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Meet the authors

Welcome to the world of number training: a place where your mental muscles will be flexed like never before. Get ready to take your thinking skills in some exciting new directions and to feel better than ever about the strength of your brain.

To us – a brain trainer and a maths professor – ‘number training’ means building up your brain power to get the most out of mathematical thinking. By exploring the rich universe of maths, mastering some key techniques and getting a feel for the way the best mathematicians’ minds work, we’re confident that you can learn ways of using your own brain better. The thinking tricks you collect here will equip you to cope with more of the maths life throws your way, but they’ll also boost your overall mental strength and agility and give you an edge in many different sorts of challenge.

Put simply, we think it’s good for your brain to think about maths. We want to show you that numbers can delight, divert, but also develop your thinking. When you know how to find and exploit them, the opportunities to train your brain with numbers are infinite (and infinity is just one of the challenging concepts your maths mind is about to tackle).

So, whatever your previous experience has been, we think you’ll be surprised by just how good your mathematical thinking can be now – and how much it can add to your life. We hope our book entertains, surprises, challenges and inspires, and takes you that bit closer to your goal of having a well-trained brain.





1: In one minute


Number training helps you to use your brain better. It’s healthy, useful, impressive, fun… and to prove it:

Hand your friend a calculator – and, as you do so, secretly spot a number between 1 and 100 somewhere in the room.


	Number training will get you noticing and exploring numbers wherever they appear.



Ask your friend to say any three-digit number and to enter it into the calculator. Then, to multiply it by ten, subtract their number, divide this result by their number, square the answer, and add 19.


	
Number training will help you to explain these processes clearly, and to give all the instructions from memory.



Now secretly, mentally, subtract your secret number from 100.


	
Number training will sharpen all your calculating skills.



Whatever answer you get, tell your friend to take this number away from the running total. Then, just as they hit the equals key, go over to your number, point to it, and listen out for a gasp of astonishment as the same number appears on the calculator screen.


	Number training will take your mental confidence to a whole new level.



Exploring numbers reveals powerful ways to use your brain, stretching your thinking skills in every direction and activating some truly impressive abilities. Prepare to amaze yourself with what you can do. When you know how to make the most of it, maths can be mind-bending and magical.




Introduction to number training

We used to think that our brains simply faded away, the precious cells disappearing inevitably over time, like sand through an hourglass. The life-story of the brain was pretty depressing – until, in recent years, neuroscience began to paint a much rosier picture. The human brain was revealed to be ‘plastic’: still undergoing a great deal of change over a lifetime, due to environment and experience, but capable of changing for the better. The big news was that key areas could be physically strengthened by the way they’re used. Suddenly we realized it was possible for us to rewire our brains to match our needs, boosting processing power and extending thinking skills. It was a thrilling idea, and the basis for the whole brain-training revolution.

But can the puzzles and exercises in books, newspapers and computer games really ‘train your brain’ as a whole – or do they just improve your skills at those particular challenges? Will brain training ever have any real impact on areas of thought that you haven’t practised? Initial claims about the wide-reaching benefits of brain training – especially this very attractive promise of general improvement, or ‘far transfer’ – have been thrown into question recently by a number of studies. Doing Sudoku puzzles, crosswords or logic problems certainly makes you better at those things, but whether or not they help you improve in other tasks – even those that share some of the same elements – is unclear.

So, while there’s good evidence about active minds staying active for longer, and even fending off the symptoms of some degenerative conditions, we just don’t know yet if training really can build a better brain overall. But we’re still very confident about the benefits of number training because our approach capitalizes on all the good news from neuroscience: the bits that have been proved beyond doubt.

Practising certain thinking tasks makes you better at them, and can strengthen those particular bits of your brain, so it makes good sense to stretch your mental muscles in every direction imaginable and to develop the widest possible repertoire of skills. Maths offers such a huge range of challenges, with all the key thinking strategies involved in a rich mix of connections and combinations. The puzzles, games and exercises in this book are designed to give your brain a full workout and to help you bring together all the core mental habits necessary for success. Crucially, to keep you practising them, we think the brain-training tasks you choose need to be interesting, stimulating, motivating and inspiring.

Repeating easy calculations at speed may be useful mental exercise, and there are plenty of books and games on the market that will provide you with long lists of questions. You can time yourself, improve your speed and accuracy, and help to keep your basic calculation skills sharp. But we know that number training can go further than that – and needs to, if you’re going to stay with it and enjoy the wide-ranging benefits on offer. There’s so much more to maths than simple sums.

 


	28 is a ‘perfect number’ – equal to the sum of all its factors: 1 + 2 + 4 + 7 + 14 = 28.

	Each of the first ten square numbers is the sum of consecutive odd numbers: for example, 4 (which is 2 × 2) is the sum of 1 and 3; 81 (or 9 × 9) is equal to 1 + 3 + 5 … + 17.

	A number is only divisible by 9 if its digit-sum is too.

	If A is 1, B is 2 and so on, the letters in the word ‘numeracy’ add up to exactly 100!



Check these four facts in your head now and you’re already beginning to stretch some key mental muscles. We want this book to demonstrate the fun you can have with maths when you start learning its secrets and tricks. We include examples from the lives of history’s greatest mathematical minds, stories of long-held obsessions with theorems and conjectures, and thinking challenges that will keep you interested and inspire you to push your brain towards new levels of agility, focus and understanding.

At its best, brain training gives you a real sense of mental wellbeing. You develop new skills, improve your speed and accuracy and feel your brain changing to support your ongoing progress. But you also start to appreciate the benefits in some very practical ways. We want to show you how numbers can explain, simplify, solve, accelerate and improve many aspects of everyday life. With a little guidance, you’ll soon see that maths offers brain-training challenges everywhere you look: opportunities to put your understanding to good use, to build your core thinking skills and keep your brain flexible and sharp.

We’ll show you quick calculation methods to help you get the best shopping deals, techniques for assessing betting odds under pressure, tricks for manipulating numbers to entertain and amaze, strategies for pushing logic to its limits… and underlying all these systems and skills are thinking habits that you can definitely transfer to other tasks – because we’ll show you how.

You may need to brush up on a few aspects of maths to start putting these training methods to use – but don’t worry, numbers don’t really come naturally to anyone.

They’re a human invention, based on natural instincts to count and calculate and understand, but are really just the agreed ways of operating and communicating that we all have to learn. The things you try to do with numbers may be instinctive, but the numbers themselves need to be made to work for you – which is powerful brain training in itself, forcing you to grapple with symbols and systems. You exercise memory, visualization and logic; and, as you start to use the processes, your maths work pushes you to be more creative, to make decisions in new ways, to notice details, recognize patterns, connect different areas of thought, and achieve a brain capable of making not just calculations but conclusions.

Part one explores the important things you need to know about numbers. We explain the system, show you how to work it, and reveal why it can provide such a great workout for your brain.

Part two takes you on a whistle-stop tour of the wider world of maths, picking out areas of interest and challenge wherever they occur: in geometry, algebra, data-handling… It explains how mathematicians’ minds are constantly being stretched by the biggest questions, and explores how your brain can be improved by employing mathematical thinking skills in your own daily life.

The great French philosopher and mathematician Rene Descartes stressed that maths was much more than a particular field of ‘numerical science’. To him, thinking mathematically offered great chances to learn the truth in all the other fields of enquiry – using all the thinking skills at work in a trained brain. He saw the importance of numbers in fields like music, mechanics and astronomy, noticing that they all relied on sequence and measurement that could be explored using mathematical thought. To Descartes, maths was about reasoning, using an agreed, planned language to deliver answers. (So he would have been delighted by all the scientific discoveries made in the twentieth century that had been predicted many years earlier by mathematical minds.)

But what would he have made of our modern-day reliance on technology to do so much of the maths for us? Now that mobile phones can be used to do complex calculations, and supercomputers are testing theories in ways that no human brain can manage, will our mathematical thinking fall by the wayside? Then again, maybe we’re just being released from all the boring bits, the mechanical calculating, and freed to use our mathematical brains in new and exciting ways.

In this book we explore how maths can sharpen your thinking skills, showing why it’s still important to have the key techniques at your fingertips. But times change, brains change, and the most exciting possibilities for us lie in what a number-trained brain can achieve today, going beyond individual calculations to achieve new levels of mental fitness and finding original and intriguing applications for mathematical thought.

Number training puts the ball firmly in your court. A baby’s brain cells may have more interconnections than an adult’s, but your older model has been customized to work in particular ways, its key areas developed and enhanced, and that process can continue throughout your life. Pioneer of brain research Wilder Penfield showed that an individual’s thinking processes become mapped out in different designs, reflecting their unique experiences and needs. Musicians, for example, have more processing capacity relating to the body parts they use the most. Their mental maps for pitch and tone are bigger, the neurons better adapted to differentiating between sounds. Your brain is constantly adapting to the way you use it – so you’d better be using it well!

Training your brain with maths may lead to some helpful changes in your physical brain, but it will certainly sharpen a range of mental areas, including many of the abilities valued by traditional tests of intelligence – such as pattern-finding, code-breaking, orientation and reasoning. Rather than being about how far you went in your education, and the particular systems you may or may not have understood at school, being really good at maths involves visualization, memory, creative thinking… a repertoire of key thinking skills that can have a major impact on all the challenges you turn your mind to.

And at last our education system is catching on. There’s a new emphasis in schools on mental maths, plus a commitment to teaching the core mathematical thinking skills, rather than just particular systems of calculation. Countries that delay the use of written methods are reporting impressive results, one theory being that their children are less bound by the ‘rules’ and more able to choose creatively from a range of possible approaches. It’s a crucial ability to have. Have a go at the following three calculations in your head:

12 + 35         39 + 17         99 + 98

Three straightforward sums – but you may well have found yourself using three different calculating strategies. (The answers, by the way, are 47, 56 and 197.) Developing your mental flexibility is a key goal of number training. We hope you’ll strengthen your understanding of the maths itself along the way, but even more important is your ability to choose from all the strategies at your disposal. With practice, you’ll become more aware of the relationships between numbers, able to spot patterns and parallels, to make clever choices about pursuing answers, and then to use them in the most effective ways.

A trained brain sees the interconnections between many different aspects of maths. Each chapter in the book focuses on one particular area of mathematical thought, but there’s also an ongoing theme about the need to break down barriers and to see where ideas intersect. We hope these new connections will themselves expand your thinking, providing a glimpse of the real beauty of maths as well as an awareness of its powerful presence in the world around you.

From a product’s design to its supermarket barcode, from road layout to traffic-light sequencing, maths is woven into the fabric of daily life. It’s embedded in our language – ‘the third degree’, ‘at sixes and sevens’, ‘the whole nine yards’. Mathematics has influenced architecture and art through the ages. The famous ‘Golden Number’, 1.618, known about more than 2,000 years ago, was used to design Ancient Greek temples and to help artists like Leonardo da Vinci and Piet Mondrian proportion their paintings. The musical scale can be understood as a clear number sequence. Mathematical order is even apparent in the workings of nature. Fibonacci’s famous sequence 0, 1, 1, 2, 3, 5, 8, 13 … (where each number is the sum of the previous two) is seen clearly in the arrangement of seeds on flower heads and the proportions of shell spirals. Cicadas rely on prime numbers to keep their population cycles out of synch with their predators. There are patterns in nature, revealed by maths, and number training will give you new ways to explore the world, to see beauty in its design, and to stretch all your thinking skills as you investigate maths wherever and whenever it appears.

We want to free you from any fears you might have about maths, so prepare to take a break from some of the written techniques you learned – or tried to learn – at school. Make sure you don’t miss all the opportunities to develop the really important aspects of your mathematical thinking.


Visualization

Question 1: If you attach a string to the corner of an ice-cube and dangle it in a glass of water so that half of it is getting wet, what shape does it make in the water when you look down from above? (Don’t worry if you don’t get this one straight away; it’s hard, but you can do it!)

Question 2: What number is below the 3 on your mobile phone keypad?

Question 3: How many different ways can you replace the drawer of a matchbox?

Number training will improve your ability to visualize: numbers, shapes, movement, pattern… and to pick out the key elements in any question you face. You’ll understand more about what you’re being asked and have new ways to manipulate information on the way to finding the answer.




Memory

The first 20 digits of Pi are 3.1415926535897932384. Give yourself two minutes to memorize them, using any technique that works for you, then cover the numbers and see if you can read them out from memory, in sequence, then in reverse order. What’s the ninth digit after the decimal point? Which three numbers come before 323?

Question 4: Start with 1. Add 17. Divide by 3. Multiply by 2. Add 49. Subtract the number you started with. Divide by 4. Divide by 2. Multiply by 1,000. Add the number of days in March. Whatever number you have in your head now, add together all the digits. Find the square root, then divide by 4. What number do you get at the end?

At various points in the book, we explore the importance of memory in maths: remembering important numbers, recalling times tables, memorizing useful techniques and tricks, and using memory strategies to hold digits in your head through all the steps of a mental calculation. Maths relies on memory – and many of the puzzles and exercises in this book provide excellent opportunities for keeping your memory skills sharp.




The ‘extended mind’

This is a recurring theme in number training: the idea of using and incorporating the physical world in mental calculations. It links to kinaesthetic learning – learning by doing – but takes it a stage further. The aim is to use the body and environment to provide frameworks for thinking that can become internalized – ‘built into’ the brain.



Author insight – Jon

I leave my keys by the front door to help me remember them. The place where they live is almost an extension of my memory. I use the shape of objects around me to solve geometry questions. I may be a maths professor but I still hold up my fingers sometimes to help me count. There are many ways to strengthen and extend your thinking by connecting it to your body, your location, and all the useful props available. We’ve been extending our minds in this way for thousands of years; in fact, it’s helped us develop many of our most important number systems, so it makes sense to use anything we can to structure and support our thinking.






Focused thinking

Maths helps you train your brain to identify the key facts in any sort of problem. You’ll get better at separating the important bits from the red-herrings, intellect from emotion, and learn to recognize the habits of thought that can skew your understanding and wreck your calculations.



Author insight – Jonathan

We had problems with two wooden doors in our house. One was being warped gradually by the warm weather. The other suddenly started to get caught on a floorboard that had started to lift. The higher the floorboard rose, the more the door above it stuck – to the point when it was a real struggle to get into or out of the room. The other door, which I had been much more concerned about, suddenly seemed less of an issue – to the point when I decided to measure it to see if it had actually started to bend back into shape. But no, my tape measure proved that it was also getting worse. The new, similar situation had confused me, affecting my perception of the shape and size of the original problem at hand – and this is an effect often seen in maths. One of my favourite aspects of number training is the way it helps you to avoid distractions and stay focused on the facts.






Logic

Maths is logical, and mathematical thinking is about making an argument that stands up to rigorous testing.



Author insight – Jon

Our everyday language is peppered with words such as ‘when’, ‘if’ and ‘or’. Number training shows you how mathematicians use these ideas to explore and analyse the most complex theories, and offers ways in which you can benefit from the same thinking skills. Test yourself on this idea: there can be no boring numbers. This book has many examples of numbers with special qualities and interesting characteristics, but surely not all numbers can be interesting? Well, let’s suppose there are some uninteresting numbers, and collect them all together in a set. If this set is not empty, then there must be a smallest number in it. But this number has the distinction of being the smallest uninteresting number – which makes it quite interesting. The only logical conclusion is that the set was empty all along, and therefore… that all numbers are interesting!






Creativity

How could you use a 30 cm ruler to measure the height of a tower block? You might divide the building into small sections and then use multiplication to find the total. What if you stood far back enough for the tower block to be exactly hidden behind the ruler: would that tell you anything? Perhaps you could do something with shadows, or the time it took for the ruler to fall if you threw it from the top floor – or simply offer the ruler as a bribe to the building’s owner to tell you the answer.

Logic is central to number training, but there’s still plenty of room for creativity. This book explores some famous questions that have, so far, resisted all logic – including the processing power of supercomputers – and may well require a creative approach if they’re to be beaten. Creative calculating can save time, unearth new maths applications, and extend your thinking skills to solve other sorts of problems in original ways.



Authors’ insight

To solve Fermat’s infamous ‘Last Theorem’, mathematician Andrew Wiles had to borrow creatively from many different areas of maths. Other great maths minds have combined ideas and made surprising connections, gaining inspiration from unlikely places and demonstrating yet more useful thinking habits obtained from the practice of maths.



Every aspect of your maths will be boosted by honing visualization, strengthening memory, using your environment, focusing on facts, trusting logic, expanding creativity… and finding flexible ways to combine these valuable thinking skills. Crucially, these are all skills that can be applied to a range of other challenges in life, generating benefits at every turn, boosting overall mental confidence, and helping you to set up your brain for the success it deserves.

Throughout the book you’ll be meeting characters from different times and places who exemplify these attributes. Look out for the ‘Names in numbers’ feature because these people all have important lessons to pass on: about how to do maths, and about how to push mathematical thinking to the limit.

Within every chapter there are questions to stretch your thinking skills, plus a test at the end: ten maths challenges based on key themes from the chapter along with ideas to keep practising from earlier in the book.

But before you start your training…




Test yourself now

Use the following questions to assess your existing abilities. Do your best with each section, check your answers, and keep a note of your performance: how well you do, but also how good you feel about your skills. You’ll be taking a similar set of tests at the end of the book to help you gauge just how far you’ve come.



VISUALIZATION

Question 1: You have six matches. How can you arrange them to make four equilateral triangles?

Question 2: Without rotating the page, what would the following sequences of numbers and letters look like upside down?

a) 96Npq    

b) 806sHb9    

c) 9Xd60W86q

Question 3 : How many capital letters have at least one line of symmetry?

Question 4: You leave your friend’s house and travel due north, turning right at the traffic lights. You drive in that direction for a few minutes before turning left, right and right again. The road takes you under the railway bridge, then you take a sharp right at the church – at which point you realize you’ve gone wrong, do a 180 degree turn, drive in that direction as far as the museum and turn left into the road where your daughter’s at a birthday party. Assuming that this and all the other roads are straight, which way is your car facing now?




MEMORY

Question 5: Spend one minute memorizing the following grid of numbers.

[image: Image]

Now cover the grid and answer these questions from memory:

 


a) What are the digits in the four corners of the grid?

b) How many sevens are there?

c) Which number is above the nine?

d) What’s the total of the four central digits?



Question 6: Carry out the following five calculations, in order, from memory. Then, work out the letter values of your answers (if 1 = A, 2 = B, etc.) to reveal an appropriate word. Your challenge is to carry out this whole task in your head.

[image: Image]

Question 7: You have one minute to study the shape below.

[image: Image]

Make sure you can’t see the illustration as you answer the following questions from memory.

 


a) How many rectangles appeared in the picture you saw?

b) How many triangles were there?

c) What was the total number of diagonal lines?







EXTENDED MIND

Teach yourself (or revise, if you were shown it at school) the following finger trick to work out the number of days in each calendar month.

Make a fist with one of your hands so that you can see the knuckles of four fingers and the spaces between them. Count through the months in order, touching the first knuckle when you say January, the space next to it for February, the next knuckle on March, and so on – until you mark July on the index finger knuckle. Then go back to the first knuckle for August and continue as before. The significance of this odd-looking activity is that every knuckle represents a month that has 31 days.

Question 8: Now put this technique to the test by working out whether or not the following months have 31 days:

 


a) March

b) October

c) June



And can you do it simply by visualizing your fist? Look at your real fist, then close your eyes and go through the whole month-counting process in your mind’s eye.

 


d) Can you say how many months don’t contain 31 days?






FOCUSED THINKING

Question 9: Al, Bob and Charlie had lunch in the new cafe on the high street. The bill came to £30, so all three men handed over a £10 note. But then the waitress noticed that there’d been mistake. The bill should have been £25; so she simply took five pound coins out of the till, gave one to each of the three men, and kept the other two coins for herself. So… Al, Bob and Charlie had each paid £9, or £27 in total. The waitress had £2 in her pocket. £27 plus £2 comes to £29. So what’s happened to the missing pound?




LOGIC

Question 10: Cannibals caught three explorers as they trekked through the jungle. They told the men they were going to be eaten, unless they could solve a puzzle. The men would have just one chance to avoid being dinner.

The cannibals lined up the men and tied each of them to a stake. The first man could see the backs of the other two. The one in the middle could see his friend in front. The man at the front wasn’t able to see anyone. The three men were then shown five tribal hats: three covered in black fur, the other two white. Each of the men was blindfolded for a moment while a hat was placed on his head and the two spare hats taken away. Finally the blindfolds were removed and the men were told that, in less than a minute, one of them had to work out the colour of his own hat – or it would be dinner-time…

The man at the back said quickly, ‘I don’t know.’ The one in the middle spoke next: ‘I don’t know either.’ But the man at the front smiled. ‘I know,’ he said.

How did he do it – and what colour was his hat?




CREATIVITY

Question 11: Look carefully at this L-shaped arrangement of coins:

[image: Image]

We want there to be four coins in the vertical line and four in the horizontal line. How can you do that – by moving only one coin?

Question 12: Draw one line into the following equation to make it correct:

5 + 5 + 5 = 550

Question 13: When does 11 + 2 = 1?





To check your answers, go to the Answers section at the back of the book.











Part one
Thinking about numbers




1

Mathematical minds: the story so far

In this chapter you will learn:


	about the human instinct to count and calculate

	the history of number systems

	why place value is so important, and the benefits of going beyond base ten

	exercises and games to explore key mental maths techniques.




The numbers of nature

In the curves of rivers, the arrangement of flower petals, the patterns of populations, there’s mathematical order in nature. We respond to this order when we see it, we try to create it when we don’t, and we seem to have a natural urge to quantify, organize and understand the world with numbers.

We’re not the only animals who can count. Crows and magpies, for example, never raid nests where there are four or fewer eggs, because the owner will quickly spot that there’s one missing. A chimpanzee called Amyumu trounced memory expert Ben Pridmore in a test that involved recalling and ordering sets of numbers on a computer screen.


THE BIRTH OF NUMBER THINKING

In humans, counting skills start developing even before birth. Scientists found that babies who were played number rhythms in the womb were better at recognizing and responding to them in the outside world. Anyone who’s spent time with young children will know the fascination they feel for counting – toys, cars, stairs, anything – as they begin to learn how things work and look for ways to describe what they discover. It’s no wonder that so many songs and rhymes are based on numbers and simple sequences, making the most of the comforting regularity of numbers, and our in-built urge to count.

There’s evidence that children need no teaching to learn about one, two, three and four, but stop there. We’re good at recognizing up to four distinct things, but beyond that our brains seem to hit a barrier. Four is as far as egg-stealing birds go; but humans too have problems going further, without help. Psychologists call it the difference between ‘subitizing’ and counting. We can subitize up to four items in a quarter of a second, but then we need a whole second to count every four items after that.
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