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INTRODUCTION



LET’S BEGIN WITH a riddle. What, exactly, distinguishes you from a chimpanzee?
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Answer: The chimpanzee began as a baby chimp, then grew up, whereas you began as a baby chimp, then stayed that way.


Seriously, look at yourself: furless skin, tiny jaw, enormous rounded cranium—these are traits that our ape cousins lose as they age, yet you have stubbornly kept. No judgment; I’ve done it too. We humans retain childlike traits into adulthood, clinging to what biologist Stephen Jay Gould called “eternal youth.” The technical term is neoteny, and among primates, it’s kind of our calling card. The best part is that we don’t just look like baby chimps. We also act like them: mimicking, exploring, puzzling—in a word, playing.


That, my baby-faced friends, is how we became the geniuses of the primate order. That’s how we built our pyramids, left our footprints on the moon, and recorded our multiplatinum album Abbey Road. Not by outgrowing foolishness, but by refusing to. The secret to our brilliance is that we never stop learning, and the secret to our learning is that we never stop playing.


So, let’s play, shall we?



HOW TO PLAY THIS BOOK


What do you need?


1. A few common household items. I’ve strived for games that require only pen and paper, though for some, you’ll need a bit more. The details are spelled out in each chapter, and summarized in tables in the Conclusion. (Note that dice can easily be simulated; search “roll dice” online.)
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Games counted under their hardest-to-find material. VARIATIONS & RELATED GAMES not included. Offer void where prohibited by law. Though if you’re someplace where the laws prohibit games, you’ve got way bigger problems.


2. Playmates. Plenty of math books are for solo play. Not this one. I wrote it during a year of pandemic-induced “social distancing,” and not surprisingly, the result is a love letter to social togetherness. Thus, except for a few one-player games, you’ll need companions. Also, although I’ve written this book for an audience of old baby chimps like myself, a 10-year-old could enjoy almost every game, and many are suitable for those as young as six.


3. A healthy dose of neoteny. “Many animals display flexibility and play in childhood,” wrote Stephen Jay Gould, “but follow rigidly programmed patterns as adults.” As a math teacher, I admit that our math lessons often seem designed for some other animal, one of those rigid pattern-followers. Perhaps termites. No surprise that such lessons capture our thinking at its worst: paralyzed, plodding, anxious. For this book, forget all that and summon your true nature, your inner baby.


What’s the goal? To bring out the best in human thought.


What are the rules?


1. This book tackles a specific and uniquely human kind of play: games, also known as “play with rules.” They range from those with myriad rules (like Monopoly) to those with just one (like “the floor is lava”), from occasions of merciless competition (like Monopoly) to ones of profound collaboration (like “the floor is lava”), from the worst artifacts of human culture (like Monopoly) to the best (like “the floor is lava”).


For this book, I have sought games with simple, elegant rules that give rise to rich, complex play. You know the saying: “a minute to learn, a lifetime to master.”
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2. What do you mean by “mathematical games?” Good question. I first fielded it from Vito Sauro, one of Minnesota’s friendliest experts in tabletop gaming. Almost every board game, he pointed out, consists of a thematic skin over a mathematical skeleton. Would my book attempt to cover all games that have ever existed?


No, no, I told Vito. A mathematical game, by my definition, is one that makes you go Mmm-mmm, that’s mathy.


Vito considered this (1) a total non-answer, and (2) fairly satisfactory. In any case, I’ve tried to compile timeless games of logic, strategy, and spatial reasoning. My three criteria were: (1) fun, (2) easy to play, and (3) mathematically thought-provoking.1


3. The book has five sections: Spatial Games, Number Games, Combination Games, Games of Risk and Reward, and Information Games. There’s an element of whimsy to these classifications. Don’t think of them as a perfect taxonomy, with each specimen filed away. They’re more a kind of mood lighting, highlighting distinctive features. For example, chess could comfortably belong to any of the five categories—though it’d look a little different under each light.
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Each section begins with a playful essay on the relevant branch of mathematics. After that come five featured games, roughly increasing in complexity (though each new section is a fresh start). Last is a chapter of miscellaneous games described in brief (including some of my very favorites).


4. Each featured game follows the same structure. First, in HOW TO PLAY, I’ll lay out the mechanics, including what you need, the goal, and the rules.


Second, in TASTING NOTES, I’ll elaborate on the flavor of the gameplay, the elusive je ne sais quoi. You may glean a few strategic tips, but that’s not my aim. I’m focused on teasing out the subtle hues and shades of mathematical play, a variety so exquisite that it makes wine look like sad old grape juice.2
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Third, in WHERE IT COMES FROM, I’ll tell you what I know of the game’s origins. Some are ancient and timeless, some are silly and novel, and some are both at once (don’t ask me how that works, it just does).


Fourth, in WHY IT MATTERS, I’ll tell you why this game brings out the best in human thought. Maybe it models the quantum structure of matter. Maybe it reveals the austere beauty of topology or the cold logic of gerrymandering. Maybe it unlocks your inner genius or, better yet, your inner chimpanzee. In any case, I view this as the chapter’s crux, and the book’s driving purpose.


Finally, in VARIATIONS AND RELATED GAMES, I’ll propose a few pleasant directions in which you can wander off to explore. Some are minor rule tweaks, while others are whole new games connected to the original by history, concept, or spirit.
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5. In the book’s Conclusion, there are exhaustive tables of the included games and a crowd-pleasing bibliography written in the form of frequently asked questions.


Oh, and I’ll also explain how I arrived at the unorthodox number of 75¼ games included in this book. If you’re asking, “What’s the quarter game?” then please rest assured: It’s much more complicated than that.


TASTING NOTES FOR THIS BOOK


You can, if you like, treat this as an ordinary work of nonfiction. Turn the pages. Smile politely at the jokes. Mutter to yourself, “Wow, what bad drawings. I sure am getting my money’s worth.” Moving chapter to chapter, front to back, game to game, you’ll have a perfectly pleasant time.


You’ll also miss all the fun.


This book is meant to be played. A human playing with math is like an elephant playing with its trunk, a bird with its wings, or a Batman with its fancy car. It’s a creature doing what it was born to do. Your capacity for mathematical thinking is a gift of extraordinary dimensions, a force unmatched in the animal kingdom, except perhaps by a cat’s capacity for contempt. Please don’t leave this evolutionary present in its wrapping paper. Take it out. Play with it. Or at least, like a cat, play with the wrapping paper.


Most of the games are multiplayer. I hope you find a playmate who shares your curiosity, with whom you can prod and poke the games, analyzing as you go. “Only dead mathematics can be taught where competition prevails,” said the mathematician Mary Everest Boole. “Living mathematics must always be a communal possession.” The way I see it, even competitive games are collaborative projects, in which minds unite to build extraordinary chains of logic and strategy. David Bronstein called this “thinking for two.” Karl Menninger called it “a progressive interpenetration of minds.” I call it “play.”


All that said, this is a book, and I do hope you read it. Each game shines light on a deep truth about mathematics, from the combinatorial explosion to information theory. Those mathematical truths, in turn, shine light on the games. If that all sounds blindingly bright, don’t worry, your eyes will adjust. As the cleric Charles Caleb Colton once wrote, “The study of mathematics, like the Nile, begins in minuteness but ends in magnificence.”


WHERE MATHEMATICAL GAMES COME FROM


The games in this book come from Parisian universities, Japanese schoolyards, Argentine magazines, humble hobbyists, shameless self-promoters, raucous gambling halls, inebriated scholars, and excitable young children. The games are varied because math is varied, silly because math is silly. And the games belong to everyone, because no matter what those daunting formulas and sneering gatekeepers seem to say, math belongs to everyone, too.


By and large, I’ve drawn games from four realms:




1. Traditional children’s pastimes, such as Battleship, Chopsticks, and Dots and Boxes.


2. Recreational hobby games, such as Teeko, Paper Boxing, and Amazons.


3. Concepts devised by mathematicians, such as Sim, Sprouts, and Domineering.


4. Weirdly fun classroom games, such as Neighbors, Outrangeous, and 101 and You’re Done.




How do these games emerge? What sparks a mathematical fire? Having designed nine of the games myself, I ought to know. But there’s no one path, no common origin story. India gave us chess, China gave us go, Madagascar gave us fanorona, and my two-year-old nephew Skander gave us “dance around the puzzle chanting ‘mowawawawa.’”


Why are mathematical games so universal? I truly don’t know. But perhaps it’s because the universe is so mathematical.


Case in point: In 1974, a geneticist named Marsha Jean Falco began drawing symbols on index cards. This was a research tool: Each card represented a dog, and each symbol represented a DNA sequence in that dog’s genome. But as she shuffled and rearranged the cards, all of the specifics fell away. She started to see pure combinations, abstract patterns. The play of logic. The logic of play. “Matter does not engage [mathematicians’] attention,” wrote Henri Poincaré, “they are interested by form alone.” A veterinarian looking over Marsha’s shoulder began asking questions, and before long, Marsha got an idea for a game.


Thus was born a favorite pastime of Stephen Hawking, a favorite research topic among leading mathematicians, and one of the most popular card games of the 20th century: Set.
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That same year, 1974, a Hungarian architect set himself a structural challenge: Could you make a big block out of smaller blocks that moved independently? He tried. He succeeded. And then, on a fateful whim, he stuck colored paper to each side and began twisting. “It was tremendously satisfying to watch this color parade,” he later recalled. But eventually, “like after a nice walk when you have seen many lovely sights, I decided it was time to go home… [L]et us put the cubes back in order.”


He tried. He failed. And, playful human that he was, he kept trying. After a month’s effort, he finally restored the cube to its original state.


Thus did Ernő Rubik create the bestselling toy in human history.
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Set and the Rubik’s Cube show us the two fundamental pathways of mathematical thought. You can begin with a piece of reality, as Marsha did, and seek its abstract structure, or you can begin with an abstract structure, as Ernő did, and seek its meanings in reality. In that sense, Set and the Rubik’s Cube don’t just enable others to play; they are themselves the fruits of playful thinking, the idle art of genius apes who never stopped learning.


WHY MATHEMATICAL GAMES MATTER


Because they bring out the best in human thought.


In 1654, a gambler wrote to two mathematicians to share a puzzle. It goes like this: Imagine two people playing a simple 50/50 game of chance, scoring 1 point per round. The first to 7 points wins $100. But partway through, with one player leading 6 to 4, the game is interrupted. What’s the fair way to split the prize?


The two mathematicians, Blaise Pascal and Pierre de Fermat, solved the problem,3 and better yet, their solution helped to birth the mathematical study of uncertainty, known today as probability theory.


A fundamental tool of modernity, born from a simple puzzle about a game of chance.
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Here’s another true story. On Sunday afternoons in the 1700s, the citizens of Königsberg (known today as Kaliningrad) enjoyed wandering the four regions of their riverside city, aiming to cross the seven bridges—the Blacksmith’s, the Connecting, the Green, the Merchant’s, the Wooden, the High, and the Honey—exactly once each. No one could manage it. Then, in 1735, the mathematician Leonhard Euler proved why: It was impossible. No such path could exist. Today, we recognize his proof as the dawn of graph theory, the study of networks, which underlies everything from social media to internet search algorithms to epidemiology. Google, Facebook, and the fight against COVID-19 can trace their lineage to the amusements of a Prussian afternoon.
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Need another example? How about John Horton Conway, a larger-than-life mathematician who passed away while I was writing this book. He explored math in all its staggering variety, from cellular automata to abstract algebra. Yet he kept returning, again and again, to games. His favorite discovery was the surreal numbers, which encoded the structure of two-player games into a numerical system. His most heralded (and thus least favorite) discovery showed how worldlike complexity could arise from a few simple rules; it was called the Game of Life.


“I was struck,” writes mathematician and admirer Jim Propp, “by the way his ideas about games turned out to play a role in his work on lattices, codes, and packings… What are the chances that a mathematician who loved games would have the luck to find that games secretly underlie other subjects he studies?”
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I could go on—a weekly poker night inspired John von Neumann to develop game theory, whose strategic insights now penetrate ecology, diplomacy, and economics—but I’m not here to worship applications. I don’t really care that mathematical play has helped to mint billionaires or to create trillions of dollars of wealth. My point is that mathematical play does this as an accidental by-product.


When you look up from your game and realize you’ve inadvertently changed the course of human history, you know you’re playing with a special kind of fire.


“All good thinking is play,” writes Mason Hartman. She means that our best thoughts explore ideas the way a baby chimp explores the forest, with a kind of freedom and abandon. It’s not a game of Parcheesi, with every move geared toward victory; rather, it’s a game of make-believe, a game of “yes, and…,” a game passed from generation to generation, a torch that never goes dark. “A finite game is played for the purpose of winning,” wrote James Carse, “an infinite game for the purpose of continuing to play.”


We often see mathematics as a series of finite games. Questions to answer. Puzzles to solve. Theorems to prove. But taken together, they form a vast and never-ending game, encompassing the thoughts of every sentient ape. “I love mathematics,” said mathematician Rózsa Péter, “because man has breathed his spirit of play into it, and because it has given him his greatest game—the encompassing of the infinite.”


Personally, I say man’s greatest game is “the floor is lava,” but I get a kick out of encompassing the infinite now and then. I cordially invite you to join me.


Footnotes


1 Although I’m a teacher, I’ve steered clear of classroom fare like “polynomial dominos,” “simultaneous equation Jeopardy!” and “who can do their homework the fastest.”


2 Wine, for those of you too young to know, is sad old grape juice.


3 Spoilers: The trailing player’s only hope for victory is to win each of the next three rounds. That has a 1 in 8 chance of happening. Thus, this player deserves one eighth of the prize, or $12.50. The leader gets $87.50.
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I



SPATIAL GAMES


YOU’RE ABOUT TO meet five games, each belonging to a different kind of space. If nothing else, I hope you take away that lesson: There are different kinds of space.


Dots and Boxes unfolds on a tight rectangular grid, like a planned city. Sprouts unfurls across an oozing, snaking dreamscape. Ultimate Tic-Tac-Toe envisions a fractal world of microcosms, macrocosms, echoes. Dandelions is a game of windswept plains and stark vectors. Finally, Quantum Tic-Tac-Toe inhabits a space so eerie it barely feels like space at all. Put them together, and you can see why mathematicians talk not about “geometry” but “geometries,” whole different ways of conceptualizing space and its contents. “One geometry cannot be more true than another,” wrote mathematician Henri Poincaré, “it can only be more convenient.”
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Yet these diverse games share one thing in common: They’re flat. They’re 2D experiences trying to shed light on a 3D world, like shadows in reverse.


It’s a funny gig, being a modern human. Whereas our ancestors swung like Tarzan from tree to tree, I swing like Jane from book to book, page to page, paper to paper. I have a brain built for a 3D world of depth and motion, yet I’ve consigned it to a 2D world of documents and screens, thin slices of a thick reality.


Well, if we can’t bring the ape back to the jungle, geometric games do the next best thing: They bring the jungle back to the ape. They elaborate flatness into depth, 2D into 3D.


I’ll show you what I mean with three quick bonus games.


First bonus game: the 1979 arcade classic Asteroids, in which you maneuver an arrow-shaped spaceship around a screen. That screen is the whole universe: Fly off the edge, and you reappear on the opposite side. The resulting experience feels sphere-like, with travel in any direction leading you back to your starting location.
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Yet it’s not actually a sphere. First, by connecting the screen’s left and right edges, the game’s designers created a kind of cylindrical world. Then, by linking the screen’s top and bottom edges, they connected the two rims of this cylinder. The result is not a sphere but a doughnut shape, known to die-hard math fans as a torus.1


Asteroids inhabits a toroidal universe. Someone should tell NASA.
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For our second 2D-to-3D game, we turn to mathematician Ingrid Daubechies. “When I was eight or nine,” she once recalled, “the thing I liked best when playing with my dolls was to sew clothes on them. It was fascinating to me that by putting together flat pieces of fabric one could make something that was not flat at all, but followed curved surfaces.”


Decades later, her work on wavelets would drive forward the technology of image compression. In a sense, it’s the same game: flatness and curvature, solidity and surface, depth and compression.


Geometry, I argue, is nothing other than the ancient mathematics of dressing up your dolls.
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For our final 2D-to-3D game, I give you the artist M. C. Escher. Maybe you’ve seen some of his images: two hands drawing one another, a tessellation of birds and fish, an impossible staircase that leads up and up and up and up. Mathematicians love his stuff because it’s just like theirs: the silly play of profound ideas. “[It’s] a pleasure,” he wrote, “knowingly to mix up two- and three-dimensionalities, flat and spatial, and to make fun of gravity.”


“All my works are games,” he liked to say. “Serious games.”


To me, there’s no better way to explore the different worlds of geometry than with games and puzzles. Such experiences give us, in the words of mathematician John Urschel, “a glimpse of the possible pathways of thought.” They offer brief and vivid experiences of whole different realities.


You and I are apes at heart. We can’t help thinking spatially. So it’s a good thing that space comes in a thousand flavors and styles, each stranger and more wondrous than the last.


Footnote


1 In his book New Rules for Classic Games, R. Wayne Schmittberger suggests applying Asteroids’ spatial logic to Scrabble, so that a word can vanish off the bottom and continue at the top, or vanish off the right edge and continue on the left. “One of the amusing results of playing Toric Scrabble,” he writes, “is board positions that look not only illegal but totally ridiculous by conventional Scrabble standards. A word fragment or a single letter will be floating along an edge, seemingly unconnected to anything, when it is actually part of a word on the opposite edge. It’s a great way to worry the kibitzers.” I recommend applying the same toroidal logic to other games in this book, such as Sprouts, Sequencium, and Amazons.















DOTS AND BOXES



A GAME OF SQUARES


In the introduction to his 130-page book Dots and Boxes: Sophisticated Child’s Play, the mathematician Elwyn Berlekamp called this game “the mathematically richest popular child’s game in the world.” Whether he meant to call it a sophisticated game for popular children, a popular game for sophisticated children, or a sophisticated and worldly game for rich and popular children, the message is clear: This game slaps.


In this brief chapter, I can’t lay out a complete theory of Dots and Boxes. Instead, I’ll lay out something better: a complete theory of mathematical inquiry, straight from the scholar who first published the rules to this game.


Will reading these pages transform you into a rich, popular, and sophisticated child? Legally, I can’t promise that. So just look at my winking eye, and sally forth.


HOW TO PLAY


What do you need? Two players, a pen, and an array of dots. I recommend 6-by-6, but any rectangular array works.


What’s the goal? Claim more boxes than your opponent.


What are the rules?


1. Take turns drawing little vertical or horizontal lines to connect adjacent dots.
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2. Whoever draws the fourth line to complete a small box gets to claim the box as their own (by writing their initial inside), and then immediately takes another turn.
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This rule may allow you to claim several boxes in a row before your opponent has a chance to move again.
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3. Play until the grid is full. Whoever claims more boxes is the winner.
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TASTING NOTES


I first played this game in my childhood basement, amid shelves of VHS tapes and the rumbling footfalls of passing dinosaurs. My siblings and I lacked strategic sophistication: We moved pretty much at random, making sure not to draw the third line on any box (which would let your opponent draw the fourth), and otherwise scattering our marks willy-nilly.2 Then, at some point, no safe moves remained. That’s when things got tense.
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Sacrifice was now unavoidable—yet not all sacrifices were equal. Some moves might give your opponent just one or two boxes; others, practically the whole board. I always tried to give away the smallest region possible, hoping to reserve the larger ones for myself.
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Years later, while working on this book, I learned a crucial stratagem. It’s simple to execute, yet sufficient to beat 99% of novices: the double cross. The idea is that, when your opponent is set up for a triumphant next turn, you don’t give it to them. Instead, cut your own turn short by skipping over the second-to-last move. You thus sacrifice two boxes, which your opponent will claim by drawing a single line (hence “double cross”). In exchange, you’ll receive the whole region that your opponent was eyeing.
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Beyond this level of strategy, as you seek to control the sizes and structures of the regions formed, it all gets murky and complicated. For such details, consult the writings of the late, great Elwyn Berlekamp. He passed away while I was writing this book and shall always be remembered as a child of otherworldly sophistication.


WHERE IT COMES FROM


Today, you’ll find Dots and Boxes played just about everywhere: on blackboards, whiteboards, cardboard, legal pads, restaurant napkins, and, under desperate circumstances, bared arms.3 It was first published by the mathematician Édouard Lucas, in 1889, under the title La Pipopipette. Édouard credited its invention to several of his former students at Paris’s prestigious École Polytechnique.


This raises questions. Why would serious students spend their time crafting a game fit for children? And why would an esteemed scholar like Édouard choose to publish it?


Simple: Because serious mathematics is often born from childish play.


We see this pattern in Édouard’s own career. He is perhaps best known for his work on Fibonacci-like sequences, in which each number is the sum of the previous two. (The classic sequence begins 1, 1, 2, 3, 5, 8, and so on.) Fibonacci numbers seem like a silly game—that is, until you start counting the bumps on a pinecone, the petals on a daisy, or the fruitlets on a pineapple, and realize that this silly game is played not only by children (and by adults of dubious maturity) but by nature itself.
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Or take the cannonball problem, another of Édouard’s favorites. It asks for a special number of cannonballs: one that you can arrange into a perfect square, and then rearrange into a perfect square pyramid. The puzzle is utterly frivolous. It is also devilishly hard. Édouard conjectured that the known solution (4,900 cannonballs) was the only solution.


Decades later, advanced work with elliptic functions finally proved him right.
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Or consider Édouard’s most celebrated invention: the Tower of Hanoi. You may have seen one. It has three rods and a set of disks stacked from the largest on bottom to the smallest on top. Your goal is to transport the whole stack from one rod to another, moving one disk at a time, and never placing a larger disk on top of a smaller one.


In appearance and spirit, the tower is—how do I put this kindly—a baby toy. Yet it has found a variety of practical uses. Psychologists deploy it to test cognitive abilities; computer science professors, to teach recursive algorithms; and software engineers, as a rotation scheme for backing up data.
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How does recreation blur so easily into research? Why is the boundary between work and play so porous and heavily trafficked?


I honestly don’t know. I don’t think Édouard did, either. All we can say is, time and again, simple mathematical premises deliver profound consequences. That’s what mathematics is, really: simple ideas in complex interplay. As Édouard wrote of Dots and Boxes: “Its practice, although easy, gives rise to continual surprises.”


WHY IT MATTERS


Because useless play often births the most useful insights.


In his initial publication on Dots and Boxes, Édouard Lucas indulged in a long tangent about the value of pure curiosity. Citing a litany of historical examples, he argued that we must pursue questions for their own sake, no matter how silly they seem, because we never know what deep truths we might uncover.


His writing is flowery enough to be mistaken for perfume, but it’s still worth quoting:4
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All mathematicians strive to uncover deep connections between disparate ideas. The question is how to do it. Hard work? Maybe. Patient calculation? Can’t hurt. Looking up the answers in the back of the book? Sorry, you’re getting colder. Exuberant leaps of imagination?


Now we’re talking.


Édouard believed that profundity comes from play, science from silliness. He wasn’t alone in this conviction. Elwyn Berlekamp learned Dots and Boxes at age six, and 70 years later, he was still playing it. The game lasted him a lifetime. Somewhere in the middle, while studying electrical engineering at MIT, it dawned on him that he could use mathematics to transform the game into an equivalent “dual game,” which he called Strings and Coins.


How does this alternate version work? Picture a collection of coins, held together by bits of string. Each string has one end glued to a coin, and the other glued to another coin (or to the table). Players take turns cutting bits of string with the scissors. If your cut frees a coin, you pocket the coin, and cut again. When the last coin is freed, whoever has pocketed more coins is the winner.


No boxes, just coins. No drawing lines, just snipping strings. Yet the game is fundamentally the same. Without changing its core structure, Elwyn had turned Dots and Boxes inside out.
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What’s the point? No point. It’s just cool. “Let the thinkers think and the dreamers dream,” wrote Édouard Lucas, “without worrying whether the object of their attention seems sometimes useful, sometimes frivolous, because, as the wise Anaxagoras said, everything is in everything.”


That philosophy has driven millennia of mathematical inquiry, and it will last us for millennia to come. Let the thinkers think. Let the dreamers dream. Let the students doodle during lecture. Don’t police imaginary borders between the practical and the impractical, the pointed and the pointless, the idle and the ideal. They all belong to the same vast continent, the same gorgeous wilderness that we have scarcely begun to explore.


VARIATIONS AND RELATED GAMES


SWEDISH BOARD: Begin with all lines along the outer rim of the board already drawn.
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DOTS AND TRIANGLES: All rules remain the same, except you play on a pyramid of dots, vying for possession of little equilateral triangles. In my view, this freshens up the game beautifully (and the pyramids aren’t too tough to draw). Perfect for when you’re growing bored with the classic version and your meal still hasn’t arrived.
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NAZARENO: In this clever variant from Andrea Angiolino’s Super Sharp Pencil and Paper Games, all rules remain the same, except two. First, on each turn, you can draw a straight line of any length that you wish, as long as it does not retrace any existing lines. (Thus, you may complete and claim multiple boxes with a single line.) And second, there is no bonus turn for completing a box.


Whereas Dots and Triangles’ new appearance disguises the same basic game, Nazareno is the opposite: a familiar appearance disguising a fundamentally different experience.
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SQUARE POLYP: In his book 100 Strategic Games for Pen and Paper, the mad visionary Walter Joris offers several games reminiscent of Dots and Boxes. My favorite is 90: Square Polyp. To play, you need two players and two colors of pen.


1. Draw a 9-by-9 array of dots (or smaller for beginners/larger for experts), and take turns placing square polyps. These are squares with two adjacent lines poking out, like these:
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2. Claim territory by enclosing it entirely in your color. Each polyp will automatically claim a 1-by-1 square, but with clever play, you can claim larger, more oddly shaped regions.


3. Overlapping lines are forbidden.5 This makes it possible to foil your opponent’s designs with a single stabbing tentacle (and for them to foil yours with the same ease).


4. Play until no legal moves remain. Whoever encloses a larger total territory wins.
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Footnotes


2 Sometimes, a sneaky second player would mirror the first player’s moves, so that the board would look the same if rotated 180°. This guaranteed the second player would be able to claim a box first. But a savvy first player could exploit the strategy, sacrificing a single box to win the rest.


3 It is also played in many countries, under names ranging from the pedestrian (the US’s Dots; England’s Squares) to the melodious (France’s Pipopipette; Mexico’s Timbiriche) to the visionary (the Netherland’s Kamertje Vehuren, or “rent out a small room”; Germany’s Käsekästchen, or “little cheese boxes”).


4 By the way, if you ever feel like this book is beating around the bush, please consider that Édouard lays all of this out before even getting to the game.


5 If you want a variant on a variant, play tester Valkhiya suggested a neat twist on this rule: When placing polyps, you can overlap your own lines, but not your opponent’s.















SPROUTS



A GAME OF “CURIOUS TOPOLOGICAL FLAVOR”


School geometry teaches us an ugly lesson: Size matters. In fact, size is the essence of matter. Angles can be acute, right, or obtuse. Figures can have length, area, or volume. Salted caramel mochas can be tall, grande, or venti. All of these traits boil down to size. Heck, the very name of the subject—“geo” meaning earth and “metry” meaning measurement—is about sizing up the world itself.


Does this size-conscious philosophy offend you? If so, you’ll like topology. Its shapes stretch like rubber, squish like Play-Doh, and puff up like balloons. They’re not shapes, really, but shapeshifters. In this oozing, lava-lamp world, size doesn’t matter. In fact, “size” doesn’t even mean anything.


Topology seeks deeper truths.


There’s no better introduction to these truths than a game of Sprouts. Which spots can be connected? How many regions will form? What’s the difference between “inside” and “outside”? Hold on to your hat—or the topological equivalent thereof—and enjoy a game that any child can play, yet no supercomputer can solve.


HOW TO PLAY


What do you need? Two (or more) players, a pen, and paper. Start by drawing a few spots on the page. For your first few games, three or four spots are plenty.


What’s the goal? Make the final move, leaving your opponent with no viable options.


What are the rules?


1. On each turn, connect two spots (or connect a spot to itself) with a smooth line, and place a new spot somewhere along the line you just drew.
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2. Just two restrictions: (1) Lines cannot cross themselves or each other, and (2) each spot can have at most three lines sprouting from it.
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3. Eventually, you’ll run out of moves. The winner is whoever moves last.
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TASTING NOTES


The delight of Sprouts is its flexibility. It doesn’t matter whether you draw short segments, lazy curves, or mazelike spirals; all that matters is which spots you connect. You might even sign your name. A sixth grader named Angela busted out this move in our play-testing, and though it technically violates the “no crossing” rule, it was too awesome to disallow.
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This flexibility captures the spirit of topology: Things that look quite different might be, for functional purposes, the same.


Consider a one-spot game. The first player must connect the spot to itself. After that, the second player must connect the two spots. It seems there are two different ways: through the inside, or around the outside.
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But wait. Imagine playing the game on the surface of a sphere. In this setting, nothing has changed, yet “inside” and “outside” have become arbitrary distinctions. The two moves are, for topological purposes, identical. The second player has no real freedom after all.


What about a game with two spots? Topologically, the opening move allows for just two choices: Connect the two spots, or connect one to itself. Whether you leave the other spot “outside” or “inside” is immaterial. In topology, it’s all the same.
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So do topologists ignore all distinctions, treating all things as identical? Is “winning” the topological equivalent of “losing”? Is “good” just topology-speak for “bad”? Is a cat topologically equivalent to a fish, and if so, should we place tiny litter boxes in our aquariums?


Well, that’s up to you as a pet owner. But when it comes to Sprouts, you needn’t worry. Not all moves are alike. In fact, by the second move of the two-spot game, you already face six topologically distinct options. The freedom grows from there.
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Dots and Boxes gave us rigid, rectilinear geometry, like a city laid out on a grid. Sprouts, by contrast, is an open-ended and free-form game, like the chaos of a traveling carnival.


WHERE IT COMES FROM


We can pinpoint the precise place and time of Sprouts’ birth: Cambridge, England, on the afternoon of Tuesday, February 21, 1967.


Its parents, computer scientist Mike Paterson and mathematician John Conway, were doodling on paper, trying to invent a new game. Mike proposed the “add a new dot” rule, John proposed the name, and Sprouts was born.6 The happy parents agreed to split the credit 60/40 in Mike’s favor, a division so amicable and precise that it’s almost more impressive than creating the game in the first place.


Sprouts is simple to play, yet almost impossible to solve. Mastering the six-spot game required a 47-page analysis from Denis Mollison. That was the state of the art until 1990, when a computer at Bell Labs solved games up to 11 dots. As of this writing, the largest solved game is over 40 dots—although Conway, before his death in 2020, questioned the legitimacy of this claim. “If someone says they’ve invented a machine that can write a play worthy of Shakespeare, would you believe them?” he asked. “It’s just too complicated.”


Has this dizzying complexity scared off casual gamers? Not at all.


“The day after sprouts sprouted,” Conway wrote, “it seemed that everyone was playing it. At coffee or tea times there were little groups of people peering over ridiculous to fantastic sprout positions… The secretarial staff was not immune… One found the remains of sprout games in the most unlikely places… Even my three- and four-year-old daughters play it,” he added, “though I can usually beat them.”


WHY IT MATTERS


Because, of all the branches of modern mathematics, topology is among the most (1) dynamic, (2) bizarre, (3) useful, and (4) beautiful.


That’s a lot of adjectives, so let’s rumble through them, one by one.


TOPOLOGY IS DYNAMIC. Topologists navigate a shapeshifting world of stretching fabric, molten metal, and swirling soft-serve ice cream. Everywhere they go, they seek invariants: traits and properties that somehow, through all the change and upheaval, remain the same.


The most famous invariant is the Euler characteristic. In the context of Sprouts, it boils down to a simple equation (this version courtesy of Eric Solomon): spots + regions = lines + parts.


This equation holds true for every possible Sprouts scenario, from the beginning of the game to the end, from the simplest to the most complex, whether you begin on two spots or 2 million. No matter what, the number of spots plus the number of closed regions will always equal the number of lines connecting spots plus the number of separate parts.7


This is typical of topology: Beneath wild flux, we find powerful regularities.
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TOPOLOGY IS BIZARRE. Here’s a fun result from John Conway. If a game of Sprouts lasts the minimum number of moves, then it must always end (roughly speaking) in one of these shapes:
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As explained in the classic text Winning Ways for Your Mathematical Plays, the final configuration will consist “of just one of these insects (which might perhaps be turned inside out in some way) infected by an arbitrarily large number of lice (some of which might infect others).”


That’s a lot of louses. Some configurations, as Conway quipped, are “lousier” than others.


TOPOLOGY IS USEFUL. Belying the silliness of lice and earwigs, topology yields insights about all sorts of things, from knotted DNA to tangled social networks, not to mention cosmology and quantum field theory.


Take a famous problem in topology: graph isomorphism. As we’ve seen, two positions in Sprouts may look different yet embody the same structure. How can we tell whether two networks are truly different or secretly the same?
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This question arises for electrical engineers comparing circuit schematics, for computer scientists encoding visual information, and for chemists looking up a compound in a database of structures. All of these sober scientists are in fact playing their own customized versions of Sprouts.


TOPOLOGY IS BEAUTIFUL. Many people meet topology through the surface known as a Möbius loop. Take a strip of paper, twist it halfway, and glue the ends together.
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The Möbius loop has no “inside” or “outside.” If you try to paint it like a bracelet, with a blue part facing your wrist and a red part facing the world, you’ll fail. Whichever color you choose first will wind up covering the entire surface. And that’s just one of its peculiarities. What happens if you cut a Möbius strip down the center? What if you cut it into thirds?


In his book Euler’s Gem, mathematician David Richeson tallies up how many Fields Medals (math’s most famous prize) have gone to topologists. “Of the forty-eight recipients,” he writes, “roughly a third were cited for their work in topology, and even more made contributions in closely related areas.”


If beauty comes from the marriage of simplicity and complexity, then Sprouts must be the favorite child.



VARIATIONS AND RELATED GAMES


WEEDS: Proposed by Vladimir Ygnetovich. On each turn, instead of adding a dot to the line you just drew, you may choose whether to add zero, one, or two dots.


POINT SET: In this variant from Walter Joris, play proceeds as in Sprouts, except that you score points by claiming regions. If your move creates a closed region, mark it with your initial or color, and score 1 point for each spot on the boundary of the region. No further moves in the interior of the region are allowed. When no legal moves remain, the winner is whoever has the most points.8
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BRUSSELS SPROUTS: This evil twin of Sprouts seems, on the surface, to be every bit as open-ended and strategic as the original. It’s not. In fact, it’s less a game than a devious prank.


Begin with a few crosses, each with four free ends. Take turns connecting any two free ends, then putting a tick mark on the line you just drew, to generate two new free ends. Never cross an existing line. Last player to make a legal move wins.
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What’s the prank? It’s that your play has no influence on the game’s outcome. With an odd number of crosses, the first player wins; with an even number, the second player wins. All your strategizing and scheming is no different than spinning a toy steering wheel and imagining that you control the car.


How can this be true? Well, note that the number of free ends never changes. Each move uses up two, then replaces them with two more. Instead, all that changes is the number of regions. Every move creates a new region—except for a few special moves. On a game with n crosses, no region is created by the n – 1 moves that connect previously unconnected crosses.
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The game ends when the number of regions catches up with the number of free ends. That requires 4n – 1 region-increasing moves, plus the n – 1 non-region-increasing moves, for a total of 5n – 2 moves.
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To punk a friend, challenge them to games on two, four, and six crosses, each time generously insisting that they go first. When they smell a rat and demand that you go first, surreptitiously switch to a three- or five-cross game. Or, you know, don’t cheat your friends! Either way.


Footnotes


6 For whatever reason, pondering this game’s name turns otherwise sober-minded people into baffling loons. One graduate student, noting that it involves spots and is contagious, suggested calling it Measles. Later, the otherwise insightful Eric Solomon wrote that the name Sprouts derives from the completed game’s resemblance to “an over-cooked and disintegrating sprout,” which is weird on two levels: First, that’s not where the name comes from, and second, Eric Solomon should really consider letting someone else cook the sprouts.


7 A “part” is any group of connected dots; it may be as small as a single dot.


8 One extra rule is necessary: You are forbidden to create a closed region that contains a separate free-floating part within it, even if that part is just a single dot.
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