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Mathematics 



is 



not only 



a 



beautiful and exciting subject in its own right, but also one that underpins 








many other branches of learning. 



It is 



consequently fundamental to our national well-being. 








This book covers the compulsory core content of Advanced Level Further Mathematics study, following 








on from the Year 1/AS Further Mathematics 



book. The 



optional applied content 



is 



covered in the 








Mechanics and Statistics books. 








Between 2014 and 2016 



A 



Level Mathematics and Further Mathematics were very substantially revised, 








for first teaching in 2017. Major changes included increased emphasis on: 








■ 










Problem solving 











■ 










Mathematical proof 











■ 










Use of ICT 











■ 










Modelling 











■ 










Working with large data sets in statistics. 











This book embraces these ideas. 



A 



large number of exercise questions involve elements of 



problem solving. 








The ideas of 



mathematical proof, 



rigorous logical argument and mathematical 



modelling 



are also 








included in suitable exercise questions throughout the book. 








The use of 



technology, 



including graphing software, spreadsheets and high specification calculators, 








is 



encouraged wherever possible, for example in the Activities used to introduce some of the topics. In 










particular, readers are expected to have access to 



a 



calculator that handles matrices up to order 



3 



× 



3. 











Places where ICT can be used are highlighted by 



a   



T 



 icon. Margin boxes highlight situations where 








the use of technology 



– 



such 



as 



graphical calculators or graphing software 



– 



can be used to explore 



a 








particular topic further. 








Throughout the book the emphasis 



is 



on understanding and interpretation rather than mere routine 








calculations, but the various exercises do nonetheless provide plenty of scope for practising basic 








techniques. The 



exercise questions are split into three bands. Band 



1 



questions are designed to reinforce 








basic understanding; Band 



2 



questions are broadly typical of what might be expected in an examination, 








but you should refer to the Edexcel SAMs and practice papers; Band 



3 



questions explore around the topic 








and some of them are rather more demanding. 








In addition to the exercise questions, there are three sets of Practice questions, covering groups of chapters. 








These include identified questions requiring 



problem solving 



PS 



, 








mathematical proof 



MP 



, 



use of ICT 



  



T 



and 



modelling 



M 



. 








This book 



is 



written on the assumption that readers are studying or have studied 



A 



Level Mathematics. 








It can be studied alongside the Year 2/A Level Mathematics book, or after studying 



A 



Level Mathematics. 








There are also places where an understanding of the topics depends on knowledge from earlier in the 








book or in the Year 1/AS Mathematics book, the Year 



2 



Mathematics book or the Year 1/AS Further 








Mathematics book, and this 



is 



flagged up in the Prior knowledge boxes (as well 



as 



in specific review 








sections 



– as 



explained in the paragraph 



below). This 



should be seen 



as 



an invitation to those who 








have problems with the particular topic to revisit it. At the end of each chapter there 



is a 



list of key 








points covered 



as 



well 



as a 



summary of the new knowledge (learning outcomes) that readers should 








have gained. 








Getting 



the most from this 



book 


















vi 








Getting 



the most from this book 








This book follows on from 



Edexcel 



A 



Level Further Mathematics 



for Year 1 



(AS) 



and most readers will be familiar 








with the material covered in it. However, there may be occasions when they want to check on topics in the 








earlier book: we have therefore included three short Review chapters to provide 



a 



condensed summary of 








the work that was covered in the earlier book, including one or more exercises. In addition there are three 








chapters that begin with 



a 



Review section and exercise, and then go on to new work based on it. Confident 








readers may choose 



to 



miss out the Review material, and only refer 



to 



these parts 



of 



the book when they 








are uncertain about particular topics. Others, however, will find 



it 



helpful to work through some or all of the 








Review material to consolidate their understanding of the first year work. 








Two common features of the book are Activities and Discussion 



points. These 



serve rather different purposes. 








The Activities are designed to help readers get into the thought processes of the new work that they are 








about to meet; having done an Activity, what follows will seem much 



easier. The 



Discussion points invite 








readers to talk about particular points with their fellow students and their teacher and so enhance their 








understanding. Another feature 



is a 



Caution icon 



, 



highlighting points where 



it is 



easy to go wrong. 








Answers to all exercise questions and practice questions are provided 



at 



the back of the book, and also online 








at 



www.hoddereducation.co.uk/EdexcelFurtherMathsYear2 








This 



is a 



4th edition Edexcel textbook so much of the material 



is 



well tried and tested. However, 



as a 








consequence of the changes to 



A 



Level requirements in further mathematics, large parts of the book are 








either new material or have been very substantially rewritten. 








Catherine Berry 








Roger Porkess 


















vii 








Prior 



knowledge 








This book follows on from 



Edexcel 



A 



Level Further Mathematics Year 



1 



(AS). 



It is 



designed so that 



it 



can 








be studied alongside 



Edexcel 



A 



Level Mathematics Year 



2. 



Knowledge of the work in 



Edexcel 



A 



Level 








Mathematics Year 



1 



(AS) 



is 



assumed. 










■ 








Chapter 1: Series and induction 



reviews and develops the work introduced in Chapter 



4 



of 








A 



Level Further Mathematics Year 



1. 



It 



requires knowledge of matrices (covered in Chapter 



1 



of 








A 



Level Further Mathematics Year 1) 



and of partial fractions (covered in Chapter 



7 



of 



A 



Level 








Mathematics Year 2). 








■ 








Chapter 2: Further calculus 



assumes knowledge of the calculus from 



A 



Level 



Mathematics Year 1 








(Chapters 10 and 



11). You 



also need to be able to differentiate and integrate exponential functions, 








the function 



x 








1 



and related functions, and trigonometric functions (covered in Chapters 



9 



and 10 of 








A 



Level Mathematics Year 



2). You 



need to be able to differentiate 



a 



function implicitly (Chapter 



9 








of 



A 



Level Mathematics Year 



2). You 



should be familiar with the inverse trigonometric functions 








(covered in Chapter 



6 



of 



A 



Level Mathematics Year 



2). You 



also need to have covered the work on 








partial fractions in Chapter 



7 



of 



A 



Level Mathematics Year 



2. 








■ 








Chapter 3: Maclaurin series 



uses differentiation of simple exponential, logarithmic and 








trigonometric functions, which are covered 



in 



Chapter 



9 of 



A 



Level Mathematics Year 



2. 








■ 








Review: Matrices and transformations 



reviews the work covered in Chapter 



1 



of 



A 



Level Further 








Mathematics Year 1 



and builds on the work in Chapter 



7 



of 



A 



Level Further 



Mathematics Year 1. 








■ 








Review: Complex numbers 



reviews the work covered in Chapters 



2 



and 



6 



of 



A 



Level Further 








Mathematics Year 1. 








■ 








Chapter 4: Polar coordinates 



assumes knowledge of radians (covered in Chapter 



2 



of 



A 



Level 








Mathematics Year 



2). You 



will need to be familiar with the reciprocal trigonometric functions sec 








and cosec (introduced in Chapter 



6 



of 



A 



Level Mathematics Year 2) 



and the double angle formulae 








(introduced in Chapter 



8 



of 



A 



Level Mathematics Year 



2). You 



also need to be confident with 








integration (covered in Chapter 11 of 



A 



Level 



Mathematics Year 



1) 



and know how to integrate simple 








trigonometric functions (Chapter 10 of 



A 



Level Mathematics Year 2). 








■ 








Chapter 5: Hyperbolic functions 



uses the ideas of the domain and range of 



a 



function, and an 








inverse function, covered in Chapter 



4 



of 



A 



Level Mathematics Year 



2. 



It 



uses similar techniques to 








those covered in Chapter 



2 



of this book. 








■ 








Chapter 6: Applications of integration 



uses all the calculus techniques covered in 



A 



Level 








Mathematics Year 1 



and 



A 



Level Mathematics Year 



2, 



and in 



Chapters 



2 



and 



6 



of this book. 








■ 








Review: Roots of polynomials 



reviews the work covered in Chapter 



3 



of 



A 



Level Further 








Mathematics Year 1. 








■ 








Chapter 7: First order differential equations 



uses all the calculus techniques covered in 



A 



Level 








Mathematics Year 1 



and 



A 



Level Mathematics Year 



2, 



and in 



Chapters 



2 



and 



6 



of this book. 








■ 








Chapter 8: De Moivre’s theorem 



builds on the work covered in Chapter 



6 



of 



A 



Level Further 








Mathematics Year 1. You 



need to be familiar with trigonometric identities such 



as 



the double angle 








formulae (covered in Chapter 



8 



of 



A 



Level Mathematics Year 2) 



and you need to know about 








geometric series (covered in Chapter 



3 



of 



A 



Level Mathematics Year 2). 





















viii 








Prior 



knowledge 










■ 










Chapter 9: Second order differential equations 



uses all the calculus techniques covered in 



A 



Level 











Mathematics Year 1 



and 



A 



Level Mathematics Year 



2, 



and in 



Chapters 



2 



and 



6 



of this book. 



It 



follows on 








from 



Chapter 



8 



of this 



book. You 



also need to know how to write an expression of the form 










a 



cos 



u 



+ 



b 



sin 



u 



in the form 



r 



sin 



(u  + 



a). 



This 



is 



covered in Chapter 



8 



of 



A 



Level Mathematics Year 



2. 








■ 








Review: Vectors 



reviews the vector forms of points, lines and planes, the intersection of lines and 











planes and the calculation 



of 



perpendicular distances between points, lines and planes from Chapter 



8 of 








A 



Level Further 



Mathematics Year 



1. 





















1 








1 





Series 



and 



induction 
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Figure 1.1 








Discussion points 








The image of Pascal’s triangle shown 








here has the odd 



numbers coloured. 








This results in a pattern similar to 








the 



Sierpinsky triangle, 



which is an 








example of a fractal. 










➜ 





Investigate 



the 



patterns produced 











by colouring multiples of 3, 4, etc. 










➜ 





Investigate 



the sum of the 











numbers 



in the first 



n 



rows of 








Pascal’s triangle. 










➜ 





How 



could you prove your result? 











The 



essence 



of 








mathematics 



is not to 








make 



simple 



things 








complicated, 



but to 








make 



complicated 



things 








simple. 








S. Gudder 








1 


















2 








Review: Sequences 



and 



series 








1 Review: Sequences and series 








Terminology 



and 



notation 








A 



sequence 



is 



an ordered set of objects with an underlying rule. 








■  








The terms of 



a 



sequence are often written 



as 



a 



1, 



a 



2, 



a 



3, 



… or 



u 



1, 



u 



2, 



u 



3, 



… 



. 








■ 








The general term of 



a 



sequence may be written 



as 



a 



r 



or 



u 



r. 



(Sometimes the 








letter 



k 



or 



i 



is 



used instead of 



r.) 








■ 








The last term 



is 



usually written 



as 



a 



n 



or 



u 



n 



. 








A 



series 



is 



the sum of the terms of 



a 



numerical sequence. 








■ 








The sum of the first 



n 



terms of 



a 



sequence 



is 



often denoted by 



S 



n 



. 








■ 








S 








a a 








a 








a 








... 








n 








n 








r 








r 








n 








1 








2 








1 








∑ 








= + + + = 








= 








. 








Types of 



sequence 








■ 










A 



sequence 



is 



increasing 



if 



each term 



is 



greater than the previous term. 











■ 










A 



sequence 



is 



decreasing 



if 



each term 



is 



smaller than the previous term. 











■ 










In an 



oscillating 



sequence, the terms lie above and below 



a 



middle number. 











■ 










In an 



arithmetic sequence, 



the difference between each term and the 













next 



is 



constant. 



It is 



called the 



common difference 



and denoted by 



d. 











■ 










In 



a 



geometric sequence, 



the ratio of each term to the next 



is 



constant. 













It is 



called the 



common ratio 



and denoted by 



r. 











■ 










The terms of 



a 



convergent 



sequence get closer and closer to 



a 



limiting 













value. 



A 



geometric sequence 



is 



convergent 



if 



−1 < 



r 



< 



1. 











Summing 



series using 



standard 








formulae 








Many series can be summed by using the standard formulae: 








n 








r 








n n 








r 








nn 








n 








r 








n n 








1 








( 








1) 








( 








1)(2 








1) 








( 








1) 








1 








2 








1 








6 








1 








4 








r 








n 








r 








n 








r 








n 








r 








n 








1 








1 








2 








1 








3 








1 








2 








2 








∑ 








∑ 








∑ 








∑ 








= 








= 








+ 








= 








+ 








+ 








= 








+ 








= 








= 








= 








= 








ACTIVITY 



1.1 








Prove that 








n 








n n 








1 2 3 



.... 








( 1) 








1 








2 








+ + + + = 








+ 



by using the formula for the sum of 








an 



arithmetic 



series. 








Remember that 








1 1 1 1 



.... 



1 








r 








n 








1 








∑ 



= + + + + 








= 








, so 








this means that 



n 



lots of 1 are added together, 








giving a total of 



n. 








This result is precisely the square 








of the result 



∑ 



r. 


















1 








3 








You will prove the formulae for 



r 








r 








n 








2 








1 








∑ 








= 








and 



r 








r 








n 








3 








1 








∑ 








= 








later in this chapter. 








Find the sum of the series (2 



× 



3) 



+ 



(3 



× 



4) 



+ 



(4 



× 



5) 



+ 



… 



+ 



(n 



+ 



1)(n 



+ 



2). 








Solution 








The series can be written in the form 








r 








r 








( 



1)( 2) 








r 








n 








1 








∑ 



+ + 








= 








. 








∑ 








∑ 








∑ 



∑ 








[ 








] 








+ 








+ = 








+ 








+ 








= 








+ 








+ 



+ × 








+ 



+ 








= 








+ 








+ + + + 








= 








+ + + + + 








  








  








= 








+ 








+ 








  








  








= 








+ + 








= 








= 








= 








= 








r 








r 








r 








r 








n n 








n 








n n 








n 








n n 








n 








n 








n n 








n 








n 








n n 








n 








n n 








n 








( 1)( 2) 








3 








2 



1 








( 



1)(2 



1) 



3 








( 1) 



2 








( 



1)(2 



1) 9( 1) 



12 








2 








3 1 9 9 



12 








2 








12 22 








( 








6 



11) 








1 








6 








1 








2 








1 








6 








1 








6 








1 








6 








1 








3 








r 








n 








r 








n 








r 








n 








r 








n 








1 








2 








1 








1 








1 








2 








2 








2 








Example 



1.1 








To simplify this 








expression, look 








for common 








factors. It’s usually 








helpful to take out 








any fractions as 








factors. 








2 The method of 



differences 








Sometimes 



it is 



possible to find the sum of 



a 



series by subtracting 



it 



from 



a 








related series, with most of the terms cancelling 



out. This is 



called the method of 








differences and 



is 



shown in the following example. 








Example 



1.2 








Solution 








Each term 



is 



double the previous one. 








Call the sum 



S: 








S 



5 



10 20 








2560 5120 








= + + 








+… 



+ 








+ 








Double it: 








= 








+ 








+ 








+ … + 








+ 








S 








2 








10 20 40 








5120 10 240 








Subtract the first line from the second and notice that most terms cancel. 








In fact, only two remain. 








− = 








− 








S S 








2 








10 240 



5 








= 








S 



10 235 








Calculate the value of the series: 



5 



10 20 40 








2560 5120 








+ + + 



+… + 








+ 








. 








In fact, the sequence is 








× 








u r 



= 5 2 








r 



-1 



but you won’t 








need that here. 








This is the sum you 



needed. 


















4 








The 



method 



of 



differences 








Example 



1.3 








This example worked because of the doubling of the terms. 








Calculating the sums of much more complicated series can also use this 








technique, 



if 



each term can be expressed 



as 



the difference of two (or more) 








terms. Look 



at 



the following examples carefully 



to 



see the idea, paying particular 








attention to the way the series are laid out to help find the cancelling terms. 








(i) 








Show that 



r r 








r r 








1 








1 








1 








1 








( 1) 








− 








+ 








= 








+ 








. 








(ii) 








Hence find 



1 








1 2 








1 








2 3 








1 








3 4 








1 








30 31 








× 








+ 








× 








+ 








× 








+ … + 








× 








. 








Notice that the result in the example can easily be generalised for 



a 



sequence 








of any length. 



If 



the sequence has 



n 



terms, then the terms would still cancel in 








pairs, leaving the first term, 



1, 



and the last term, 



n 








1 








1 








− + 








. 








The sum of the terms would therefore be 








n 








n 








n 








n 








n 








1 








1 








1 








1 1 








1 








1 








− 








+ 








= + − 








+ 








= 








+ 








. 








Solution 








(i) 








LHS 



= 



r r 








r 








r 








r r 








r r 








1 








1 








1 








( 1) 








( 1) 








1 








( 1) 








RHS 








as 



required. 








− 








+ 








= 








+ − 








+ 








= 








+ 








= 








(ii) 








r r 








r r 








1 








1 2 








1 








2 3 








1 








3 4 








1 








30 31 








  








1 








1 








1 1 








1 








r 








r 








1 








30 








1 








30 








∑ 








∑( 








) 








( ) 








× 








+ 








× 








+ 








× 








+ … + 








× 








= 








+ 








= 








− 








+ 








= 








= 








= − 








+ − 








1 1 








2 








1 








2 








1 








3 








1 








3 








1 








4 








1 








29 








1 








30 








1 








30 








1 








31 








+ − 








+ 








+ − 








+ − 








 








1 








3 








1 








4 








1 








29 








1 








30 








1 








30 








1 








31 








+ − 








+ 








+ − 








+ − 








 








= − 








+ − 








1 1 








2 








1 








2 








1 








3 








1 








1 








31 








30 








31 








= − 








= 








Using the result from part (i)... 








... start writing out the 








sum, but it is helpful 








to lay it out like this to 








see which parts cancel. 








The terms in the 








red loops cancel 








out – so all the 








terms in the green 








box vanish. 








Discussion point 








➜ 

What 



happens to 








this series when 



n 








becomes very 



large? 


















1 








5 








The cancelling of nearly all the terms 



is 



similar to the way in which the interior 








sections of 



a 



collapsible telescope disappear when 



it is 



compressed, so 



a 



sum like 








this 



is 



sometimes described 



as a 



telescoping sum. 








The next example uses 



a 



telescoping sum to prove 



a 



familiar result. 








(i) 








Show that 



r 








r 








r 








2 1 








2 1 








8 








2 








2 








( 








) ( 








) 








+ 








− 








− = 



. 








(ii) 








Hence find 








r 








8 








r 








n 








1 








∑ 








= 








. 








(iii) Deduce that 



∑ 








( 








) 








= 








+ 








= 








r 








n n 



1 








1 








2 








r 








n 








1 








. 








Example 



1.4 








Solution 








(i) 








r 








r 








r 








r 








r r 








r 








2 1 








2 1 








4 








4 1 4 4 1 








8 








2 








2 








2 








2 








( 








) ( 








) 








( 








) ( 








) 








+ 








− 








− 








= 








+ + − 








− + 








= 








as 



required. 








(ii) 








∑ ∑ 



( 








) ( 








) 








= 








+ 








− 








− 








  








  








= 








= 








r 








r 








r 








8 








2 1 








2 1 








r 








n 








r 








n 








1 








1 








2 








2 








n 








n 








n 








n 








3 1 








5 








3 








7 








5 








… 








(2( 








1) 1) (2( 1) 1) 








2( 








1) 








(2 








1) 








2 








2 








2 








2 








2 








2 








2 








2 








2 








2 








= 








− 








+ 








− 








+ 








− 








+ 








+ 








− + − 








− − 








+ 








+ 








− 








− 








n 








n 








n 








n 








n 








2 








1 








1 








4 








4 








1 1 








4 








4 








2 








2 








2 








2 








( 








) 








= 








+ 








− 








= 








+ 








+ − 








= 








+ 








(iii) Since 



∑ 



= + 








= 








r 








n 








n 








8 








4 








4 








r 








n 








1 








2 








so 



∑ 








( 








) 








= 








+ 








= 








+ 








= 








r 








n 








n 








n n 



1 








1 








2 








1 








2 








1 








2 








r 








n 








1 








2 








as 



required. 








The only terms remaining 








are the 2nd and the 2nd 








to 



last. 
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The 



method 



of 



differences 








(i) 








Show that 



− 








+ 








+ 








+ 








= 








+ 








+ + 








r r 








r 








r 








r r 








r 








2 








3 








1 








1 








2 








4 








( 



1)( 2) 








. 








(ii) 








Hence find 



∑ 








+ 








+ 








+ 








= 








r 








r r 








r 








4 








( 



1)( 2) 








r 








n 








1 








. 








Example 



1.5 








Solution 








(i) 








− 








+ 








+ 








+ 








= 








+ 








+ − + + + 








+ + 








= 








+ + − − + + 








+ + 








= 








+ 








+ 








+ 








r r 








r 








r 








r 








r r 








r r 








r r 








r 








r 








r 








r r r r 








r r 








r 








r 








r r 








r 








2 








3 








1 








1 








2 








2( 



1)( 2) 



3 ( 



2) 



( 1) 








( 



1)( 2) 








2 








6 4 3 6 








( 



1)( 2) 








4 








( 



1)( 2) 








2 








2 








2 








(ii) 








∑ 








∑ 



( 








) 








+ 








+ 








+ 








= 








− 








+ 








+ 








+ 








= 








= 








r 








r r 








r 








r r 








r 








4 








( 



1)( 2) 








2 








3 








1 








1 








2 








r 








n 








r 








n 








1 








1 








= − 








+ 








+ 








− + 








+ − + 








+ … − … + … 








+ … − … + … 








+ 








− 








− 








− 








+ 








+ 








− 








− + 








+ 








+ − 








+ 








+ 








+ 








n 








n 








n 








n 








n n 








n n 








n 








2 3 








2 








1 








3 








2 








2 








3 








3 








1 








4 








2 








3 








3 








4 








1 








5 








2 








1 








3 








1 








1 








2 








1 








3 








1 








1 








2 








3 








1 








1 








2 








Most of the terms cancel, leaving: 








∑ 








+ 








+ 








+ 








= − + + 








+ 








− 








+ 








+ 








+ 








= − 








+ 








+ 








+ 








= 








r 








r r 








r 








n 








n 








n 








n 








n 








4 








( 



1)( 2) 








2 3 








2 








2 








2 








1 








1 








3 








1 








1 








2 








3 








2 








2 








1 








1 








2 








r 








n 








1 








The terms in the red 








loops cancel out – so all 








the terms in the green 








box vanish. 










Note 











The terms that do not cancel form a 



symmetrical pattern, 



three at the start and 








three at the 



end. 
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① 



This question 



is 



about the series 



1 + 3 + 5 + 



… 



+ 



(2n 



– 



1). 








You can write this 



as 








r 








(2 



1) 








r 








n 








1 








∑ 



− 








= 








. 








(i) 








Show that 



r 








r 








r 








1 








2 1 








2 








2 








( 








) 








− − 








= − 



. 








(ii) 



Write out the first three terms and the last three terms of 








r 








r 








( 








1) 








r 








n 








2 








2 








1 








∑ 



( 








) 








− − 








= 








. 








(iii) 



Hence find 








r 








(2 



1) 








r 








n 








1 








∑ 



− 








= 








. 








(iv) 



Show that using the standard formulae to find 








r 








(2 



1) 








r 








n 








1 








∑ 



− 








= 








gives the 








same result 



as 



in (iii). 








② 



This question 



is 



about the series 



2 








1 3 








2 








3 5 








2 








5 7 








2 








19 21 








× 








+ 








× 








+ 








× 








+ … + 








× 








. 








(i) 








Show that the general term of the series 



is 



r 








r 








2 








(2 1)(2 



1) 








− 








+ 








, 



and find 








the values of 



r 



for the first term and the last term of the series. 








(ii) 



Show that 



r 








r 








r 








r 








1 








2 








1 








1 








2 1 








2 








(2 



1)(2 



1) 








. 








− 








− 








+ 








= 








− 








+ 








(iii) 



Hence find 



2 








1 3 








2 








3 5 








2 








5 7 








2 








19 21 








× 








+ 








× 








+ 








× 








+ … + 








× 








. 








③ 



(i) 



Show that 



r 








r 








r r 








r 








r 








1 








2 








1 








1 3 2 








2 








2 








( 








) ( 








) 








( 








) ( )( 








) 








+ 








+ − 








+ = + 








+ 



. 








(ii) 



Hence find 








n 








n 








2 5 








3 8 4 



11 








1 3 2 








( 








) ( 








) ( 








) 








( )( 








) 








× + × + × 



+… 



+ + 








+ 



. 








(iii) 



Show that you can obtain the same result by using the standard 








formulae to find the sum of this series. 








(iv) 



Using trial and improvement, find the smallest value of 



n 



for which the 








sum 



is 



greater than one million. 








④ 



(i) 



Show that 



r 








r 








r 








r r 








1 








1 








1 








2 1 








1 








2 








2 








2 








2 








( 








) 








( 








) 








− + 








= 








+ 








+ 








. 








(ii) 



Hence find 








r 








r r 








2 1 








1 








r 








n 








1 








2 








2 








∑ 



( ) 








+ 








+ 








= 








. 








⑤ 



(i) 



Show that 



r 








r 








r r 








1 








2 








1 








2 








2 








1 








2 








( 








) 








( 








) 








− 








+ 








= 








+ 








. 








(ii) 



Hence find 








r r 








1 








2 








r 








n 








1 








∑ 



( ) 








+ 








= 








. 








(iii) 



Find the value 



of 



this sum 



for 



n 



= 



100, 



n 



= 



1000 and 



n 



= 10 



000 and 








comment on your answer. 








Exercise 



1.1 








Discussion points 








➜ 

Show 



that the final expression in the previous example can be simplified to 








give 








( 








) 








( 








)( 








) 








n n 








n 








n 








3 + 7 








2 



+1 



+ 2 








. 








➜ 

What 



happens to the series as 



n 



becomes very 



large? 
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The 



method 



of 



differences 










Prior knowledge 













For the next section you need to know how to use partial 



fractions. 



This is 



covered 













in Chapter 7 of the Year 2 A Level 



Mathematics 



book. Partial fractions are also 








reviewed on page 27 of this book. 








⑥ 



(i) 



Show that 



r 








r 








r 








r 








r 








r 








r 








1 








2 








3 








3 








2 








4 ( 



2)( 3)( 



4) 








− 








+ 








+ 








+ 








− 








+ 








= + + + 








. 








(ii) 



Hence find 



∑ 



( )( )( ) 








+ 








+ 








+ 








= 








r 








r 








r 








r 








2 








3 








4 








r 



1 








12 








. 








⑦ 



(i) 



Show that 



r r 








r 








r r 








r 








1 








2 








1 








1 








1 








2 








2 








1 








1 2 








( 








) ( )( ) 








− 








+ 








+ 








+ 








= 








+ + 








. 








(ii) 



Hence find 








r r 








r 








1 








1 








2 








r 








n 








1 








∑ 



( )( ) 








+ 








+ 








= 








. 








(iii) 



Find the value of this sum for 



n 



= 



100 and 



n 



= 



1000, and comment on 








your answer. 








In Questions 



8 



and 



9 



you will prove the standard results for 



∑r 








2 








and 



∑r 








3 








. 








⑧ 



(i) 



Show that 



r 








r 








r 








2 1 








2 1 








24 2 








3 








3 








2 








( 








) ( 








) 








+ 








− 








− = 








+ 



. 








(ii) 



Hence find 








r 








24 








2 








r 








n 








1 








2 








∑ 



( 








) 








+ 








= 








. 








(iii) 



Deduce that 



r 








n n 








n 








1 








6 








1 2 1 








r 








n 








1 








2 








∑ 








( 








)( 








) 








= 








+ 








+ 








= 








. 








⑨ 



(i) 



Show that 



r 








r 








r 








r 








2 1 








2 1 








64 16 








4 








4 








3 








( 








) ( 








) 








+ 








− 








− = 








+ 








. 








(ii) 



Hence find 








r 








r 








64 








16 








r 








n 








1 








3 








∑ 



( 








) 








+ 








= 








. 








(iii) 



Deduce that 



r 








n n 








1 








4 








1 








r 








n 








1 








3 








2 








2 








∑ 








( 








) 








= 








+ 








= 








. 








(You may use the standard result for 



Σr.) 








⑩ 



(i) 



Show that 



r 








2 








1 








2 








− 








can be written 



as 



r 








r 








1 








1 








1 








1 








− 








− 








+ 








. 








(ii) 



Hence find the values of 



A 



and 



B 



in the identity 








r 








A 








r 








B 








r 








1 








1 








1 








1 








2 








− 








≡ 








− 








+ 








+ 








. 








(iii) 



Find 








r 








1 








1 








r 








n 








2 








2 








∑ 



− 








= 








. 








(iv) 



What 



is 



the value of this sum 



as 



n 



becomes very large? 


















1 








9 








3 Summing series using partial 








fractions 








If 



the general term of 



a 



sequence can be expressed in partial fractions, this may 








give the opportunity to use the method of differences. 








Find 



r r 








1 








( 1) 








r 








n 








1 








∑ 



+ 








= 








. 








Solution 








r r 








A 








r 








B 








r 








A r 








Br 








1 








( 1) 








1 








1 








( 1) 








+ 








= 








+ 








+ 








= 








+ + 








Let 



r 



= 



0 








⇒ 



A 



= 



1 








Let 



r 



= −1 ⇒ 



B 



= −1 








r r 








r r 








1 








( 1) 








1 








1 








1 








r 








n 








r 








n 








1 








1 








∑ 








∑ 



( 








) 








+ 








= 








− 








+ 








= 








= 








... 








n 








n 








n 








n 








n 








n 








1 








1 








1 








2 








1 








2 








1 








3 








1 








3 








1 








4 








1 








2 








1 








1 








1 








1 








1 








1 








1 








1 








= 








− 








+ 








− 








+ 








− 








+ 








+ 








− 








+ 








− 








+ 








− 








− 








− 








− 








+ 








First, write the expression as 








partial fractions. 








Write out the first few terms and the 








last few terms. Most of the terms 








cancel, leaving just one term at the 








start and one at the end. 










Discussion point 













➜ 



In 



the example above, 











how does the form of 








the partial 



fractions 








tell you that you can 








use the 



method 



of 








differences to sum 








the series? 








n 








n 








n 








n 








n 








1 








1 








1 








1 1 








1 








1 








= − 








+ 








= + − 








+ 








= 








+ 








Sometimes the partial fractions involve three terms, 



as 



in the next 



example. This 








means that 



it is 



particularly important to lay out your work carefully, so that you 








can see clearly which terms cancel. 








Example 



1.7 








(i) 








Find 



r r 








r 








2 








( 



1)( 2) 








r 








n 








1 








∑ 



+ + 








= 








. 








(ii) 








Hence state the value of 



r r 








r 








2 








( 



1)( 2) 








r 



1 








∑ 



+ + 








= 








∞ 








. 








Example 



1.6 


















10 








Summing series 



using 



partial fractions 








Solution 








(i) 








r r 








r 








A 








r 








B 








r 








C 








r 








A r 








r 








Br 



r 








Cr 



r 








2 








( 



1)( 2) 








1 








2 








2 








( 



1)( 2) 








( 



2) 








( 1) 








+ 








+ 








= + 








+ 








+ 








+ 








= 








+ 








+ + 








+ + 








+ 








Let 



r 








A 








A 








0 








2 2 








1 








= 








⇒ = 








⇒ = 








Let 



r 








B 








B 








1 








2 








2 








= − ⇒ = − ⇒ = − 








Let 



r 








C 








C 








2 








2 2 








1 








= − ⇒ = 








⇒ = 








r r 








r 








r r 








r 








2 








( 



1)( 2) 








1 2 








1 








1 








2 








r 








n 








r 








n 








1 








1 








∑ 








∑ 



( 








) 








+ 








+ 








= 








− 








+ 








+ 








+ 








= 








= 








= 








− 








+ 








+ 








− 








+ 








+ 








− 








+ 








+ 








+ 








− 








− 








− 








+ 








+ 








− 








− 








+ 








+ 








+ 








− 








+ 








+ 








+ 








n 








n 








n 








n 








n 








n 








n 








n 








n 








1 








1 








2 








2 








1 








3 








1 








2 








2 








3 








1 








4 








1 








3 








2 








4 








1 








5 








... 








1 








2 








2 








1 








1 








1 








1 








2 








1 








1 








1 








2 








1 








1 








2 








n 








n 








n 








n 








n 








1 1 1 








2 








1 








1 








2 








1 








1 








2 








1 








2 








1 








1 








1 








2 








= − + + 








+ 








− 








+ 








+ 








+ 








= − 








+ 








+ 








+ 








(ii) As 



n 



→ ∞, 



n 








1 








1 








0 








+ 








→ 



and 



n 








1 








2 








0 








+ 








→ 








so 



r r 








r 








2 








( 



1)( 2) 








1 








2 








r 



1 








∑ 



+ + 








= 








= 








∞ 








Write the 








expression as 








partial fractions. 








Most of the terms 








cancel out in groups 








of 



3. 








There are three terms 








left at the beginning 








and three at the end. 








Notice the symmetrical 








pattern. 








Exercise 1.2 








①  



Find 








r 








(4 



1) 








r 








n 








1 








∑ 



− 








= 








. 








② 



Find 








r 








r 








(3 








) 








r 








n 








2 








1 








∑ 



+ 








= 








. 








③ 



Find 








r 








r 








(2 








) 








r 








n 








3 








1 








∑ 



+ 








= 








. 








④ 



(i) 



Write 



r r 








2 








( 



2) 








+ 








in the form 



A 








r 








B 








r 



2 








+ 








+ 








. 








(ii) 



Hence find 



r r 








2 








( 



2) 








r 








n 








1 








∑ 



+ 








= 








. 


















1 
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⑤ 



(i) 



Find 



r r 








r 








( 



1)( 2) 








r 








n 








1 








∑ 



+ + 








= 








. 








(ii) 



Hence find 



1 2 3 2 3 4 3 4 5 



... 100 101 102 








× × + × × + × × + + × × 








. 








⑥ 



(i) 



Show that 



r 








r 








r 








rr 








r 








r r 








( 



1)( 2)( 3) 








( 



1)( 2) 



( 



1)( 2) 








1 








3 








1 








3 








+ 








+ 








+ − 








+ + = + + 



. 








(ii) 



Using the result from (i) and the method of differences, 








find 








r 








r 








( 



1)( 2) 








r 








n 








1 








∑ 



+ + 








= 








. 








(iii) 



Use standard results to find 








r 








r 








( 



1)( 2) 








r 








n 








1 








∑ 



+ + 








= 








. 








Show that this 



is 



the same 



as 



the result from (ii). 








⑦ 



(i) 



Find 








r 








r r 








r 








7 



10 








( 



1)( 2) 








r 








n 








1 








∑ 








+ 








+ 








+ 








= 








. 








(ii) 



Hence find 








r 








r r 








r 








7 



10 








( 



1)( 2) 








r 



1 








∑ 








+ 








+ 








+ 








= 








∞ 








. 








⑧ 



(i) 



Find 








r 








r 








r 








r 








12 



2 








(2 1)(2 1)(2 3) 








r 








n 








1 








∑ 








+ 








− 








+ 








+ 








= 








. 








(ii) 



Hence find 








7 








1 3 5 








13 








3 5 7 








19 








5 7 9 








... 








× × 








+ 








× × 








+ 








× × 








+ 








⑨ 



A 



sum 



is 



given by 



S 



1 2 








3 








4 








... 








1 








3 








1 








3 








1 








3 








2 








3 








( ) ( ) ( ) 








= − 








+ 








− 








+ 








(i) 








Write down an expression for 



S 








1 








3 








. 








(ii) 



Add 



S 



and 



S 








1 








3 








. 



Describe the resulting series and find its sum to infinity. 








Hence find the value 



of 



S. 








(iii) 



Show that 



S 



is 



the binomial expansion of 



1 



1 








3 








2 








( ) 








+ 








− 



. 



Use this result to 








confirm the value of 



S 



you found in part (ii). 








4 Review: Proof by induction 








When you are solving 



a 



mathematical problem, you may sometimes make 



a 








conjecture. You 



might, for example, find 



a 



formula that seems to work in the 








cases you have 



investigated. You 



would then want to prove your conjecture. 








Mathematical induction 



is a 



very powerful method that can be used to prove 



a 








conjecture or 



a 



given result, such 



as 



for the sum of 



a 



series. 








The principle of proof by induction 



is 



to show that: 








if 



the result 



is 



true for the case 



n 



= 



k 








then 



it 



must be true for the case 



n 



= 



k 



+ 



1. 








If 



you also show that 



it is 



true for an initial case, say 





n 



= 



1, 



you can then deduce 








that 



it 



must be true for 



n 



= 



2, 



and therefore 



it 



must be true for 



n 



= 



3, 



and so on. 








You can then state that 



it is 



true for all positive integer values of 



n. 
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Review: 



Proof by 



induction 








Steps in 



mathematical induction 








To prove something by mathematical induction you need to state 



a 








conjecture to start 



with. Then 



there are five elements needed to try to prove 








the conjecture 



is 



true. 








■ 










Proving that 



it is 



true 



for a 



starting value (e.g. 



n 



= 



1). 











■ 










Finding the target expression: using the result for 



n 



= 



k 



to find the 













equivalent result for 



n 



= 



k 



+ 



1. 











■ 










Proving that: 



if 



it is 



true for 



n 



= 



k, 



then 



it is 



true for 



n 



= 



k 



+ 



1. 











■ 










Arguing that since 



it is 



true for 



n 



= 



1, it is 



also true for 



n 



= 



1 



+ 



1 



= 



2, 



and so 













for 



n 



= 



2 



+ 



1 



= 



3 



and for all subsequent values of 



n. 











■ 










Concluding the argument by writing down the result and stating that 



it 



has 













been proved. 











To find the target expression you replace 








k 



with 



k 



+ 



1 



in the result for 



n 



= 



k. 








This ensures the argument is properly rounded off. You will 








often use the word ‘therefore’. 








This can be done before or after finding the target expression, 








but you may find it easier to find the target expression first so 








that you know what you are working towards. 








Example 



1.8 








Finding the sum of 



a 



series 








Prove by induction that, for all positive integers 



n: 








n 








n 








1 3 5 



... (2 



1) 








2 








+ + + + 








− = 








Solution 








When 



n 



= 



1, 








L.H.S. 



= 



1 








R.H.S. 



= 



1 








2 








= 



1 








So 



it is 



true for 



n 



= 



1. 








Assume the result 



is 



true for 



n 



= 



k, 



so: 








k 








k 








1 3 5 



... (2 



1) 








2 








+ + + + 








− = 








You want to prove that the result 



is 



true 








for 



= + 








n k 



1 



(if the assumption 



is 



true). 








Look 



at 



the L.H.S. 



of 



the result you want 



to 



prove: 








k 








k 








1 3 5 



... (2 



1) 



[2( 



1) 1] 








+ + + + 








− + 








+ − 








Use the assumed result for 



= 








n 



k, 



to replace the first 



k 



terms: 








= + 








+ − 








k 








k 








[2( 1) 1] 








2 








= + + − 








k 








k 








2 2 1 








2 








= + + 








k 








k 








2 1 








2 








= + 








k 








( 1) 








2 








as 



required. 








Target expression 








1 



+ 



3 



+ 



5 



+ 



… 



+ 



(2k 



− 



1) 








+ 



[2(k 



+ 



1) 



− 



1] 



= 



(k 



+ 



1) 








2 








The first 



k 








terms 










The (k 



+ 



1)th 



term 











Expand and simplify. 








This is the same as the target 



expression. 


















1 








13 








Example 1.9 








Solution 








When 



n = 



1, 



= + − = 








u 








4 6 1 9 








1 








1 








which 



is 



divisible by 



9. 



So 



it is 



true 








for 



n = 



1. 








Assume the result 



is 



true 



for 



n 



= 



k, 



so: 








= 








+ 








− 








u 








k 








4 6 








1 








k 








k 








is 



divisible by 



9 








You want to prove that 



+ 








u 



k 



1 



is 



divisible by 



9 



(if the assumption 



is 



true). 








u 








k 








k 








u 








k 








k 








u 








k 








k 








u 








k 








u 








k 








4 








6( 








1) 1 








4 4 








6 








5 








4( 








6 








1) 6 5 








4 








24 








4 6 5 








4 








18 








9 








4 








9(1 



2 ) 








k 








k 








k 








k 








k 








k 








k 








1 








1 








= 








+ 








+ − 








= × 








+ + 








= 








− 








+ + + 








= 








− 








+ + + 








= 








− 








+ 








= 








+ 








− 








+ 








+ 








If 



u 



k 



is 



divisible by 



9, 



then 



u 



k 



+ 



1 



is 



divisible by 



9. 








Since 



it is 



true for 



= 








n 



1, it is 



true for all positive integer values of 



n. 








Therefore the result that 



= + − 








u 








n 








4 6 1 








n 








n 








is 



divisible by 



9 is 



true. 








You want to express 



u 



k 



+ 



1 



in 








terms of 



u 



k. 








Substituting 








u k 








4 








6 1 








k 








k 








= − + 



. 








You have assumed that 



u 



k 



is divisible 








by 



9, 



and 



9(1 



− 



2k) 



is divisible by 



9, 








so 



u 



k 



+ 



1 



is divisible by 



9. 








If 



the result 



is 



true for 



= 








n k, 



then 



it is 



true for 



= + 








n k 



1. 








Since 



it is 



true for 



= 








n 



1, it is 



true for all positive integer values of 



n. 








Therefore the result that 



+ + + + − = 








n 








n 








1 3 5 



... (2 



1) 








2 



is 



true. 










The method of proof by induction 



is 



often used in the context of the sum of 



a 











series, 



as 



in the example above. However, 



it 



has 



a 



number of other applications 








as 



well. 








Induction can be used in divisibility proofs, 



as 



shown in the next example. In 








proofs like these, there 



is 



no ‘target expression’; instead your target 



is 



to express 








the result in 



a 



form that shows the divisibility property that you are proving. 








Divisibility 








Prove that 



u 








n 








4 6 1 








n 








n 








= 








+ − 



is 



divisible by 



9 



for all 



n 



> 



1. 








Matrix powers 








Given that 



A 








3 8 








2 5 








= 








− 








− 








 








 








 








 








 








 



, 



prove by induction that 








n n 








n 








n 








A 








1 4 8 








2 1 4 








. 








n 








= 








− 








− 








+ 








 








 








 








 








Example 1.10 








Matrices are reviewed after 








Chapter 



3. 
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Review: 



Proof by 



induction 








Solution 








When 



= 








n 



1, 



u 








2 3 








2 1 1 








1 








0 








= − = − = 








so the result 



is 



true for 



= 








n 



1. 








Assume the result 



is 



true for 



= 








n 



k, 



so: 








= − 








− 








u 








2 3 








k 








k 



1 








You want to prove that the result 



is 



true for 



= + 








n k 



1 








(if the assumption 



is 



true). 








= 








− 








= 








− 








− 








= − × 








− 








= − 








+ 








− 








− 








u 








u 








3 








4 








3(2 



3 ) 4 








6 3 3 








4 








2 3 








k 








k 








k 








k 








k 








1 








1 








1 








Target expression 








= − 








= − 








+ 








+ − 








u 








2 3 








2 3 








k 








k 








k 








1 








( 1) 1 








Use the given relationship between 








u 



n 



+ 



1 



and 



u 



n. 








Substitute the assumed result for 



u 



k. 








This is the same as the target expression. 








Solution 








When 



= 








n 



1, 








= 








− 








− 








+ 








 








 








 








 








 








 



= 








− 








− 








 








 








 








 








 








 



= 








A 








A 








1 4 8 








2 1 4 








3 8 








2 5 








1 








so the result 



is 



true for 



= 








n 



1. 








Assume the result 



is 



true for 



= 








n 



k, 



so 








= 








− 








− 








+ 








 








 








 








 








 








 








k 








k 








k 








k 








A 








1 4 








8 








2 








1 4 








k 








You want to prove that the result 



is 








true for 



= + 








n k 



1 



(if the assumption 








is 



true). 








k 








k 








k 








k 








k 








k 








k 








k 








k 








k 








k 








k 








k k 








k 








k 








A 








A A 








1 4 








8 








2 








1 4 








3 8 








2 5 








3(1 



4 ) 



16 8(1 



4 ) 



40 








6 








2(1 



4 ) 








16 5(1 



4 ) 








3 4 8 8 








2 








2 4 5 








k 








k 








1 








= 








= 








− 








− 








+ 








 








 








 








 








 








 








− 








− 








 








 








 








 








 








 








= 








− − 








− 








− + 








− 








+ 








− + + 








 








 








 








 








 








 








 








 








= 








− − 








+ 








− − 








+ 








 








 








 








 








 








 








+ 








If 



the result 



is 



true for 



= 








n 



k, 



then 



it is 



true for 



= + 








n k 



1. 








Since 



it is 



true for 



= 








n 



1, it is 



true for all positive integer values of 



n. 








Therefore the result that 








= 








− 








− 








+ 








 








 








 








 








 








 








n 








n 








n 








n 








A 








1 4 








8 








2 1 4 








n 








is 



true. 








Target expression 








= 








− + 








+ 








− + 








+ + 








 








 








 








 








 








 








 








 








= 








− − 








+ 








− − 








+ 








 








 








 








 








 








 








+ 








k 








k 








k 








k 








k k 








k 








k 








A 








1 



4( 



1) 8( 1) 








2( 1) 1 



4( 








1) 








3 4 8 8 








2 2 4 5 








k 



1 








Multiply the assumed result 








for 



A 








k 








by the matrix 



A. 








This is the same as the target 








expression. 








Example 1.11 








nth 



term of 



a 



sequence 








A 



sequence 



is 



defined by 



u 








1 








1 



= 



and 



u 








u 








3 4 








n 








n 








1 



= − 








+ 








. 








Prove by induction that 



u 








2 3 








n 








n 



1 








= − 








− 



. 
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Review exercise 








If 



the result 



is 



true for 



n 



= 



k, 



then 



it is 



true for 



n 



= 



k 



+ 



1. 








Since 



it is 



true for 



n 



= 



1, it is 



true for all positive integer values of 



n. 








Therefore the result that 



u 



n 



= 



2 



− 



3 








n 



− 



1 








is 



true. 








① 



Given that 








= 








− 








− 








 








 








 








 








 








 








A 








2 9 








1 4 








, 



you are going to prove by induction that 








n 








n 








n 








n 








A 








1 3 








9 








1 3 








n 








= 








− 








− 








+ 








 








 








 








 








 








 



. 








(i) 








Show that the result 



is 



true for 



n 



= 



1. 








(ii) 



If 



the result 



is 



true, write down the target expression for 



A 








k 



1 








+ 



. 








(iii) 



Assuming that the result 



is 



true for 



n 



= 



k, 



so 








k k 








k 








k 








A 








1 3 9 








1 3 








k 








= 








− 








− 








+ 








 








 








 








 








 








, 








use matrix multiplication to find an expression for 



A 








k 



1 








+ 



. 








(iv) 



Show that your answers to (ii) and (iii) are the same, and write 



a 








conclusion for your proof. 








② 



You are going to prove by induction that 








r 








n n 








(3 



1) 








(3 



1) 








1 








2 








r 








n 








1 








∑ 



− = 








+ 








= 








. 








(i) 








Show that the result 



is 



true for 



n 



= 



1. 








(ii) 



If 



the result 



is 



true, write down 



a 



target expression for 








r 








(3 



1) 








r 








k 








1 








1 








∑ 



− 








= 








+ 








. 








(iii) 



Assuming that the result 



is 



true for 



n 



= 



k, 



so 








r 








k k 








(3 



1) 



(3 



1) 








1 








2 








r 








k 








1 








∑ 



− = 








+ 








= 








, 








find an expression for 








r 








(3 



1) 








r 








k 








1 








1 








∑ 



− 








= 








+ 








by adding the 



(k 



+ 



1)th term to the 








sum of the first 



k 



terms. 








(iv) 



Show that your answers to (ii) and (iii) are the same, and write 



a 








conclusion for your proof. 








③ 



A 



sequence 



is 



defined by 



u 








3 








1 



= 



and 



u 








u 








2 1 








n 








n 








1 



= + 








+ 








. 








You are going to prove by induction that 



= − 








+ 








u 








2 1 








n 








n 



1 








. 








(i) 








Show that the result 



is 



true for 



n 



= 



1. 








(ii) 



If 



the result 



is 



true, write down 



a 



target expression for 



u 



k 



1 








+ 








. 








(iii) 



Assuming that the result 



is 



true for 



n 



= 



k, 



so 



u 








2 1 








k 








k 



1 








= − 








− 








, 



find an 








expression for 



u 



k 



1 








+ 



by applying the rule 



u 








u 








2 1 








k 








k 








1 



= + 








+ 








. 








(iv) 



Show that your answers to (ii) and (iii) are the same, and write 



a 








conclusion for your proof. 








④ 



Prove by induction that 








n 








nn 








n 








1 2 3 



.... 








( 



1)(2 



1) 








1 








6 








2 








2 2 








2 








+ + + + = 








+ 








+ 



. 








⑤ 



Given that 



A 








6 5 








5 4 








= − − 








 








 








 








 








 








 



, 



prove by induction that 








n 








n 








n 








n 








A 








1 5 








5 








5 








1 5 








. 








n 








= 








+ 








− 








− 








 








 








 








 
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Review: 



Proof by 



induction 








⑥ 



Prove by induction that 



u n 








n 








2 








n 








3 








= + 








is a 



multiple of 



3 



for any positive 








integer 



n. 








⑦ 



A 



sequence 



is 



defined by 



u 








3 








1 



= 



and 



u 








u 



2 








n 








n 








n 








1 



= + 








+ 








. 








Prove by induction that 



u 








2 1 








n 








n 








= + 



. 








⑧ 



Prove by induction that 



u 








8 3 








n 








n n 








= − 



is 



divisible by 



5 



for any positive 








integer 



n. 








⑨ 



Prove by induction that: 








n n 








n n 








n 








1 3 2 5 3 7 



... (2 



1) 








( 



1)(4 5) 








1 








6 








× + × + × + + 








+ = 








+ 








+ 



. 








⑩ 



Given that 



P 








1 0 








1 2 








= − 








 








 








 








 








 








 



, 



prove by induction that 



P 








1 0 








1 2 2 








n 








n n 








= 








− 








 








 








  








 








 








  



. 








⑪ 



Prove by induction that 



u 








4 








3 








n 








n 








4 1 








= 








+ 








+ 








is a 



multiple of 



5 



for any positive 








integer 



n. 








⑫ 



A 



sequence 



is 



defined 



by 



u 








2 








1 



= 



and 



u 








u 








2 5 








n 








n 








1 



= + 








+ 








. 








Prove by induction that 



u 








7 2 








5 








n 








n 



1 








= × 








− 








− 








. 








⑬ 



Prove by induction that 



u 








11 








12 








n 








n 








n 








2 








2 1 








= 








+ 








+ 








+ 



is 



divisible by 133 for 



n 



> 



0. 








⑭ 



Given that 



M 








3 2 1 








0 3 0 








0 6 0 








= 








− 








 








 








 








  








 








 








 








  








: 








(i) 








use 



a 



calculator to find 



M 








2 








, 



M 








3 








and 



M 








4 








(ii) 



make 



a 



conjecture about the matrix 



M 








n 








(iii) 



prove your conjecture by induction. 








LEARNING OUTCOMES 








When you have finished this chapter you should be able to: 








➤  



sum a simple series, using standard formulae for 








r 








∑ 



, 



r 








2 








∑ 



and 



r 








3 








∑ 










➤  



sum a simple series, using the 



method 



of 



differences 













➤  



sum a simple series, using partial 



fractions 













➤  



construct and present a proof, using 



mathematical 



induction for given results 











for a formula for the 



nth 



term of a simple sequence, the sum of a simple 








series, the 



nth 



power of a matrix, or a 



divisibility 



result. 
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KEY POINTS 








1 



Some series can be expressed as 



combinations 



of these standard results: 








r 








n n 








( 








1) 








1 








2 








r 








n 








1 








∑ 



= 








+ 








= 








r 








nn 








n 








( 



1)(2 



1) 








1 








6 








r 








n 








2 








1 








∑ 



= 








+ 








+ 








= 








r 








n n 








( 1) 








1 








4 








r 








n 








3 








1 








2 








2 








∑ 



= 








+ 








= 








2 



Some series can be 



summed 



by using the 



method 



of 



differences. 



If the terms 








of the series can be written as the difference of terms of another series, then 








many terms may cancel out. This is called a 



telescoping 



sum. 








3 



Some series that involve 



fractions 



can be 



summed 



by writing the 



general 








term as partial fractions, and then using the method of 



differences. 








4 



To prove by induction that a statement involving an integer 



n 



is true for 








all 



n 



> 



n 



0, 



you need to: 








■ 



Prove that the result is true for an initial value of 



n, 



typically 



n 



= 



1 








for 



n n 



0 








= 



. 








■ 



Find the target 



expression: 



use the result for 



n 



= 



k 



to find the equivalent 








result for 



n 



= 



k 



+ 



1. 








■ 



Prove that: 



if 



it is true for 



n k 








= 



, 



then 



it is true for 



n k 



1 








= + 



. 








■ 



Argue that since it is true for 



n 



= 



1, 



it is also true for 



n 



= 



1 



+ 



1 



= 



2, 








and so for 



n 



= 



2 



+ 



1 



= 



3 



and for all 



subsequent 



values of 



n. 








■ 



Conclude 



the 



argument 



with a 



precise statement 



about what has 








been proved. 








FUTURE USES 








■  










You will use proof by induction to prove de Moivre’s theorem in Chapter 



8. 





















2 





Further calculus 








The 



moving 



power of 








mathematics invention 








is not 



reasoning, 



but 








imagination. 








Augustus de Morgan, 








1806−71 










Discussion point 











➜  



How could you estimate the number of birds in this picture? 








Prior knowledge 








You should be confident in all the integration methods you have covered previously. 








1 Improper integrals 








All the definite integrals you have calculated so far have been 



proper 



integrals. In 








this section you will meet some examples of 



improper integrals. 










Discussion point 











➜  



You have drawn a curve and want to use integration to find the area between  










the curve and the x-axis. What features of a curve would warn you of possible  











difficulties? 
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Solution 








(i) 








1 








y 








x 








f(x) = 








1 








x 



2 








O 








Figure 2.1 








(ii) 








The integral can be rewritten 



as 



the limit of an integral with finite 








limits 



– 



replacing the upper limit of infinity by the letter 



a, 



and then 








letting 



it 



tend towards infinity. 








x 








x 








x 








x 








1 d 








lim 








1 d 








a 








a 








2 








2 








1 








1 








∫ 








∫ 








= 



→∞ 








∞ 








= 








− 








 








 








 








 








→∞ 








x 








lim 



1 








a 








a 








1 








( ) 








= 








− + 








→∞ 








a 








lim 



1 1 








a 








As 



→ ∞ 








a 








, 



→ 








a 








1 








0 








so 








The area under the graph of 



x 








1 








2 








, 



from 



1 



to infinity, 



is 1 



square unit. 








The integral has an 








upper limit of infinity. 








a 








lim 



1 1 1 








a 








( ) 








= 








− + = 








→∞ 








(i) 








Sketch the graph of 



y x 








1 








2 








= 








for 



x 



> 



0 



and shade the area represented 








by the integral 



∫ 








∞ 








x 








x 








1 d 








2 








1 








.What 



features of this curve warn you of 








possible difficulties in evaluating this integral? 








(ii) Evaluate 



∫ 








∞ 








x 








x 








1 d 








2 








1 








. 








Example 2.1 








As 



a 



tends to infinity, i.e. 



a 



gets very large, 








a 








1 



gets very small, so 



a 








1 



tends to zero. 








The integral in Example 2.1 



is 



said to be 



convergent 



and 



it 



converges to 



a 



value 








of 



1. 



Not all integrals of this type are convergent, 



as 



the following example shows. 
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Improper integrals 








Example 



2.2 








(i) 








Sketch the graph of 



= 








y x 








1 



for 



x 



> 



0, 



and shade the area represented by 








the integral 








x 








x 








1 d 








1 








∫ 








∞ 








. 








(ii) What happens 



if 



you try to evaluate 








x 








x 








1 d 








1 








∫ 








∞ 








? 








Solution 








(i) 








1 








x 








y 








f(x) = 








1 








x 








O 








Figure 2.2 








(ii) 








x 








x 








x 








x 








1 d 








 lim 








1 d 








a 








a 








1 








1 








∫ 








∫ 








= 



→∞ 








∞ 








[ ] 








= 



→∞ 








x 








lim 



ln 








a 








a 








1 








= 








− 








→∞ 








a 








  



lim(ln ln1) 








a 








( ) 








= 



→∞ 








a 








lim 



ln 








a 








This 



is 



not defined. 








As in the last example, replace 



∞ 








by 



a 



and let 



→ ∞ 








a 








. 








The natural logarithm function does 








not converge to anything as 



→ ∞ 








a 








. 








(i) 








Sketch the graph of 



y 








x 








1 








= 








and shade the area represented by the 








integral 



∫ 



x 








x 








1 d 








0 








1 








.What 



feature of the curve warns you of possible 








difficulties in evaluating this integral? 








(ii) Evaluate 



∫ 



x 








x 








1 d 








0 








1 








. 








Example 



2.3 








Solution 








(i) 








1 








f(x) = 








1 








x 








y 








x 








O 








Figure 2.3 










The function is not defined at 



x 



= 



0, 











which is one of the limits of the integral. 








The integral has 








an upper limit of 








infinity. 








Integrals like the one in Example 2.2, where there 



is 



no numerical answer, are 








divergent. 
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In this case you get the correct answer 



if 



you just integrate in the usual way, but 








it is 



safer to use the process shown in the example, 



as 



often you cannot be sure 








whether the value of the integral will converge or not. 








ACTIVITY 



2.1 








Karen is trying to work out  








x 








x 








1 








( 



2) 








d 








2 








1 








3 








∫ 








− 








. She writes 








∫ 








− 








= − 








− 








 








 








 








 



= − − = − 








x 








x 








x 








1 








( 








2) 








d 








1 








2 








1 1 2 








2 








1 








3 








1 








3 








How do you know that Karen’s answer must be wrong? 








What is the problem with Karen’s working? 








(ii) 








x 








x 








x 








x 








1 d 








lim 








1 d 








a 








a 








0 








0 








1 








1 








∫ 








∫ 








= 



→ 








= 








 








 








 








 








→ 








x 








lim 



2 








a 








a 








0 








1 








2 








1 








a 








  



lim 



2 2 








a 



0 








1 








2 








= 








− 








 








 








 








 








 








 








→ 








As 



→ 








a 








0, 



a 








0 








1 








2 








→ 








so 








a 








lim 



2 2 








a 



0 








1 








2 








( ) 








− 








→ 








= 



2 








The area under the graph of 



y 



= 



x 








1 , 



between 



0 



and 



1, 



converges to 








2 



square units. 








Example 



2.4 








Solution 








(i) 








x 








y 








2 








(x – 2) 








2 








1 








y 



= 








O 








Figure 2.4 








The value x = 2 is a problem  








as the function is undefined  








at this point. 








Notice that the variable a  








tends to 0 this time, not ∞. 








(i) 








Sketch the graph of 



y 








x 








1 








( 



2) 








2 








= 








− 








and shade the area represented by 








the integral 








x 








x 








1 








( 








2) 








d 








2 








1 








3 








∫ 








− 








.What 



feature of the curve warns you of 








possible difficulties in evaluating this integral? 








(ii) What happens when you try to evaluate 








x 








x 








1 








( 



2) 








d 








2 








1 








3 








∫ 








− 








? 
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Improper integrals 








(ii) 








x 








x 








x 








x 








x 








x 








x 








x 








x 








x 








x 








x 








a 








a 








1 








( 








2) 








d 








1 








( 



2) 








d 








1 








( 



2) 








d 








lim 








1 








( 



2) 








d 



lim 








1 








( 



2) 








d 








lim 








1 








2 








lim 








1 








2 








lim 








1 








2 








1 



lim 



1 








1 








2 








a 








a 








a 








a 








a 








a 








a 








a 








a 








a 








2 








1 








3 








2 








1 








2 








2 








2 








3 








2 








2 








1 








2 








2 








3 








2 








1 








2 








3 








2 








2 








∫ 








∫ 








∫ 








∫ 








∫ 








( 








) ( 








) 








− 








= 








− 








+ 








− 








= 








− 








+ 








− 








= 








− 








− 








 








 








 








 








+ 








− 








− 








 








 








 








 








= 








− 








− 








− + − + 








− 








→ 








→ 








→ 








→ 








→ 








→ 








As 



a 








2 








→ 



, 



a 








1 








2 








− 








is 



undefined, so the integral diverges. 








①  



(i) 



Sketch the graph of 



y x 








3 








= 








− 








. 








(ii) 



Evaluate 



∫ 








− 








x x 








d 








a 








3 








2 








, 



leaving your answer in terms of 



a. 








(iii)  



In your answer to part (ii), let 



→ ∞ 








a 








, 



and hence state the value of the 








integral 



∫ 








− 








∞ 



x x 








d 








3 








2 








. 








② 



The graph below shows the shape of the curve 



= − 








− 








y x 








( 1) 








2 








3 



. 








x 








y 








O 








Figure 2.5 








(i)  



Evaluate 



∫ 



( ) 








− 








− 








x 








x 








1 d 








b 








2 








3 








0 








and 



∫ 



( ) 








− 








− 








x 








x 








1 d 








c 








2 








3 








3 








, 



leaving your answers in 








terms of 



b 



and 



c 



respectively. 








(ii)  



In 



your answers 



to 



part 



(i), let 



b 








1 








→ 



(from below), and 



let 



c 








1 








→ 



(from 








above). Hence state the value 



of 








x 



1 








2 








3 








0 








3 








∫ 



( ) 








− 








− 



dx. 








(iii)  



Copy the graph of 



y x 



1 








2 








3 








( 








) 








= − 








− 



above and indicate the area you have 








evaluated. 








Exercise 



2.1 








The four examples above all involve 



improper integrals. 








An improper integral 



is 



defined to be 



a 



definite integral in which: 








■ 








at 



least one of the limits 



is 



infinite 








■  








or the function you wish to integrate approaches infinity 



at 



some point in 








the interval required. 








Examples 2.1 and 2.2 both have an infinite limit, Example 2.3 has 



a 



function 








that approaches infinity 



at 



x 








0 








→ 



, 



but 



0 is 



one of the limits, and Example 2.4 








includes the value 



x 



2 








= 



in the range required, but the function 



is 



not defined 



at 








that point. 








Now remove  








the problem  








limits (x  = 2) in  








the same way  








as the previous  








examples. 








Split the  








integral at  








the point  








where it is  








undefined. 


















2 








23 








③  



(i) 



Sketch the graph of 



y 



e 








x 








= 








− 



. 








(ii) 



Evaluate 



∫ 








− 








x 








e d 








x 








d 








0 








, 



leaving your answer in terms of 



d. 








(iii)  



In your answer to part (ii), let 



→ ∞ 








d 








, 



and hence state the 








value of 



∫ 








− 








∞ 








x 








e d 








x 








0 








. 








Show whether the improper integrals 



in 



questions 4–11 are convergent or 








divergent, and calculate their value 



if 



convergent. In each case show on 



a 



diagram 








the area represented by the integral. 








④ 



∫ 








− 








∞ 



x x 








d 








3 








1 








⑤ 



∫ 








− 








∞ 



x x 








d 








3 








0 








⑥ 



∫ 



x 








x 








1 d 








2 








0 








3 








⑦ 



∫ 








∞ 








x 








x 








1 d 








2 








2 








⑧ 



∫ 



−∞ 








x 








e d 








x 








0 








⑨ 



∫ 








∞ 








x 








e d 








x 








0 








⑩ 



∫ 



( 








) 








− 








− 








x 








x 








x 








4 








d 








2 








2 








3 








0 








10 








⑪ 



∫ 








− 








− − 








∞ 








x 








e e d 








x x 








2 








0 








⑫ 



Evaluate 








x 








x 








e d 








x 








0 








∫ 








− 








∞ 








. 








⑬ 



Evaluate 








x 








x 








x 








1 








2 








1 








1 








d   








0 








∫ 



( 








) 








+ 








− + 








∞ 








. 








⑭ 



Evaluate 



∫ 



− 








x x 








d 








1 








3 








1 








1 








. 










2 Calculus with inverse 



trigonometric 











functions 








In this section you will see how the derivatives of the inverse trigonometric 








functions are very useful in integrating many functions, even though they appear 








to be completely unrelated. 










Note 











You will often see arcsin 



x written as sin 








−1 








x 



. They represent exactly the same  








function (the inverse sine function) but the second notation has the potential to be  








somewhat confusing when compared to, for example, sin 








2 








x, which actually means  








x 








sin 








2 








( 








) 



. It is vital that you recognise that sin 








−1 








x does NOT mean  








x 








sin 








1 








( ) 








− 



 – which is  








actually  



x 








1 








sin 








 or  








x 








cosec 



. 








Differentiating 



inverse 



trigonometric 



functions 








To differentiate the inverse trigonometric functions, you need to use implicit 








differentiation. 








π 








2 








1 








–1 








x 








y 








O 








π 








2 








y 



= arcsin 



x 








– 
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