
























Praise for Letters to a Young Mathematician 




“[D]elightful… For non-mathematicians, Letters to a Young  Mathematician offers wonderful insight into academics, a reading list in a variety of fields, and a bit of knowledge about Gauss, Fibonacci, Leibniz, Feynman, and Fermat. It also serves as a primer on mathematicians, their culture, their tribal customs, and their community. For mathematicians themselves, Stewart provides first-rate career advice and offers a charming example of how best to talk to the rest of us.”




—Christian Science Monitor





 “Ian Stewart, a professor of mathematics at the University of Warwick in England, crafts a series of letters to an imaginary correspondent named Meg, who contemplates a career in math and goes from high school to university, graduate work and finally tenure as a math professor.”                                                                                         —Los Angeles Times










“Offers good advice… [Stewart’s] description of the community of mathematics is true and appealing.”                                                                                                              —Nature










“If you are a parent, friend, or spouse of someone who wants to become a mathematician, or of someone you think should become a mathematician, or even someone who already is a mathematician, you should buy that person a copy of this delightful little book. And if you are curious as to exactly what it is that university mathematicians do, or why, then buy yourself a copy as well.”




—Keith Devlin, author of The Math Gene 
 and The Millennium Problems





“No one could have written better on what being a mathematician is all about, and on what it takes to become one. A true gem.”




—Mario Livio, author of The Equation That 
 Couldn’t Be Solved and The Golden Ratio
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Preface


“It is a melancholy experience for a professional mathematician to find himself writing about mathematics.” So the great English mathematician Godfrey Harold Hardy, of the University of Cambridge, opened his 1940 classic A Mathematician’s Apology.


Attitudes change. No longer do mathematicians believe that they owe the world an apology. And many are now convinced that writing about mathematics is at least as valuable as writing mathematics, by which Hardy meant new mathematics, new research, new theorems. In fact, many of us feel that it is pointless for mathematicians to invent new theorems unless the public gets to hear of them. Not the details, of course, but the general nature of the enterprise. In particular, that new mathematics is constantly being created, and what it is used for.


The world has changed, too, since Hardy’s time. A typical day for Hardy consisted in a maximum of four hours of intensive thought about research problems; the rest of the day was then occupied watching the game of cricket, his great nonmathematical passion, and reading the newspapers. He must have fitted in some time for the occasional research student as well, but he was reticent about personal matters. A typical day for the modern academic is ten or twelve hours long, with teaching commitments, research grants to pursue, research to be carried out, and liberal doses of pointless bureaucracy to get in the way of anything creative.


Hardy was typical of a certain kind of English academic. He set himself high but narrow standards. He valued his chosen field for its own internal elegance and logic, not for its external uses. He was proud that none of his work could have any possible use in warfare, a position with which most of us can sympathize, especially bearing in mind that his book was published in the opening years of World War II.


He would be disappointed in the extreme to be resurrected today and to learn that on the contrary, his beloved theory of numbers plays an essential role in the mathematical theory of cryptography, with evident military uses. The movie Enigma paints a romanticized view of the period when this connection first began to emerge, in the vital wartime work of the code breakers at Bletchley Park. Prominent among them was the tragic figure of Alan Turing—pure mathematician, applied mathematician, and pioneering computer scientist—who committed  suicide because he was persecuted for being a homosexual, a sexual orientation that was then illegal and considered shameful. Social mores change, too.


Hardy’s classic little gem sheds a great deal of light on how academic mathematicians viewed themselves and their subject in 1940. It contains important lessons for any would-be young mathematician, but some of these are obscured by the book’s outdated attitudes, such as its default assumption that mathematics is strictly a male preserve. It is still worth reading, but only if its opinions are seen in their historical context, and it is not assumed that they all remain valid today.


Letters to a Young Mathematician is my attempt to bring some parts of A Mathematician’s Apology up to date, namely, those parts that might influence the decisions of a young person contemplating a degree in mathematics and a possible career in the subject. The letters, addressed to “Meg,” follow her career in roughly chronological order, from high school through to a tenured position in a university. They discuss a variety of topics, ranging from basic career decisions to the working philosophy of professional mathematicians and the nature of their subject. The intention is not merely to offer practical advice, but to give an inside view of the mathematical enterprise, and to explain what it is really like to be a mathematician.


As a result, many of the issues discussed will also appeal to a more general audience, the one for which Hardy wrote: anyone who is interested in mathematics and its relation to human society. What is mathematics? What is it good for? How can you learn it? How can you teach it? Is it a solitary activity or can it be done in groups? How does the mathematical mind work? And where is it all going?


I would never have thought of writing Letters to a  Young Mathematician were it not for Basic Books, and the wonderful mentoring series to which this book belongs. The book benefited from the advice of my editor, Bill Frucht, who made sure that I confined my ramblings to the topic at hand and made them accessible. The main intended readership is the “young mathematician” of the title, or their parents, relatives, friends . . . but the book should appeal to anyone who is interested in what it is like to become, and be, a mathematician, even if they have no such ambitions themselves.




Ian Stewart 
Coventry, September 2005




























1
Why Do Math?






Dear Meg,


 As you probably anticipated, I was very glad to hear you’re thinking of studying mathematics, not least because it means all those weeks you spent reading and rereading A Wrinkle in Time a few summers ago were not wasted, nor all the hours I spent explaining tesseracts and higher dimensions to you. Rather than deal with your questions in the order you asked them, let me take the most practical one first: does anyone besides me actually make a living doing math?


The answer is different from what most people think. My home university did a survey of its alumni a few years back, and they discovered that out of all the various degree subjects, the one that led to the highest average income was . . . mathematics. Mind you, that was before they opened the new medical school, but it demolishes one myth: that mathematics can’t lead to a well-paying job.


The truth is that we encounter mathematicians everywhere, every day, but we hardly ever know it. Past students of mine have managed breweries, started their own electronics companies, designed automobiles, written software for computers, and traded futures on the stock market. It simply doesn’t occur to us that our bank manager might have a degree in math, or that the people who invent or manufacture DVDs and MP3 players employ large numbers of mathematicians, or that the technology that transmits those stunning pictures of the moons of Jupiter relies heavily on math. We know that our doctor has a medical degree, and our lawyer has a law degree, because those are specific, well-defined professions that require equally specific training. But you don’t find brass plaques on buildings advertising a licensed mathematician within, who, for a large fee, will solve any math problems that you need help with.


Our society consumes an awful lot of math, but it all happens behind the scenes. The reason is straightforward: that’s where it belongs. When you drive a car, you don’t want to have to worry about all the complicated mechanical things that make it work; you want to get in and drive away. Sure, it helps you to be a better driver if you’re aware of the basics of car mechanics, but even that is not essential. It’s the same with math. You want your car navigation system to give you directions without  your having to do the math yourself. You want your phone to work without your having to understand signal processing and error-correcting codes.


Some of us, however, need to know how to do the math, or none of these wonders could function. It would be great if the rest of us were aware of just how strongly we rely on mathematics in our daily lives; the problem with putting math so far behind the scenes is that many people have no idea it’s there at all.


I sometimes think that the best way to change the public attitude to math would be to stick a red label on everything that uses mathematics. “Math inside.” There would be a label on every computer, of course, and I suppose if we were to take the idea literally, we ought to slap one on every math teacher. But we should also place a red math sticker on every airline ticket, every telephone, every car, every airplane, every traffic light, every vegetable . . .


Vegetable?


Yes. The days when farmers simply planted what their fathers had planted, and their fathers before them, are long gone. Virtually any plant you can buy is the outcome of a long and complicated commercial breeding program. The whole topic of “experimental design,” in the mathematical sense, was invented in the early 1900s to provide a systematic way to assess new breeds of plants, not to mention the newer methods of genetic modification.


Wait. Isn’t this biology?


Biology, sure. But math, too. Genetics was one of the first parts of biology to go mathematical. The Human Genome Project succeeded because of a lot of clever work by biologists, but a vital feature of the entire project was the development of powerful mathematical methods to analyze the experimental results and reconstruct accurate genetic sequences from very fragmentary data.


So, vegetables get a red sticker. Just about everything there is gets a red sticker.


You go to movies? Do you like the special effects? Star Wars, Lord of the Rings? Mathematics. The first full-length computer-animated movie, Toy Story, led to the publication of about twenty research papers on math. “Computer graphics” isn’t just computers making pictures; it’s the mathematical methods that make those pictures look realistic. To do that, you need three-dimensional geometry, the mathematics of light, “in-betweening” to interpolate a smooth series of images between a start and a finish, and lots more. “Interpolation” is a mathematical idea. Computers are clever engineering, but they don’t do anything useful without a lot of clever math. Red sticker.


And then, of course, there’s the Internet. If anything makes use of math, it’s the Internet. The main search engine at the moment, Google, was founded on a mathematical method for working out which web pages are most likely to contain the information required by a user. It’s based on matrix algebra, probability theory, and the combinatorics of networks.


But the math of the Internet is much more fundamental than that. The telephone network relies on math. It’s not like the old days when switchboard operators literally connected calls by plugging phone lines in by hand. Today those lines have to carry millions of messages at once. There are so many of us, all wanting to talk to our friends or send faxes or access the Internet, that we have to share the phone lines and the suboceanic cables and the satellite relays, or the network wouldn’t be able to carry all that traffic. So each conversation is broken up into thousands upon thousands of short pieces, and only one piece in a hundred is actually transmitted. At the other end, the missing ninety-nine pieces are restored by filling in the gaps as smoothly as possible (it works because the samples, though short, are very frequent, so that the sounds you make when you speak change much more slowly than the interval between samples). Oh, and the entire signal is coded so that any transmission errors can not only be detected, they can be put right at the receiving end.


Modern communications systems simply would not work without a huge quantity of math. Coding theory, Fourier analysis, signal processing . . .


Anyway, you go onto the Internet to get a plane ticket, book your flight and turn up at the airport, hop on the plane, and away you go. The plane flies because the engineers who designed it used the mathematics of fluid flow, aerodynamics, to make sure it would stay up. It navigates using a global positioning system (GPS), a system of satellites whose signals, analyzed mathematically, can tell you where you are to within a few feet. The flights have to be scheduled so that each plane is in the right place when it is next needed, rather than somewhere on the far side of the globe, and that, again, requires yet other areas of math.


And so, Meg, my dear, it goes. You asked me whether mathematicians are all shut away in universities, or whether some of them do work related to real life. Your entire life bobs like a small boat on a vast ocean of mathematics.


But hardly anyone notices. Hiding the math away makes us all feel comfortable, but it devalues mathematics. That is a shame. It makes people think that math isn’t useful, that it doesn’t matter, that it’s just intellectual games without any true significance. Which is why I’d like to see those red stickers. In fact, the best reason not to use them is that most of the planet would be covered with them.


Your third question was the most important, and the saddest. You asked me whether you would have to give up your sense of beauty to study mathematics, whether everything would become just numbers and equations to you, laws and formulas. Rest assured, Meg, I don’t blame you for asking this, since it’s unfortunately a very common idea, but it couldn’t be more wrong. It’s exactly the opposite of the truth.


What math does for me is this: It makes me aware of the world I inhabit in an entirely new way. It opens my eyes to nature’s laws and patterns. It offers an entirely new experience of beauty.


When I see a rainbow, for instance, I don’t just see a bright, multicolored arc across the sky. I don’t just see the effect of raindrops on sunlight, splitting the white light from the sun into its constituent colors. I still find rainbows beautiful and inspiring, but I appreciate that there’s more to a rainbow than mere refraction of light. The colors are, so to speak, a red (and blue and green) herring. What require explanation are the shape and the brightness. Why is a rainbow a circular arc? Why is the light from the rainbow so bright?


You may not have thought about those questions. You know that a rainbow appears when sunlight is refracted by tiny droplets of water, with each color of light being diverted through a slightly different angle and bouncing back from the raindrops to meet the observing eye. But if that’s all there is to a rainbow, why don’t the billions of differently colored light rays from billions of raindrops just overlap and smear out?


The answer lies in the geometry of the rainbow. 

When the light bounces around inside a raindrop, the spherical shape of the drop causes the light to emerge with a very strong focus along a particular direction. Each drop in effect emits a bright cone of light, or, rather, each color of light forms its own cone, and the angle of the cone is slightly different for each color. When we look at a rainbow, our eyes detect only the cones that come from raindrops lying in particular directions, and for each color, those directions form a circle in the sky. So we see lots of concentric circles, one for each color.


The rainbow that you see and the rainbow that I see are created by different raindrops. Our eyes are in different places, so we detect different cones, produced by different drops.


Rainbows are personal.


Some people think that this kind of understanding “spoils” the emotional experience. I think this is rubbish. It demonstrates a depressing sort of aesthetic complacency. People who make such statements often like to pretend they are poetic types, wide open to the world’s wonders, but in fact they suffer from a serious lack of curiosity: they refuse to believe the world is more wonderful than their own limited imaginations. Nature is always deeper, richer, and more interesting than you thought, and mathematics gives you a very powerful way to appreciate this. The ability to understand is one of the most important differences between human beings and other animals, and we should value it. Lots of animals emote, but as far as we know, only humans think rationally. I’d say that my understanding of the geometry of the rainbow adds a new dimension to its beauty. It doesn’t take anything away from the emotional experience.


The rainbow is just one example. I also look at animals differently, because I’m aware of the mathematical patterns that underlie their movements. When I look at a crystal, I am aware of the beauties of its atomic lattice as well as the charm of its colors. I see mathematics in waves and sand dunes, in the rising and the setting of the sun, in raindrops splashing in a puddle, even in birds sitting on telephone cables. And I’m aware—dimly, as if looking out over a foggy ocean—of the infinity of things we don’t know about these everyday wonders.


Then there’s the inner beauty of mathematics, which should not be underrated. Math done “for its own sake” can be exquisitely beautiful and elegant. Not the “sums” we all do at school; as individuals those are mostly ugly and formless, although the general principles that govern them have their own kind of beauty. It’s the ideas, the generalities, the sudden flashes of insight, the realization that trying to trisect an angle with straightedge and compass is like trying to prove that 3 is an even number, that it makes perfect sense that you can’t construct a regular seven-sided polygon but you can construct one with seventeen sides, that there is no way to untie an overhand knot, and why some infinities are bigger than others whereas some that ought to be bigger are actually equal, that the only square number (other than 1, if you want to be picky) that is the sum of consecutive squares, 1 + 4 + 9 + . . ., is the number 4900.


You, Meg, have the potential to become an accomplished mathematician. You have a logical mind and also an inquiring one. You’re not convinced by vague arguments; you want to see the details and check them out for yourself. You don’t just want to know how to make things work, you want to know why they work. And your letter made me hope that you’ll come to see mathematics as I see it, as something fascinating and beautiful, a way of seeing the world that is like no other.


I hope this sets the scene for you.




Yours,
 Ian
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How I Almost Became a Lawyer






Dear Meg, 


You ask how I got into mathematics. As with anyone, it was a combination of talent (there’s no point in being modest), encouragement, and the right sort of accident, or more accurately, being rescued from the wrong sort of accident.


I was good at math from the start, but when I was seven, I very nearly got put off the subject for life. There was a math test, and we were supposed to subtract the numbers, but I did the same as the previous week and added them. So I got a zero and was put in the lower section of the class. Because the other kids in that section were hopeless at math, we didn’t do anything interesting. I wasn’t being challenged, and I got bored.


I was saved by two things: a broken bone and my mom.


One of the other kids pushed me over in the playground as part of a game, and I broke my collarbone. I was out of school for five weeks, so Mom decided to make good use of the time. She borrowed the arithmetic book from the school, and we did some remedial work. Because I couldn’t write—my right hand was in a sling—I dictated the numbers, and she wrote them in the exercise book.


My mother was rather sensitive about schooling. Her own education had been pretty much ruined by the mistaken good intentions of a well-meaning but unimaginative school inspector. Because she was quick on the uptake, she was advanced rapidly through the grades until, by the age of eight, she was in with a class of ten-year-olds. The school inspector came by one day, observed the class, and asked the intelligent little girl who was answering all the questions, “How old are you, my dear?” On being told “eight,” he informed the school principal that the bright little girl must stay in the same class for three years in a row, until the other kids her age caught up with her. He wasn’t trying to hold her back academically; he was worried that she was out of her depth socially. But repeating the same lessons three years in a row killed off my mother’s interest in school; all she learned was how to goof off.


Later she worked out what had happened, but by then it was too late. She wanted to be an English teacher, but she failed her chemistry exam. In those days, in the United Kingdom, failing just one subject, even one that was totally irrelevant to the subject you wanted to teach, meant that you could not train as a teacher.


My mother was determined that nothing similar should happen to me. She knew I was clever; she’d taught me to read when I was three. After we had done 400 math problems and I’d gotten 396 of them right, she took the exercise book into school, showed it to the head teacher, and demanded that I be moved into the top section of the math class.


When my collarbone healed and I went back to school, I was ten weeks ahead of the rest of the class in math. We’d overdone it a bit. Fortunately, I didn’t suffer too much while the class caught up.


My teacher wasn’t a bad teacher. In fact, he was a very kind man. But he lacked the imagination to realize that he’d put me in the wrong section, and that his mistake was going to damage my education. I’d gotten a zero on the test because I was careless, not because I didn’t understand the material. If he’d simply told me to read the questions carefully, I’d have gotten the point.


I was lucky then, thanks mostly to my mother’s good sense and willingness to fight for me. But I also owe a debt to my schoolmate for putting me in the hospital. He’d done it quite unintentionally—we were all shoving each other around—but it saved my mathematical bacon.


After that I had several really brilliant math teachers. And those, let me tell you, are rare. There was one named W. E. Beck (we nicknamed him “spider”) whose Friday math test was a long-standing institution. Those were not easy tests. They were graded out of twenty points, and as the weeks passed, each kid’s grades were added up. The kids who were good at math were desperate to come in first for the year; the others were just desperate. I’m not sure it was acceptable educational practice—in fact I’m sure it wasn’t—but the competitive element was good for me and a few buddies.


One of Beck’s rules was that if you missed a test, even if you were sick, you got zero. No excuses. So those of us who were in the running needed to make every point count. We knew we needed a cushion, since you weren’t safe unless you were ahead by more than twenty points. So you absolutely did not lose points by making silly mistakes. You read every question, made sure you’d done what was asked, checked everything, and then you checked it again.


Later, when I was sixteen, I had a math teacher named Gordon Radford. Normally he was lucky to get one boy who was really talented at math, but in my class there were six of us. So he spent all of his free periods teaching us extra math, outside the syllabus. During the regular math lessons he told us to sit at the back and do our homework; not just math, any homework. And to shut up. Those lessons weren’t for us; we had to give the others a chance.


Mr. Radford opened my eyes to what math was really like: diverse, creative, full of novelty and originality. And he did one more crucial thing for me.


In those days, there was a public entrance exam called a State Scholarship that provided funding to go to college. You still needed to be offered a place, but a State Scholarship was a big step in the right direction. In the last year that State Scholarships were to be offered, I and two friends were a year too young to take the exam. Mr. Radford had to persuade the headmaster to put us in for the exam one year early, something the headmaster never did.


One morning when my two friends and I arrived at school, Mr. Radford told us we would be joining the class one year ahead of us to take a “mock exam” for the State Scholarship in math. A practice run. The older kids had done a year’s more math and had been practicing for weeks; we had five minutes’ warning. I came in first, and my friends were second and third.


So the headmaster had no choice but to let us take the exam for the State Scholarship. After all, he was letting the older kids take it, and we had proved we were better prepared for it than they were.


All three of us were awarded State Scholarships.


At that point Mr. Radford got in touch with David Epstein, whom he had taught some years before and who had become a mathematician at Cambridge University, along with Oxford, the United Kingdom’s leading university, especially renowned for its math.


“What do I do with this boy?” Gordon asked.


“Send him to us,” said David.


So I went to study math at Cambridge, the home of Isaac Newton, Bertrand Russell, and Ludwig Wittgenstein (along with many lesser lights), and I never looked back.


Some careers seem to accumulate people who might easily have preferred to do something else. You will run into people who tell you that they practice law as a day job but they are really novelists or playwrights or jazz trombonists. Other people can’t settle on something, or they see their careers in more purely practical terms, and they drift into human resources management or advertising sales. Which is not to say that these people are not dedicated or fulfilled in what they do, but few of them consider their work a calling.


No one drifts into being a mathematician. On the contrary, it’s a pursuit from which even the talented are too easily turned away. If I hadn’t broken my collarbone, if Mr. Beck hadn’t fostered all-out competition among his students, if there hadn’t been an unusually large group of strong students for Mr. Radford to promote— and if he hadn’t done it so aggressively—instead of writing you today I might be telling your parents how to save more on their tax return. And perhaps no one, least of all me, would suspect that things could have turned out differently.


In short, Meg, you should not expect your teachers to look at you once and simply see, in a brief glance, how bright you are. You should not expect them to unerringly spot your talents and know where they might lead you.

Some will, and you will be grateful to them for the rest of your life. But others, sadly, can’t tell, or don’t much care, or are caught up in their own worries and resentments. Then again, the ones who stand in awe of your gifts are not the ones from whom you will ultimately learn the most. The best teachers will occasionally, perhaps more than occasionally, make you feel a bit stupid.
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