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Getting the most from this book


Mathematics is not only a beautiful and exciting subject in its own right but also one that underpins many


other branches of learning. It is consequently fundamental to our national wellbeing.


This book covers the content of AS Mathematics and so provides a complete course for the first of the


two years of Advanced level study. The requirements of the second year are met in a second book.


Between 2014 and 2016 A level Mathematics and Further Mathematics were very substantially revised, for


first teaching in 2017. Major changes included increased emphasis on


■


Problem solving


■


Mathematical Proof


■


Use of ICT


■


Modelling


■


Working with large data sets in statistics.



This book embraces these ideas. Chapter 1 is on problem solving and this theme is continued throughout



the book with several spreads based on the problem solving cycle. In addition a large number of exercise


questions involve elements of problem solving; these are identified by the 


PS


  icon beside them. The ideas



of mathematical proof and rigorous logical argument are also introduced in Chapter 1 and are then




involved in suitable exercise questions throughout the book. The same is true of modelling; the modelling



cycle is introduced in the first chapter and the ideas are reinforced through the rest of the book.



The use of technology, including graphing software, spreadsheets and high specification calculators,



is encouraged wherever possible, for example in the Activities used to introduce some of the topics in



pure mathematics, and particularly in the analysis and processing of large data sets in statistics. A large



data set is provided at the end of the book but this is essentially only for reference. It is also available online


as a spreadsheet (www.hoddereducation.co.uk/EdexcelMathsYear1)and it is in this form that readers


are expected to store and work on this data set, including answering the exercise questions that are based



on it. Places where ICT can be used are highlighted by a T   icon; a major calculator manufacturer (Casio) has



produced resources to exemplify the use of technology where this appears.


Throughout the book the emphasis is on understanding and interpretation rather than mere routine


calculations, but the various exercises do nonetheless provide plenty of scope for practising basic


techniques. The exercise questions are split into three bands. Band 1 questions (indicated by a green


bar) are designed to reinforce basic understanding, while most exercises precede these with one or two


questions designed to help students bridge the gap between GCSE and AS Mathematics; these questions


are signposted by a


icon. Band 2 questions (yellow bar) are broadly typical of what might be


expected in an examination: some of them cover routine techniques; others are design to provide some


stretch and challenge for readers. Band 3 questions (red bar) explore round the topic and some of them are


rather more demanding. In addition, extensive online support, including further questions, is available by


subscription to the Integral website, www.integralmaths.org.


In addition to the exercise questions, there are five sets of examination-style questions, called Practice



questions, covering groups of chapters. All of these sets include identified questions requiring problem




solving  PS   , mathematical proof  MP   , use of ICT   T   and modelling.



The book is written on the assumption that readers have been successful in GCSE Mathematics, or its


equivalent, and are reasonably confident and competent with that level of mathematics. There are places


where the work depends on knowledge from earlier in the book and this is flagged up in the margin in
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Getting the most from this book


Prior knowledge boxes. This should be seen as an invitation to those who have problems with the particular


topic to revisit it earlier in book. At the end of each chapter there is a summary of the new knowledge that


readers should have gained.


Two common features of the book are Activities and Discussion points. These serve rather different purposes.


The Activities are designed to help readers get into the thought processes of the new work that they are


about to meet; having done an Activity, what follows will seem much easier. The Discussion points invite


readers to talk about particular points with their fellow students and their teacher and so enhance their


understanding. Another feature is a Caution icon


, highlighting points where it is easy to go wrong.


Answers to all exercise questions and practice questions are provided at the back of the book, and also online



at www.hoddereducation.co.uk/EdexcelMathsYear1. Full step-by-step worked solutions to all of the




practice questions are available online at www.hoddereducation.co.uk/EdexcelMathsYear1. All answers



are also available on Hodder Education’s Dynamic Learning platform.


Catherine Berry


Roger Porkess
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Prior knowledge


This book builds on GCSE work, much of which is assumed knowledge.


The order of the chapters has been designed to allow later ones to use and build on work in earlier


chapters. The list below identifies cases where the dependency is particularly strong.


The Statistics and Mechanics chapters are placed in separate sections of the book for easy reference, but it


is expected that these will be studied alongside the Pure mathematics work rather than after it.


■



The work in Chapter 1: Problem solving runs through the whole book



■



Chapter 3: Quadratic equations and graphs requires some manipulation of surds (chapter 2)



■



Chapter 4: Equations and inequalities uses work on solving quadratic equations (chapter 3)



■



Chapter 5: Coordinate geometry requires the use of quadratic equations (chapter 3) and



simultaneous equations (chapter 4)


■



Chapter 6: Trigonometry requires some use of surds (chapter 2) and quadratic equations (chapter 3)



■



Chapter 7: Polynomials builds on the work on quadratic equations (chapter 3)



■



Chapter 8: Graphs and transformations brings together work on quadratic graphs (chapter 3),



trigonometric graphs (chapter 6) and polynomial graphs (chapter 7)


■



Chapter 9: The binomial expansion builds on polynomials (chapter 7)



■



Chapter 10: Differentiation draws on a number of techniques, including work on indices (chapter 2),



quadratic equations (chapter 3), coordinate geometry (chapter 5) and polynomial graphs (chapter 8)


■



Chapter 11: Integration follows on from differentiation (chapter 10)



■



Chapter 12: Vectors builds on coordinate geometry (chapter 5)



■



Chapter 13: Logarithms and exponentials builds on work on indices (chapter 2)



■



Chapter 15: Data processing, presentation and interpretation follows on from data collection



(chapter 14)


■



Chapter 17: The binomial distribution draws on ideas from probability (chapter 16) and the



binomial expansion (chapter 9)


■



Chapter 18: Hypothesis testing uses ideas from probability (chapter 16) and the binomial



distribution (chapter 17)


■



Chapter 19: Kinematics requires fluency with quadratic equations (chapter 3) and simultaneous



equations (chapter 4)


■



Chapter 20: Forces ties in with work on vectors (chapter 12), although these two chapters could be



covered in either order


■



Chapter 21: Variable acceleration uses differentiation (chapter 10) and integration (chapter 11).
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The authorities of a team sport are planning to hold a World Cup competition.


They need to decide how many teams will come to the host country to compete


in the ‘World Cup finals’.


The World Cup finals will start with a number of groups. In a group, each team


plays every other team once. One or more from each group will qualify for the


next stage.


The next stage is a knock-out competition from which one team will emerge as


the world champions.


Every team must be guaranteed at least three matches to make it financially


viable for them to take part.


To ensure a suitable length of competition, the winners must play exactly seven


matches.



➜     How many teams can take part in the World Cup finals?




➜     What general rules apply to the number of teams in a competition like this,



involving groups and then a knock-out stage?


Where there are problems,


there is life.


Aleksandr A. Zinoviev


(1922–2006)


Problem solving
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Solving problems


1 Solving problems


Mathematics is all about solving problems. Sometimes the problems are ‘real-life’


situations, such as the ‘World Cup finals’ problem on the previous page. In other


cases, the problems are purely mathematical.


The problem solving cycle


One common approach to solving problems is shown in Figure 1.1. It is called



the problem solving cycle.




Figure 1.1 The problem solving cycle




In the Problem specification and analysis stage, you need to formulate the



problem in a way which allows mathematical methods to be used. You then


need to analyse the problem and plan how to go about solving it. Often, the


plan will involve the collection of information in some form. The information


may already be available or it may be necessary to carry out some form of


experimental or investigational work to gather it.


In the World Cup finals problem, the specification is given.


• All teams play at least 3 matches


• The winner plays exactly 7 matches



Figure 1.2 World Cup finals specification



You need to analyse the problem by deciding on the important variables which


you need to investigate as shown in Figure 1.3.



Figure 1.3 Variables to investigate



• Number of teams


• Number of groups


• Number to qualify from each group


You also need to plan what to do next. In this case, you would probably decide


to try out some examples and see what works.



In the Information collection stage, you might need to carry out an



experiment or collect some data. In the World Cup finals problem, you do not
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need to collect data, but you will try out some possibilities and then draw on


your experience from the experimentation, as shown in Figure 1.4.


Figure 1.4


Try 6 groups with 2 teams qualifying from each group


So there are 12 teams at the start of the knock-out stage


6 teams in the following round


3 teams in the following round


- doesn’t work!


Try 2 groups with 2 qualifying from each group


So there are 4 teams at the start of the knock-out stage


2 teams in the following round, so that must be the final.


- works



In the Processing and representation stage, you will use suitable mathematical



techniques, such as calculations, graphs or diagrams, in order to make sense of the


information collected in the previous stage.


In the World Cup finals problem, you might draw a diagram showing how the


tournament progresses in each case.


It is often best to start with a simple case. In this problem, Figure 1.5 shows just


having semi-finals and a final in the knock-out stage.


Figure 1.5


Two groups:


For winners to play 7 matches,


they must play 5 group


matches, so 6 teams per group.


Semi-finals


4 teams


Final


2 teams


This diagram is


constructed by


starting from the


right-hand side.


One possible solution to the World Cup finals problem has now been found: this


solution is that there are twelve teams, divided into two groups of six each.


You may have noticed that for the solutions that do work, the number of groups


has to be 2, 4, 8, 16, . . . (so that you have a suitable number of teams in the


knock-out stage), and that the number of teams in each group must be at least


four (so that all teams play at least three matches).



In the Interpretation stage, you should report on the solutions to the problem



in a way which relates to the original situation. You should also reflect on your


solutions to decide whether they are satisfactory. For many sports, twelve teams


would not be considered enough to take part in World Cup finals, but this


solution could be appropriate for a sport which is not played to a high level in


many countries. At this stage of the problem solving process, you might need


to repeat the problem solving cycle, so return to the problem specification and


analysis stage and gather further information. In this case, you would need to


know more about the sport and the number of teams who might wish to enter.


Discussion points



➜ Are there any other



patterns?



➜ Find and illustrate



some more


solutions that work.
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Discussion points



➜ What other possible solutions to the World Cup finals problem are there?




➜ Are any of them unsuitable?




➜ How do you know if you have found all the possible solutions?




➜ What do you think would be the best solution if the sport were football?




➜ What about rugby, cricket, baseball and netball?




➜ What criteria have you used to decide?



Using algebra


In many problems, using algebra is helpful in formulating and solving a problem.


Example 1.1



OAB is a 60° sector of a circle of radius 12 cm. A complete circle, centre Q,




touches OA, OB and the arc AB.




Find the radius of the circle with centre Q.



Solution


Figure 1.6


In the Information


collection stage, you


might try out some


ideas by adding to the


diagram. The line of


symmetry is useful,


and by adding lines


showing the radius


of the circle, you can


start to see how you


might proceed next.



QN is a radius and




OA is a tangent to



the small circle,



so ONQ is a right



angle.



OM is a radius of the



large circle so has



length 12. QM



is a radius of the



small circle, so OQ



must have length



12 − r.



Figure 1.7


In the Problem specification and


analysis stage, it is helpful to


draw a diagram showing all the


information given in the problem.


You also need to identify what


you want to find; so let the radius



of the blue circle be r cm.
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Figure 1.8



ONQ is a right-angled triangle. The angle at O is 30°, the opposite side has




length r, and the hypotenuse has length 12 − r.




The radius of the circle centre Q is 4 cm.



In the Processing and representation


stage, you need to identify the part of


the diagram you are going to work with.


Then do some calculations to work out



the value of r.



In the Interpretation


stage, you report on the


solution in terms of the


original problem.


Make sure you consider whether your answer


is sensible. You can see from Figure 1.7 that



the diameter of the circle centre Q must be less



than 12cm, so a radius of 4cm (giving diameter


8cm) is sensible. To check this, try drawing the


diagram for yourself.


Discussion points



➜ What would the




value of r be if the



sector angle was



120° instead of 60°?




➜ What about other



angles?


The modelling cycle


Another approach to problem-solving is described as modelling. You use it when


you are trying to get at the mathematics underlying real-life situations. Here is a


simple example to show you the process (often, the problem is more complicated).


Katie is planning to walk from Land’s End to John O’Groats to raise money for


charity. She wants to know how long it will take her. The distance is 874 miles.


This is the first stage of her planning calculation.


I can walk at 4 mph.


Distance = speed × time


874 = 4 × time


Time = 219 hours


219


------


24 


= 9.1. . .


So it will take 10 days.
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Figure 1.9 Modelling flow chart



Specify a problem


Make assumptions to enable


the problem to be represented


in mathematical form


Review and amend


assumptions to represent the


problem in mathematical form


Solve to produce theoretical


results, interpreting them in


the context of the problem


Select information from


experiment, experience or


observation and compare


with theoretical results


Is the solution


satisfactory?


Present findings


Yes


No


Katie knows that 10 days is unrealistic. She changes the last part of her


calculation to


219


———


8 


= 27.3. . .


So it will take 28 days.


Katie finds out the times some other people have taken on the same walk:


45 days


51 days


70 days


84 days


Seeing these figures, she decides her plan is still unrealistic.


Look at the flow chart showing the modelling process (Figure 1.9). Identify on


the chart the different stages of Katie’s work.



①   Beth and Polly are twins and their sister



Louise is 2 years older than them. The


total of their ages is 32 years.


What are the ages of the three girls?



②   Anya has 400 metres of fencing to create



a paddock for some ponies. She wants the


paddock to be twice as long as it is wide.


What will the area of the paddock be?



③   A train has 8 coaches, some of which



are first class coaches and the rest are


standard class coaches. A first class


coach seats 48 passengers, a standard


class 64.


The train has a seating capacity of 480.


How many standard class coaches does


the train have?


Exercise 1.1


Discussion point



➜ Explain the



reasoning behind


this change. What is


her plan now?


Discussion point



➜ In what ways could



she change her


plan so that her


calculations give a


more reasonable


answer, such as


60 days?
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④   Karim buys 18 kg of potatoes. Some of



these are old potatoes at 22p per kilogram,


the rest are new ones at 36p per kilogram.


Karim pays with a £5 note and receives


20p change.


What weight of new potatoes did he


buy?



⑤   Decode this message received by Space



Defence Control.


MKW PWCCFQ USFGWJOWWM


LU FSSARFGKLQC SOWFUW


UWQH KWOS XW


QWWH PRAW CFOFGMLG


ABQFDRBMU XLMK KLCK


USWWH OFUWA CBQU



⑥   In a multiple choice test of 25 questions,



four marks are given for each correct


answer and two marks are deducted


for each wrong answer. One mark is


deducted for any question which is not


attempted.


James scores 55 marks and wants to


know how many questions he got right.


He can’t remember how many questions


he did not attempt, but he doesn’t think


it was very many.


How many questions did James get


right?



⑦   In Figure 1.10, there are 6 vertices and



15 different lines. A diagram like this is


called a mystic rose.


Figure 1.10


Another mystic rose has 153 different


lines. How many vertices does it have?



⑧   Priya works in the scheduling



department of a railway. She wants to



find a model for the time t minutes




taken for a journey of k km involving s



stops along the way. She finds that each


stop adds about 5 minutes to the journey


(allowing for slowing down before the


station and speeding up afterwards, as


well as the time spent at the station).


(i)


Priya writes down this model for


the journey time:


According to Priya’s model, what


would be the time for a journey of


200 km with two stops on the way?



(ii)    Do you think that Priya’s model



is realistic? Give reasons for your


answer.



(iii)   After obtaining more data, Priya



finds that a better model is


A train sets out at 13:45 and arrives at


its destination 240km away at 16:25.


Using Priya’s second model, how


many stops do you think it made?


How confident can you be about


your answer?



⑨   A printer quotes the cost £C of printing




n business cards as




C = 25 + 0.05n



(i)


Find the cost of printing



(a) 100 cards




(b) 1000 cards




(ii)    The printer offers a different



formula for large numbers of cards:



C = 50 + 0.03n



How many cards need to be


ordered for the second formula to


be cheaper than the first?



(iii)   The printer wants to offer a third



price structure that would work


out cheaper than the second if over


2000 cards are ordered.


Suggest a possible formula for this


price structure.
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2 Writing mathematics



The symbol ⇒ means leads to or implies and is very helpful when you want



to present an argument logically, step by step.


Look at Figure 1.11.


B


A


O


y


x


Figure 1.11


You can say



AOB is a straight line ⇒  ∠x + ∠y = 180º.




Another way of expressing the same idea is to use the symbol ∴ which means



therefore.



AOB is a straight line ∴ ∠x + ∠y = 180º.




A third way of writing the same thing is to use the words if . . . then . . .




If AOB is a straight line, then ∠x + ∠y = 180º.




You can write the symbol ⇒  the other way round, as ⇐. In that case it means ‘is



implied by’ or ‘follows from’.


In the example above you can write



AOB is a straight line ⇐ ∠x + ∠y = 180º.



and in this case it is still true.


Note



In situations like this where both the symbols ⇒ and ⇐ give true statements,




the two symbols are written together as ⇔. You can read this as ‘implies and is



implied by’ or ‘is equivalent to’.


Thus



AOB is a straight line ⇔ ∠x + ∠y = 180º.



In the next two examples, the implication is true in one direction but not in the other.



⑩   When the fraction



2


11 


is written as a


decimal the answer is 0.1818 recurring.


The length of the recurring pattern is 2.


What can you say about the length of


the recurring pattern for


q


p



where q is




less than p?




⑪   At a supermarket till you have the



choice of joining a queue with a small


number of people (e.g. 2) each with a


lot of shopping, or a large number of


people (e.g. 5) each with a small amount


of shopping.


Construct a model to help you decide


which you should choose.


Discussion point



➜   Is the statement




AOB is a straight




line ⇐ ∠x + ∠y




= 180º






        logically the same as




∠x + ∠y = 180º




⇒ AOB is a



straight line?
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Example 1.2


Solution



You can write A ⇒ B. Since all cats have whiskers and Nimrod is a cat, it



must be true that Nimrod has whiskers.



However, you cannot write A ⇐ B. That is saying ‘Nimrod has whiskers’,



implies ‘Nimrod is a cat’. However, there are other sorts of animals that have


whiskers, so you cannot conclude that Nimrod is a cat.



Nor can you write A ⇔ B because that is saying that both A ⇒ B and




A ⇐ B are true; in fact only the first is true.




Write one of the symbols ⇒, ⇐ and ⇔ between the two statements A and B.



A: Nimrod is a cat.


B: Nimrod has whiskers.


Solution



You can write A ⇐ B because it is true that at 3 o’clock the hands are at



right angles.



However you cannot write A ⇒ B because there are other times, for



example 9 o’clock, when the hands are at right angles.



Nor can you write A ⇔ B because that is saying that both A ⇒ B and




A ⇐ B are true; in fact only the second is true.



Example 1.3



Write one of the symbols ⇒, ⇐ or ⇔ between the two statements A and B.



A: The hands of the clock are at right angles.


B: The clock is showing 3 o’clock.


Figure 1.12
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The words ‘necessary’ and ‘sufficient’



Two other words that you will sometimes find useful are necessary and



sufficient.


■ 



Necessary is often used (or implied) when giving the conditions under



which a statement is true. Thus a necessary condition for a living being to be



a spider is that it has eight legs. However, this is not a sufficient condition



because there are other creatures with eight legs, for example scorpions.


■ 


The word sufficient is also used when giving conditions under which you


can be certain that a statement is true. Thus being a spider is a sufficient


condition for a creature to have eight legs (but not a necessary one).


With a little thought you will see that if A is a sufficient condition for B, then



A ⇒ B. Similarly if A is a necessary condition for B, then A ⇐ B.




A living being is a spider ⇒ it has eight legs.




A living being has eight legs ⇐ it is a spider.



The converse of a theorem


When theorems, or general results, are involved it is quite common to use the



word converse to express the idea behind the ⇐ symbol.




Thus, for the triangle ABC (Figure 1.13), Pythagoras’ theorem states




Angle BCA = 90° ⇒ AB



2



= BC



2



+ CA



2


and its converse is



Angle BCA = 90° ⇐ AB



2



= BC



2



+ CA



2


.


Note


It would be more usual to write the converse the other way round, as



AB² = BC² + CA² ⇒ Angle BCA = 90°.



Since in this case both the theorem and its converse are true, you would be



correct to use the ⇔ symbol.




Angle BCA = 90° ⇔ AB



2



= BC



2



+ CA



2


.



You may find it easier to think in terms of If . . . then . . . , when deciding just



what the converse of a result or theorem says. For example, suppose you had to


write down the converse of the theorem that the angle in a semicircle is 90°.


This can be stated as:



If AB is a diameter of the circle through




points A, B and C, then ∠ACB = 90°.




To find the converse, change over the If and




the then, and write the statement so that it reads



sensibly. In this case it becomes:



If ∠ACB = 90°, then AB is a diameter of the




circle through points A, B and C.



Discussion point



➜ If A is both a



necessary and


sufficient condition



for B, what symbol




should connect A




and B?



Figure 1.13


Figure 1.14


Discussion points



➜ Is the converse of



this theorem true?



➜ State a theorem for



which the converse


is not true.
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①   In each case, write one of the symbols




⇒, ⇐ or ⇔ between the two statements



A and B.


(i)


A:  The object is a cube


B:  The object has six faces



(ii)     A:  Jasmine has spots



B:  Jasmine is a leopard



(iii)     A:  The polygon has four sides



B:  The polygon is a quadrilateral



(iv)     A:  Today is 1 January



B:  Today is New Year’s Day



(v)      A:  x = 29




B:  x > 10




(vi)     A:  This month has exactly 28 days



B:  This month is February and


it is not a leap year



(vii)    A:  PQRS is a rectangle




B:  PQRS is a parallelogram




(viii)   A:  The three sides of triangle T are



equal


B:  The three angles of triangle



T are equal




②   For each of the following statements,



state the converse, and state whether the


converse is true.


(i)


If a triangle has two sides equal,


then it has two angles equal.



(ii)     If Fred murdered Alf, then Alf is



dead.



(iii)    ABCD is a square ⇒ Each of the




angles of ABCD is 90°.




(iv)    A triangle with three equal sides has



three equal angles.



(v)     If it is sunny, then Struan goes



swimming.



③   In each case, write one of the symbols




⇒, ⇐ or ⇔ between the two statements



P and Q.


(i)



P:   x3 = x




Q:  x = −1




(ii)     P:   xy = 0




Q:  x = 0 and y = 0




(iii)    P:



p


q


q


p


=



Q:  p = q




(iv)    P:   x = 3




Q:  x2 = 9




(v)     P:   6 < x < 8




Q:  x = 7




(vi)    The number n is a positive integer



greater than 1.



P:   n has exactly two factors




Q:  n is a prime number




(vii)   P:   m and n are odd integers




Q:  m + n is an even integer




(viii)  O and P are points.




P:   0 cm ⩽ OP < 5 cm




Q:  P lies inside the sphere with




centre O and radius 5 cm.




④   For each of the following statements,



state the converse, and state whether the


converse is true.


(i)



If x is an integer, then x2 is an



integer.



(ii)     For a quadrilateral PQRS: if




P, Q, R and S all lie on a circle, then




∠ PQR + ∠ PSR = 180°.




(iii)    If x = y, then x2 = y2.




(iv)    In Figure 1.15, lines l and m are




parallel ⇒ 

 ∠x = ∠y.




(v)     n is an odd prime number ⇒ n > 2.



Figure 1.15


l


m


x


y



⑤   To show that an integer n is divisible by 5,



is it


(i)


necessary



(ii)     sufficient



to show that it ends in zero?


Exercise 1.2
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3 Proof



In the Activity on the left, you formed a conjecture – an idea, or theory,



supported by evidence from the cases you tested. However, there are an infinite


number of possible sets of three consecutive integers. You may be able to test


your conjecture for a thousand, or a million, or a billion, sets of consecutive


integers, but you have still not proved it. You could program a computer to


check your conjecture for even more cases, but this will still not prove it. There


will always be other possibilities that you have not checked.


Proof by deduction


Proof by deduction consists of a logical argument as to why the conjecture must


be true. This will often require you to use algebra.


Example 1.4 shows how proof by deduction can be used to prove the result


from Activity 1.1 above.


ACTIVITY 1.1


Choose any three


consecutive integers


and add them up.


What number is always


a factor of the sum


of three consecutive


integers?


Can you be certain


that this is true for all


possible sets of three


consecutive integers?



⑥   For both of the statements below state




(a)     whether it is true or false




(b)     the converse




(c)     whether the converse is true or



false.


In the case of a ‘false’ answer, explain


how you know that it is false.


(i)



ABCDEF is a regular hexagon ⇒



The six internal angles are all equal.



(ii)     ABCDEF is a regular hexagon ⇒



All the six sides are the same length.



⑦   ABC and XYZ are two triangles. Louie



makes this statement.



‘Together AB = XY, BC = YZ and




angle ABC = angle XYZ ⇒ Triangles




ABC and XYZ are congruent.’



(i)


Say whether Louie’s statement is


true or false. If your answer is ‘false’,


explain how you know that it is false.



(ii)     State the converse of the statement.




(iii)    Say whether the converse is true or



false. If your answer is ‘false’, explain


how you know that it is false.



⑧   A, B, C and D are statements, each of



which is either true or false.



A ⇒ B, B ⇔ C,




C ⇒ A and D ⇐ B



How many of the statements can be


true? (There is more than one answer.)
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Example 1.4


Prove that the sum of three consecutive integers is always a multiple of 3.


Solution



Let the first integer be x




⇒ the next integer is x + 1 and the third integer is x + 2




⇒ the sum of the three integers = x + (x + 1) + (x + 2)




= 3x + 3




= 3(x + 1)




The sum of the three integers has a factor of 3, whatever the value of x.




⇒ the sum of three consecutive integers is always a multiple of 3.



Proof by exhaustion


With some conjectures you can test all the possible cases. An example is


97 is a prime number.


If you show that none of the whole numbers between 2 and 96 is a factor of 97, then


it must indeed be a prime number. However a moment’s thought shows that you do


not need to try all of them, only those  that are less than   97, i.e. from 2 up to 9.



97 ÷ 2 = 48   No



1


2 



97 ÷ 3 = 32   No



1


3 



97 ÷ 4 = 24   No



1


4 



97 ÷ 5 = 19   No



2


5 



97 ÷ 6 = 16   No



1


6 



97 ÷ 7 = 13   No



6


7 



97 ÷ 8 = 12   No



1


8 



97 ÷ 9 = 10   No



7


9 


Since none of the numbers divides into 97 exactly, 97 must be a prime.



This method of proof, by trying out all the possibilities, is called proof by




exhaustion. In theory, it is the possibilities that get exhausted, not you!



Disproving a conjecture


Of course, not all conjectures are true! Sometimes you may need to disprove a


conjecture.



To disprove a conjecture all you need is a single counter-example. Look at this



conjecture:



n2 + n + 1 is a prime number




n = 1 ⇒ n2 + n + 1 = 3



and 3 is prime



n = 2 ⇒ n2 + n + 1 = 7



and 7 is prime



n = 3 ⇒ n2 + n + 1 = 13



and 13 is prime



So far so good, but when you come to n = 4




n = 4 ⇒ n2 + n + 1 = 21




and 21 = 3 × 7 is not prime.



Discussion point



➜ It  was not strictly



necessary to test all


the numbers from


2 up to 9. Which


numbers were


necessary and which


were not?
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Exercise 1.3



①   Prove the following:



(i)


the sum of any two consecutive


integers is odd



(ii)     the sum of any two odd numbers



is even



(iii)    the product of any two odd



numbers is odd.



②   For each of the statements below, decide



whether it is true or false. If it is true,


prove it using either proof by deduction


or proof by exhaustion, stating which


method you are using. If it is false, give a


counter-example.


(i)



If n is a positive integer, n2 + n is



always even.



(ii)     An easy way to remember 7 times 8




is that 56 = 7 × 8, and the numbers



5, 6, 7 and 8 are consecutive. There


is exactly one other multiplication


of two single-digit numbers with


the same pattern.



(iii)    x2 > x ⇒ x > 1.




(iv)    No square number ends in a 2.




(v)     n is prime ⇒ n2 + n + 1 is prime.




(vi)    One cannot logically say ‘I always



tell lies’.



③   For each of the statements below, decide



whether it is true or false. If it is true,


prove it using either proof by deduction


or proof by exhaustion, stating which


method you are using. If it is false, give a


counter-example.


(i)



The value of n2 + n + 41 is a prime



number for all positive integer



values of n.




(ii)     The sum of n consecutive integers




is divisible by n, where n is a



positive integer.



(iii)    Given that 0 > n < m > 5 and that




m and n are integers, the equation



m


n



= n



m


has exactly one solution.



(iv)    Given that p and q are odd




numbers, p2 + q2 cannot be divisible



by 4.



(v)     It is impossible to draw any



conclusion when someone tells you


‘I always tell the truth’.



(vi)    The smallest value of n (> 1) for




which 12 + 22 + 32 + . . . + n2 is a



perfect square is 24.



④   A rectangular piece of paper is 100 cm




long and w cm wide (Figure 1.16).



If it is cut along the dotted line, the


two pieces of paper are similar to the


original piece.


Figure 1.16


(i)



Find the value of w.




(ii)     Prove that this can only be done



for 3- or 4-sided pieces of paper.



Nothing more needs to be said. The case of n = 4 provides a counter-example



and one counter-example is all that is needed to disprove a conjecture. The


conjecture is false.


However, sometimes it is easier to disprove a conjecture by exposing a fault in


the argument that led to the proposal of the conjecture.


TECHNOLOGY


You could use table mode on a


scientific calculator to help with


this – if there is insufficient memory


to look at all the values needed, try


different start values.
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⑤   Prove that all prime numbers greater




than 3 are of the form 6n ± 1. State the



converse and determine whether it is


true or false.



⑥   For each of the statements below, decide



whether it is true or false. If it is true,


prove it using either proof by deduction


or proof by exhaustion, stating which


method you are using. If it is false, give a


counter-example.


(i)


A number is divisible by 9 if the


sum of its digits is divisible by 9.



(ii)     ABC is a three-digit number.




(a) ABC is divisible by 3 ⇔ CBA is



divisible by 3.



(b) ABC is divisible by 5 ⇔ CBA is



divisible by 5.



(iii)    An n-sided polygon has exactly




n − 1 internal right angles ⇒ n = 6.




⑦   Call the prime numbers, in order, p1, p2,




p3 and so on. Thus p1 = 2, p2 = 3,




p3 = 5, . . .



(i)



Show that p1 + 1, p1 p2 + 1,




p1 p2 p3 + 1, p1 p2 p3 p4 + 1 are all



prime numbers.



(ii)     Explain why p1 p2 p3 . . . pn + 1 is



either prime or has a prime factor



greater than pn for all positive




integers of n.




(iii)    How does this allow you to prove



that there is an infinite number of


prime numbers?









16


There is no definite answer to this question. That is why you are told to



estimate the time. You have to follow the problem solving cycle. You will also




need to do some modelling.




1    Problem specification and analysis



The problem has already been specified but you need to decide how you are


going to go about it.


■ 


A key question is how many times Chandra is going to cross the width


of the slope. Will it be 2, or 4, or 6 , or . . . ?


■ 


To answer this you have to know the steepest slope Chandra can walk


along.


■ 


What modelling assumption are you going to make about the sloping


surface?


■ 


To complete the question you will also need to estimate how fast


Chandra will walk.


Problem solving


Chandra is 75 years old. He is hiking in a mountainous area. He comes to the



point P in Figure 1.17. It is at the bottom of a steep slope leading up to a ridge




between two mountains. Chandra wants to cross the ridge at the point Q.




The ridge is 1000 metres higher than the point P and a horizontal distance of



1500 metres away. The slope is 800 metres wide. The slope is much too steep for


Chandra to walk straight up so he decides to zig-zag across it. You can see the


start of the sort of path he might take.



The time is 12 noon. Estimate when Chandra can expect to reach the point Q.



Figure 1.17


Mountain modelling activity
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2    Information collection



At this stage you need the answers to two of the questions raised in stage 1:


the steepest slope Chandra can walk along and how fast he can walk. Are the


two answers related?



3    Processing and representation



In this problem the processing and representation stage is where you will


draw diagrams to show Chandra’s path. It is a three-dimensional problem so


you will need to draw true shape diagrams.


There are a number of possible answers according to how many times Chandra


crosses the slope. Always start by taking the easiest case, in this case when



he crosses the slope 2 times. This is shown as PR + RQ in Figure 1.18. The




point R is half way up the slope ST and the points A and B are directly




below R and T.



Figure 1.18



Draw the true shape diagrams for triangles SAR, PSR and PAR.




Then use trigonometry and Pythagoras’ theorem to work out the angle RPA.



If this is not too great, go on to work out how far Chandra walks in crossing



the slope and when he arrives at Q.



Now repeat this for routes with more crossings.



4    Interpretation



You now have a number of possible answers.


For this interpretation stage, decide which you think is the most likely time



for 75-year-old Chandra to arrive at Q and explain your choice.



Drawing a 3-dimensional object on a sheet of paper, and so in two


dimensions, inevitably involves distortion. A true shape diagram shows a


2-dimensional section of the object without any distortion. So a right angle in


the object really is 90° in a true shape diagram; similarly parallel lines in the


object are parallel in the diagram.


1


Chapter 1


Problem solving
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Proof


KEY POINTS


1



■     ⇒ means ‘implies’




p ⇒ q means p implies q so if p then q




■     ⇐ means ‘is implied by’, ‘follows from’




p ⇐ q means p implied by q so if q then p




■     ⇔ means ‘implies and is implied by’, ‘is equivalent to’




p ⇔ q means p implies and is implied by q so p is equivalent to q.




2    The converse of A ⇒ B is A ⇐ B.




3    If A ⇐ B, A is a necessary condition for B




If A ⇒ B, A is a sufficient condition for B.




4    Two methods of proving a conjecture are proof by deduction and proof




by exhaustion.




5    A conjecture can be disproved by finding a counter-example.



LEARNING OUTCOMES


Now you have finished this chapter, you should be able to



➤   understand the problem solving cycle




➤   know that simplifying a problem can help to begin in problem solving




➤   use algebra to formulate and solve problems




➤   write your mathematics using appropriate language and symbols




❍ ‘If . . .’ and ‘then . . .’




❍ ⇔, ⇒, ⇐ and ∴




❍ converse of a statement




➤   prove statements by deduction




➤   prove statements by exhaustion




➤   disprove statements by finding a counter-example




➤   interpret your solution in the context of the problem




➤   generalise your solution to extend your understanding of a wider problem.
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2


The sides of the large square in Figure 2.1 are 8cm long. Subsequent squares in the


tile design are formed by joining the midpoints of the sides of the previous square.


The total length of all the lines is 



                    cm. The numbers a and b are rational.




What are the values of a and b?



A good notation


has a subtlety and


suggestiveness which


at times makes it


seem almost like a live


teacher.


Bertrand Russell


(1872–1970)


Surds and indices


Figure 2.1
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1 Using and manipulating surds


Numbers involving square roots which cannot be written as rational numbers,



such as        are also commonly referred to as surds.



 is another


example of a surd. Surds may also involve cube roots, etc., but the focus in this



chapter is on square roots. Surds give the exact value of a number, whereas a



calculator will often only provide an approximation. For example,       is an


exact value, but the calculator value of 1.414213562 . . . is only approximate, no


matter how many decimal places you have.


Many scientiic calculators will simplify expressions containing square roots


of numbers for you, but you need to know the rules for manipulating surds in


order to handle them in an algebraic setting, such as 


The basic fact about the square root of a number is that when multiplied by


itself it gives the original number:


Rearranging this gives:


, both of which are useful results.


Surds may be added or subtracted just like other algebraic expressions, keeping


the rational numbers and the square roots separate.



A surd is in its simplest form when the number under the square root has no



square factors.


Example 2.1


Simplify the following.


(i)


(ii)


(iii)


Solution


(i)


(ii)


The largest square number


which is a factor of 32 is 16.


Multiply out the brackets.


Using and manipulating surds


The symbol


means ‘the positive


square root of ’. So



7 = +2.645 . . . but



the solution of the



equation x



7


2



=     is



x


7


= +



or x



7


= −


which is usually written



as x



7



= ±      .



Collect like terms.


Note


The following rules are useful for simplifying surds:


TECHNOLOGY


If your calculator stops


showing surds, a setting


may need changing, or


your calculator may be


set to stats mode.
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Chapter 2


Surds and indices


When multiplying two surds, multiply term by term, as shown in the next


example.


Rationalising the denominator of a surd


In part (ii) of the last example, the terms involving square roots disappeared,


leaving an answer that is a rational number. This is because the two numbers to


be multiplied together are the factors of the diierence of two squares.


Using the result


gives


Example 2.2


Multiply out and simplify:


(i)


Solution


(i)


(ii)


Notice that the first and


last terms are rational


numbers.


(iii)


It’s a good idea to write the positive term first


since it is easy to lose a minus sign at the


start of an expression.


Note


The solution to part (ii) in Example 2.2 can be generalized to give the result:
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These methods can be generalised to apply to algebraic expressions.


Example 2.3


Simplify the following.


(i)


4


2


(ii)


3    2   6


6


+


(iii)


1


3       5


+


Solution


(i)


4


2


4


2


2


2


=


×




 


=


4   2


2




 



= 2   2



(ii)


3    2   6


6


(3    2   6)


6


6


6


+


=


+


×




 


=


3   6   12


6


+




 


=


3(   6   4)


6


+




 


=


6    4


2


+


(iii)


1


3


5


1


(3


5)


(3       5)


(3       5)


+


=


+


×


−


−




 


= 


3     (   5)


2


2


3 −    5


−


3


5


9    5


=


−


−


3


5


4


=


−


Multiplying top and


bottom by    2.


Multiplying top and


bottom by    6.


This can also be written


as 


6


2


2



+     .



Example 2.4


Simplify the following.


(i)


x   y


x


(ii)


x         y


x       y


2


+


+


Rationalising the


denominator.


Using and manipulating surds


This is the basis for a useful technique for simplifying a fraction whose bottom



line is a surd. The technique, called rationalising the denominator, is



illustrated in the next example. It involves multiplying the top line and the


bottom line of a fraction by the same expression. This does not change the value


of the fraction; it is equivalent to multiplying the fraction by 1.


Note


A fraction with a surd


in its denominator


(bottom line) is not in


its simplest form. To


simplify it you need


to rationalise the


denominator.
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Solution


(i)


(ii)


Multiplying top and bottom


by 


In algebra it is usual to write


letters in alphabetical order.


Rationalising the


denominator.


Discussion points


Try substituting numbers



for x and y in the



question and answer


for (ii). That should help


you to appreciate that


the result is, in fact, a


simpler form.



➜ You could start with




x = 3, y = 4.




➜ What happens



when you substitute



x = 1, y = 1 into



the question and


answer? Why does


this happen?


Answer these questions without using your


calculator, but do use it to check your answers


where possible. Leave all the answers in this


exercise in surd form where appropriate.



①   Simplify these.



(i)


(ii)


(iii)



②   Express as the square root of a single



number.


(i)


(ii)


(iii)



③   Simplify by rationalising the denominator.



(i)


(ii)


(iii)



④   Simplify these.



(i)


(ii)


(iii)



⑤   Simplify these.



(i)


(ii)


(iii)


(iv)



⑥   Simplify these expressions.



(i)


(ii)



⑦   Simplify these expressions.



(i)


(ii)


(iii)    


(iv)    



⑧   Simplify these expressions.



(i)


(ii)


(iii)


(iv)



⑨   Simplify the following by rationalising



the denominator.


(i)


(ii)


(iii)


(iv)



⑩   Write the following in the form




where c is an integer and a




and b are rational numbers.



(i)


(ii)


(iii)


(iv)


Exercise 2.1









24



⑪   (i)       A square has sides of length x cm



and a diagonal of length 8cm.


Use Pythagoras’ theorem to find the



exact value of x and the area of the



square.



(ii)     The diagonal of a square is of



length 6 cm. Find the exact value of


the perimeter of the square.



⑫   A ladder of length 6 m is placed on



horizontal ground with the foot of the


ladder 2 m from the vertical side of a


house. How far up the wall does the


ladder reach? Give your answer in the


simplest possible surd form.



⑬   The cost of building a lighthouse



is proportional to the cube of its


height, h.



The distance, d, that the top of



the lighthouse can be seen from a


point at sea level is modelled by



  where R is the radius




of the Earth and d, R and h are in



the same units.


Three possible designs X,Y and Z are


considered, in which the top of the


lighthouse can be seen at 20 km, 40 km


and 60 km respectively.


Find the ratios of the costs of designs X,Y


and Z.



⑭   Simplify the following by rationalising the



denominator.


(i)


(ii)



⑮   (i)      On a single sheet of graph paper,



or using graphic software, draw the


curves with equations 


and



(ii)     Choose two values of x with



x


0


20


ø     ø



and show that



for these values the point


    lies between


the two curves.



(iii)    Prove that the point



    lies between


the two curves.



⑯   (i)      Find two numbers a and b with



a     b



≠     so that it is possible to write



in the form 



where p and q are integers.




(ii)     Generalise this result by finding an




algebraic connection between a




and b such that this is possible.



PS


PS


PS


PS


2 Working with indices


Figure 2.2 refers to the moons of the planet Jupiter. For six of its moons, the time,



T, that each one takes to orbit Jupiter is plotted against the average radius, r, of



its orbit. (The remaining moons of Jupiter would be either far off the scale or


bunched together near the origin.)



The curves T = kr1 and T2 = kr (using suitable units and constant k) are also



drawn on Figure 2.2. You will see that the curve defined by Jupiter’s moons lies


somewhere between the two.


Discussion point



➜ How could you



express the equation


of the curve defined


by Jupiter’s moons?


Working with indices
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Figure 2.2


You may have suggested that the equation of the curve defined by Jupiter’s moons


could be written as 


  If so, well done! This is correct, but what does a


power, or index, of 


  mean?


Before answering this question it is helpful to review the language and laws


relating to positive whole number indices.


Terminology



In the expression a



m



the number represented by a is called the base of the




expression; m is the index, or the power to which the base is raised. (The plural



of index is indices.)


Multiplication



Multiplying 36 by 34 gives



Clearly it is not necessary to write down all the 3s like that. All you need to do


is to add the powers: 6 + 4 = 10


and so


This can be written in general form as


Another important multiplication rule arises when a base is successively raised to


one power and then another, as for example in (3


 4


 )


  2


  :


In this case the powers to which 3 is raised are multiplied: 4 × 2 = 8. Written in


general form this becomes:
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Division



In the same way, dividing 36 by 34 gives



In this case you subtract the powers: 6 − 4 = 2


and so



36 ÷ 34 = 36−4 = 32



This can be written in general form as



am ÷ an = am−n.



Using these rules you can now go on to give meanings to indices which are not


positive whole numbers.


Index zero



If you divide 34 by 34 the answer is 1, since this is a number divided by itself.



However you can also carry out the division using the rules of indices to get



34 ÷ 34 = 34−4



= 30




and so it follows that 30 = 1.




The same argument applies to 50, 2.90 or any other (non-zero) number raised to



the power zero; they are all equal to 1.



In general a0 = 1.



Negative indices



Dividing 34 by 36 gives



and so


This can be generalised to


Fractional indices


What number multiplied by itself gives the answer 3? The answer, as you will



know, is the square root of 3, usually written as      Suppose instead that the




square root of 3 is written 3p; what then is the value of p?



Since


   3p × 3p = 31 it follows that



3


3


p


2


1


=


and so


In other words, the square root of a number can be written as that number


raised to the power 


The same argument may be extended to other roots, so that the cube root of a


number may be written as that number raised to the power 


the fourth root


corresponds to power 


  and so on.


Working with indices
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This can be generalised to


In the example of Jupiter’s moons, or indeed the moons or planets of any system,



the relationship between T and r is of the form



Squaring both sides gives



which may be written as T2  =  cr3 (where the constant c = k2).



This is one of Kepler’s laws of planetary motion, first stated in 1619.


The use of indices not only allows certain expressions to be written more simply,


but also, and this is more important, it makes it possible to carry out arithmetic


and algebraic operations (such as multiplication and division) on them. These


processes are shown in the following examples.


The following numerical examples show the methods for simplifying expressions


using index notation. You can check the answers on your calculator. Once you are


confident with these then you can apply the same rules to algebraic examples.


Example 2.5



Express the following in the form 5n.



(i) 625


(ii) 1


(iii)


(iv)


Solution


Notice that 5


(i)


(ii)


(iii)


(iv)


Example 2.6


Simplify these.


(i)


(ii)


(iii)


(iv)


Solution


(i) 


(ii)


(iii)



(iv)   There are two ways to approach this.



(a)


(b)


Both give the same answer, and both are correct.


Discussion point



➜ Which of these



methods do you


prefer? Why?
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Working with indices


Simplifying sums and differences


of fractional powers


The next two examples illustrate a type of simplification which you will often


find you need to do.


Example 2.8


Solve the equation


Solution


Comparing powers this gives the pair of simultaneous equations:


So


Start by writing each number as


a product of its prime factors.


Mixed bases


If a problem involves a combination of different bases, you may well need to split


them, using the rule


before going on to work with each base in turn.


For example,


which is another way of saying 216 = 8 × 27.


Example 2.7


Simplify 


Solution


You need the same base


number to add powers.



4, 16 and 32 are all powers of 2.
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Standard form



One useful application of indices is in writing numbers in standard form. In



Standard form, very large or very small numbers are written as a decimal number


between 1 and 10 multiplied by a power of 10. This is often used to simplify the


writing of large or small numbers and make sensible approximations.


Standard form is closely related to the way our number system works, using


words like ten, a hundred, a thousand, a million. This is true also for the metric



system. Thus 5.2 kilograms is 5.2 × 103 grams.



Here is a list of common metric prefixes and how they relate to standard form:


Example 2.9


Simplify


Solution


This can be written as


Example 2.10


Simplify


Solution


The expression is
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Solution


Time taken



There are 60 × 60



seconds in an hour.


Answer these questions without using your


calculator, unless otherwise specified, but do use


it to check your answers where possible.



①   Simplify



(i)


(ii)


(iii)


(iv)



②   Express the following in the form 3



n


.



(i)    81




(ii)     1



(iii)


(iv)    


(v)


(vi)



③   Write the following as whole numbers



or fractions.


(i)


(ii)     


    (iii)


    (iv)



④   Simplify the following, writing your




answer in the form x




n .



(i)


(ii)


(iii)


(iv)



⑤     (i)      Find 5.2 million divided by 1.3



thousandths.



(ii)     The frequency of a wave is



measured in hertz, Hz, and is the


reciprocal of its time period. What


is the time period of a wave with


frequency 20 kHz?



⑥   Signals sent from landers on Mars travel




at the speed of light: 3.0 × 108 m s−1.



The greatest distance of Mars from


Earth is 378 million km, and the closest


distance is 78 million km.


(i)


Write down the greatest and closest


distances of Mars from Earth in


metres, using standard form.



(ii)     Use a calculator to find the greatest



and least times that a signal sent


from Mars takes to reach Earth.



⑦   Simplify the following, writing your




answer in the form ax



n


.


(i)


(ii)


(iii)



⑧   Expand the following.



(i)


(ii)


(iii)    



⑨   Simplify the following, writing your




answer in the form ax




n .



(i)


(ii)



⑩   Simplify the following.



(i)


(ii)     


(iii)    



⑪   Solve the equation



PS


Exercise 2.2


Working with indices


Example 2.11


Light travels at a speed of 300 million metres per second. At a certain time


Pluto is 5.4 terametres from Earth. How many hours does it take light to


travel from Pluto to Earth?
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⑫   Simplify the following.



(i) 


(ii)


(iii)



⑬   Find integers x and y such that



4


3


24


x


y


8


×


=


.



⑭   Given that



and



find x and y.



Hence find


and 



⑮   A sphere of




radius R cm has




area A cm2  and




volume V cm3



(Figure 2.3).


Show that


where



⑯   In this question, h is positive and you



may use your calculator.



(i)     Write down the values of



What happens to 0.5


h



as h → ∞?




(ii)     Write down the values of



What happens to 0


h



as h gets closer



and closer to zero?



(iii)     Write down the values of




What do you think is the value of 0



      0


    ?


PS


PS


PS


LEARNING OUTCOMES


Now you have finished this chapter, you should be able to



➤   simplify surds of single numbers leaving the smallest possible number under 



the square root



➤   simplifying surd expressions 




❍ requiring addition and subtraction




❍ requiring multiplying out brackets




➤   simplify fractions (rationalise the denominator)




❍ with a surd in the denominator




❍ with an expression including a surd in the denominator




➤   use the laws of indices to simplify expressions including use of negative indices




➤   understand the use of fractional indices for roots 



Figure 2.3


2


KEY POINTS



1   Multiplication: 



2   Division: 




3   Power zero: 




4   Negative indices: 




5   Fractional indices: 
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FUTURE USES


■ 


You need to be able to work with surds when you use the quadratic formula


to solve quadratic equations. This is covered in Chapter 3, and you will use


quadratic equations in many areas of mathematics.


■ 


You will need to be able to use indices with confidence, including negative


and fractional indices, in the chapters on Differentiation (Chapter 10) and


Integration (Chapter 11).


■ 


The chapter on Exponentials and logarithms (Chapter 13) develops ideas


using indices further, including looking at applications such as population


growth, compound interest and radioactive decay.



6    Power of a power:



7


8


9



10  When simplifying expressions containing square roots you need to




(i)  make the number under the square root as small as possible




(ii) rationalise the denominator if necessary




11  To rationalise



(i) 


multiply the top and bottom lines by 


(ii) 


multiply the top and bottom lines by 


Remember 


Working with indices
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In this activity you will investigate


quadratic graphs using


graphing software or a graphical


calculator. Figure 3.1 shows the


graphs of the quadratic functions


they are all related to each other.


Each of the graphs has exactly


the same shape, but they are


positioned differently.


Sherlock Holmes: ‘Now


the skilful workman is


very careful indeed . . .


He will have nothing but


the tools which may help


him in doing his work, but


of these he has a large


assortment, and all in the


most perfect order.’


Arthur Conan Doyle


(1859–1930)


Quadratic functions


Figure 3.1
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➜   Explain what makes them exactly the same shape.




➜   How does each equation relate to the position of the graph?
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For each of the questions below:


(a) Use any technology available to you to draw the graphs on the same axes.


TECHNOLOGY



You could type y = (x − a)(x − b) and vary the values of a and b.



(b)    Comment on the similarities and differences between your graphs.


Explain how the equation tells you about the differences.


1   (i) 


  (ii) 


2   (i) 


  (ii) 


  (iii) 


3   (i) 


  (ii) 


  (iii) 


4   (i) 


  (ii) 


  (iii) 


1 Quadratic graphs and equations



The name quadratic comes from ‘quad’ meaning square, because the variable




is squared (for example, x




2 ). A quadratic expression is any expression that can be



rearranged to have the form 



      and b and c can be any



numbers, positive, negative or zero.


How would you draw the graph of 


without using any


technology?


You could draw up a table of values and


plot the graph like this.


T



Plotting a graph means marking



the points on graph paper and


joining them up as accurately as


you can.


You may find that


your initial choice


of scale (or the default


setting) is not suitable


for a particular graph.


Make sure you know


how to edit the axes.


Table 3.1


Notice the symmetry in


the table. How can you


see this on the graph?



Alternatively you could start by solving the equation x2 − 7x + 10 = 0.




The first step is to write it in factorised form (x − 2)(x − 5) = 0.




So x = 2 or 5.



The curve 



       crosses the x axis at (2, 0) and (5, 0)




and crosses the y axis at (0, 10).




when y = 0




when x = 0



TECHNOLOGY


Table mode on a


scientific calculator will


give you the table of


values.


Quadratic graphs and equations


Figure 3.2
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This gives you three points which you can join up to make a smooth curve


like this.


Figure 3.3



Sketching a graph means that



you show the general shape of


the curve and its main features,


such as the points where the curve


crosses the axes. You would not


expect to use graph paper for a


sketch.


Factorising quadratic expressions


In the work above, you saw how the factorised form of a quadratic expression


helps you to solve the related quadratic equation, and gives you useful


information about the graph. Quadratic factorisation is an important skill that


you will often need.


Prior knowledge


Quadratic factorisation


should be familiar to


you. Example 3.1 and


Activity 3.1 are included


as a reminder.


Example 3.1



Factorise x2 + 7x + 12.



Solution



Splitting the middle term, 7x, as 4x + 3x



you have


How do you know to split the middle term,



7x, into 4x + 3x, rather than say 5x + 2x or




9x − 2x?



The numbers 4 and 3 can be added to


give 7 (the middle coefficient) and


multiplied to give 12 (the constant term),


so these are the numbers chosen.


The constant term is 12.



4 × 3 = 12.




The coefficient of x is 7.




4 + 3 = 7.



Figure 3.4









36


There are other methods of quadratic factorisation. If you have already learned


another way, and consistently get your answers right, then continue to use it.


The method shown in Example 3.1 has one major advantage: it is self-checking.



In the last line but one of the solution, you will see that (x + 4) appears twice. If



at this point the contents of the two brackets are different, for example



(x + 4) and (x − 4), then something is wrong. You may have chosen the wrong



numbers, or made a careless mistake, or perhaps the expression cannot be


factorised. There is no point in proceeding until you have sorted out why they


are different.



You may check your final answer by multiplying it out to get back to the



original expression. Here are two common ways of setting this out.


1 Grid method


This gives 


(as required)


Note


You would not expect to draw the lines and arrows in your answers. They have


been put in to help you understand where the terms have come from.


Before starting the


procedure for


factorising a quadratic,


you should always check


that the terms do not


have a common factor as


in, for example



2x2 − 8x + 6.



This can be written as


2(x


2



− 4x + 3) and then



factorised to give



2(x − 3)(x − 1).



ACTIVITY 3.1


Factorise the following, where possible.


Which pairs give the same answers?


2


Multiplying term by term


(as required)


Quadratic graphs and equations
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The following examples show how you can use quadratic factorisation to solve


equations and to sketch curves.


Example 3.2


(i)   Solve 


(ii)  Sketch the graph of 


Solution



First you look for two numbers that can be added to give −2 and multiplied




to give −24:




The numbers are −6 and +4 and so the middle term, −2x, is split into −6x + 4x.



(i)


(ii)  From part (i), 


when 


and when 


 so these are the



points where the curve crosses the x axis.



Also, when 


so you have the point where it crosses the



y axis.




The coefficient of x2



  is positive, telling you that the curve is    -shaped,


so you are now in a position to sketch the curve:


Figure 3.5


When two brackets


multiply to give zero, one or


the other must equal zero.


Note


When sketching the


graph, a good way to do


this is to



1    draw a smooth



-shaped curve.



2    draw a horizontal



line cutting the curve


in two points and



label these −4 and 6.




3    decide where x = 0



will be on this line



and draw the y axis



through this point.



4    finally mark the




point y = −24 on the




y axis.




The roots of the



equation are the values



of x which satisfy the



equation. In this case,



one root is x = −4 and




the other root is x = 6.
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Example 3.3


A perfect square



Solve the equation x2 − 20x + 100 = 0 and hence sketch the graph



Solution


(repeated)



Substituting x = 0 gives y = 100, which




is where the curve crosses the y axis.



Notice:



(−10) + (−10) = −20




(−10) × (−10) = +100



Notice that the repeated



root at x = 10 means that




the curve touches the




x axis.



Figure 3.6


Note


The general forms of a


perfect square are:


and



In Example 3.3, a  =  10.






Example 3.4


Difference of two squares



Solve the equation x2




– 49 = 0 and hence sketch the graph 



Solution


Figure 3.7



Notice that this is x2




– 72.




−7 + 7 = 0 and (−7) × 7 = −49.



Note


Alternatively the


equation 


could be rearranged to


give 


leading


to 


A difference of two


squares may be written


in more general form as


Quadratic graphs and equations
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The previous examples have all started with the term x2, that is, the coefficient




of x2 has been 1. This is not the case in the next example.






Example 3.5



(i)    Factorise 6x2




+ x − 12.




(ii)   Solve the equation 6x2




+ x − 12 = 0.




(iii)  Sketch the graph y = 6x2




+ x – 12.



Solution


(i) The technique for finding how to split the middle term is now


adjusted. Start by multiplying the two outside numbers together:



6 × (−12) = −72.




Now look for two numbers which add to give +1 (the coefficient of x)




and multiply to give −72 (the number found above).




(+9) + (−8) = +1




(+9) × (−8) = −72



Splitting the middle term gives



6x2




+ 9x − 8x − 12




= 3x (2x + 3) − 4(2x + 3)




= (3x − 4)(2x + 3)




(ii) (3x − 4)(2x + 3) = 0




⇒ 3x − 4 = 0 or x



2x +  3 = 0


⇒


=


x


4


--


3


or


= −


x


3


--


2



(iii) The graph is a     -shaped curve which crosses the x axis at the points



where 


and where 



When x = 0, y = −12, so the curve crosses the y axis at (0, −12).



Figure 3.8



−4 is the largest factor




of both −8x and −12.




3x is the largest factor




of both 6x2




and 9x.




In the previous examples the coefficient of x2 was positive, but this is not always



the case.


Note


The method used in


the earlier examples


is really the same


as this. It is just that


in those cases the



coefficient of x2




was 1



and so multiplying the



constant term by 1 had



no effect.
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Solution


(i) Start by multiplying the two outside numbers together:



15 × −1 = −15




Now look for two numbers which add to give +2 (the coeecient of x)




and multiply to give −15 (the number found above).




(+5) + (−3) = +2




(+5) × (−3) = −15



Splitting the middle term gives



(ii)   For very large positive or negative values of x, the value of




f (x) = (5 − x)(3 + x) will be negative and consequently the curve will



be    -shaped.



It will cross the x axis when f(x) = 0, i.e. at x = +5 and x = −3, and the




vertical axis when x = 0, i.e. at f(x) = 15.



Figure 3.9



The coefficient of x2




is −1 so here




the outside numbers are 15 and −1.



Example 3.6


(i) Factorise



(ii) Hence sketch the graph of f(x) =



In some cases the equation to be solved does not immediately appear to be a


quadratic equation.


Example 3.7


Solve the quartic equation 


Solution



Replacing x




2 by z gives the quadratic equation 




⇒ Either 




⇒ The solution is 




Remember that you replaced x



2



by z earlier.



Note


         is an


example of a function.


In a function each value



of x maps to exactly




one value of y, you



say ‘y is a function of



x’ and write y = f(x



A quadratic function


might be written as


which is just another


way of writing


You will meet functions


again in Chapters 6, 7


and 8.


Quadratic graphs and equations
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Chapter 3


Quadratic functions


Example 3.8



In a triangle, the side BC is 1 cm longer than the side AB and the hypotenuse




AC is 29 cm long.



Find the lengths of the three sides of the triangle.


Solution



Let the length of AB be x cm. So the length of BC is x + 1 cm.



The hypotenuse is 29 cm.


Using Pythagoras’ theorem:


The lengths of the three sides are therefore 20 cm, 21 cm and 29 cm.


Figure 3.10



Divide by 2



to make the


factorisation


easier.



Notice that −21 is rejected




since x is a length.



Make sure that you


answer the question fully.


Exercise 3.1



①   Fill in the missing numbers.



(i)


(ii)     


(iii)    


(iv)    


(v)     



②   Factorise the following expressions.



(i)


(ii)



(iii)    y



(iv)    


(v)


(vi)    



③   Factorise the following expressions where



possible. If an expression cannot be factorised,


say so.


(i)


(ii)


(iii)    


(iv)


(v)


(vi)    



④   Solve these equations by factorising.



(i)


(ii)


(iii)    


(iv)


(v)


(vi)    



⑤   Use the results from question 4 to draw the



graphs of the following functions.


(i)


(ii)


(iii)


(iv)


(v)


(vi)
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Quadratic graphs and equations



⑥   Factorise the following expressions.



(i)


(ii)


(iii)


(iv)


(v)


(vi)



⑦   Factorise the following expressions.



(i)


(ii)


(iii)


(iv)


(v)


(vi)



⑧   Factorise the following expressions.



(i)


(ii)


(iii)


(iv)


⑨   


⑩   


⑪   


⑫   


⑬   


⑭   



⑮   Solve the following equations.



(i)


(ii)


(iii)


(iv)


(v)     


(vi)    



⑯   The length of a rectangular eld is 30 m




greater than its width, w metres.



(i)


Write down an expression for the area



A m2




of the eld, in terms of w.




(ii)     The area of the eld is 8800 m2



. Find its


width and perimeter.



⑰   A cylindrical tin of height h cm and radius r cm



has surface area, including its top and bottom,



of A cm2.



(i)



Write down an expression for A in terms




of r, h, and π.




(ii)     A tin of height 6 cm has surface area




54π cm2



. What is the volume of the tin?



(iii)    Another tin has the same diameter as




height. Its surface area is 150π cm2



. What


is its volume?



⑱   A triangle ABC has a right angle at B. The




length of AB is 



(3x − 2)


      cm and the length of



BC is   x



(      1)



+    cm. Find the perimeter when the




area is 14 cm2.



Note


Sets of numbers connected in this way are



called Pythagorean triples. There is a wealth



of information on the internet about these sets


of numbers. Wikipedia is a good place to start.



⑲   A right-angled triangle has sides of length 



      and 



      where x and y are integers,



and 


(i)



Find x in terms of y.




(ii)     Find the lengths of the sides in the cases




where y = 2, 4, and 6.




(iii)    Find the values of y, if they exist, for the



right-angled triangles with sides



(a) 20, 99, 101




(b) 20, 21, 29.




⑳   10 cm squares are cut from the corners of a



sheet of cardboard which is then folded to


make a box. The sheets of cardboard are twice


as long as they are wide.


Figure 3.11


TECHNOLOGY


You can use a graphical calculator or


graphing software to check your graphs.
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Chapter 3


Quadratic functions


(i)


For a sheet of cardboard whose width is



x cm, find an expression for the volume of




the box in terms of x.




(ii)     Find the dimensions of the sheet of



cardboard needed to make a box with a



volume of 8320 cm3.



ACTIVITY 3.2



(i)     Show, by removing the brackets, that 



  is the same as



(ii)   Draw the graph of 



(you may want to use graphing


software to do this). From your graph, write down the equation of the line of


symmetry and the coordinates of the turning point. What do you notice?


Repeat (i) and (ii) starting with 



(iii)  Notice that each time the number in the bracket is half the coefficient of x.



This is not a coincidence. Why is that the case?


Figure 3.12


2 The completed square form


You will have noticed that all of the quadratic graphs that you have seen have a


vertical line of symmetry.


In Activity 3.2, you saw that if a quadratic expression is written in the form



(x − p)2




+ q, you can deduce the vertex and line of symmetry. Writing a quadratic




expression in this form is called completing the square.



Look at the curve in Figure 3.12. It is the graph of 


 and it has



the characteristic shape of a quadratic; it is a parabola.



Notice that:


■



It has a minimum point (the vertex) at (2, 1).



■


It has a line of symmetry, x = 2.
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You can write the expression x2




− 4x + 5 in the completed square form like this.



Rewrite the expression with the constant term moved to the right



x2




− 4x



+5



take the coefficient of x  −4



divide it by 2


−2


square it


+4.


Add this to the left-hand part and compensate by subtracting it from the


constant term on the right



x2




− 4x + 4




+ 5 – 4.




This can now be written as (x – 2)2




+ 1.



This is the


completed


square form.


The line of symmetry is



x − 2 = 0 or x = 2.



The minimum value



is 1. This is when




(x – 2)2




= 0, so the




vertex is (2, 1).



Example 3.9



Write x2




+ 5x + 4 in completed square form.



Hence state the equation of the line of symmetry and the coordinates of the



vertex of the curve y = x2




+ 5x + 4.



Solution


The line of symmetry is 


The vertex is 


Vertex = 


Line of symmetry 


Figure 3.13


This is the completed


square form.


Discussion points


The steps in this


process ensure that


you end up with an


expression of the form



(x + p)2




+ q.




➜ How does this work?




➜ How is it that the



first three terms in


the expanded form


are always a perfect


square?


The completed square form
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Chapter 3


Quadratic functions



For this method to work the coefficient of x2



must be 1. The next two examples


show how the method can be adapted when this is not the case.


Solution


First take out a factor of 2:


Now proceed as before with the expression in the square brackets:


The least value of the expression in the brackets is when 


so the


equation of the line of symmetry is 


The vertex is 


Solution


Start by taking out a factor of (−1):


Completing the square for the expression in square brackets gives:


The least value of the expression in the brackets is when 


 so the


equation of the line of symmetry is 


The vertex is (3, 14). This is a maximum point.


It is a maximum since the



coefficient of x



2 


is negative.


Example 3.10


Example 3.11


Use the method of completing the square to write down the equation


of the line of symmetry and the coordinates of the vertex of the curve


y


x


x


2


6


5


2


=


+



+   .



Use the method of completing the square to find the equation of the line of


symmetry and the coordinates of the vertex of the curve 


Discussion point



➜  How can you tell if



a quadratic function


has a greatest value


rather than a least


one?
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Solving a quadratic equation by completing


the square


If a quadratic equation has real roots, the method of completing the square can


also be used to solve the equation. The steps involved are shown here for the


equation used in Activity 3.3. It is a powerful method because it can be used on


any quadratic equation.


Example 3.12


(i)    Write the equation 


in the completed square form.


(ii)   Hence solve the equation 


ACTIVITY 3.3


This activity is based on the equation 



(i)     How do you know that 



cannot be factorised?



(ii)    Draw the graph of 



 either by plotting points or by using a


graphical calculator or graphing software, and use your graph to estimate


the roots of the equation.



(iii)   Substitute each of these values into 




(iv)   How do you know that the roots that you have found are not exact?



T


Solution


(i) 


(ii) 


Take the square root of both sides:


Using your calculator to find the value of



⇒ x = 5.646 or 0.354, to 3 decimal places.



This is an exact


answer.


This is an approximate


answer.


The completed square form


ACTIVITY 3.4





By completing the square show that 
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①   Multiply out and simplify the following.



(i)


            (ii)     


(iii)


(iv)    


(v)


(vi)    



②   (i)     Factorise  



−


+


x


x


10


25


2



(ii)     Hence write each of the following



expressions in the form 


(a)


(b)


(c)



③   Solve the following equations without



multiplying out, leaving your answers in surd


form.


(i)


(ii)     


(iii)


(iv)


           (v)


(vi)



④   Write the following expressions in completed



square form.


(i)


(ii)     


(iii)    


(iv)    



⑤   For each of the following equations:




(a)     write it in completed square form




(b)     hence write down the equation of the



line of symmetry and the coordinates


of the vertex



(c)     sketch the curve.



(i)


(ii)


(iii)    


(iv)    


(v)


(vi)    



⑥   For each of the following:




(a)     write the expression in completed



square form



(b)     identify the vertex and the line of



symmetry and sketch the graph.


(i)


(ii)


(iii)    


(iv)    



⑦   For each of the following:




(a)     write the equation in completed



square form



(b)     identify the vertex and the line of



symmetry and sketch the graph.


(i)


(ii)


(iii)    


(iv)    



⑧   For each of the following:




(a)     write the equation in completed



square form



(b)     identify the vertex and the line of



symmetry and sketch the graph.


(i)


(ii)


(iii)    


(iv)    



⑨   The curves below all have equations of the
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