling body, namely, [image: image] , in which s is the distance fallen in time t, the letters s and t are variables, while [image: image] and g are constants.


[image: image]


In each of the above examples, there are two kinds of variables.


In V = [image: image] πr3, if the radius r is increased or decreased, the volume V increases or decreases as a result. That is, the volume V depends on r.


Similarly, in s = [image: image] gt2, the distance s fallen depends on the time t.


Generally, in mathematical formulae, there are two types of variable, dependent and independent.



•  The variable whose value depends upon the value of the other variable is called the dependent variable, as in the case of V and s above.



•  The variable in which changes of value produce corresponding changes in the other variable is called the independent variable, as in the case of r and t above.


In the general quadratic expression



y = ax2 + bx + c



where a, b and c are constants, as the value of y depends on the value of x, the independent variable is x and the dependent variable is y.


When two variables behave in this way, that is, the value of one variable depends on the value of the other, the dependent variable is said to be a function of the independent variable. In the examples above:



•  the volume of a sphere is a function of its radius;



•  the distance fallen by a body is a function of time.
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Example 1.2.3








Here are some examples of the use of the word ‘function’.


The square of a number is a function of the number.


The volume of a mass of gas is a function of the temperature while the pressure remains constant.


The sines and cosines of angles are functions of the angles.


The time of beat of a pendulum is a function of its length.



Definition: If two variables x and y are related in such a way that, when any value is given to x, there is one, and only one, corresponding value of y, then y is a function of x.


[image: image]



1.3  Equations of functions


When writing functions, letters such as x and y are usually used as the variables. For example, if y = x2 + 2x, then, when a value is given to x, there is always a corresponding value of y, so y is a function of x. Other examples are:


[image: image]


It is usual when working with functions to use letters at the end of the alphabet for the variables and letters towards the beginning or the middle of the alphabet for constants. Thus, in the general form of the equation of the straight line



y = mx + c




x and y are variables, and m and c are constants.


When expressing functions of angles, in addition to x, the Greek letters θ (theta) and ϕ (phi) are often used for angles.



1.4  General notation for functions


When it is necessary to denote a function of x without specifying its precise form, the notation f(x) is used. In this notation, the letter f is used to mean the function, while the letter x is the independent variable. Thus f(θ) is a general method of indicating a function of θ.


Similar forms of this notation are F(x) and ϕ(x).


A statement such as



f(x) = x2 − 7x + 8


defines the specific function of the variable concerned. You would use this notation when you want to substitute a value of x.


For example, if f(x) = x2 − 7x + 8, f(1) means the numerical value of the function when 1 is substituted for x.
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Example 1.4.1








Suppose that ϕ(θ) = 2sinθ. Then
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Spotlight – Graphical calculator notation








If you have access to a graphical calculator, you will discover that the notation used for substituting a numerical value into a function is very similar to that described above.


For example, in the first screenshot below, the function y = x2 − 4x + 3 has been entered into the ‘Y=’ screen as the ‘Y1’ function (i.e. the first function on the list).


[image: image]


Figure 1.1a


In the second screenshot, the user has returned to the home screen, entered Y1(2) and the value of this function has been evaluated for x = 2.


[image: image]



Figure 1.1b Screenshots taken from a TI-84 Plus graphical calculator.
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1.5  Notation for increases in functions


If x is a variable, the symbol δx (or sometimes Δx) is used to denote an increase in the value of x. A similar notation is used for other variables. The symbol ‘δ’ is the Greek small ‘d’, called delta. Contrary to the usual notation in algebra, δx does not mean δ × x. In this case, the letters must not be separated. Thus, δx means an increase in x.


If y is a function of x, and x increases by δx, then y will increase as a result. This increase in y is denoted by δy.


[image: image]


Notice that an increase could be negative as well as positive. It is possible when x is increased by 1 that y could be decreased by 1. In this case the increase δx = 1 and the increase δy = −1. Similarly, the increase in δx could be negative. The word ‘increase’ will be used in this deliberately ambiguous way throughout the book. If the increase is actually a decrease, its sign will be negative.
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Example 1.5.1








Let y = x3 − 7x2 + 8x.


If x is increased by δx, y will be increased by δy. Then



y + δy = (x + δx)3 − 7(x + δx)2 + 8(x + δx)
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[image: image]



	

Example 1.5.2








If [image: image] and t is increased by δt, then s will be increased by δs, and



s + δs = u(t + δt) + [image: image]a(t + δt)2



Sometimes single letters are used to denote increases, instead of the delta notation.
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Example 1.5.3








Let y = f (x). Let x be increased by h and let the corresponding increase in y be k. Then
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1.6  Graphs of functions


Let f(x) be a function of x. Then, by the definition of a function in Section 1.2, for every value taken by x there is a corresponding value of f(x). So, by giving a set of values to x you obtain a corresponding set of values for y. You can plot the pairs of values of x and f(x) to give the graph of f(x).
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Spotlight – What is f(x) on the graph?








When it comes to understanding the big ideas of mathematics, the simplest questions are often the most useful. One query that often crops up with students is how f(x) can be interpreted on a graph. Suppose that you have drawn the graph of, say, f(x) = 2x + 5. It is important to remember here that f(x) corresponds to the value of y. So, if you were to choose a particular point on the graph of this function and consider the coordinates of that point, the x-coordinate will represent its horizontal distance from the y-axis, and its value for f(x) (i.e. the y-coordinate) corresponds to the height of the point above the x-axis.
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[image: image]



	

Example 1.6.1








Consider f(x) = x2 or y = x2. Giving x the values 0, 1, 2, 3, −1, −2, −3, … you obtain the corresponding values of f(x) or y.


[image: image]


You can deduce that, for any value of a, f(−a) has the same value as f(a), so the curve must be symmetrical about the y-axis. The curve, a parabola, is shown in Figure 1.2.


[image: image]



Figure 1.2 The graph of f(x) = x2



At the points on the x-axis where x = 1, 2, 3, … the corresponding lines are drawn parallel to the y-axis to meet the graph. These lines are called ordinates. The lengths of these ordinates are f(1), f(2), f(3), …, and the length of the ordinate drawn where x = a is f(a).


In Figure 1.3, which is part of the graph of f(x) = x2 or y = x2, the points L and N are taken on the x-axis so that


[image: image]


Figure 1.3



OL = a, ON = b



The lengths of the corresponding ordinates KL, MN are given by



KL = f(a), MN = f(b)


In general, let L be any point on the x-axis with OL = x. Increase x by LN where LN = δx. The corresponding increase in f(x) or y is MP.
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1.7  Using calculators or computers for plotting functions


You can use graphics calculators or computers to gain considerable insight into functions, and into the ideas of the calculus.


If you know a formula for a function f(x), you can use a graphics calculator to calculate values of f(x) and to draw the graph of y = f(x) over any interval of values of x and y that you choose. This set of values for x and y is often called a window. Different calculators behave in different ways, so you must look in your manual to see how to draw the graph of, for example, y = x2 on your calculator.


In particular, you will find it is useful to use the zoom function, so that you can magnify and look more closely at a part of the curve.


Similarly, you can use a computer for drawing graphs, with a graphing spreadsheet such as Excel, or any other graph-plotting software. Using Excel, you will need first to create a table of about 30 values for the function, and then, from the table, use the scatterplot graphing facility to draw a conventional graph of the function. Once again you can look at any part of the graph that you wish, and you should be able to look closely at a particular part of the graph by adjusting the scales.



1.8  Inverse functions


For the function y = 2x, you can deduce that x = [image: image]y. The graphs of y = 2x and x = [image: image]y are identical, because the two equations are really different ways of saying the same thing. However, if you reverse the roles of x and y in the second of them to get y = 2x and y = [image: image]x, the functions y = 2x and y = [image: image]x are called inverse functions. You can think of each of them as undoing the effect of the other.


Similarly, for the function y = x2 where x ≥ 0, you can deduce that x = [image: image], where y ≥ 0 and [image: image] means the positive value which squares to give y. The two functions, y = x2 where x ≥ 0, and y = [image: image] where y ≥ 0, are also inverse functions.



1.9  Implicit functions


A function of the form y = x2 + 3x in which you are told directly the value of y in terms of x is called an explicit function. Thus y = sin x is an explicit function, but x + y = 3 is not, because the function is not in the explicit form starting with ‘y =’.


If an equation such as



x2 − 2xy − 3y = 4


can be satisfied by values of x and y, but x and y are together on the same side of the equation, then y is said to be an implicit function of x. In this particular case you can solve for y in terms of x, giving


[image: image]


which is an explicit function for y.


Further examples of implicit functions are x3 − 3x2y + 5y3 − 7 = 0 and x sin y + y2 = 4xy.



1.10  Functions of more than one variable


The functions you have met so far in this book have all been functions of one variable, but you can have functions of two or more variables.


For example, the area of a triangle is a function of both its base and height; the volume of a fixed mass of gas is a function of its pressure and temperature; the volume of a rectangular-shaped room is a function of the three variables: length, breadth and height.


This book, however, deals only with functions of one variable.
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Exercise 1.1








  1  Let f(x) = 2x2 − 4x + 1.


Find the values of f(1), f(0), f(2), f(−2), f(a) and f(x + δx).


  2  Let f(x) = (x − 1)(x + 5).


Find the values of f(2), f(1), f(0), f(a + 1), [image: image] and f(−5).


  3  Let f(θ) = cosθ.


Find the values of [image: image], f(0), [image: image], [image: image] and f(π).


  4  Let f(x) = x2.


Find the values of f(3), f(3.1), f(3.01) and f(3.001).


Also find the value of [image: image]



  5  Let ϕ(x) = 2x.


Find the values of ϕ(0), ϕ(1), ϕ(3) and ϕ(0.5).


  6  Let f(x) = x3 − 5x2 − 3x + 7.


Find the values of f(0), f(1), f(2) and f(−x).


  7  Let f(t) = 3t2 + 5t − 1.


Find an expression for f(t + δt).


  8  Let f(x) = x2 + 2x + 1.


Find and simplify an expression for f(x + δx) − f(x).


  9  Let f(x) = x3.


Find expressions for the following:



a  af(x + δx)



b  f(x + δx) − f(x)



c  [image: image]




10  Let f(x) = 2x2. Find expressions for the following:



a   f(x + h)



b  f(x + h) − f(x)



c  [image: image]
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Key ideas









•  Functions are expressed using a combination of variables (written with letters) and constants (typically written with numbers, but note that π, e and the gravitational constant g are constants).



•  A function states the connection between two or more variables.



•  An important distinction is that between dependent and independent variables (if a variable’s value depends on that assigned to another, it is a dependent variable).



•  Two common notations for referring to a function are of the form ‘y = …’ and ‘f(x) = …’



•  The symbol δ (pronounced delta) means ‘a small change in’. For example, δx is a small change in x.



•  Functions that ‘undo’ each other are called inverse functions (for example, doubling is the inverse function for halving, and vice versa).



•  An explicit function might be of the form y = some expression in x, whereas an implicit function would have the x and y components mixed up together on the same side of the equation.


[image: image]
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Variations in functions; limits


[image: image]


In this chapter you will learn:



•  the meaning of a limit




•  how to deal with limits of the form [image: image]




•  some simple theorems on limits, and how to use them.


[image: image]






2.1  Variations in functions


When the independent variable in a function changes in value, the dependent variable changes its value as a result. Here are some examples which show how the dependent variable changes when the independent variable changes.
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Example 2.1.1








Consider the function f(x) = x2 or y = x2 and refer to Figure 1.2. It shows how the function changes when x changes.


Remembering that the values of x are shown as continuously increasing from left to right, you can see the following features from the graph.



•  As x increases continuously through negative values to zero, the values of y are positive and decrease to zero.



•  As x increases through positive values, y also increases and is positive.



•  At the origin, y ceases to decrease and starts to increase. This is called a turning point on the curve.



•  If x is increased without limit, y will increase without limit. For values of x which are negative, but which are numerically very large, y is also very large and positive.


[image: image]
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Spotlight – Reciprocals








In the next example, you will use the function y = [image: image], which is called the reciprocal function. As can be seen from its equation, the y-value is found by dividing 1 by the corresponding x-value. Most calculators, even the simpler models, possess a reciprocal key, usually marked [image: image] or x−1. Note that a special feature of reciprocals is that by applying this function twice in succession to a number, it returns to its starting value.
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Example 2.1.2








Consider the function y = [image: image]



For this function, you can see the following features.



•  If x is very large, say 1010, y is a very small number.



•  If x = 10100, y = [image: image]. which is very small indeed.


These numbers, both very large and very small, are numbers which you can write down. They are finite numbers.


If, however, you increase x so that it eventually becomes bigger than any finite number, however large, which you might choose, then x is said to be increasing without limit. It is said to approach infinity; you write this as x → ∞.


You should note that ∞ is not a number: you cannot carry out the usual arithmetic operations on it.


Similarly, as x becomes very large, the function [image: image] becomes very small.


In fact, as x → ∞, [image: image] becomes smaller in magnitude than any number, however small, you might choose.


In this case, [image: image] is said to approach 0; this is written as [image: image] → 0.


[image: image]


Notice that the same conclusions hold if the numerator is any positive number a.


Therefore, when x is positive as x → 0, [image: image] → ∞.


These results are illustrated in the graph of y = [image: image] shown in Figure 2.1.


[image: image]



Figure 2.1 The graph of y = [image: image]



The curve is called a hyperbola, and consists of two branches of the same shape, corresponding to positive and negative values of x.


From the positive branch, you can see the graphical interpretation of the conclusions reached above.



•  As x increases, y decreases and the curve approaches the x-axis. As x approaches infinity, the distance between the curve and the x-axis becomes very small and the curve approaches the x-axis as the value of x approaches infinity. Geometrically, you could say that the x-axis is tangential to the curve at infinity.



•  For values between 0 and 1, note that the curve approaches the y-axis as x approaches 0, that is, the y-axis is tangential to the curve at infinity.


A straight line which is tangential to a curve at infinity is called an asymptote to the curve.


Thus the axes are both asymptotes to the curve y = [image: image]



The arguments above apply also to the branch of the curve corresponding to negative values of x. Both axes are asymptotes to the curve in negative directions.


Notice also that throughout the whole range of numerical values of x, positive and negative, y is always decreasing. The sudden change as x passes through zero is a matter for consideration later.


[image: image]



2.2  Limits


If in a fractional function of x, both the numerator and denominator approach infinity as x approaches infinity, then the fraction ultimately takes the form [image: image]. For example, if


[image: image]


both the numerator and the denominator become infinite as x becomes infinite. The question arises, can any meaning be given to the fraction when it assumes the form [image: image]? Here is a way to find such a meaning.


Dividing both the numerator and the denominator by x gives


[image: image]


If now, x → ∞, then [image: image] → 0, so the fraction approaches [image: image].


But clearly, the fraction cannot be bigger than 2, so [image: image]



approaches the limiting value 2 as x approaches infinity; it is called the limit of the function. The limit of this function is denoted by


[image: image]


The value towards which x approaches when the limit is found is indicated by the x → ∞ placed beneath the word ‘lim’.


The idea of a limit is not only fundamental to calculus, but also to nearly all advanced mathematics.



2.3  Limit of a function of the form [image: image]



Consider the function [image: image]



You can find the value of this function for every value of x except 2. If x is given the value 2, both numerator and denominator become 0, and the function is not defined there. But when x is close to 2, the function takes the form [image: image]. This form is called indeterminate.
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Spotlight – Dividing by zero








Try dividing any number by zero on your calculator or computer and you should get some sort of error message. A well-designed machine will actually display, ‘ERROR: DIVIDE BY 0’. Alternatively you might just be offered any of the following: ‘MATH ERROR’; ‘UNDEFINED’; or simply ‘-E-’.
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