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Editors Foreword

The problem of communicating in a coherent fashion recent developments in the most exciting and active fields of physics continues to be with us. The enormous growth in the number of physicists has tended to make the familiar channels of communication considerably less effective. It has become increasingly difficult for experts in a given field to keep up with the current literature; the novice can only be confused. What is needed is both a consistent account of a field and the presentation of a definite “point of view” concerning it. Formal monographs cannot meet such a need in a rapidly developing field, while the review article seems to have fallen into disfavor. Indeed, it would seem that the people who are most actively engaged in developing a given field are the people least likely to write at length about it.


Frontiers in Physics was conceived in 1961 in an effort to improve the situation in several ways. Leading physicists frequently give a series of lectures, a graduate seminar, or a graduate course in their special fields of interest. Such lectures serve to summarize the present status of a rapidly developing field and may well constitute the only coherent account available at the time. One of the principal purposes of the Frontiers in Physics series is to make notes on such lectures available to the wider physics community.

A second way to improve communication in very active fields of physics is by the publication of collections of reprints of key articles relevant to our present understanding. Such collections are themselves useful to people working in the field or to students considering entering it. The value of the reprints is, however, considerably enhanced when the collection is accompanied by a commentary which might, in itself, constitute a brief survey of the present status of the field.

Pienre Ramond has made significant contributions to our understanding of quantum field theory and particle physics. As he has noted in his Preface to this volume, despite the dramatic progress which has been made during the past decade in developing both new methods and applications of quantum field theory, few textbooks have been written which cover this material.

The present volume should go a long way toward bridging this gap, since it emphasizes the structure and methods of perturbation field theories, while discussing both renormalization theory and the evaluation of Feynman’s diagram for guage theories at a level suitable for the beginning graduate student, with no important steps left out of the key derivations and problems at the end of each chapter.

It is a pleasure to welcome him as a contributor to this Series.

 



Editor’s Foreword to Second Edition

 



During the past eight years, Pierre Ramond’s informal text-monograph has been an invaluable pedagogical resource for the particle physics community, as well as for many physicists working in other fields, who have used it as a primer in the basic techniques of modern quantum field theory. The appearance of a second edition, with significant new material on finite temperature field theory, gravity as guage theory, and field theoretic anomalies, further enhances its usefulness, and will be warmly received by his readers, old and new.

 



 




David Pines 
Urbana, Illinois 
June, 1988







Preface

Since ’t Hooft proved the renormalizability of Yang-Mills theories, there has been a consequent dramatic increase in both the methods and the applications of Quantum Field Theory. Yet, few textbooks have been written in the intervening. years, so that the student of Field Theory is left to depend on the original literature or on one of the many excellent reviews on the subject. Unfortunately these are often written for the specialist rather than for the neophyte. These notes, based on a one-year graduate course in Field Theory offered at Caltech between 1978 and 1980, aim to fill this gap by introducing in a straightforward, calculational manner some of the tools used by the modern Field Theorist.

It is no longer possible to present perturbative Field Theory pedagogically in one year—the days of the standard one-year course based on QED are gone forever. Thus these notes cover only a selected set of topics. A modern presentation must consist of at least three parts—a first course emphasizing the structure and methods of perturbative Field Theories, with the intent of acquainting the student with renormalization theory and the evaluation of Feynman diagrams for gauge theories,—a second course dealing with applications of gauge theories, centering around perturbative calculations in Quantum Chromodynamics (QCD), Flavor Dynamics (Glashow-Weinberg-Salam model), and possibly Grand Unified Theories, and finally a third course on non-perturbative techniques. These notes address themselves to the first part, concentrating at an elementary level first on Classical Field Theory including a detailed discussion of the Lorentz group, Dirac and Majorca masses and supersymmetry, followed by a presentation of regularization methods, renormalization theory and other formal aspects of the subject. The approach is calculational—no proof of renormalizability is given, only plausibility arguments. Renormalization is treated in great detail for λφ4 theory, but only lightly for gauge theories. The passage from Classical to Quantum Field Theory is described in terms of the Feynman Path Integral, which is appropriate to both perturbative and non-perturbative treatments. Also the ζ—function technique for evaluating functional determinants is presented for simple theories. 


The material is discussed in sufficient detail to enable the reader to follow every step, but some crucial theoretical aspects are not covered such as the Infrared Structure of unbroken gauge theories, and the description of calculations in broken gauge theories. Still it is hoped that these notes will serve as an introduction to the perturbative evaluation of gauge theories. Problems are included at the end of each section, with asterisks to denote their degree of difficulty. A bibliography is included to provide a guide for farther studies.

I would like to express my gratitude to Professor S. Frautschi and J. Harvey for their diligent reading of the manuscript and constructive criticisms. Also special thanks go to E. Corrigan and J. Harvey for teaching me ζ—function techniques, as well as to the students of Phys. 230 for their patience and their numerous suggestions. Finally, these notes would not have seen the light of day had it not been for the heroic efforts of two modern day scribes, Roma Gaines and Helen Tuck, to whom I am deeply grateful.

 



 




P. Ramond 
Pasadena, Summer 1980







Preface to the Second Edition

In this second edition I have added three more topics. First an elementary discussion of finite temperature field theory using path integral techniques. I have deemed this step necessary because of the confluence between cosmology and particle physics. Secondly, in response to modern(?) trends in unifying all interactions, and because of the lack of similar treatments in books, I have included a section which introduces classical gravity as yet another (special) type of gauge theory. Finally I have rectified a great omission in the first edition by adding a discussion of anomalies using both perturbative and path integral techniques. I hope that these additions will serve to enhance the value of this book as a primer in the methods of quantum field theory. I have also made many mini-changes to improve the clarity of the presentation.

I wish to thank the many who sent me comments, corrections, and suggestions, particularly E. Braaten, T. DeGrand, W. Dittrich, P. Ensign, D. Harari, J. Ipser, G. Kleppe, L. Heck, W. Moreau, D. Murdoch, L. Ryder, P. Sikivie, R. Viswanathan, D. Zoller, and M. Wolf. Also thanks are due to Mrs. Y. Dixon for typing the new sections, and to Roger “(TEX)” Gilson for retyping the original manuscript. I also thank S. Carbon, O. W. Greenberg, Jaewan Kim, and B. Wright for pointing out corrections for the second printing. Further corrections from W. Bietenholz, W. Dittrich and J. Linde are gratefully acknowledged, and incorporated in the third printing.

 



 




P. Ramond 
Gainesville, Spring 1988 
Spring 1990, second printing 
Fall 1996, third printing







CHAPTER 1


How to Build an Action Functional




1.1 The Action Functional: Elementary Considerations

It is a most beautiful and awe-inspiring fact that all the fundamental laws of Classical Physics can be understood in terms of one mathematical construct called the Action. It yields the classical equations of motion, and analysis of its invariances leads to quantities conserved in the course of the classical motion. In addition, as Dirac and Feynman have shown, the Action acquires its full importance in Quantum Physics. As such, it provides a clear and elegant language to effect the transition between Classical and Quantum Physics through the use of the Feynman Path Integral (FPI).

Thus our task is clear: we first study the art of building acceptable Action functionals (AF) and later derive the quantum properties of the system a given AF describes by evaluating the associated Feynman Path Integral (FPI).

For a start, examine the AF for an elementary system: take a point particle, with position vector xi(t) (i = 1, 2, 3), at a time t, moving in a time independent potential V(xi). The corresponding AF is given by

[image: 002]

(1.1.1)

It is a function of the initial and final times t1 and t2 and a functional of the path xi(t) for t1 < t < t2. Repeated Latin indices are summed over. This means that to a given path xi(t), we associate a number called the functional (in this case S). Functional relationship will be indicated by square brackets [···]. For instance, the length of a path is a functional of the path.

Consider the response of S to a small deformation of the path

[image: 003]

(1.1.2)

Then

[image: 004]

(1.1.3)

Neglect terms of O(δx)2 and use the chain rule to obtain

[image: 005]

(1.1.4)

[image: 006]

(1.1.5)

[Here [image: 007]]. Thus

[image: 008]

(1.1.6)

The last term is just a “surface” term. It can be eliminated by restricting the variations to paths which vanish at the end points: δxi(t1) = δxi(t2) = 0. With this proviso the requirement that S not change under an arbitrary δxi leads to the classical equations of motion for the system. We symbolically write it as the vanishing of the functional derivative introduced by

[image: 009]

(1.1.7)

That is

[image: 010]

(1.1.8)

Thus we have the identification between equations of motion and extremization of S. Note, however, that extremization of S only leads to a class of possible paths. Which of those is followed depends on the boundary conditions, given as initial values of xi and [image: 011].

A further, and most important point to be made is the correspondence between the symmetries of S and the existence of quantities conserved in the course of the motion of the system. An example will suffice. Take V(xi) to be a function of the length of xi, i.e., r = (xixi)1/2. Then S is manifestly invariant under a rotation of the three-vector xi since it depends only on its length. Under an arbitrary infinitesimal rotation

[image: 012]

(1.1.9)

Now, since S is invariant, we know that δS = 0, but as we have seen above, δS consists of two parts: the functional derivative which vanishes for the classical path, and the surface term. For this particular variation, however, we cannot  impose boundary conditions on δxi(t), so the invariance of S together with the equations of motion yield

[image: 013]

(1.1.10)

As this is true for any ∈ij, it follows that the[image: 014]

(1.1.11)

satisfy[image: 015]

(1.1.12)

and are therefore conserved during the motion. These are, as you know, the components of the angular momentum. An infinitesimal form of the conservation laws can be obtained by letting t2 approach t1. We have just proved in a simple case the celebrated theorem of Emmy Noether, relating an invariance (in this case, rotational) to a conservation law (of angular momentum). To summarize the lessons of this elementary example:1. Classical equations of motion are obtained by extremizing S.

2. Boundary conditions have to be supplied externally.

3. The symmetries of S are in correspondence with conserved quantities and therefore reflect the basic symmetries of the physical system.



This example dealt with particle mechanics: it can be generalized to Classical Field Theory, as in Maxwell’s Electrodynamics or Einstein’s General Relativity.

The Action is just a mathematical construct, and therefore unlimited in its possibilities. Yet, it also affords a description of the physical world which we believe operates in a definite way. Hence, there should be one very special AF out of many which describes correctly what is going on. The problem is to find ways to characterize this unique Action. Noether’s theorem gives us a hint since it allows us to connect the symmetries of the system with those of the functional. Certain asymmetries, such as those implied by the Special Theory of Relativity, are well documented. Thus, any candidate action must reflect this fact. Other asymmetries, such as electric charge conservation, further restrict the form of the AF. It is believed that Nature is partial to certain types of actions which are loaded with all kinds of invariances that vary from point to point. These give rise to the gauge theories which will occupy us later in this course. For the time being, let us learn how to build AF’s for systems that satisfy the laws of the Theory of Special Relativity. Technically, these systems can be characterized by their invariance under transformations generated by the inhomogeneous Lorentz group, a.k.a., the Poincaré group, which is what will concern us next.

PROBLEMS

 



 



NOTES:


• problems are given in order of increasing complexity.

• in the following, use the Action Functional as the main tool, although you may be familiar with more elementary methods of solution.




A. i) Prove that linear momentum is conserved during the motion described by [image: 016]. ii) If [image: 017], find the rate of change of the linear momentum.

B. For a point particle moving in an arbitrary potential, derive the expression for the rate of change in angular momentum.

*C. For a point particle moving in a potential [image: 018], find the invariances of the AF. Hint: recall that the Newtonian orbits do not precess, which leads to a non-trivial conserved quantity, the Runge-Lenz vector.

*D. Given an AF invariant under uniform time translations, derive the expression for the associated conserved quantity. Use as an example a point particle moving in a time-independent potential. What happens if the potential is time-dependent?






1.2 The Lorentz Group (A Cursory Look)

The postulates of Special Relativity tell us that the speed of light is the same in all inertial frames. This means that if xi is the position of a light signal at time t in one frame, and the same light ray is found at [image: 019] at time t‘ in another frame, we must have

[image: 020]

(1.2.1)

The set of linear transformations which relate [image: 021] to (xi, t) while preserving the above expressions form a group called the Lorentz group (see problem). Choose units such that c = 1, and introduce the notation[image: 022]

i.e.


[image: 023]

In this compact notation, s2 can be written as[image: 024]

(1.2.2)

where the metric gμν = gνμ is zero except for μ = ν when g00 =—g11 =—g22 = —g33 = 1. Repeated indices are summed except when otherwise indicated. Then Eq. (1.2.1) becomes

[image: 025]

(1.2.3)

Now look for a set of linear transformations[image: 026]

(1.2.4)

which preserves s2. The Λμν must therefore satisfy

[image: 027]

(1.2.5)

As (1.2.5) must hold for any xμ, we conclude that

[image: 028]

(1.2.6)

It is more convenient for certain purposes to use a matrix notation: regard xμ as a column vector x and gμν as a matrix g. Then[image: 029]

(1.2.7)

and[image: 030]

(1.2.8)

where L is the matrix equivalent of the Λμν coefficients, and T means the transpose. The L’s must obey[image: 031]

(1.2.9)

to be Lorentz transformations (LT). Examine the consequences of Eq. (1.2.9). First take its determinant[image: 032]

(1.2.10)

from which we deduce that

[image: 033]

(1.2.11)

The case det L = 1(—1) corresponds to proper (improper) LT’s. As an example, the LT given numerically by L = g is an improper one; physically it corresponds to x0 → x0, xi →—xi, i.e., space inversion. Second, take the 00 entry of Eq. (1.2.6)[image: 034]

(1.2.12)

which shows that

[image: 035]

(1.2.13)

When Λ00 ≥ 1, the LT’s are said to be orthochronous , while Λ00 ≤ -1 gives non-orthochronous LT’s. It follows then that LT’s can be put in four categories (see problem):





	1)
	proper orthochronous, called restricted [image: 036]

	with det L = +1, Λ00 ≥ 1



	2)
	proper non-orthochronous [image: 037]

	with det L = +1, Λ00 ≤ -1



	3)
	improper orthochronous [image: 038]

	with det L =—1, Λ00 ≥ 1



	4)
	improper non-orthochronous [image: 039]

	with det L =—1, Λ00 ≤ -1.





Let us give a few examples:a. Rotations: x‘0 = x0, x’i = aijxj with aij an orthogonal matrix. Then we can write L in the block form[image: 040]

(1.2.14)

so that det L = det a. We can have det a = ±1, corresponding to proper and improper rotations, with L belonging to [image: 041] and [image: 042], respectively.

b. Boosts: the transformations[image: 043]

(1.2.15)

describe a boost in the 1-direction. Then in 2 x 2 block form[image: 044]

(1.2.16)

[image: 045]

(1.2.17)

[image: 046]

(1.2.18)

This transformation therefore belongs to [image: 047]. Note that the identification[image: 048]

(1.2.19)

where v is the velocity of the boosted frame leads to the more familiar form. 




c. Time inversion: defined by x‘0 =—x0, x’i = xi. It has det L =—1, Λ00 = -1, and therefore belongs to [image: 049].

d. Full inversion: defined by x‘μ =—xμ. It has detL = +1, Λ00 = -1, and belongs to [image: 050]. Full inversion can be obtained as the product of a space and a time inversion.



Any Lorentz transformation can be decomposed as the product of transformation of these four types (see problem). Thus, it suffices to concentrate on rotations and boosts. Since there are three rotations and three boosts, one for each space direction, the Lorentz transformations are described in terms of six parameters. We now proceed to build the six corresponding generators. Consider an infinitesimal LT[image: 051]

(1.2.20)

where δμν is the Kronecker delta which vanishes whenμ≠νand equals +1 otherwise. Evaluation of Eq. (1.2.6) yields to O(∈)

[image: 052]

(1.2.21)

We use the metric gμν to lower indices, for example

[image: 053]

(1.2.22)

Equation (1.2.21) becomes[image: 054]

(1.2.23)

that is, ∈μν is an antisymmetric tensor with (as advertised) [image: 055] independent entries. Introduce the Hermitian generators[image: 056]

(1.2.24)

where

[image: 057]

(1.2.25)

In terms of these we can write

[image: 058]

(1.2.26)

It is easy to see that the Lμν’s satisfy a Lie algebra[image: 059]

(1.2.27)

to be identified with the Lie algebra of SO(3, 1). The most general representation of the generators of SO(3, 1) that obeys the commutation relations (1.2.27) is given by[image: 060]

(1.2.28)

where the Hermitian Sμν satisfy the same Lie algebra as the Lμν and commute with them. The Hermitean generators Mij for i, j = 1, 2, 3 form an algebra among themselves[image: 061]

(1.2.29)

which is that of the rotation group SU(2). A more familiar expression can be obtained by introducing the new operators[image: 062]

(1.2.30)

where ∈ijk is the Levi-Cività symbol, totally antisymmetric in all of its three indices, and with ∈123 = +1. (Repeated Latin indices are summed over.) Then, we find

[image: 063]

(1.2.31)

Define the boost generators

[image: 064]

(1.2.32)

It follows from the Lie algebra that

[image: 065]

(1.2.33)

[image: 066]

(1.2.34)

Here, both Ki and Ji are Hermitian generators; the Ki are non-compact generators. We can disentangle these commutation relations by introducing the new linear combinations

[image: 067]

(1.2.35)

Although not Hermitian, Ni [image: 068], they have the virtue of yielding simple commutation relations

[image: 069]

(1.2.36)

[image: 070]

(1.2.37)

[image: 071]

(1.2.38)

This means that the Ni and the [image: 072] independently obey the Lie algebra of SU(2). We can therefore appeal to its well-known representation theory. In particular, we have two Casimir operators (operators that commute with all the generators)[image: 073]

and [image: 074]

where m, n = 0, 1/2, 1, 3/2, ···, using well-known results from the representtion theory of the SU(2) (spin) group. These representations are labelled by the pair (n, m) while the states within a representation are further distinguished by the eigenvalues of N3 and [image: 075]. Observe that the two SU(2)’s are not independent as they can be interchanged by the operation of parity, P:[image: 076]

and the operation of Hermitian conjugation which changes the sign of i and therefore switches Ni to [image: 077]. In general, representations of the Lorentz group are neither parity nor (Hermitean) conjugation eigenstates. Since [image: 078], we can identify the spin of the representation with m + n. As an example, consider the following representations:a. (0, 0) with spin zero is the scalar representations, and it has a well-defined parity (can appear as scalar or pseudoscalar):

b. [image: 079] has spin [image: 080] and represents a left-handed spinor (the handedness is a convention):

c. [image: 081] describes a right-handed spinor.



These spinors have two components (“spin up” and “spin down”); they are called Weyl spinors. When parity is relevant, one considers the linear combination [image: 082], which yields a Dirac spinor.

The fun thing is that given these spinor representations, we can generate any other representation by multiplying them together. This procedure is equivalent to forming higher spin states by taking the (Kronecker) product of many spin [image: 083] states in the rotation group. Let us give a few examples:a. [image: 084] In tensor notation it will be written as a 4-vector.

b. [image: 085] . Here the scalar representation is given by the antisymmetric product. The new representation (1, 0) is represented by an antisymmetric, self-dual second rank tensor, i.e., a tensor Bμν which obeys[image: 086]

(1.2.39)

[image: 087]

(1.2.40)

where ∈μνpϭ is the Levi-Cività symbol in four dimensions with ∈0123 = +1, and total antisymmetry in its indices. The (0, 1) representation would correspond to a tensor that is antiself-dual


[image: 088]

(1.2.41)






For example, Maxwell’s field strength tensor Fμν transforms under the Lorentz group as (0, 1) ⊕ (1, 0).

Finally, let us emphasize an important point. Suppose that we had considered LT’s in the so-called “Euclidean space”, where t is replaced by [image: 089]. Then the commutation relations would have gone through except that gμν would have been replaced by—δμν, the Kronecker delta, giving the Lie algebra of SO(4), the rotation group in four dimensions. The split-up of two commuting SU(2) groups is now achieved with the Hermitian combinations Ji ± Ki. These two SU(2)’s are completely independent since they cannot be switched by conjugation. Parity can still relate the two, but it loses much of its interest in Euclidean space where all directions are equivalent.

 



PROBLEMS


A. Show that the Lorentz transformations satisfy the group axioms, i.e., if L1 and L2 are two LT’s so is L1L2; the identity transformation exists, and if L is an LT, so is its inverse L—1.

B. Show that det L and the sign of Λ00 are Lorentz-invariant, and can therefore be used to catalog the Lorentz transformations.

C. Show that if L is a restricted LT (det L = +1, Λ00 ≥ 0), all Lorentz transformations can be written in the formsL x space inversion for [image: 090],

L x time inversion for [image: 091],

L x space inversion x time inversion for [image: 092].




D. Show that a restricted Lorentz transformation can be uniquely written as the product of a boost and a rotation.

*E. Index shuffling problem: Show that the components of a self-dual antisymmetric second rank tensor transform among themselves, i.e., irreducibly under the Lorentz group.






1.3 The Poincaré Group

Another fundamental principle is the invariance of the behavior of an isolated physical system under uniform translation in space and time. (This principle  has to be extended to include arbitrary translations to generate gravitational interactions.) Such a transformation is given by[image: 093]

(1.3.1)

where aμ is an arbitrary constant four-vector. Hence the general invariance group is a ten-parameter group called the Poincaré group, under which

[image: 094]

(1.3.2)

The translation (1.3.1) do not commute with the LT’s. Indeed consider two successive PG transformations with parameters (Λ1, a1) and (Λ2, a2)[image: 095]

(1.3.3)

and we see that the translation parameters get rotated. Nothing surprising here since this is what four-vectors do for a living! Such a coupling of the translation and Lorentz groups is called a semi-direct product. Still, as indicated by their name, the PG transformations form a group (see problem). In order to obtain the algebra of the generators, observe that we can write the change in x under a small translation as[image: 096]

(1.3.4)

[image: 097]

(1.3.5)

where ∈μ are the parameters, and[image: 098]

(1.3.6)

are the Hernitian generators of the transformation. They clearly commute with one another[image: 099]

(1.3.7)

but not with the Lorentz generators (how can they? they are four-vectors!)

[image: 100]

(1.3.8)

The commutation relations (1.3.7), (1.3.8) and those among the Mμν define the Lie algebra of the Poincaré group. The “length” PμPμ of the vector Pρ is obviously invariant under Lorentz transformations and in view of (1.3.7) is therefore a Casimir operator. The other Casimir operator is not so obvious to construct, but as we just remarked, the length of any four-vector which conmutes with the Pν
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