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Introduction



“The single most profound result in all of physics”


Whether you’re a scientist, a student, or someone else with a general interest in the history of ideas, you certainly have some notion about what physics is and how it developed over the centuries. Whatever the origins of these notions, chances are that the name Emmy Noether doesn’t spring immediately to mind. Albert Einstein, Erwin Schrödinger, Paul Dirac, Niels Bohr, Werner Heisenberg… these are some of the names familiar to anyone who’s read books about the invention of modern physics—about the momentous discoveries of the twentieth century that changed our conceptions of time and space, and of the nature of reality itself. And these are the names that figure prominently in the textbooks used by physics students.


Who, then, was Emmy Noether?


In the pages ahead I hope to convince you that she deserves a place alongside the names mentioned above in the history of physics—and of science in general—and that this is due to the impact of discoveries that she published in 1918.


Her four closely connected results, collectively now called Noether’s theorem, supply the foundation of the present-day search for the holy grail of physics: a unified theory that will join quantum mechanics with gravity. Noether’s theorem has also supplied the methodology for constructing the most accurate theory in the history of physics: the standard model. This framework encompasses all the elementary particles and their interactions—it is our modern theory of matter. In addition, Noether’s discovery solved a persistent mystery in Einstein’s recently completed general theory of relativity: the conundrum of energy conservation, a problem whose solution had eluded Einstein and several of the greatest mathematicians in the world. Attacking this puzzle began the chain of reasoning that eventually led Noether to her great theorem. Along the way, she wound up tutoring Einstein in some of the math he needed to complete his work, thereby becoming one of several uncredited authors of what remains our current theory of gravity. I’ll have much more to say about unification, the standard model, general relativity, and their connections with Noether’s theorem throughout the book. For now, it’s enough to note that these subjects essentially define the principal concerns of what we think of as fundamental modern physics, and they are all intimately connected with, and often depend on, Noether’s theorem.


The theorem goes beyond providing the foundation of current physical theory and supplying the touchstone for the physics of the future. It provides the modern definition of the concept of energy and clarifies the importance of symmetry in nature. It brings order to the physics of the past, completing its theoretical structures and rendering it whole. The theorem’s revelation of the active role of symmetry throughout nature is so provocative that it is now being exploited in biology, computation, economics, and elsewhere.


In this book, I trace the surprising trajectory of the theorem: its origins and the events and lives that created the conditions for its birth. I explore how the unique genius of Emmy Noether allowed her to see something completely unexpected and arrive at insights that still astonish those who encounter them a century later. I’ll recount how the theorem became dormant for decades and was almost lost to the world, and how it was rediscovered by physicists creating a new theory of matter. Finally, we’ll see how Noether’s theorem has now gained a new life, guiding research in fields far removed from physics.


Emmy Noether’s story is that of a woman pursuing her passion for over three decades in a world offended by her simple intention to be a mathematician. But that is what she would be, however she could. Despite being denied opportunities, passed over, excluded, and expected to work without pay or position, she not only persisted but surpassed the men around her. Her story is also a story of solidarity and the loyalty of those few men who championed her cause.


This view of Noether’s importance is bolstered by the judgments of many of our leading physicists, including Nobel Prize winners such as Frank Wilczek. Wilczek and other top researchers, intimate with how their science works and its debt to Noether’s theorem, have occasionally stepped outside their offices and laboratories to write about science for the layperson, explaining the big ideas in physics, its history, and its possible future development. Along with me, they believe that Noether’s theorem is one of these big ideas, and they consider its creator a neglected figure in the history of science. According to Wilczek, Noether’s theorem is “the single most profound result in all of physics.”1


Renowned physicists Leon Lederman and Christopher Hill say that Noether’s theorem is “one of the most important mathematical theorems ever proved in guiding the development of modern physics, possibly on a par with the Pythagorean theorem” and that it “rules modern scientific methodology.”2 (Lederman is a Nobel Prize winner and coined the term God particle.)


Brian Greene, a theoretical physicist well known for explaining modern physics through books and television and a leader in current attempts at building a unified theory, believes that “Emmy Noether’s theorem is so vital to physics that she deserves to be as well known as Einstein. Yet, many have never even heard of her.”3


Emmy Noether was born in Germany in the late nineteenth century and died in the United States in the twentieth. She devoted her life to research and teaching in pure mathematics. She did so out of unquenchable passion for math, despite a cruel series of obstacles and injustices placed in her path for one reason only: that she was a woman.


She sought to study math in the university, but women were not allowed to enroll—so she audited, when permitted. After German society relented and allowed women to matriculate, she took her degree. She went to work at the premier university for mathematics in the world, by invitation of the greatest mathematician in the world—but without pay or position, because women were not allowed to be teachers. After about half a decade, that rule finally changed, too, and she was hired—but reluctantly, with minuscule salary, expressly excluded from any civil service benefits and warned that she had no authority.


She was one of the first victims of the Nazi purges of Germany’s faculty rolls, as she doubly offended by being both female and Jewish. Escaping to the United States, as her colleague Albert Einstein had already done, she was placed not alongside him and other refugee members of the intelligentsia at the new Institute for Advanced Study but in an obscure position, deliberately stowed at a distance from her male peers.


If the sound of Noether’s voice could somehow reach us one hundred years after she lived, we would hear no wail of complaint. Instead, we would hear the loud laughter so often described by her compatriots. She seems never to have voiced any objection to her lot or struggled to improve her position, although she was energetic in fighting for her friends. She simply proceeded to do whatever the circumstances permitted so that she could carry out her interests—her only interests—which were to discover and teach mathematics.


Denied the right to be a student, she audited; denied the right to a job, she worked without pay; forbidden by Hitler’s regime to teach at all, she taught in secret, in her apartment. Throughout it all, she enjoyed life, she raised the spirits of everyone around her, and, from joy, irony, and the delectation of absurdity, she laughed.
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The full answer to the question of why Noether is so little known, given that she contributed as much to shape the history of physics over the past century as did any other person, is complex, sometimes subtle, and multifaceted. I will answer this question gradually throughout the book; in this introduction, I’ll give an outline of some of the reasons.


Noether’s relative obscurity is due, first of all, to the systematic suppression of her reputation and place in history by colleagues, officials, and scholars who minimized her contributions and importance. The evidence that this minimization was due to her sex is stark and abundant, sometimes taking the form of bald statements by the perpetrators themselves, who knew no reason to disguise their prejudice. In matters relating to her circumstances during her life, we can add to this the fact that she was a Jew in Germany in the 1930s.


For her part, Noether did nothing aimed at bolstering her own prominence or position. She was supremely generous, helping colleagues and students in the early stages of their careers by making gifts to them of mathematical results: theorems that she had proven and problems that she had solved but hadn’t bothered to publish. She encouraged these young colleagues to refine or extend her work and present it to the world as wholly their own. These were valuable gems that a normal academic type would have jealously guarded and polished until they were ripe for a career-boosting publication. But Noether, who was overflowing with ideas and results, was happy to pass many of them along for the benefit of her friends. Although aware of the importance of her own work in mathematics, she did not promote herself, and she rarely referred to her monumental result in physics, which was for her a side issue that she forgot about almost as soon as she had created it. This habit, combined with the casual attitude, even by her supporters, to issues of credit and priority, conspired to cause her role in her contributions to be overlooked, even after they had become part of the working machinery of physics.


In recent decades, we’ve seen a gradual rehabilitation of Noether’s reputation and a growing recognition of her theorem as a crucial component in the development of fundamental physics since 1918. As mentioned, this revision is largely carried out by scientist-writers who are aware that theory building rests on Noether’s theorem as a foundation, as an omnipresent guide and constraint. I intend this book to be a part of this revision, and I am confident that, before too long, the idea of a book chronicling the story of modern physics without Emmy Noether as a main character will be as unthinkable as one that forgot to mention Einstein.
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How did I become aware of Emmy Noether and what she gave to physics?


During my college days, while browsing through an advanced textbook on classical mechanics, I came across something that stopped me in my tracks. A routine development of the subject had taken a minor detour to present some results that were surprising and that struck me as deeply profound—as a demonstration of how physics had the ability to capture the harmony and unity of nature.


What I had come across in the textbook were proofs that the conservation laws of classical physics, the familiar laws of the conservation of energy, momentum, and angular momentum, were each equivalent to a symmetry in time or space. Ideas like the conservation of energy were not just additions to mechanics that made it easier to solve problems involving, say, the trajectory of cannonballs; they were implied by the very structure of space and time. Such a connection among concepts that had previously seemed unrelated, demonstrated by unambiguous mathematics, not only was unexpected but also seemed to have implications that reached beyond physics and toward philosophy. At the very least, these beautiful connections suggested a myriad of questions and pushed me to look deeper into my subject.


These relationships stuck with me after college, all through graduate school. But I had gone all the way to a PhD without ever hearing about such things again, at least not directly. At the time, this omission didn’t seem strange. I assumed that the results were confined to classical mechanics, although they remained in the back of my mind throughout my studies.


Many years later, I convinced the editors of an online science magazine to let me write a popular article about the connections between conservation laws and symmetry. I still didn’t know much about the subject, but I knew it was intriguing and important, and not widely understood. I was sure that I could also make it interesting to nonspecialists, to show how physics could be provocative and fascinating apart from the wonders of the quantum world and relativity—to show how even classical mechanics could be beautiful.


In doing research for that article, I finally learned where these ideas had come from. They were simple, special cases of a deep theorem published in 1918 by someone I’d never heard of, someone whose name had not been mentioned once in my many years of physics training. Her name was Emmy Noether, and her result was called Noether’s theorem by the physicists who knew about it. In fact, those physicists seemed to belong to a secret club. They spoke of this theorem as one of the, if not the, single most important result in theoretical physics. They bemoaned the fact that its discoverer was not more widely known—was barely known at all, rarely mentioned either in classrooms or in popular histories of science. And these scientists were neither crackpots nor cultists. They were some of the biggest names in physics.


I kept reading about the theorem and the person behind it. I learned the amazing, inspiring, and tragic story of her life. I learned far more about some of the people whose lives had intersected hers, whose names I had encountered in my studies: David Hilbert, Felix Klein, Hermann Weyl, Einstein, and others. I went further, delving into archival materials that revealed the untold parts of the story about her brief time in the United States. I learned that I had, quite literally, walked on her grave without knowing it.
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You don’t have to know any physics or advanced mathematics to read and understand this book. If you have some vague memory of what the Pythagorean theorem is, that should be plenty. I intend to describe the meaning and content of Noether’s theorem in a way that can be understood and appreciated by everyone. This is possible, even though the theorem requires some advanced mathematics to prove, because it possesses an intuitive core. Its essential meaning for physics and beyond is thoroughly explainable through prose. I will guide you through an honest understanding of the meaning of this result, so that you’ll be able to appreciate its more recent uses in other fields, outside of physics, such as in biology and economics. If you follow where I lead you, you’ll see how this one powerful idea unifies many realms of thought that seem superficially unrelated.


This is not a biography of Emmy Noether; rather, it’s the biography of an idea. She devoted her life to mathematics, and a faithful account of her life must stay close to the work that was important to her and its influence on the history of thought. To this end, I will take the time to dissect various topics in physics and mathematics as honestly as I can without resorting to equations, to relate them to the idea that will remain at the center of the story: Noether’s theorem. Much of this dissection is relegated to an appendix. There the interested reader will find a deeper layer of detail, where the history of, and relations between, ideas in physics and mathematics, and their connections to Noether’s thought, are explored. The somewhat more technical nature of the appendix will satisfy the more committed or mathematically inclined reader, while the sequestration of its details allows the other aspects of the story, namely, its intertwining, interpersonal threads, to proceed with more directness.
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For those who want to delve deeper into anything that I mention, I supply many references to buttress my claims or to suggest further reading. Some of the references are to the technical literature, to serve the purpose of perhaps nonobvious sources for specialists; other references range from popular articles and books to videos and cartoons. In no case is a reference an endorsement. Many of the sources I cite contain errors (I’ve lost count of how many biographical notes about Noether state erroneously that she died of cancer), but aside from the mistakes, the sources contain interesting takes or information. You’ll notice many books, such as Constance Reid’s excellent biography of Hilbert, referred to repeatedly. Take this to stand in for the conventional suggestions for further reading.
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I am not trained as a historian, yet to tell this story, I had to try to become one. I now have a new appreciation of the complexity and melancholy of the historian’s task. One wants to tell a story of the past, where each event leads naturally to a subsequent event, where people’s motivations are comprehensible, and where things hang together in a way that at least seems something other than utterly random and chaotic. Yet for each important event or turning point, there are contradictory accounts, lies, and fanciful imaginings in the sources that we dig through to try to construct a version of the past. Motivations are obscure. But somehow, one must make out of this stew of confounding details some kind of story, or else there would be nothing to call history. I find myself nodding knowingly at the words that Mark Twain put in Herodotus’s mouth: “Very few things happen at the right time, and the rest do not happen at all. The conscientious historian will correct this defect.”


There is also the need to constantly fight off the tendency to judge or understand people of the past as if they were our neighbors in odd outfits. The past is another world, cut off from our ideas no less than a geographically isolated region would be. We must aspire to be anthropologists of time.


From all this comes the complexity.


The melancholy arises from this: after a while we get close to the men and women of the past, with whom we have spent so much quality time. We care about them as if they were friends or relatives. And we are burdened with the bittersweet gift of hindsight. When we reconstruct the crossroads faced by our heroes, there are times when we know they are about to take the wrong path, which will lead them to misery. Or perhaps there is only one road to take, and as they march along it, we know that they are unprepared for the terror that awaits. In neither case can we warn them; there is nothing we can do to help. But perhaps if we can allow our small, irrational pangs of anguish at these times to animate our stories of the past, they will resonate more meaningfully for the reader. It is a consolation I allow myself, at any rate.


Finally, in getting to know these characters from history, I had a pleasant surprise. When we are young, we tend to look for heroes, in the present or in the past. But when we find them, and then look deeper into their lives, we’re almost always disappointed, or even horrified. They fail to live up to our standards. We become cynical. As I studied the main characters of my story, and as they seemed of reliably sterling character, therefore, I kept waiting for the other shoe to drop. Yet it never did. Our principal players, especially Emmy Noether and David Hilbert, did not disappoint. They were courageous, generous, and brilliant at every turn. I might even dare to say that they can be heroes for some of us.
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Intersecting Paths


“The most beautiful of all existing physical theories”


In this chapter we’ll meet the three people who play the central roles in our story.


First, of course, is Emmy Noether, around whose life and work everything else revolves. We’ll follow her life from late adolescence until 1915, when her path intersects that of Albert Einstein.


I’ll trace the relevant details of Einstein’s life and work during this same period. There’s a bit less to say about him in this chapter, as he becomes a more active participant after 1915, with the events portrayed in the chapter that follows. But it’s good to know how he enters the picture, and why.


Finally, there is David Hilbert. Acquainted with Noether’s family for many years, acquainted as well with the work of Einstein, and eager to know more, it is Hilbert who brings the three together, who creates the conditions for Noether to make her momentous discovery.


Aside from these three most indispensable people, several who performed supporting roles make their first appearance in this chapter. One is not a person, but a place. I’m not the first who has written about how the spirit of the great university at Göttingen seemed to play an active role in the long series of momentous discoveries in mathematics and science that took place on its stage. In its traditions of freedom, tolerance, and intense meritocracy, Göttingen acted as a silent colleague working alongside and inspiring a long parade of leaders in the history of thought over the last three hundred years.


There is also Felix Klein, another giant of twentieth-century mathematics. He was an educational innovator who, as part of his program to prepare the Göttingen math department for a glorious future, schemed to bring Hilbert under its wing.


These are the events and developments that, beginning around the turn of the last century, eventually led Noether, Hilbert, and Einstein to find themselves in the same place in the summer of 1915.


Emmy


The boys didn’t want to dance with her.


In 1890s Germany there were no forms of electronic entertainment. People often socialized by gathering in each other’s houses, playing musical instruments, and dancing. Emmy Noether’s mother was good at the piano and often played with an accomplished violinist.


By all accounts Emmy was a bright, lively, kind, and friendly girl. But here we run into the same difficulty as others who have been moved to write about her life. As her circumstances were not particularly notable, as nobody around her could possibly have foreseen the Olympian position she would occupy in the history of science, there was no particular reason to record the details of her early years. Such is the case with every figure who, beginning as an inconspicuous caterpillar and suffering an obscure pupation, bursts forth as a rare, stunning butterfly. And those who gasp at this sunlit, fluttering audaciousness will again fail to note the camouflaged brethren munching on the leaves nearby. This state of affairs, a common-enough paradox facing the biographer of the scientist or artist, may have been made a bit worse in this case because our subject, after all, was only a girl.


The mothers of the teenage boys who happened to be among the guests at the Noether family’s large second-floor apartment or at other social venues knew that she loved to dance, so they would cajole their sons to give her a chance now and then.1 After all, a book of etiquette published a few years before Emmy’s birth did have this to say: “A gentleman of genuine politeness will not give all his time and attention to the belles of the evening, but will at least devote a little thought to the wall-flowers who sit forlorn and unattended, and who, but for him, might have no opportunity to dance.”2


Nobody had anything against her. In fact, everyone liked Emmy. But she was not very pretty or at all graceful. She was nearsighted and spoke with a bit of a lisp. The boys had their eyes on the other young ladies.


There may have been something else keeping the boys away. The gatherings at the Noether house had an academic flavor. The family lived in Erlangen, a university town. The University of Erlangen was one of Germany’s free universities, called such because it was independent of any church. Emmy’s father, Max Noether, was a prominent mathematics professor there. He was not a healthy man, having suffered from polio as a boy and been left permanently affected.


Naturally, many of the guests were university types. Now and then, a challenge was issued to the assembled adolescents, sometimes in the form of a math puzzle: “Who can tell me…?” Emmy would supply the answers right away, while the others were still trying to figure out what the questions meant.


We live in a different world now, but some things haven’t changed much. Many men, in the presence of women demonstrably more intelligent than they are, feel… emasculated. This fact of life is easy enough to observe in our egalitarian moment in history. In the late nineteenth century, Germany was not merely comfortably patriarchal. It was distinctly behind most of the rest of Europe, socially and legally, when it came to rights for women. We can imagine just how uncomfortable the naturally self-conscious adolescent male was made to feel when outshone by a member of the category of person that, it was universally known, was simply not suited to intellectual work.


No, they didn’t want to dance with her. They knew they would not fare well in a dance of wits.


Twenty years later, someone else would set a puzzle before Emmy. The most famous mathematician in the world, David Hilbert, would ask her a question. Her answer would reverberate through all of science. It would unify physics and answer many of its questions, guiding its future development down to the present day. But we’re getting a bit ahead of ourselves.


Göttingen, 1890


Göttingen is another university town, about two hundred miles north and slightly west of Erlangen along modern highways. The university, also free, shared with Erlangen a strong reputation in the sciences and mathematics.


In 1890, the mathematician Felix Klein had command of the university’s math department. Today, Klein’s name is well known in physics circles and among mathematicians. He’s famous even among laypersons because of his wide-ranging creativity in many areas of math and science, including the devising of such recreational curiosities as the Klein bottle.3 This is a three-dimensional version of the Möbius strip that some of us were encouraged to construct in primary school by making a paradoxically single-sided loop out of paper. Klein’s bottle extends the paradox into the third dimension, creating a container that has, rather than the customary inside and outside, one continuous side. They make lovely conversation pieces.


Klein was devoted to the life of the mind, but he could play rough when it was called for. The mathematician was more than willing to expend considerable energy and time in political horse trading to get what he wanted for his department and university. He had built up the math department into an international powerhouse, extracting money and a series of concessions from the German bureaucracy.


Shortly after accepting a professorship at Göttingen, Klein had embarked upon an extremely ambitious plan to transform the university into a kind of think tank for the physical and mathematical sciences. His ambitions extended beyond Göttingen to science and technological education in Germany overall, including secondary and grammar school policies. To these ends, Klein lobbied for the admission of female students to Göttingen and tried to attract more foreign students as well.4 As an educational administrator, Felix Klein was ahead of his time, with an amazingly comprehensive vision for science education in general and Göttingen’s place in it in particular. As an example of his original and forward thinking, Klein tried, with some eventual success, to raise funds from German industries to fund technologically oriented education and research. He took advantage of the industrialists’ appreciation of their continuing future needs for a population of workers literate in various applied sciences. This approach has only recently been echoed in the United States, with corporate sponsorships occasionally filling the gaps in the government funding of public education, as Klein intended for Göttingen. Klein also greatly increased the activity in the applied sciences in Göttingen, believing that these fields, along with the pure physical sciences and mathematics, were strongly connected into a unified intellectual whole and could support and strengthen each other.


Klein did not accomplish these visionary administrative feats without some help. His accomplice in the government, a man named Friedrich Althoff, had authority over all higher education in Prussia. Althoff was sufficiently sympathetic with Klein’s ideas to do a certain amount of battle in their support with the bureaucracy. Althoff’s task was aided by the bluntness of his personality. The quantum mechanics pioneer Max Born remembered him years later as “well known and feared for his lack of consideration and rudeness.”5 It certainly didn’t hurt that Klein and Althoff were good friends; they had been in the army together during the Franco-Prussian War.6


A brief look at the profound changes brought to Europe by this one-year conflict helps reveal the cultural and political landscape inhabited by our protagonists. The remaining independent German states found themselves part of a unified Germany at the war’s end in May 1871. Nevertheless, they retained much of their separate cultural identities and a certain amount of administrative autonomy. For example, Althoff was in charge of educational policy for the Prussian state only. But since Prussia was the dominant force in unified Germany, and as the most important universities were in Prussia, Althoff occupied the most important policy-setting position for German education in general.


Our three protagonists came from various regions of the recently unified Germany. Hilbert’s home town was in the eastern outskirts of Prussia, the state where he pursued his career as well. Einstein was born in the town of Ulm (whose motto is “The people of Ulm are mathematicians”) in the southern German kingdom of Württemberg. Erlangen, where Emmy Noether was born, raised, and educated, is in Bavaria. The Franco-Prussian War led to the downfall of Napoleon III, the establishment of the Third French Republic, and a profound reduction of French power in Europe, along with a major loss of territory to Germany. The European reconfiguration was widespread, including the unification of Italy.


This chapter begins in the aftermath of the Franco-Prussian War and ends at the early stages of the Great War, or what we now call World War I. The Franco-Prussian War was part of the impetus for the Great War, just as World War I was one cause of World War II. Among other motivations, the glorious outcome of the Franco-Prussian War inspired a kind of militaristic pride in a large portion of the German people and rendered additional campaigns palatable. As we’ll see, many of the principal actors in this book recoiled against this strain of militarism.


The death of a key mathematics professor in another university initiated a typical round of negotiation and German academic musical chairs. In 1894, a rare spot opened up in the math department at Göttingen, giving Klein an equally rare opportunity to mold the department further in the direction of his ideas and to boost its international reputation even higher with the addition of a rising star with a shining future.


Klein knew exactly whom he wanted. He sent a letter marked “Very Confidential” to his top choice to fill the spot. He didn’t know if he would be able to arrange an official offer to his candidate. It was a complex game that involved a handful of universities and was watched over at the ministerial level.


The scheming around faculty appointments was one of several facets peculiar to the German university system, a stew of ancient traditions that various authors have credited for that nation’s intimidating position in the world of scholarship over the centuries. One aspect that made the appointment of particular professors critical to the growth and success of their host departments is related to a kind of freedom enjoyed by German students. This tradition is unknown in most other countries, for example, in the United States. A university student in Germany was free to take any classes he desired and could even travel from university to university to attend the lectures of any professor whose reputation attracted his attention. Part of an institution’s income, and the personal income of lecturers in the lower ranks, depended on attracting students.


Klein needed to know whether he would be wasting time and political capital, so he insisted on one promise from Hilbert: that if the offer were extended, his target would accept.


Hilbert, 1890


David Hilbert didn’t have to think very hard to formulate a reply to Klein’s “Very Confidential” letter. He didn’t negotiate. He sent off his answer right away: “Without any doubt I would accept a call to Göttingen with great joy and without hesitation.”7


Hilbert was a thirty-two-year-old math teacher at the University of Königsberg. You won’t find Hilbert’s place of birth on a modern map—at least, not with the name it had back then. Königsberg, in eastern Prussia, was absorbed into Russia at the close of World War II and was renamed Kaliningrad. Any Königsbergs that you find in a current map of Germany are not Hilbert’s Königsberg. But the famous mathematical puzzle associated with the town retains its original name. The so-called Königsberg bridge problem asks if you can find a path that crosses each of its seven bridges once and only once.8


Königsberg looms rather large in the history of the intellect; the town gave birth to or nurtured several important mathematicians and scientists and is the cradle of Immanuel Kant, whose writings are thought to have influenced Hilbert’s philosophy of mathematics. (Hilbert’s influential book, The Foundations of Geometry, begins with a quotation from Kant: “All human knowledge begins with intuitions, thence passes to concepts and ends with ideas.”9) German university students of this era were in the habit of traveling from school to school, sampling the wares of several institutions on their way to a degree. Hilbert, however, stayed in his home town to attend the university, where he became good and lifelong friends with Hermann Minkowski, who was eventually to become famous in a generous portion of four-dimensional space-time, and who will make several appearances in later chapters.10 Hilbert had turned out a series of stunning results in mathematics at Königsberg; when Klein’s invitation reached him, the young professor was still building his career, but some of these results had already attracted worldwide attention.


During this time, Hilbert formed his habit of carrying on mathematical discussions while walking around outside, evincing a relative distaste for the more conventional environs of offices and libraries. While this preference contributed to the overall impression of eccentricity or, perhaps better said, strong individuality that Hilbert already projected, this restless habit was not unheard of or unique among German mathematicians. Hilbert’s eventual academic home, Göttingen, had somewhat of a tradition of peripatetic mathematics, encouraged by the inviting woods that surrounded it (largely preserved today). The custom of mathematical strolls would be happily joined in by his colleagues there, including Emmy Noether, who, as we’ll see, eventually transported this method of working to the United States. Hilbert and Minkowski used to go for regular walks with a favorite mathematics professor, Adolf Hurwitz.11 They were soon joined by others, and the walks became a daily moveable math seminar, where much knowledge was transmitted and new knowledge created.


Back at Göttingen, Felix Klein was happy to get Hilbert’s acceptance, but now he knew he had a real battle ahead of him. The Faculty Senate had to sign on to a hiring decision such as this.


Hilbert was a hard sell because of his reputation for, among other things, cultivating an overt contempt for any type of authority. The young professor, toiling at his relatively small-town university, was already notorious.


Scandalous stories had emanated from Königsberg. Hilbert was known to be shockingly casual in dress and manner for the era. He was a regular at dances and other social functions, where he shamelessly flirted with handfuls of young women. He did not fit many people’s image of a proper German university professor.


Hilbert’s champions in the Göttingen Faculty Senate were the leaders of the mathematics contingent, famous mathematicians in their own right, and the scientists. They knew all about his peculiarities, but they didn’t care. They were eager to capture Hilbert, whose attachment to Göttingen would greatly enhance the already-stellar reputation of their group.


Their opponents were the professors of philosophy, philology, literature, and theology, who were far more conservative than the scientists and mathematicians. This is a theme that we will see again. These old men of Göttingen wanted nothing to do with Hilbert. They needed careful handling.


Klein prevailed in the end because of the significant clout he had as a legendary mathematician and teacher, helped by his connection with Friedrich Althoff, the minister of education. During his years building up his department, Klein had also become a master academic strategist, skilled at negotiating with and cajoling his colleagues. At one point, another faculty member, apparently not closely familiar with Hilbert’s reputation but aware of his youth, chided Klein that he seemed to be looking for an easygoing candidate, perhaps thinking that Klein preferred somebody that he could push around. Klein reassured his colleague that, to the contrary, “I have asked the most difficult person of all.”12


Klein was in a unique position to manipulate the humanities professors. You could say that he had pursued a second career in educational administration, having become unusually adept in the intricate political maneuvering peculiar to German academic life.


After a series of tense meetings and negotiations, Klein succeeded. Hilbert was in.


Emmy Noether, Mathematician


It was 1900, and Emmy Noether had just turned eighteen. It was looking likely that she would never be married.


Consequently, she followed a conventional path for a smart young woman of her time and class. The teaching of languages was one of the few socially acceptable quasi-academic callings available to females, and for an unmarried young woman who was part of an academic family, this occupation was nearly inevitable. She took the required examinations and became certified to teach French and English to girls.13


She never did. Instead, Noether yielded to the restless stirrings of an unsatisfied desire to gain knowledge beyond what her conventional schooling had provided. We do not know what set her on this course. Perhaps she had caught glimpses of the arcane scholarship in which some of her relatives and their friends and colleagues were immersed. Her father, who labored near the edge of current mathematical knowledge (“one of the finest mathematicians of the nineteenth century,” according to some), might have had the strongest influence.14 Before long, Noether the daughter sought to scratch this itch by auditing courses in a variety of subjects at the university.


How unusual her educational pursuit was can be seen from one statistic: there were 984 male students at Erlangen and two female auditors.15 One of the obstacles was the hostility of some of the professors to the mere presence of women in their classrooms. The Ministry of Education had been battling with the conservative professoriat for some time to impress on them the rule that they must not exclude women for arbitrary reasons. This battle would continue even after Noether finished her formal education. The position of Emmy’s father helped convince most of the professors to allow her to audit, but she did have to fight for this right on occasion. Women were, however, now allowed to take graduation examinations, if not the examinations for individual classes, and in 1903 Noether took and passed the graduation exams.


By now the mathematics bug had bitten her hard. She continued to audit advanced classes, and not only at her home university: she spent a semester at Göttingen, packing a great many lectures into her auditing schedule. It must have been a heady experience for an aspiring mathematician. The list of professors whose classes she sat in on reads like a roll call of math celebrities, including many names that, like Klein and Hilbert, would be familiar to any student of mathematics or physics today.


Looking back on this time, the great mathematician and physicist Hermann Weyl would describe it this way: “Emmy Noether took part in the housework as a young girl, dusted and cooked, and went to dances, and it seems her life would have been that of an ordinary woman had it not happened that just about that time it became possible in Germany for a girl to enter on a scientific career without meeting any too marked resistance. There was nothing rebellious in her nature; she was willing to accept conditions as they were. But now she became a mathematician.”16


It’s possible that Weyl, given a chance to edit these remarks, might have rephrased his “any too marked resistance.” He became good-enough friends with Noether to be unaware of the resistance, marked indeed, that she faced at every stage of her attempts to pursue her scientific career—obstacles that did not exist for him and other men who shared her qualifications. He was keenly aware of her talents as a mathematician and considered them superior to his own. As detailed later in the book, his other statements and actions suggested that he considered her treatment unfair. Weyl wants us to understand his friend Emmy Noether’s attitude and state of mind: that the course of her life was fueled by her overwhelming passion for mathematics. Anything unconventional in the path she chose was a result of her following that passion; without it, there would have been nothing to motivate her to deviate from the road more traveled.


Hilbert at Göttingen


At Göttingen, David Hilbert lived up to the best hopes of those who had wanted him there, and confirmed the worst misgivings of those who had been against him.


Once installed at the university, Hilbert began to emboss a series of indelible memories on many of the people who encountered him. One student later recalled the “strange impression” that Hilbert made—that of a quick and casually attired man who “did not look at all like a professor.”17


For Hilbert’s part, he found the atmosphere at Göttingen somewhat too formal for his tastes. There were plenty of motivated students in mathematics; they had been drawn there by the international reputation of Felix Klein. But the atmosphere at Göttingen was still, at that time, rather formal and chilly, with academic ranks among the different levels of faculty and between faculty and students carefully observed.18 This was not Hilbert’s style.


Before a year was out, Hilbert had redoubled his unconventional approach to life and academia and had begun to surround himself with people whose company he enjoyed and with whom he could profitably discuss mathematics, without regard to the behavior and customs that might be expected of a man in his position.19 The students and junior faculty were thoroughly charmed by Hilbert, who presented a marked contrast to the imposing, godlike figure of Klein. They were amused by his patterns of speech and his provincial Königsberg accent and permitted themselves a little good-natured mimicry of some of his characteristic expressions.20


Göttingen’s students soon learned of another side to Hilbert’s nature. He was intellectually rigorous and unforgiving of slovenly argument or boring presentations and could be fierce in his reactions. According to Weyl, who was one of his students from this period (and who was to become a famous mathematician himself, a chairman of the math department, and an important figure in this story), “You had better think twice before you uttered a lie or an empty phrase to him. His directness could be something to be afraid of.”21


Weyl had joined the ranks of students at Göttingen in 1903.22 As had so many others, he soon found himself under the spell of a kind of intelligence that he had simply never encountered before: “The doors of a new world swung open for me, and I had not sat long at Hilbert’s feet before the resolution had formed itself in my young heart that I must by all means read and study whatever this man had written.”23


Once, after Hilbert learned that one of his students had switched from math to poetry, he said that this was just as well, since the student lacked the imagination to be a mathematician.24 And this was one of Hilbert’s few general complaints about his students at Göttingen: that they sometimes failed to display sufficient imagination.


While at Göttingen, Hilbert redoubled his reputation for eccentricity. By the end of his first year there, he and his young family had a house built and had made certain arrangements to facilitate Hilbert’s preference for working outdoors, away from dusty books and libraries. Hilbert actually had a giant blackboard attached to the wall of his neighbor’s house and had a covered walkway constructed so that he could work outside even in the rain.25 A few years later, he would acquire a bicycle and learn to ride at the age of forty-five.26 Hilbert’s new vehicle became part of his regular work routine, which involved taking turns scribbling on his outdoor blackboard, walking around, gardening, and enjoying quick spins on his bicycle. He hung out in pool halls with the junior faculty, toward whom he was expected to be aloof. In the winter, he barged into his classroom on skis. When he wanted to go for a walk with Minkowski, Hilbert would go to his friend’s house and throw pebbles up at his window, another practice that failed to burnish his social reputation.27


Perhaps an even more telling hint of Hilbert’s unconventional attitudes is the story that when his son, Franz, began his schooling, he was asked what religion he belonged to, and the boy had no idea.28


Throughout all the turmoil, conflict, and, finally, resounding success that marked Hilbert’s career at Göttingen, his wife, Käthe Jerosch, was a constant source of support and a crucial go-between and facilitator. She understood when he needed some quiet time to work and served as a gatekeeper to the constant stream of students and colleagues who came knocking on his door. It might be fairly said of Hilbert that he was a complicated man, and nobody understood him but Frau Hilbert.


In 1900, a mere five years after joining the Göttingen faculty, Hilbert gave a speech in which he defined ten (later expanded to twenty-three) critical unsolved problems. These were not simply puzzles but a kind of blueprint for the shape of the future of math.


It was Hilbert’s friend Minkowski who planted the idea for the theme for the lectures.29 He suggested that, in planning a turn-of-the-century talk, Hilbert might consider a “look into the future” and construct a “listing of the problems on which mathematicians should try themselves during the coming century. With such a subject you could have people talking about your lectures decades later.” In fact, over a century later, we are still talking about them.


Such was Hilbert’s intellectual authority by this time and his sweeping command of the entire universe of mathematical research that these so-called Hilbert problems had a profound influence over the development of the field. They are known to every mathematician to this day, and some of them remain unsolved. Finding a solution to an open Hilbert problem would make a name for any mathematician who managed it.


Dr. Emmy Noether


Emmy Noether passed her graduation examinations in the summer of 1903 and immediately proceeded to postgraduate studies.30 By now she was committed to mathematics and headed for the place that everyone now knew was the center of mathematics in the entire world: Göttingen University.


She spent a semester there, again officially as an auditor. Women were still not legally permitted to matriculate at German universities, even if they were allowed to sit for the graduation examinations. She audited lectures by a roster of geniuses whose names are permanently recorded in the history of science and mathematics: Karl Schwarzschild, Hermann Minkowski, Otto Blumenthal, and Felix Klein and David Hilbert themselves. Schwarzschild was an astronomer with preternatural mathematical skills; the others, as noted earlier, were mathematicians.


After that heady semester at Göttingen, Noether returned home. The law was finally changed to give women the same rights as men to enroll in universities and receive degrees. In the fall of 1904, she officially entered the University of Erlangen as a student of mathematics.31 Erlangen was organized into “schools”; mathematics was Section II of the School of Philosophy. After Noether matriculated, this school contained 46 male students and her. The only other women were at the medical school, which contained 3 official female students and 2 auditors, among 159 men.


Her father, Max, shared responsibility with another notable mathematician, Paul Gordan, for teaching the main courses in the math department. Emmy often attended her father’s lectures with her brother Fritz, who was studying math and physics.


Gordan was one of the world’s experts on something called invariant theory. Emmy Noether began to study this subject intensively under his guidance, and in December 1907, she received a PhD, summa cum laude, with a thesis on the subject.
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The next two chapters will set the stage for Noether’s theorem and describe both the external circumstances and the internal preparation that culminated in her groundbreaking discovery for physics. A main thread of Noether’s internal preparation had to do with the evolution of her mathematical style and attitude; this journey began with her tutelage under Gordan, and its first signpost is her thesis. Gordan was well known for his highly detailed, computational approach to mathematics. His papers often consisted of immense strings of equations uninterrupted with prose. Noether absorbed the approach of her research adviser, and her thesis reflects this style in the extreme. It’s not unusual for researchers at the beginnings of their careers to adopt the approaches of their mentors, even those, like Noether, whose originality would soon lead them along a widely divergent path.


In Emmy Noether’s case, however, this divergence was pronounced. Hermann Weyl would, much later, look back over Noether’s career: “A greater contrast is hardly imaginable than between her first paper, the dissertation, and her works of maturity; for the former is an extreme example of formal computations and the latter constitute an extreme and grandiose example of conceptual axiomatic thinking in mathematics.”32


Noether would probably have agreed with him. After she entered her more mature phase of research, she became impatient with any mention of this thesis, calling it “crap” and sometimes worse.


The difference in approaches to, or styles in, mathematics that Weyl refers to, amplified by Noether’s execration, is the difference between the explicit, sometimes laborious calculation of results and working on a higher conceptual plane marked by reasoning about the structure behind the problem. In the latter case, the mathematician sometimes proves things about the nature, for example, of the solutions to an equation (do they exist? are there a finite or infinite number of solutions?) without, perhaps, ever bothering to construct a single such solution.


Albert Einstein


The year 1905 is now called, by so many historians and popularizers of science, Einstein’s “miracle year” (some prefer a fancy Latin version: annus mirabilis). In that one year, Albert Einstein, at the age of twenty-six, published five papers. Every one of the five papers was brilliant; some of them changed the course of human thought forever. One of those articles was to win him the Nobel Prize. It was a calculation that inaugurated quantum mechanics. From another of the 1905 papers, we get the one physics equation that everyone knows: E = mc2 (although it doesn’t appear in quite that form in the original). One of the five papers marked the birth of special relativity; its popularized ideas would haunt cocktail party conversations for decades and lead to innumerable sketches of trains on paper napkins. Another of the five papers would earn Einstein his PhD (in physics), two years before Emmy Noether earned hers in mathematics.


Einstein did all this while employed as a clerk in the Bern, Switzerland, patent office. His job was to examine patent applications. He liked it, because it was somewhat interesting, not especially demanding, carried a good salary, and left him plenty of time to think about physics. He joked that his desk drawer there, stuffed with theoretical calculations, was the “physics department.” He didn’t particularly like to teach classes.


Despite Einstein’s contentment at the patent office, we have to wonder, what was he doing there? After graduating from university in 1900, he was the only physics student without a teaching assistantship. He spent a year unemployed, applying to various universities without success. Einstein’s problem was very likely that he had simply offended his teachers. He cut many classes, preferring self-study. He took it upon himself to decide which classes were too boring or irrelevant to be worth his time. Teachers who are even minutely insecure tend to be easily put off by students who are too smart and who don’t defer to their wisdom. And the young Einstein was not very diplomatic in general.


After a year of unemployment during which time he depended on his parents, who were not well off, for support, he finally got a job as a schoolteacher, first at a high school and later at another private school.33 He enjoyed this work far more than he had expected, especially as both jobs left him enough free time and energy to work on physics problems. After a year of schoolteaching, he found a position at the patent office with the help of his friend and university companion Marcel Grossmann (as described later in the book, Grossmann gave him some even more crucial assistance). This patent work was more secure (the teaching jobs had been temporary) and was even more suited to him. In fact, his days at the patent office were some of his happiest.


Although Einstein produced much groundbreaking work in such a stunning variety of subjects while in Bern, the work that bears directly on our story is what we now call special relativity.


I will not give a detailed description of the content of this theory, as there are many excellent books and articles that provide that service, and it’s not necessary for the thread of our story. However, we do need a basic overview, and, especially, we need to understand one particular way of looking at the theory. This angle on special relativity is not found in most elementary or popular accounts. It makes an intimate connection with invariant theory, the subject of Emmy Noether’s PhD research. Noether was immersed in invariant theory when Einstein’s paper came out.


First, why is Einstein’s theory called a theory of “relativity”? The theory deals with the question of how you would describe things from, or relative to, different points of view. In this case, the points of view are different reference frames. That simply means environments that are moving at some constant velocity, which means at some constant speed in some particular, unchanging direction. If you’re on a train moving smoothly along at a constant speed and I’m standing on the platform, we’re in different reference frames of the type considered in this theory. Einstein’s first relativity theory came to be called special in contrast to what came later. The general theory of relativity was, well, more general: it would include reference frames that are moving in any way.


The first explicit theory of relativity was laid out by Galileo, and we now call it Galilean relativity. It simply says that I on the platform will measure you as moving to the right (say) at whatever speed the train is going, and you’ll measure me as moving to the left at that same speed. If you throw a ball in the direction of the train’s engine, I’ll see the speed of the train added to whatever velocity you imparted to the ball. Another example is the moving walkways now common in airports. Walking along at your usual pace, you look to the side and notice that the scenery is moving past more quickly perhaps than you’re used to; the speed at which the scenery moves by is the platform speed added to your walking speed.


Galilean relativity is the instinctive theory of relativity that we believe in, usually without conscious awareness, unless and until we sign up for a physics class and have our instincts educated out of us. It’s obviously true. It was the theory of relativity that persisted for over three hundred years, that Einstein inherited, and that he showed could not be true if some other things that we had learned in the meantime were true.


We will skip his arguments and proceed to some of the results. Briefly, however, the fundamental fact of life that Einstein used to prove that Galilean relativity needed to be replaced is this: in a vacuum, light has one speed, and that speed is the same for everyone, no matter the reference frame from which you measure the light. This means that if, as you’re walking along the moving airport platform, you take out a flashlight, point it straight ahead, and switch it on, you’ll measure (if you also had equipment for doing so) the light traveling away from you at this universal speed, represented by the constant c. So far, no surprise. But it also means that someone else, standing still on the nonmoving floor next to you, would measure precisely the same speed, c. This observation directly contradicts what we think we intuitively know about tossing balls on a train. (Of course the airport is not a vacuum, but its atmosphere affects the speed of light only minutely, and the idea is the same.)


Assuming this fact about the speed of light, which had been supported by experiment, and ruthlessly applying simple logic to ingenious thought experiments led Einstein to the conclusions of his special theory of relativity.


The constancy of the speed of light was also implied by James Clerk Maxwell’s electromagnetic theory. In a sense, Maxwell’s theory was the first unified theory in physics: the great Scottish physicist used the criteria of mathematical beauty and symmetry to blend the existing theories of electricity and magnetism into a set of equations that showed that each was an aspect of the other. These equations showed that vibrating fields of electricity and magnetism progressed through space in the form of waves—of light, heat, or radio waves—with a velocity that was a constant of nature and was independent of the motion of their source or of the observer. Maxwell’s theory was an ever-present guide to Einstein while he created his own new physics; it was accepted by all, considered part of the ground truth, and it showed that Galilean relativity was not inviolate.


Among other things, these conclusions are that if you measure the flow of time, the duration of a second, on a reference frame moving relative to your own, you will measure it as being longer than a second in your own frame. In other words, if you stand on the platform and observe a clock on the train passing by, you’ll see that clock ticking more slowly than the clocks on the platform with you. Time slows down on the train, compared with your own time. Why did no one notice this before Einstein? Of course, the effect, although real and now confirmed to tremendous accuracy by many experiments, is so tiny that you need either super-accurate clocks or speeds quite close to the speed of light to observe the effect. (And it’s been confirmed both ways: by atomic clocks in airplanes and by observations that particles moving close to the speed of light “live” longer than they do when taking life at a more leisurely pace.)


Another result of the theory is that space itself is altered by speed. If you had the means to measure the length of the train car to extreme accuracy as it passes by, you would see that it’s shorter than it was when the train was sitting still. The faster the train goes, the more contracted it becomes, in the direction of motion.


I won’t say much more about these effects, except to dispel a common point of confusion, just in case: the people on the train, no matter how fast it goes, don’t notice anything unusual about themselves or things happening on the train. Their clocks are slowing down as measured by the people on the platform, but the people are slowing down too. Time itself is slowing down, so there’s nothing to notice. It’s the same with space: there’s no way for people to detect that things are shorter, because the rulers they would use to measure them are shorter as well. The length contraction is relative to other reference frames.


In 1902, Hermann Minkowski moved to Göttingen University. About the time that Emmy Noether was receiving her doctorate, he gave a lecture there about Einstein’s recent special relativity theory. He had not only absorbed it thoroughly, but he had found a better (in his opinion) way to describe these transformations of space and time. It was, in fact, an elegant mathematical trick. “Einstein’s presentation of his deep theory is mathematically awkward,” he remarked. “I can say that because he got his mathematical education in Zürich from me.”34


Yes, Minkowski was one of Einstein’s math teachers at university.


Minkowski showed that in special relativity, the transformation of space and time between different reference frames is mathematically identical to a rotation of the space-time coordinate system—the set of axes on which we diagram the positions of objects in time and space (either one-, two-, or three-dimensional space). This observation made the unfamiliar familiar because, although Einstein’s transformations were something new and strange in mechanics, everyone was already an expert in rotations. Whatever mathematical tricks and conveniences about rotations that we had learned from geometry could now make calculations in special relativity easier and more intuitive. In fact, we owe our concept of four-dimensional space-time to Minkowski. It combines the three space dimensions with the time dimension, but not in the way that Galileo or Newton might have done, where time and space retain their wholly separate identities. In Minkowski’s space-time, the time and space coordinates are more intimate with each other: Minkowski’s rotation mixed time intervals and space intervals together.


By showing that Einstein’s space-time transformations were equivalent to a rotation, Minkowski had discovered a hidden symmetry in the equations of special relativity, one that Einstein hadn’t seen. An important aspect of this mathematical point of view is to notice that as you rotate the coordinates, thereby changing the measurements of space and time, some things do not change. These important, unchanging quantities are the invariants of special relativity and are connected with the invariant theory in which Noether did her PhD work. As we’ll see later, this import of a bit of invariant theory into relativity is the first precursor of Noether’s achievement.


Minkowski’s trick neatly brings out a radical consequence to relativity: space and time are not eternally separate. All you have to do is step on a moving platform, and space and time, formerly distinct concepts, become blended.


Minkowski noticed how revolutionary this consequence was: “Henceforth space by itself, and time by itself, are doomed to fade away into mere shadows, and only a kind of union of the two will preserve an independent reality.”35


In his book about Einstein’s creation of the general theory, John Gribbin suggests that the wide acceptance of Einstein’s ideas, and even his academic success in general, owed a great deal to Minkowski’s space-time formulation of the special theory.36 While Einstein, as we’ve noted, came to appreciate Minkowski’s work on relativity, it’s doubtful that he shared this expansive view of its significance.


It took a while for Einstein to get the point of what Minkowski was up to. In fact, he made the crack, “Since the mathematicians have attacked the relativity theory, I myself no longer understand it anymore.”37


He briefly considered Minkowski’s four-dimensional space-time formulation a kind of pointless erudition and Minkowski’s papers “needlessly complicated.”38 He put this in the context of his suspicion that the Göttingen mathematicians were sometimes more concerned with showing off than with trying to express things clearly, at least when it came to their physics-adjacent work.39 Eventually, however, Einstein was to modify these opinions.40 He not only came to appreciate Minkowski’s approach but also eventually employed it in his own papers.


Emmy Noether, Math Teacher


Emmy Noether’s father, whose health had always been precarious, grew progressively frailer after his daughter received her doctorate. Teaching was becoming more difficult.


Her PhD wouldn’t get her an academic job. There were no such things as academic positions for women in Germany in the first decade of the twentieth century and most of the second. Of course, she knew this. She knew that Dr. Emmy Noether would not be able to be a professor of mathematics, while her male friends and colleagues with similar qualifications had found positions. She hadn’t pursued her degree as a vocational qualification; she had done so out of pure hunger for knowledge and to gain research experience.


So she stayed in Erlangen and became her father’s unpaid assistant. She also worked on her own research projects, which started out related to her thesis work: she pushed on for a while in invariant theory. She joined several mathematical societies and began to attend meetings. These associations let her discuss her work with a wider community and helped the wider community get to know her. She found the meetings delightful and exciting and enjoyed occasionally giving talks about her work. There was an active social scene in the evenings after the official sessions, and Emmy Noether was often there. She was almost always the only woman mathematician present—in other words, the only woman who was not there as the wife of a math man.41


Her thesis adviser, Paul Gordan, retired in 1910. His replacement’s replacement, Ernst Fischer, became her most important mentor. For the next five years, they talked mathematics constantly. Noether created a voluminous set of notes of their discussions and sent him frequent postcards crammed with math, even though they both lived in Erlangen.42


Under Fischer’s mentorship, Noether underwent a crucial transition as a mathematician. She turned away from Gordan’s style of detailed, almost-algorithmic calculation and began to adopt a more abstract methodology. This was a style associated with Hilbert and with his methods of proof that Gordan had dismissed as theological. She embraced this new approach to mathematics enthusiastically and began to loathe the style in which she had initially been trained.


Her father became unable to teach or carry out his other duties. His daughter began teaching his courses as a permanent, unpaid substitute. She even supervised PhD students. She published additional papers, which were highly regarded, and continued to attend and speak at conferences.


In short, Noether’s life at this moment resembled that of a top-flight mathematician at the beginning of a promising career, one destined to include the security and comforts of a prestigious appointment. She was teaching, supervising research, and, through her own research activities and lively participation in congresses and meetings of her colleagues, developing a rapidly growing international reputation. Her colleagues, the community of mathematicians, for the most part, accepted her as one of them—because she was one of them, one of the still-small coterie of insiders who spoke their recondite language.


However, Noether was not to enjoy the career of a top-flight mathematician, regardless of the esteem in which she might be held by her peers. German laws, regulations, traditions, and the dominant attitudes of society would ensure that, while the university would continue to benefit from her unpaid service and while she would continue to be allowed to enhance the reputation of German science, she would receive no official recognition for these things. Instead, she would watch a steady supply of less talented men pass her by on the career ladder. This state of affairs would only begin to change after the end of the Great War.


While a few of her colleagues complained on her behalf and even battled to secure a position for her, her own attitude seemed to conform to Weyl’s aforementioned description of her peace with her situation. There is no record of Noether ever uttering a word of protest about her treatment; nor is there any trace of bitterness or self-pity in any of her letters or recorded comments. On the contrary, she seemed to view her circumstances and the world in general through a humorous lens (but indeed not through rose-colored glasses). She didn’t resent working without pay; she was in a position to help, so she did so. She expected nothing. She was gloriously happy to have any opportunity to pursue, teach, and talk about mathematics, the one thing that provided her with unalloyed joy.
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Hilbert’s fame continued to soar. He cemented Göttingen’s status as the Western world’s math headquarters. Now every aspiring mathematician wanted to study there, and Hilbert was the main reason. He was quickly becoming the world’s first true math celebrity and turned the Göttingen math department into the mathematics destination that attracted students from all over Europe and the United States and as far away as Japan.


Hilbert’s fame never seemed to have an untoward effect on him. A former student, Otto Blumenthal, noted that Hilbert accepted his acclaim with “a naive, mild pleasure, not letting himself be confused into false modesty.”43 By now, hundreds of people regularly filled the lecture halls at Göttingen to hear him talk, filling all the seats and sitting on the windowsills. Nevertheless, according to a someone who was there, “If the Emperor himself had come into the hall, Hilbert would not have changed.” But not because of any sense of self-importance: “Hilbert would have been the same if he had had only one piece of bread.”44


Although Hilbert’s lectures were wildly popular, his unconventional approach sometimes got him into trouble.45 Because he preferred to work things out on the blackboard rather than transcribe a carefully prepared lesson, he naturally got stuck now and then. If there was nobody around who could figure out how to proceed, he would just shrug and say, “Well, I should have been better prepared.” Although this approach may sound like a recipe for chaos, it gave his students a glimpse of the struggles and creative effort that went into actually doing mathematics. In fact, it was this glimpse into the process of discovery that made his lectures so memorable for so many. The Hilbert classroom experience was, for most, a refreshing contrast to the perfectly organized and polished lectures of Felix Klein. Paul Ewald, later to become an important physicist and crystallographer but then employed as a “scribe” tasked with transcribing Hilbert’s lectures, described the experience as witnessing Hilbert seemingly creating new mathematics on the spot as needed rather than regurgitating well-known results.46


Early in the 1900s, Hilbert was awarded the German version of, roughly, a British knighthood.47 However, he was impatient, even abusive, toward those who insisted on addressing him using the title.48 Hilbert didn’t much care exactly how he was addressed, but excessive formality and, especially, obsequiousness were intolerable to him.


Klein and Hilbert were an interesting study in contrasts. Klein had also received the knighthood and preferred that he be addressed with the title that went with it. The American mathematician Norbert Wiener went to visit Klein after the German professor had retired. Wiener knocked on his door and asked the housekeeper if the “Professor” were in. She corrected him sternly, saying that Klein was indeed at home, but she substituted his exalted title in place of “Professor.”49 When a former student was asked how Hilbert preferred to be addressed during those years, he replied, “Hilbert? He didn’t care. He was a king. He was Hilbert.”


During Hilbert’s tenure at Göttingen, he made a profound impression on a long series of students and colleagues, many of whom were to become renowned for their own contributions to mathematics and science. Max von Laue, the future physics Nobelist but then a student attending some of Hilbert’s lectures at Göttingen, said of his professor, “This man lives in my memory as perhaps the greatest genius I ever laid eyes on.”50 In contemplating the significance of this remembrance, we should keep in mind the collection of first-rate scientific minds that von Laue had to have rubbed shoulders with over his lifetime.


The mathematician Harald Bohr remembered Hilbert this way: “Over the whole life of Göttingen shone the brilliant genius of David Hilbert, as if binding us all together.… Almost every word he said, about problems in our science and about things in general, seemed to us strangely fresh and enriching.”51


Minkowski later wrote to Hilbert that “one can learn much from you, not only in mathematics, but also in the art of enjoying life sensibly like a philosopher.”52


It would be a mistake to think of Hilbert as a distracted, absent-minded-professor type, despite his constant preoccupation with the most rarefied realms of pure mathematics; he was not without shrewdness in human affairs when the occasion called for it. Such an occasion arose when his rocketing fame led to an offer of a prestigious professorship at Berlin.53 His students were afraid that such an opportunity was too tempting to refuse, but they tried nevertheless to prevail on Hilbert to stay at Göttingen. Hilbert seemed preoccupied and, to their dismay, did not allay their fears. They knew nothing, however, of the machinations that their beloved professor was setting in motion behind the scenes, scheming to use his offer of a position as leverage. With diplomatic adroitness, he managed to pressure Klein’s accomplice, Friedrich Althoff, to create a new position at Göttingen and allow it to be filled with Hilbert’s old friend, Minkowski. When the dust had settled, everyone at Göttingen was overjoyed, including Hilbert himself; his scholarly life would now be further enriched by the presence of one of his favorite mathematical companions. Minkowski would turn out to have an important influence on Hilbert, convincing him, critically, to delve further into physics.54


Göttingen is more than just a place of employment, far more than just a school. The old university is one of the central characters in this story: the spirit of the place itself, the weight of its splendid history, its embrace of the intellectual journeys that unfolded both within its stone walls and along paths through its forests, elevate it to the status of an active participant in the momentous discoveries of Hilbert and his friends. American physicists Leon Lederman and Christopher Hill describe the German university of this era:


The university of late nineteenth- to early twentieth-century Germany… was a profoundly influential community, particularly in the sciences and mathematics, where it enjoyed the reputation of being the best in the world. It was a place of the highest academic standards of the age, the birthplace of quantum mechanics and Einstein’s general theory of relativity as well as most of modern mathematics.… Here ethnic minorities found a tolerant, open, and receptive community, a place to flourish that offered a respite from an outside society of staunch national conservatism. It was a quiet, meditative environment, a community of scholars with a common deep and abiding love of their abstract pursuits.55


Lederman and Hill speak not of Göttingen in particular but of German universities generally; Göttingen happened to be the most highly regarded at the time in mathematics and the sciences. Of course, this toleration, freedom, and meritocracy had limitations: ethnic minorities, yes; women, certainly not. There was another limitation, relating to class. This restriction was not enforced by the universities themselves directly but was a de facto constraint arising from the German educational system. Only those with a certain degree of means could prepare themselves to pass the examination that would allow them to partake of this meritocracy.


How much did the intimidating position of German scholarship in these fields owe to their formidable system of universities rather than to, say, an accidental agglomeration of brilliant minds or to some other cultural or historical circumstance? It’s surely impossible to give any kind of quantitative answer to questions such as these, but just as surely, the influence of the university was profound.


While his renown and the scope of his responsibilities continued to grow, Hilbert remained utterly uncompromising in his principles. He was aghast at Germany’s annexing of territory and had refused to sign, at the outbreak of World War I, the notorious “Manifesto to the Civilized World” defending Germany’s territorial aggression.56 As an indication of the nature of this document, which was signed by ninety-three reputable German thought leaders, it warned against the “Russian hordes allied with Mongols and Negroes unleashed against the White race.”57 Nearly all his colleagues (even Klein and Max Planck) and other prominent people all over Germany had felt obliged to put their names to this screed (which, in later years, caused some of them shame and others to profess their lack of full comprehension of the extent of Germany’s crimes. As Upton Sinclair famously said, “It is difficult to get a man to understand something when his salary depends on his not understanding it”). As a result, his patriotism was suspect: no small matter during wartime.


Meanwhile, as the war got underway, Hilbert continued to outrage the older faculty by ignoring their ideas about how someone in his position should behave.


After he moved to Göttingen, Hilbert’s research interests moved away from invariant theory to such topics as logic and the foundations of mathematics. His work was marked by an ever-increasing formalism and a focus on the structure of mathematical systems.


Hilbert pioneered a highly abstract, axiomatic approach to mathematics. The meaning of this approach may not be very clear to those who find mathematics so inherently abstract that additional distinctions seem meaningless. But there are different styles of mathematical research. In Hilbert’s day, confidence resided in concrete constructions of results and solutions, not merely in invariant theory but in general. Hilbert aimed to avoid detailed calculations in favor of demonstrating, sometimes indirectly, the logical necessity of the results he was trying to prove. Eventually, his critics were forced to concede the usefulness of Hilbert’s methods, and the axiomatic flavor of mathematical research has become part of the mainstream.


Sharon McGrayne, in her book Nobel Prize Women in Science, places Hilbert’s predilection for abstraction in a broader cultural context: “Early twentieth-century intellectuals—including mathematicians, artists, architects, musicians, dancers, writers, and physicists—were fascinated by the concept of abstraction. Eager to strip reality of its special, individual peculiarities, they sought general principles that always hold true. David Hilbert, considered the greatest mathematician since Carl Friedrich Gauss, was using highly abstract methods at Göttingen. In Erlangen, Noether began applying his approach to algebra.”58


McGrayne also points out that Emmy Noether began her mathematics career somewhat in the shadow of her well-known father and was known as Max’s daughter but that, eventually, Max became identified as Emmy Noether’s father and is so identified today.


Peter Freund, in A Passion for Discovery, adopts a similar point of view. He notices the similarities between the increasing abstraction of early twentieth-century mathematics and physics, and the emergence of a higher degree of abstraction in the arts, which he feels is represented in the works of Wassily Kandinsky, Arnold Schoenberg, James Joyce, and others.59


Hilbert’s concern with the logical structure of mathematics found one of its early expressions in The Foundations of Geometry, a book he published in 1899.60 This book, and the approach it illuminated, was to have a deep impact on the subsequent development of mathematics.61 A year after its publication, in his famous speech wherein he laid out his famous twenty-three problems, problem number six challenged scientists to apply the axiomatic approach used in his geometry book to the various fields of physics.


Hilbert may or may not have remembered Emmy Noether’s semester in his classes in 1903. It’s likely that he did, if for no other reason than the presence of a female student would have been unusual though, at Göttingen, not unique. He had probably encountered a younger Emmy at least once, when visiting with her father. In any case, by 1913, he would have been aware of her reputation and activities as a mathematician. The world of mathematics was still quite small. An active mathematician would generally be aware of the other productive members of the discipline, especially, as was the case with Hilbert and Noether, when they were conducting research in the same or adjacent areas.


In 1913 Emmy and Max Noether visited Göttingen to work with Hilbert and Klein in composing Paul Gordan’s obituary. The “King of Invariants” had died.


We do not know how or when Hilbert first became aware of Emmy Noether; but even if her auditing of classes shortly after her PhD went unnoticed, she left a strong and favorable impression on both Hilbert and Klein from her 1913 visit.


Noether’s series of papers that began to appear after her PhD could not have failed to attract the notice of David Hilbert.62 He would have been even more likely to have noticed her papers in those days, before the proliferation of publications grew out of control. Noether published papers extending Hilbert’s basis theorem and attacking related problems, proved a conjecture made by Hilbert in 1914, and partly solved Hilbert’s fourteenth problem, from his famous set of problems for the new century. She also established herself as an expert in something called the theory of differential invariants.


Whether or not Hilbert remembered Noether personally from previous encounters, the woman whom he now saw had undergone a transformation. Her appearance was no longer at all that of a conventional middle-class woman. She had gone full math mode.


She had pared her clothing down to the practical minimum and adopted an unusually short hairstyle (to become more fashionable some decades later), creating a spectacle of herself of which she seemed unaware. She had for some time begun to wear what others described as strange clothing for a proper young woman, such as plain black frocks that caused one student who encountered her to remember that she looked to him like a railway conductor. Altogether, she was such an odd sight that people sometimes stopped and stared at her on the street.


By the end of the obituary-writing session, Hilbert and Klein had invited Noether to come to Göttingen to engage in mathematics research alongside them.


What Is Important Is Gravity


At nearly the same time that Emmy Noether accepted the Göttingen invitation, Einstein accepted an invitation to come to Germany as a research professor at Berlin. One of the main attractions of the job was that he wouldn’t be required to teach.


Einstein had turned physics upside down with his 1905 papers, but he was just getting started. Immediately thereafter, he began his gargantuan project to turn the special theory of relativity into a general theory.


The special theory was limited to considering what physicists call inertial reference frames, the above-mentioned frames of reference moving at constant velocity. The general theory would relax that condition and include any reference frame, in particular frames that were accelerating. To a physicist, accelerating frames means frames changing speed or direction, or both.


The general theory was to be a theory of gravity. Of course, we already had one of those: Newton’s law of gravity, which describes a force between any two objects as proportional to the product of their masses and decreasing as the square of the distance between them. It had served humankind well for centuries. Most impressively, it had allowed Newton to explain, with one simple law (plus his laws of motion), where Johannes Kepler’s elliptical orbits came from—an explanation that amounted to the final consummation of the Copernican revolution.


Copernicus’s revolution replaced the geocentric universe with the sun-centered one. Before Copernicus, the celestial bodies had all revolved around us, in large circles with smaller circles imposed upon them: the notorious epicycles. After Copernicus, we and the other planets revolved around the sun, but the epicycles were still there, needed to make the model agree with observation. They were needed because, unknown to Copernicus, the orbits were not circles—something unthinkable to him, a member of the ancient cult of circular perfection.


Kepler replaced the circles with ellipses, along with several rules for the varying speed of orbit along each ellipse. This model replaced the complex system of epicycles with a few simple rules that agreed with observations, but it was a purely geometrical solution: nobody knew where these ellipses came from.


Newton showed that his simple rule for gravity was the cause of Kepler’s ellipses, replacing an arbitrary geometrical description with a true law of nature, a causal system. It was also a great unification: the force that holds the universe together was the same one that caused the apple to fall from the tree. This unification explains the importance of Newton’s universal law of gravitation and why it was a turning point in our understanding of the universe and our place in it.


There were some problems with Newton’s gravity, however. Some of them were conceptual, and one of them was empirical. The empirical problem was a long-known anomaly seen in Mercury’s orbit. Its ellipse was not eternally unchanging, but precessed by a tiny amount every year. Noncircular ellipses don’t have the perfect symmetry of circles; they’re elongated, so they have two radii, or axes, of different lengths. The precession of Mercury’s orbit means that (either one of) these axes slowly rotates, rather than pointing in the same direction forever. The orbit’s direction in which it’s flattened slowly changes. Another way of saying this is that the planet, after completing one of its years, doesn’t return to precisely the same place: its orbit is not closed.


Now, none of the orbits of the planets in our solar system is a perfect, closed ellipse. That’s because each orbit is perturbed by the presence of all the other orbiting planets, especially by ones nearby. When we say that the orbit of Mercury exhibits an anomaly, we mean that there is an extra observed precession beyond what can be explained by the interference of the known planets. For a long time, astronomers had assumed that this orbital irregularity must be due to a planet that we had not yet observed directly. However, when they looked for it at the place where calculations suggested it should be found, they saw nothing.63


Einstein was one of the small number of physicists who thought that it was the law of gravity itself that needed to be modified. We shouldn’t be looking for an unknown planet; we should be looking for new physics. He was the only one who succeeded in finding that modification.


The conceptual problems with Newton’s law of gravity were several. One was the magical action-at-a-distance character of the law. According to Newton’s model, the force of gravity instantaneously reached through expanses of space without limits of any kind. As the masses that caused the force moved, the forces, even on other masses millions of miles away, changed direction instantly. If the sun were to suddenly vanish, its gravitational influence on our planet would vanish without delay. And if another star were to pop into existence, we would experience its tug without having to wait for its influence to travel through space. Einstein was not the only scientist bothered by this model of reality, but he was the only one who knew what to do about it.


The other major head-scratcher was the mysterious fact that the masses in two of Newton’s laws seemed to be the same, for no good reason that anyone had ever found. The force of gravity that pulls you down to the ground is proportional to your mass. Newton’s second law of motion says that the force with which someone has to push you to change your velocity is also proportional to your mass. The two laws have nothing to do with each other, but the same mass appears in both. Measurements showed that we were, in fact, dealing with the same mass. The gravitational mass was the same as the inertial mass.


One of the consequences of the identity of the two masses is the well-known observation made, famously but perhaps apocryphally, by Galileo in his Tower of Pisa experiment: heavy and light objects undergo the same gravitational acceleration near the earth’s surface. Air resistance complicates the demonstration, but the experiment is routinely repeated in the classroom with an evacuated tube containing a feather and a rock. The demonstration was also repeated, with a feather and a hammer, on the moon by an Apollo 15 astronaut.64 Our expectations, primed by our experience within the atmosphere, are thwarted when we see the rock and the feather falling side by side, and the effect is delightful and memorable. The force of gravity is stronger on the rock (it weighs more on the scale, because it is pulled down by a stronger force). However, it resists acceleration to the same degree; the effects balance each other exactly, leading to the gravitational acceleration near the ground being considered a constant property of the earth.


This was one of the fundamental mysteries in classical physics, and yet no one was working on it, because there seemed to be nowhere to start.


It was these conceptual problems with Newton’s gravity that motivated Einstein to think about the possibility of a better theory and to remove the artificial limitation to inertial reference frames in his special theory. This generalization to a wider class of reference frames would ultimately appear as the replacement of the rotational invariance described earlier in this chapter with more general classes of transformations, with the uncovering of a hidden symmetry that explained gravity and made the identity of the two forms of mass inevitable.


Einstein’s puzzling over the apparent identity of the two forms of mass is related to what we now call the principle of equivalence. This principle can be formulated in several ways. One way is to insist that the two types of mass are identical because of a fundamental symmetry in nature—that the laws of physics must take the same form whether you are in a gravitational field or in a region of space with no gravity but, say, in a spaceship undergoing an equivalent acceleration.


Einstein proposed one of his famous thought experiments to explain the principle. Suppose you are in a sealed box and conduct experiments and make observations, as one does, and that your observations are consistent with you and the box sitting at rest on the surface of the earth. When you drop things, they accelerate downward at 9.8 m/s², meaning their speed increases by 9.8 meters per second every second. Pendulums behave in their customary way, and when you step on a scale, you see you have not made any recent progress with your diet.


Einstein pointed out that all these observations would be unchanged if, instead of sitting on the earth, the box were being towed through empty space with an acceleration of 9.8 m/s². Aside from tidal effects (avoided by confining measurements to a single point, avoiding changes in gravity with height), there is no way, from inside the box, to tell which situation you are in. The scale conveys the same disappointing news, because your “weight” is reproduced exactly by the apparent force created by the box’s acceleration.


Since it is impossible in principle to distinguish between the two situations, they must be fundamentally the same, and their sameness should be reflected in the equations describing gravity and motion. The identity of the gravitational and inertial masses would cease to be a mystery if inertia and gravity themselves were understood to be somehow identical.


Carrying the principle of equivalence to its logical conclusions eventually led to the equations of general relativity, the theory considered by many, including the great theoretical physicist Lev Landau, to be “probably the most beautiful of all existing physical theories.”65 A recent Economist article muses on the theory’s appeal: “The theory explained, to begin with, remarkably little, and unlike quantum theory, the only comparable revolution in 20th-century physics, it offered no insights into the issues that physicists of the time cared about most. Yet it was quickly and widely accepted, not least thanks to the sheer beauty of its mathematical expression; a hundred years on, no discussion of the role of aesthetics in scientific theory seems complete without its inclusion.”66


Einstein published an early version of the theory in 1907, where he attempted to modify Newtonian gravity to take into account the finite signal speed required by special relativity, where instantaneous action at a distance was not allowed. This paper represented the first time the principle of equivalence was explained, the principle that Einstein called his “happiest [or luckiest] thought.”67


Einstein’s fame among physicists grew. Professors from around the world started to visit him in his Swiss patent examiner’s office. Many were surprised to find that the name attached to so many important papers belonged not to an established professor of physics at an eminent university but to an informal young man sitting at a modest government desk.


Of course, Einstein liked it there. Some of his friends, however, thought it would be better if he had a more normal job for a serious scientist. He eventually agreed to take a professorship at the University of Zürich but only after the university agreed to raise its salary offer to match what the patent office was paying him.68 His ambivalent attitude to his new academic status may be gleaned from what he wrote to a friend: “So now I also am an official member of the Guild of Whores etc.”69 It was 1909, two years after Emmy Noether’s PhD.


From there he moved to a professorship at Prague, then back to Switzerland, and then, in the spring of 1914, to Berlin. Einstein, Hilbert, and Noether were now working within a circle with a radius of about two hundred miles. In less than a year, Noether would move to Göttingen, and the circle would contract.


Emmy Noether at Göttingen


Noether had lingering responsibilities at Erlangen. Rather, her father did, and she had taken them on. But by April 1915, she found herself able to make the move to Göttingen. She began to work alongside Felix Klein, David Hilbert, and others at the renowned mathematics department, unofficially, without pay. Women were still not allowed on faculties. World War I was being fought far from the idyllic campus, but its influence was felt. In a time of nationalistic entrenchment and redoubling of conservative attitudes, the old rules were not about to be changed.


Two weeks after moving to Göttingen, Noether received word from Erlangen that her mother had died.70 The next months were filled with chaos, as she traveled back and forth between Göttingen and her hometown. Her father, by this point, was quite frail, and her mother had been his chief caretaker. Despite the frequent trips that the situation demanded from Emmy Noether over the next year or so, she managed to get some important work done.


Much of this work had to do with physics. Hilbert, for some time, had been preoccupied with various questions in theoretical physics. Klein, as well, was deeply interested in the field. Emmy Noether was not a physicist and had entertained no serious interest in any scientific research, apart from pure mathematics. However, Hilbert, with remarkable prescience, had realized that her particular knowledge and skills stood an excellent chance of bearing directly on a problem of acute interest to him.


This was the problem of general relativity that Einstein was working on. Hilbert had followed this work with fascination and had made several attempts, starting in 1912, to get Einstein to come to Göttingen and discuss general relativity with him and the other professors in the math department. So far, Einstein had declined. (Purists insist that the theory should be called the general theory of relativity and never general relativity, but I will interchange these descriptions with abandon. Most physicists certainly do so in practice.)


Hilbert recognized that questions of symmetry and invariance lay at the heart of general relativity. He knew that Noether was a leading expert in invariant theory and related areas of mathematics that would bear directly on the increasingly arcane machinery that seemed to be required for this new theory of gravity. After bringing her to Göttingen, he knew that, along with himself and Klein, he now had in one place the three mathematicians in the world with the greatest chance of making headway on this strange and interesting problem.


Einstein Rides the Train


In July 1915, a young, still handsome, but scientifically frustrated Albert Einstein boarded a train from Berlin, headed for Göttingen. He had finally accepted an invitation from Hilbert. The physicist had never met the mathematician, who was certainly persistent. In Einstein’s notes to himself, he discounted the likelihood that anything particularly worthwhile would come of the visit. But he knew of the reputation of the place and knew some of the people there, and he had decided that he might as well give it a shot. The previous eight years had been exhausting drudgery for Einstein, as he tried to mathematically express the ideas in his new theory: a theory of how matter and energy created gravity by changing the shape of space and time—a theory that described the structure of the universe. He had come up with a system of ten equations that came close to succeeding. But despite years of intense effort to get those ten equations to dance together with the intricate steps required, they would not cooperate.


The choreographer was Einstein himself and his philosophically motivated requirement that his new theory be supremely objective. The term objective, in this context, has a specific and technical meaning. Briefly, the idea was that the math that describes space-time and its interaction with mass and energy should provide the same description from the point of view of any reference frame and any coordinate system. The equations should reflect an objective reality in a way that was independent of both how time and space were measured and the point of view of the observer. He had met this requirement for the highly restricted case of inertial reference frames, but that was no longer enough.


This was the source of Einstein’s frustration. He had no expectation that the mathematicians waiting for him at the other end of his train journey would solve this problem for him. But he permitted himself a glimmer of hope that they might at least understand what he was trying to do.


The circle had contracted to a singular point.
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