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NOTE TO THE READER

The Pascal-Fermat correspondence is displayed and set in italics for easy identification, to facilitate checking back to follow the entire thread. (The main letter is revealed chapter by chapter.) Other letters in the Pascal-Fermat correspondence are also set in italics. Displayed quotations from others are set in small Roman font.






PREFACE

When Basic Books editor Bill Frucht approached me with the idea of a book about a single mathematics document that changed the course of history, my first thought was the letter Pascal wrote to Fermat in the seventeenth century that established modern probability theory. Everyone who has taken a course in probability theory will have heard the story of this letter. But few people, myself included, have ever read the original or looked into the story that surrounds it. Eager to work with Bill once again (he edited my earlier books The Math Gene and The Millennium Problems), I was moved to look more closely at the famous correspondence. What I discovered astonished me. The story is far more fascinating than I knew, and the letter itself provides a revealing insight into how two of the world’s greatest mathematical minds grappled with a problem, stumbling, making “elementary” errors, eventually being rewarded with flashes of brilliance. What also became clear from reading what the experts wrote before and after this letter was just how great was the revolution it brought about in the way humans think about the future. Much of the way we live our lives today  was made possible by the mathematical ideas expressed in those few pages.

In addition to Bill, who has once again been a delight to work with, this project benefited from the editorial hand of Basic’s Courtney Miller and from the advice and guidance of my agent, Ted Weinstein. Professor John Stillwell, who read the first draft of the manuscript, put my mind at rest that—as a mathematician, not a historian of mathematics—I had not made any serious gaffes in reporting the historical development.

 




Keith Devlin
 Palo Alto, California






CHAPTER 1

Monday, August 24, 1654


Monsieur,

1. I was not able to tell you my entire thoughts regarding the problem of the points by the last post, and at the same time, I have a certain reluctance at doing it for fear lest this admirable harmony which obtains between us and which is so dear to me should begin to flag, for I am afraid that we may have different opinions on this subject. I wish to lay my whole reasoning before you, and to have you do me the favor to set me straight if I am in error or to indorse me if I am correct. I ask you this in all faith and sincerity for I am not certain even that you will be on my side.1



On Monday, August 24, 1654, the famous French mathematician Blaise Pascal sat at his desk and composed a letter to his equally famous countryman Pierre de Fermat. When completed, the letter would come to less than three thousand words, but it would change human life forever. It set out, for the first time, a method whereby humans can predict the future.

Not in the sense of saying what will happen; no one can do that, not even if you are Blaise Pascal, a child prodigy who at sixteen wrote his first original paper and while still a teenager had invented, manufactured, and sold a mechanical desk calculator (the Pascaline) that largely anticipated the commercial desk calculators that became commonplace some three hundred years later. Rather, Pascal’s letter showed how to predict the future by calculating, often with extraordinary precision, the numerical likelihood of a particular event’s occurring.

Within a few years of Pascal’s sending his letter, people no longer saw the future as completely unpredictable and beyond their control. They could compute the likelihoods of various things’ happening and plan their activities—and their lives—accordingly. In short, Pascal showed us how to manage risk. His letter created our modern view of the future.




RISK 

Today, we are so used to the idea that the future comes with probabilities—the chance that it will rain tomorrow, that  house prices will rise over the coming months, that an individual will die within the next five years, or that terrorists will attack Los Angeles International Airport—that it is hard to imagine life being any other way. We insure our lives, homes, automobiles, and vacations and find it unremarkable that a company can make money by selling us that insurance. The engineers who design and build the aircraft we fly in know that their products are flawed, but because they can calculate with enormous precision the likelihood that a flaw will cause a major crash and determine that the risk is acceptably low, they are able to make the crucial decision to manufacture the plane and put it into commission. (NASA carried out essentially the same calculation in designing the space shuttle and concluded that a major disaster was likely in roughly one out of every two hundred flights, a figure it judged to be an acceptable risk. The calculation has proved tragically accurate. The risk of a Boeing 777 crashing is far, far less, but the companies that insure aircraft know it with considerable precision.)

Once humanity had a way to calculate the probabilities of future events, we were able to plan our lives with far greater precision than formerly. Not just scientists and engineers but also ordinary people were suddenly able to do things and go places that hitherto had been the province of the reckless, the rich, or the ignorant. Business, politics, defense, warfare, science, engineering, medicine, sport, recreation, finance, housing, transportation, and many other aspects of everyday life are today filled with probability computations.

Even those who are not schooled in the mathematics of calculating odds know that the future is not a matter of blind fate. We can often judge what is likely to happen and plan accordingly. Yet before Pascal wrote his letter to Fermat, many learned people (including some leading mathematicians) believed that predicting the likelihood of future events was simply not possible.

The ability to calculate probabilities transformed the practice of statistics, changing it from the mere collection and tabulation of data to the use of data to draw inferences and make informed decisions. Without the ability to quantify risk, there would be no liquid capital markets, and global companies like Google, Yahoo!, Microsoft, DuPont, Alcoa, Merck, Boeing, and McDonald’s might never have come into being. The pundits and pollsters who today tell us who is likely to win the next election make direct use of mathematical techniques developed by Pascal and Fermat. In modern medicine, future-predictive statistical methods are used all the time to compare the benefits of various drugs and treatments with their risks. As a result, the majority of people in the developed world now lead far longer and healthier lives than at any previous time in history.

Within a hundred years of Pascal’s letter, life-expectancy tables formed the basis for the sale of life annuities in England, and London was the center of a flourishing marine insurance business, without which sea transportation would have remained a domain only for those who could afford to assume the enormous risks it entailed. Still another legacy of  that correspondence is the casino industry. It truly is an industry, and a highly profitable one, because the casinos do not gamble—they leave that to their customers. Using the ability that probability theory gives them to predict the outcomes of games of chance, they can calculate in advance exactly how much money they will make each week. Political pollsters sometimes get the answer wrong; for them, predicting the future is not 100 percent certain. But the casinos never get it wrong.

The list could go on. Managing risk is now fundamental to almost every aspect of our lives. It’s part of the way we see life, and we take it for granted. Yet when you read the letter from Pascal to Fermat and see the enormous difficulty these two great mathematicians had in grasping the very idea of predicting the likelihood of future events, let alone how to do so, you realize that what we nowadays take for granted was a huge advance in human thinking that came only through significant intellectual effort. Others had tried to achieve the same breakthrough, and failed.




A LONG STRUGGLE 

Risk has always held a fascination, and games of chance are as old as civilization. Excavations from the pyramids have uncovered astralagi (dice crafted from the ankle bones of animals) used by the pharaohs. Some of these dice were loaded, showing that the desire to improve one’s chances by cunning or subterfuge was there from the beginning, even  though the Egyptians did not have the mathematics to guide their play. Ancient Greek vases have drawings showing young men tossing bones into a circle. Pontius Pilate is said to have taken bids for Christ’s robe during the crucifixion. The sandwich was invented and named for the Earl of Sandwich, who wanted to take his meals without having to leave the gaming table. George Washington famously gambled in his tent during the American Revolution.

The fascination with chance also permeates our myths and legends. Greek mythology has the gods on Mount Olympus rolling dice to determine men’s fates. And three brothers rolled dice for the universe, with Zeus winning the heavens, Poseidon the seas, and Hades, the loser, condemned to be master of the underworld.

Yet before the Middle Ages, no one suspected it was possible to quantify the likelihood of some future event such as the outcome of a roll of dice. Events that were not in some way predetermined were thought to be beyond rational analysis. The future is a matter determined by God, people felt; what will happen will happen, and there is nothing anyone can do about it other than pray and show allegiance to whatever deity you believe controls your destiny.

Aristotle, to whom we owe so much of our mathematics and philosophy, taught that there were just three kinds of events: (1) certain events, which occur necessarily, such as the next sunrise; (2) probable events, which happen most of the time, such as its being warm and sunny at midday in  July (in California, where I live); and (3) unpredictable events, which happen by pure chance and are thus unknowable. Games of chance clearly fall into Aristotle’s third category, and there was no thought that someone could play so as to improve his chance of winning (other than by cheating). Neither Aristotle nor any of his compatriots seems to have noticed that there are certain numerical patterns to the outcomes when the same game is played repeatedly—that some outcomes occur more frequently than others (such as getting a 7, compared with a 6, when two dice are rolled). This may seem surprising in view of the Greeks’ great prowess in mathematics and science, but since they did not use precisely and uniformly manufactured randomizing devices in their games, perhaps there were no regular patterns to be discerned. For instance, games involving throwing dice were very popular, but the Greeks did not roll our familiar, regular cubic dice. Instead, like the pharaohs, they played with astralagi, which had two rounded sides and only four playable surfaces, no two of which were identical. Although the Greeks did seem to believe that certain throws were more likely than others, these beliefs—superstitions—were not based on observation, and some were at variance with the actual likelihoods we would calculate today. Likewise, although the Roman emperors used lotteries as a way to raise funds, there was no attempt to analyze them mathematically.

The first known attempt to discern numerical patterns in games of chance seems to have come around 960, when Bishop Wibold of Cambrai correctly enumerated the 56 outcomes that can arise when three dice are thrown simultaneously: 1, 1, 1; 1, 1, 2; 2, 3, 5; and so on. A thirteenth-century Latin poem, De Vetula, listed the 216 (= 6 × 6 × 6) outcomes that may result when three dice are thrown in succession.

During the fourteenth century, dice games were supplemented by card games, which were first seen in Europe in Italy, though objections from the Church hindered their growth. Still, no attempt was made to tabulate and analyze the frequencies of various hands until the start of the fifteenth century, when Italian mathematicians began to look for ways to improve the chances of winning at the gaming tables, sometimes for themselves, other times at the behest of wealthy noblemen.

In 1494, in his book Summa de arithmetica, geometrica, proportioni et proportionalita (Everything About Arithmetic, Geometry, and Proportions), Luca Pacioli first put into print the problem that Pascal and Fermat would solve two centuries later. Known as the problem of the unfinished game, it asks how the stakes should be divided when a game of several rounds must be abandoned unfinished. The puzzle is also known as the problem of the points, since rather than counting rounds, we can assign each player points for winning each round. The exact origin of the puzzle is unknown, but it seems to predate Pacioli’s reference to it. This is the problem Pascal refers to in the opening of his letter.




THE PROBLEM OF THE POINTS 

Suppose two players—call them Blaise and Pierre—place equal bets on who will win the best of five tosses of a fair coin. They start the game, but then have to stop before either player has won. How do they divide the pot?

If each has won one toss when the game is abandoned after two throws, then clearly, they split the pot evenly, and if they abandon the game after four tosses when each has won twice, they do likewise. But what if they stop after three tosses, with one player ahead 2 to 1?

This is a particularly simple version of the problem, not exactly the form Pascal and Fermat considered. But the logic required for its solution is the same as that for the problem as originally formulated, which was in terms of throwing dice and was in a general form that allowed for “best of N throws” for any number N. (When Pascal and Fermat were working on the problem, they did, however, simplify the situation to the case where the dice were equivalent to coins, having, say, 0 on three faces and 1 on the other three, and they did look at particular, small values of N.)

The key to solving the problem of the points is to find a way to look into the future—the future as it would have (or  might have) unfolded had the two players continued the game. On the face of it, this is impossible. How can anyone possibly know how things would have turned out? It took two of the world’s greatest mathematical geniuses several weeks of intense intellectual effort to see how to get past this seeming impasse.

The sheer difficulty of the task is clear from Pascal’s uncertainty about his own reasoning. His opening paragraph lays out this uncertainty:
I wish to lay my whole reasoning before you, and to have you do me the favor to set me straight if I am in error or to indorse me if I am correct. I ask you this in all faith and sincerity for I am not certain even that you will be on my side.





Pascal continued:

When there are but two players, your theory which proceeds by combinations2 is very just. But when there are three, I believe I have a proof that it is unjust that you should proceed in any other manner than the one I have. But the method which I have disclosed to you and which I have used universally is common to all imaginable conditions of all distributions of points, in the place of that of   combinations (which I do not use except in particular cases when it is shorter than the general method), a method which is good only in isolated cases and not good for others.


I am sure that I can make it understood, but it requires a few words from me and a little patience from you.





Even the experts can find it difficult to master a new mathematical idea.





CHAPTER 2

A Problem Worthy of Great Minds


2. This is the method of procedure when there are two players. If two players, playing in several throws, find themselves in such a state that the first lacks two points and the second three of gaining the stake, you say it is necessary to see in how many points the game will be absolutely decided.

It is convenient to suppose that this will be in four points, from which you conclude that it is necessary to see how many ways the four points may be distributed between the two players and to see how many combinations there are to make the first win and how many to make the second win, and to divide the stake according to that proportion. I could scarcely understand this reasoning if I had not known it myself before; but you also have written it in your discussion.



Pascal continues his letter, following his practice of numbering each section for subsequent reference. Since the two mathematicians have already exchanged several letters on  the subject, in his second section, he can dive straight into the details.3





PROBABILITY 

Today, we would use the word probability to refer to the focus of Pascal and Fermat’s discussion, but that term was not introduced until nearly a century after the mathematicians’ deaths. Instead, they spoke of “hazards,” or number of chances. Much of their difficulty was that they did not yet have the notion of mathematical probability—because they were in the process of inventing it.

From our perspective, it is hard to understand just why they found it so difficult. But that reflects the massive change in human thinking that their work led to. Today, it is part of our very worldview that we see things in terms of probabilities.

Yet, for all its familiarity, probability remains a tricky notion to deal with. For one thing, there are actually several notions of probability. Two in particular are common: frequentist probability and subjective probability.4



Frequentist probability is the one most people are familiar with today. It’s the notion that arises in the classic games of chance such as cards, dice, or roulette, where you can use a theoretical mathematical argument to calculate the probability of a certain event, such as rolling boxcars (double 6’s) when you throw two dice. (The probability in this case is 1/36.) It also occurs when you have some large population of people, animals, or objects, or some action that is repeated many times, where you can count the relative frequency of a particular outcome—say, the probability that a man chosen at random from a large population will die before he reaches sixty. The frequentist probability of an event E occurring in some population (or repeated action) A is the number of different ways E can occur (or the number of times E does occur) divided by the total number of different outcomes. For example, if you roll a die, it can land six different ways. There are three ways it can land with an even number face up (2, 4, or 6), so the probability of rolling an even number with an honest die is 3/6, or 1/2.


Subjective probability, also called epistemic probability,  refers to a numerical estimate of the veracity of our knowledge of some event, where that knowledge is not based (entirely) on statistical data—for example, when a woman tells you she is 95 percent certain she knows the way to the post office.

This seemingly clear distinction becomes blurred when a subjective probability is based on data, but not in an entirely deterministic way, or when techniques such as Bayes’ formula  (which we’ll get to later) are used to refine subjective probabilities in the light of concrete data. Although my primary focus in this book is on the development of frequentist probability, much of its impact on our world has come when its precise mathematical calculus has been used to base or to buttress subjective decision making.

But that was all in the future when Pascal and Fermat, with no idea of the consequences of their undertaking, embarked on their quest to solve the problem of the points.




STRUGGLING TOWARD THE SOLUTION 

Today, anyone who has had just a few hours of instruction in probability theory can solve the problem of the points with ease, either the simple version I gave in the last chapter or the one Pacioli considered or even, for someone comfortable with elementary algebra, the general case of “N rounds.”5  But the original solution came only after much effort, during which time different mathematicians proposed quite different answers, of which only one could possibly be correct.

Pacioli, the man who first wrote about the problem, considered a version in which the game is played until one player has won six rounds, but play is abandoned when the score is 5 to 2. He suggested that the solution is to divide the pot according to the current state of play, namely, 5 to 2, but this reasoning is incorrect. The flaw in Pacioli’s reasoning   was demonstrated in 1539 by the next person to try to solve the problem, his countryman Girolamo Cardano.

Cardano noted, correctly, that the apportionment of the pot depended not on how many rounds each player had already won (as Pacioli thought) but on how many each player must still win in order to win the contest. Although this insight helped pave the way to the eventual solution, Cardano, too, failed to find the right answer. He did, however, make several key observations that established the beginning of what, following Pascal and Fermat’s work, became probability theory.

A mathematician and a physician, Cardano published books on both disciplines during a highly colorful life. Because of his illegitimate birth and sharp tongue, he was initially denied admission to the College of Physicians in Milan, only to be admitted later in life because of his tremendous achievements. He worked as a country doctor, a lecturer in mathematics in Milan (in which city he grew to be the most prominent and most sought-after physician), and then as a professor of medicine in Bologna—a position from which he was subsequently dismissed after being arrested and accused of heresy. In addition to books on mathematics and medicine, Cardano also wrote on astronomy, physics, chess, death, the immortality of the soul, wisdom, and games of chance, the last reflecting another prominent side of his multifaceted life, his compulsive gambling.

Cardano’s lasting contribution to the creation of probability theory came in a manuscript he wrote in 1564, titled  Liber de ludo aleae (The Book on Games of Chance) and published in 1663, almost a century after his death. He wrote it not as a mathematics treatise but as a practical guide for gamblers. Buried among many pages of advice for the gaming table is some important mathematics, in particular the rule for when odds may be added (namely, when a game splits into separate cases) and the derivation of the hugely important multiplication rule for combining odds when a game is repeated several times. (The first rule tells you that if you throw a die, the odds of getting a 1 or an even number are 1/6 + 1/2 = 2/3; the second rule tells you that when you throw a die twice, the odds of getting a 1 followed by an even number are 1/6 × 1/2 = 1/12.)

The extent to which our modern approach to probability calculations is a recent innovation is made clear by the fact that not only would it be some time before Cardano’s ideas were generally accepted, but another leading Italian mathematician, Niccolò Tartaglia, in joining Cardano in deriding Pacioli’s solution in 1556, added that he believed the problem could not be solved at all! In 1603, another Italian mathematician, Lorenzo Forestani, reached essentially the same conclusion. In his book Practica d’arithmetica e geometria (The Practice of Arithmetic and Geometry), he suggested that the portion of the stake should be divided based on the number each had won in relation to the number of games played, with the remainder divided equally between them, because the remainder of the game favors neither player. This is a hopeless analysis by today’s standards, but, as with Tartaglia,  it reflected the widely held belief that the future was a matter of pure chance, with every possibility equally likely.

The last major figure to enter the picture prior to Pascal and Fermat was no less than Galileo Galilei, the father of modern science, who wrote a paper sometime between 1613 and 1623 titled Sopra le scoperte dei dadi (On a Discovery Concerning Dice), in which he analyzed (completely and correctly) all the ways three dice will give totals of 9 and 10 points. (Discounting order, each total can be obtained six different ways.) His motivation for doing this, it seems, was to justify the belief among gamblers that a total of 10 is a slightly better bet than 9. Galileo demonstrated that this is indeed the case, by calculating that a total of 10 can be obtained by way of twenty-seven different dice-throw outcomes, whereas 9 can be obtained by only twenty-five. This problem had also been considered and solved by Cardano. The significance of Galileo’s contribution was that, whereas Cardano had reasoned theoretically, Galileo approached the problem scientifically, beginning with an empirical observation—that 10 occurs more often than 9 (the difference is sufficiently small that it takes a lot of plays and a very keen eye to spot this pattern)—and then seeking a mathematical explanation. This very much set the stage for what came next.




PASCAL AND FERMAT 

Blaise Pascal (1623-1662) was a child prodigy. He was born on June 19 in Clermont, France, today’s Clermont-Ferrand.  His mother died when he was three, and a few years later, Pascal’s father, Étienne, a wealthy tax official and a keen amateur mathematician, moved the family from Clermont to Paris, where he personally oversaw his son’s education at home.

Étienne maintained some odd views. He decided that his son should not study mathematics before the age of fifteen and, accordingly, removed all mathematics texts from their house. This prohibition only raised young Blaise’s curiosity about the banned subject, and he started to work on geometry in secret at the age of twelve. He discovered on his own that the sum of the angles of a triangle is two right angles; when Étienne found out, he was so impressed that he removed the ban and allowed his son to read mathematics texts, starting with Euclid’s classic work Elements.  He also started to take the obviously gifted Blaise to meetings of Mersenne’s Academy, one of several semiformal groups of mathematicians and scientists in Paris that eventually gave birth to the Académie Royale des Sciences in 1666. As I noted in Chapter 1, when Pascal was sixteen, he wrote his first paper, on conic sections, and presented it to Mersenne’s Academy.
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