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Introduction 








This 



is 



the first in 



a 



series of five books supporting the Cambridge 








International AS 



& A 



Level Mathematics 9709 syllabus for examination 








from 



2020. The 



series then continues with four more books supporting 








Cambridge International AS 



& A 



Level Further Mathematics 



9231. The 



eight 








chapters in this book cover the pure mathematics required for the Paper 



1 








examination. This 



part of the series also contains 



a 



more advanced book for 








pure mathematics, 



a 



book for mechanics and two books for probability and 








statistics. 








These books are based on the highly successful series for the Mathematics 








in 



Education and Industry (MEI) syllabus 



in 



the UK but they have been 








redesigned and revised for Cambridge International students; where appropriate, 








new material has been written and the exercises contain many past Cambridge 








International examination 



questions. An 



overview of the units making up the 








Cambridge International syllabus 



is 



given 



in 



the following pages. 








Throughout the series, the emphasis 



is 



on understanding the mathematics 



as 



well 








as 



routine 



calculations. The 



various exercises provide plenty 



of 



scope for practising 








basic techniques; they also contain many typical examination-style questions. 








As well 



as 



the various techniques covered in the syllabus, students need to 








develop 



a 



number of wider skills: problem solving; modelling; mathematical 








communication; 



proof. These 



are built into the aims and key concepts of 








the syllabus. Chapter 



1 



of this book introduces all these skills and students 








are expected to be able to draw on them 



as 



required, not just in this book 








but throughout the course. Although they will not usually be the focus of 








assessment, these ideas should underpin the way that students set about using 








mathematics, including deciding how to answer examination questions. 








The original MEI author team would like to thank Sophie Goldie who has 








carried out the extensive task of presenting their work in 



a 



suitable form for 








Cambridge International students and for her many original contributions. 








They would also like to thank Cambridge Assessment International 








Education for its detailed advice in preparing the books and for permission 








to use many past examination questions. 








Roger Porkess 








Series editor 
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How to use this book 








The 



structure 



of the book 








This book has been endorsed by Cambridge Assessment International 








Education. 



It is 



listed 



as 



an endorsed textbook for students taking the 








Cambridge International AS 



& A 



Level Mathematics 9709 



syllabus. The 



Pure 








Mathematics 



1 



syllabus content 



is 



covered comprehensively and 



is 



presented 








across eight chapters, offering 



a 



structured route through the course. 








The book 



is 



written on the assumption that you have covered and understood 








the content of the Cambridge IGCSE® 



Mathematics 0580 (Extended 








curriculum) or Cambridge O Level Mathematics 4024/4029 



syllabus. Two 








icons are used to indicate material that 



is 



not directly on the syllabus. 








Some of the early material 



is 



designed to provide an overlap and this 








is 



designated 



background. You 



need to be familiar with the material 








before you move on to develop 



it 



further. 








There are also places where the book goes beyond the requirements 








of the syllabus to show how the ideas can be taken further or where 








fundamental underpinning work 



is 



explored. Such work 



is 



marked 



as 








extension. 








Each chapter 



is 



broken down into several sections, with each section covering 








a 



single 



topic. Topics 



are introduced through 



explanations, 



with 



key terms 








picked out in 



red. These 



are reinforced with plentiful 



worked examples, 








punctuated with commentary, to demonstrate methods and illustrate 








application of the mathematics under discussion. 








Regular 



exercises 



allow you to apply what you have 



learned. They 



offer 



a 



large 








variety of practice and higher-order question types that map to the key concepts 








of the Cambridge International syllabus. Look out for the following icons. 








Problem-solving questions 



will help you to develop the ability 








to analyse problems, recognise how to represent different situations 








mathematically, identify and interpret relevant information, and select 








appropriate methods. 








Modelling questions 



provide you with an introduction to the 








important skill of mathematical modelling. In this, you take an everyday 








or workplace situation, or one that arises in your other subjects, and 








present 



it 



in 



a 



form that allows you to apply mathematics to it. 








Communication and proof questions 



encourage you to become 








a 



more fluent mathematician, giving you scope to communicate your 








work with clear, logical arguments and to justify your results. 








Exercises also include questions you are likely to meet from real Cambridge 








Assessment International Education past papers, so that you can become 








familiar with the types of questions you will meet in formal assessments. 










b 








e 








PS 













M 








CP 











IGCSE® 



is a 



registered trademark. 

















ix 








Answers 



to exercise questions, excluding long explanations and proofs, 








are included in the back of the book, so you can check your work. 



It is 








important, however, that you have 



a 



go 



at 



answering the questions before 








looking up the answers 



if 



you are to understand the mathematics fully. 








In addition to the exercises, 



a 



range of additional features are included to 








enhance your learning. 








ACTIVITY 








Activities 



invite you 



to do 



some work 



for 



yourself, typically 



to 



introduce 








you 



to 



ideas 



that 



are then going 



to be 



taken further. 



In 



some places, 








activities are also used 



to 



follow 



up 



work that has just been covered. 








Mathematics provides you with the techniques to answer many standard 








questions, but 



it 



also does much more than that: 



it 



helps you to develop 








the capacity to analyse problems and to decide for yourself what methods 








and techniques you will need to use. Questions and situations where this 



is 








particularly relevant are highlighted 



as 



problem solving tasks. 










PROBLEM SOLVING 











Other helpful features include the following. 








This symbol highlights points 



it 



will benefit you to 



discuss 



with 








your teacher or fellow students, to encourage deeper exploration and 








mathematical communication. 



If 



you are working on your own, there 








are answers in the back of the book. 








This 



is a 



warning 



sign. 



It is 



used where 



a 



common mistake, 








misunderstanding or tricky point 



is 



being described to prevent you 








from making the same error. 








A 



variety of notes are included to offer advice or spark your interest: 








Note 








Notes expand on the topic under consideration and explore the deeper  








lessons that emerge from what has just been done. 








Historical 



note 








Historical notes offer interesting background information about famous  








mathematicians or results to engage you in this fascinating field. 








In real life, 



it is 



often the case that 



as 



well 



as 



analysing 



a 



situation or 








problem, you also need to carry out some investigative 



work. This 



allows 








you to check whether your proposed approach 



is 



likely to be fruitful or 








to work 



at 



all, and whether 



it 



can be extended. Such opportunities are 








marked 



as 



investigations. 










INVESTIGATION 








? 













PS 




















x 








Technology 



note 








Although graphical calculators and computers are not permitted in the  








examinations for this Cambridge International syllabus, we have included  








Technology notes to indicate places where working with them can be helpful  








for learning and for teaching. 








Finally, each chapter ends with the 



key points 



covered, plus 



a 



list of the 








learning outcomes 



that summarise what you have learned in 



a 



form that 



is 








closely related to the syllabus. 








Digital support 








Comprehensive online support for this book, including further questions, 








is 



available by subscription to MEI’s Integral® 



online teaching and learning 








platform for AS 



& A 



Level Mathematics and Further Mathematics, 








integralmaths.org. This 



online platform provides extensive, high-quality 








resources, including printable materials, innovative interactive activities, and 








formative and summative assessments. Our eTextbooks link seamlessly with 








Integral, allowing you to move with ease between corresponding topics in 








the eTextbooks and Integral. 








Additional support 








The 



Question 



& 



Workbooks 



provide additional practice for 



students. These 








write-in workbooks are designed to be used throughout the course. 








The 



Study and Revision Guides 



provide further practice for students 



as 








they prepare for their examinations. 








These supporting resources and MEI’s Integral® 



material have not been 








through the Cambridge International endorsement process. 
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The 



Cambridge International 








AS & A Level 



Mathematics 








9709 



syllabus 








The syllabus content 



is 



assessed over six examination papers. 








Paper 1: Pure Mathematics 



1 








• 



1 



hour 50 minutes 








• 



60% of the AS Level; 30% of the 








A 



Level 








• 



Compulsory for AS and 



A 



Level 








Paper 4: Mechanics 








• 



1 



hour 15 minutes 








• 



40% of the AS Level; 20% of the 








A 



Level 








• 



Offered 



as 



part of AS or 



A 



Level 








Paper 2: Pure Mathematics 



2 








• 



1 



hour 15 minutes 








• 



40% of the AS Level 








• 



Offered only 



as 



part of AS Level; 








not 



a 



route to 



A 



Level 








Paper 5: Probability 



& 



Statistics 



1 








• 



1 



hour 15 minutes 








• 



40% of the AS Level; 20% of the 








A 



Level 








• 



Compulsory for 



A 



Level 








Paper 3: Pure Mathematics 



3 








• 



1 



hour 50 minutes 








• 



30% of the 



A 



Level 








• 



Compulsory for 



A 



Level; not 



a 








route to AS Level 








Paper 6: Probability & Statistics 2 








• 



1 



hour 15 minutes 








• 



20% of the 



A 



Level 








• 



Offered only 



as 



part of 



A 



Level; 








not 



a 



route to AS Level 








The following diagram illustrates the permitted combinations for AS Level 








and 



A 



Level. 








AS Level 








Mathematics 








A Level 








Mathematics 








Paper 1 and Paper 2 








Pure Mathematics only 








Paper 1 and Paper 4 








Pure Mathematics and Mechanics 








Paper 1 and Paper 5 








Pure Mathematics and 








Probability & Statistics 








Paper 1, 3, 4 and 5 








Pure Mathematics, Mechanics and 








Probability & Statistics 








Paper 1, 3, 5 and 6 








Pure Mathematics and 








Probability & Statistics 








(No progression to A 



Level) 
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Prior knowledge 








Knowledge of the content of the Cambridge IGCSE® 



Mathematics 0580 








(Extended curriculum), or Cambridge O Level 4024/4029, 



is 



assumed. 








Learners should be familiar with scientific notation for compound units, e.g. 








5 



m



s−1 



for 



5 



metres per second. 








In addition, learners should: 








» 



be able to carry out simple manipulation of surds (e.g. expressing 12 



as 








2 3 



and 








6 








2 








as 3 



2) 








» 



know the shapes of graphs of the form 



y = kx 








n 








, 



where 



k 



is a 



constant and 








n 



is 



an integer (positive or negative) or 



1 








2 








± 



. 








Command words 








The table below includes command words used 



in 



the assessment 



for 



this 








syllabus. The 



use 



of 



the command word will relate 



to 



the subject context. 








Command word What 



it 



means 








Calculate 








work out from given facts, figures or information 








Describe 








state the points 



of a 



topic / give characteristics and main 








features 








Determine 








establish with certainty 








Evaluate 








judge or calculate the quality, importance, amount, or value 








of 



something 








Explain 








set out purposes or reasons / make the relationships 








between things evident / provide why and/or how and 








support with relevant evidence 








Identify 








name/select/recognise 








Justify 








support 



a 



case with evidence/argument 








Show (that) 








provide structured evidence that leads to 



a 



given result 








Sketch 








make 



a 



simple freehand drawing showing the key features 








State 








express 



in 



clear terms 








Verify 








confirm 



a 



given statement/result 



is 



true 
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Key concepts 








Key concepts are essential ideas that help students develop 



a 



deep 








understanding of mathematics. 








The key concepts are: 








Problem solving 








Mathematics 



is 



fundamentally problem solving and representing systems and 








models in different 



ways. These 



include: 










» 



Algebra: this 



is 



an essential tool which supports and expresses 











mathematical reasoning and provides 



a 



means to generalise across 



a 








number of contexts. 










» 



Geometrical techniques: algebraic representations also describe 



a 



spatial 











relationship, which gives us 



a 



new way to understand 



a 



situation. 










» 



Calculus: this 



is a 



fundamental element which describes change in 











dynamic situations and underlines the links between functions and graphs. 










» 



Mechanical models: these explain and predict how particles and objects 











move or remain stable under the influence of forces. 










» 



Statistical methods: these are used to quantify and model aspects of the 











world around us. Probability theory predicts how chance events might 








proceed, and whether assumptions about chance are justified by evidence. 








Communication 








Mathematical proof and reasoning 



is 



expressed using algebra and notation 



so 








that others can follow each line 



of 



reasoning and confirm 



its 



completeness 








and accuracy. Mathematical notation 



is 



universal. Each solution 



is 



structured, 








but proof and problem solving also invite creative and original thinking. 








Mathematical 



modelling 








Mathematical modelling can be applied to many different situations and 








problems, leading to predictions and solutions. 



A 



variety of mathematical 








content areas and techniques may be required to create the model. Once the 








model has been created and applied, the results can be interpreted to give 








predictions and information about the real world. 








These key concepts are reinforced in the different question types included 








in this book: 



Problem-solving, Communication and proof, 



and 








Modelling. 
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1 








The authorities of 



a 



team sport are planning to hold 



a 



World Cup 








competition. They 



need to decide how many teams will come to the host 








country to compete in the ‘World Cup finals’. 








The World Cup finals will start with 



a 



number of groups. In 



a 



group, each 








team plays every other team once. One or more team from each group 








will qualify for the next stage. 








The next stage 



is a 



knock-out competition from which one team will 








emerge 



as 



the world champions. 








Every team must be guaranteed 



at 



least three matches to make 



it 








financially viable for them to take part. 








To ensure 



a 



suitable length of competition, the winners must play exactly 








seven matches. 










 



How many teams can take part in the World Cup finals? 








 



What general rules apply to the number of teams in 



a 



competition like 











this, involving groups and then 



a 



knock-out stage? 








? 








Where there 








are 



problems, 








there is life 








Aleksandr 



A. 








Zinoviev 








(1922–2006) 








Note 








This chapter  








introduces the  








key concepts of  








problem solving,  








modelling and  








communication  








that permeate the  








rest of this book  








and indeed the  








whole syllabus. 








By its nature, the  








work in this   








chapter is not  








specifically  








attached to any  








of the syllabus  








content. Instead,  








it offers you  








the opportunity  








to learn how  








to approach  








mathematics  








problems. 








1 



    Problem 



solving 








b 

















2 








1 








1.1  Solving problems 








Mathematics 



is 



all about solving problems. Sometimes the problems are 








‘real-life’ situations, such 



as 



the ‘World Cup finals’ problem above. In other 








cases, the problems are purely mathematical. 








The 



problem 



solving cycle 








One common approach to solving problems 



is 



shown in Figure 1.1. 



It is 








called the 



problem solving cycle. 








1 Problem specification 








and analysis 








4 Interpretation 








2 Information collection 








3 Processing and 








representation 








▲ 



Figure 1.1  



The problem solving cycle 








In the 



problem specification 



and 



analysis 



stage, you need to formulate 








the problem in 



a 



way which allows mathematical methods to be 



used. You 








then need to analyse the problem and plan how to go about solving it. 








Often, the plan will involve the collection of information in some form. 








The information may already be available or 



it 



may be necessary to carry 








out some form of experimental or investigational work to gather it. 








In the World Cup finals problem, the specification 



is 



given (Figure 1.2). 








• All 



teams 



play at least 3 



matches 








• The 



winner 



plays 



exactly 



7 



matches 








▲ 



Figure 1.2  



World Cup finals specification 








You need to analyse the problem by deciding on the important variables 








which you need to investigate (Figure 1.3). 








• 



Number 



of 



teams 








• 



Number 



of 



groups 








• 



Number 



to 



qualify 



from each group 








▲ 



Figure 1.3  



Variables to 



investigate 

















3 








1 








You also need to plan what to do next. In this case, you would probably 








decide to try out some cases and see what works. 








In the 



information collection 



stage, you might need to carry out an 








experiment or collect some data. In the World Cup finals problem, you do 








not need to collect data, but you will try out some possibilities and then draw 








on your experience from the experimentation, 



as 



shown in Figure 1.4. 








Try 6 



groups 



with 2 



teams qualifying from each group 








So 



there 



are 12 



teams 



at the 



start 



of the 



knock-out stage 








6 



teams 



in the 



following round 








3 



teams 



in the 



following round 








– 



Doesn’t work! 








Try 2 



groups with 



2 



teams qualifying from each group 








So 



there 



are 4 



teams 



at the 



start 



of the 



knock-out stage 








2 



teams 



in the 



following round, 



so 



that must 



be the 



final. 








– 



Works! 








▲ 



Figure 1.4 








In the 



processing and representation 



stage, you will use suitable 








mathematical techniques, such 



as 



calculations, graphs or diagrams, in order to 








make sense of the information collected in the previous stage. 








In the World Cup finals problem, you might draw 



a 



diagram showing how 








the tournament progresses in each case. 








It is 



often best to start with 



a 



simple case. In this problem, Figure 1.5 shows 








having just semi-finals and 



a 



final in the knock-out stage. 








Two 



groups: 








For 



winners 



to play 7 








matches, 



they must play 








5 group 



matches, 



so 








6 



teams 



per group. 








Semi-finals 








4 



teams 








Final 








2 



teams 










This diagram 



is 








constructed 



by 








starting 



from the 








right-hand 



side. 











▲ 



Figure 1.5 








One possible solution to the World Cup finals problem has now been found: 








this solution 



is 



that there are twelve teams, divided into two groups of six 








each. 








You may have noticed that for the solutions that do work, the number of 








groups has to be 



2, 4, 8, 



16, … (so that you have 



a 



suitable number of teams 








in the knock-out stage), and that the number of teams in each group must be 








at 



least 



4 



(so that all teams play 



at 



least 



3 



matches). 








❯ 



Are there any other patterns? 








❯ 



Find and illustrate some more solutions that work. 

















4 








1 








In the 



interpretation 



stage, you should report on the solutions to the 








problem in 



a 



way which relates to the original 



situation. You 



should also 








reflect on your solutions to decide whether they are satisfactory. For 








many sports, twelve teams would not be considered enough to take part 








in World Cup finals, but this solution could be appropriate for 



a 



sport 








which 



is 



not played to 



a 



high level in many countries. At this stage of 








the problem solving process, you might need to return to the problem 








specification stage and gather further information. In this case, you would 








need to know more about the sport and the number of teams who might 








wish to enter. 










❯ 



What other possible solutions to the World Cup finals problem are 











there? 










❯ 



Are any of them unsuitable? 








❯ 



How do you know 



if 



you have found all the possible solutions? 








❯ 



What do you think would be the best solution 



if 



the sport were 











football? 










❯ 



What about rugby, cricket, baseball and netball? 








❯ 



What criteria have you used to decide? 











Using 



algebra 








In many problems, using algebra 



is 



helpful in formulating and solving 



a 








problem. 








OAB 



is a 



60° sector of 



a 



circle of radius 12 cm. 



A 



complete circle, centre Q, 








touches OA, OB and the arc AB. 








Find the radius of the circle centre Q. 








Solution 








A 








B 








Q 








60º 








12 cm 








O 








▲ 



Figure 1.6 










Example 



1.1 













In the problem specification  








and analysis stage, it is helpful  








to draw a diagram showing  








all the information given in  








the problem. You also need to  








identify what you want to find;  








so let the radius of the blue  








circle be r cm. 




















5 








1 








30º 








N 








r 








Q 








O 








12 – 



r 








▲ 



Figure 1.8 








ONQ 



is a 



right-angled 



triangle. The 



angle 



at 



O 



is 



30°, the opposite side has 








length 



r, 



and the hypotenuse has length 12 



− 



r. 








sin 30 12 








0.5(12 



) 








12 








2 








12 



3 








4 








r 








r 








r r 








r 








r 








r 








r 








° = 








− 








− = 








− = 








= 








= 








The radius of the circle centre Q 



is 4 



cm. 










In the processing and  








representation stage, you  








need to identify the part of  








the diagram you are going  








to work with. Then do  








some calculations to work  








out the value of r. 








Make sure you consider  








whether your answer  








is sensible. You can see  








from Figure 1.7 that the  








diameter of the circle  








centre Q must be less than  








12 cm, so a radius of 4 cm  








(giving diameter 8 cm) is  








sensible. To check this, try  








drawing the diagram for  








yourself. 








In the interpretation stage, you report on the  








solution in terms of the original problem. 











30º 30º 








12 








– 








r 








12 cm 








A 








N 








r 








r 








B 








Q 








M 








O 








▲ 



Figure 1.7 










QN is a  








radius and  








OA is a  








tangent to  








the small  








circle, so  








ONQ is a  








right angle. 








OM is a radius  








of the large  








circle so has  








length 12. QM  








is a radius but  








of the small  








circle, so OQ  








must have  








length 12 



– r. 











sin 30° = 



0.5 
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❯ 



What would the value of 



r 



be 



if 



the sector angle was 120° instead 








of 60°? 








❯ 



What about other angles? 








The 



modelling 



cycle 








Another approach to problem solving 



is 



described 



as 



modelling. You 



use 



it 








when you are trying to get 



at 



the mathematics underlying real-life situations. 








Here 



is a 



simple example to show you the process. (Often, the problem 



is 








more complicated.) 








Ketaki 



is 



planning 



a 



long-distance walk to raise money for charity. She wants 








to know how long 



it 



will take 



her. The 



distance 



is 



1407 kilometres. 








This 



is 



the first stage of her planning calculation. 








I can walk at 6 km per hour. 








Distance 



= speed × time 








1407 = 6 × time 








Time = 234.5 hours 








234.5 










24 











= 9.7… 








So it will take 10 days. 








Ketaki knows that 10 days 



is 



unrealistic. She changes the last part of her 








calculation to 








234.5 










8 











= 



29.3… 








So it will take 29 days. 








❯ 



Explain the reasoning behind this 



change. What is 



her plan now? 








Ketaki finds out the times some other people have taken on the same walk: 








Seeing these figures, she decides her plan 



is 



still unrealistic. 








❯ 



In what ways could she change her plan so that her calculations give 



a 








more reasonable answer, such 



as 



60 days? 








Look 



at 



the flow chart showing the modelling process (Figure 1.9). Identify 








on the chart the different stages of Ketaki’s work. 
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1 








Specify a problem 








Make assumptions to enable 








the problem to be represented 








in mathematical form 








Solve to produce theoretical 








results, interpreting them in 








the context of the problem 








Review and amend 








assumptions to represent the 








problem in mathematical form 








Is the solution 








satisfactory? 








Present findings 








No 








Yes 








Select information from 








experiment, experience or 








observation and compare 








with theoretical results 








▲ 



Figure 1.9  



Modelling flow chart 










1 



Beth and Polly are twins and their sister Louise 



is 2 



years older than 











them. The 



total of their ages 



is 



32 years. 








What are the ages of the three girls? 










2 



Anya has 400 metres of fencing to create 



a 



paddock for some ponies. 











She wants the paddock to be twice 



as 



long 



as it is 



wide. 








What will the area of the paddock be? 










3 



A 



train has 



8 



coaches, some of which are first class coaches and the 











rest are standard class coaches. 



A 



first class coach seats 48 passengers, 



a 








standard class 64 passengers. 








The train has 



a 



seating capacity of 480. 








How many standard class coaches does the train have? 










4 



Karim buys 18 kg of potatoes. Some of these are old potatoes 



at 



22c per 











kilogram, the rest are new ones 



at 



36c per kilogram. 








Karim pays with 



a 



$5 note and receives 20c change. 








What weight of new potatoes did he buy? 










Exercise 



1A 




















8 








1 








5 



Decode this message received by Space Defence Control. 








MKW PWCCFQ USFGWJOWWM LU FSSARFGKLQC SOWFUW UWQH  








KWOS XW QWWH PRAW CFOFGMLG ABQFDRBMU XLMK KLCK  








USWWH OFUWA CBQU 










6 



In 



a 



multiple choice test of 25 questions, four marks are given for each 











correct answer and two marks are deducted for each wrong answer. 








One mark 



is 



deducted for any question which 



is 



not attempted. 








James scores 55 marks and wants to know how many questions he got 








right. He can’t remember how many questions he did not attempt, but 








he doesn’t think 



it 



was very many. 








How many questions did James get right? 










7 



In the diagram, there are 



6 



vertices and 15 different lines. 



A 



diagram like 











this 



is 



called 



a 



mystic rose. 








Another mystic rose has 153 different lines. How many vertices does 



it 








have? 










8 



Priya works in the scheduling department of 



a 



railway. She wants to find 











a 



model for the time 



t 



minutes taken for 



a 



journey of 



k 



km involving 








s 



stops along the way. She finds that each stop adds about 



5 



minutes to 








the journey (allowing for slowing down before the station and speeding 








up afterwards, 



as 



well 



as 



the time spent 



at 



the station). 








(i) 



Priya writes down this model for the journey time: 








= + 








t 








s 








k 








5 



1 








2 








According to Priya’s model, what would be the time for 



a 



journey 








of 200 km with two stops on the way? 








(ii) 



Do you think that Priya’s model 



is 



realistic? Give reasons for your 








answer. 








(iii) 



After obtaining more data, Priya finds that 



a 



better model 



is 








= + + 








t 








s 








k 








3 5 



1 








2 








A 



train sets out 



at 



13:45 and arrives 



at 



its destination 240 km away 



at 








16:25. Using Priya’s second model, how many stops do you think 



it 








made? 








How confident can you be about your answer? 
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A 



printer quotes the cost $C of printing 



n 



business cards 



as 








25 0.05 








= + 








C 








n 








(i) 



Find the cost of printing 








(a) 



100 cards 








(b) 



1000 cards. 








(ii) 



The printer offers 



a 



different formula for large numbers of cards: 








50 0.03 








= + 








C 








n 








How many cards need 



to be 



ordered 



for 



the second formula 



to be 








cheaper than the first? 








(iii) 



The printer wants to offer 



a 



third price structure that would work 








out cheaper than the second 



if 



over 2000 cards are ordered. 








Suggest 



a 



possible formula for this price structure. 








10 



When the fraction 



2 








11 








is 



written 



as a 



decimal, the answer 



is 



0.1818 








recurring. The 



length of the recurring pattern 



is 2. What 



can you say 








about the length of the recurring pattern for 








q 








p 



where 



q 



is 



less than 



p? 










11 



At 



a 



supermarket till you have the choice of joining 



a 



queue with 



a 



small 











number of people (e.g. 2) each with 



a 



lot of shopping, or 



a 



large number 








of people (e.g. 5) each with 



a 



small amount of shopping. 








Construct 



a 



model to help you decide which you should choose. 








1.2  Writing mathematics 








The symbol 



⇒ 



means ‘leads to’ or ‘implies’ and 



is 



very helpful when you 








want to present an argument logically, step by step. 








Look 



at 



Figure 1.10. 








x y 








A 








O 








B 








▲ 



Figure 1.10 








You can write 








AOB 



is a 



straight line 








180 








⇒ ∠ + ∠ = ° 








x y 








Another way of expressing the same idea 



is 



to use the symbol 



∴ 



which 








means ‘therefore’: 








AOB 



is a 



straight line 








180 








∴ ∠ + ∠ = ° 








x 








y 








A 



third way of writing the same thing 



is 



to use the words 



if … then … 








If 



AOB 



is a 



straight line, 



then 








180 








∠ + ∠ = ° 








x 



y 
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You can write the symbol 



⇒ 



the other way round, 



as 



⇐. 



In that case 



it 








means ‘is implied by’ or ‘follows from’. 








In the example above you can write 








AOB 



is a 



straight line 








180 








⇐ ∠ + ∠ = ° 








x y 








and in this case 



it is 



still true. 








Note 








In situations like this where both the symbols ⇒ and ⇐ give true statements,  








the two symbols are written together as ⇔. You can read this as ‘implies and  








is implied by’ or ‘is equivalent to’. 








Thus 








AOB 



is a 



straight line 








180 








⇔ ∠ + ∠ = ° 








x y 








❯ 



Is 



the statement 








AOB 



is a 



straight line 








180 








⇐ ∠ + ∠ = ° 








x y 








logically the same 



as 








180 








∠ + ∠ = 








° ⇒ 








x 








y 








AOB 



is a 



straight line? 








In the next two examples, the implication 



is 



true in one direction but not in 








the other. 








Write one of the symbols 



, 



or 








⇒ ⇐ ⇔ 



between the two statements 



A 



and B. 








A: 








Nimrod 



is a 



cat. 








B: 








Nimrod has whiskers. 








Solution 








You can write 



A 



⇒ 



B. Since all cats have whiskers and Nimrod 



is a 



cat, 



it 








must be true that Nimrod has whiskers. 








However, you cannot write 



A 



⇐ 



B. That is 



saying that ‘Nimrod has whiskers’, 








implies ‘Nimrod 



is a 



cat’. However, there are other sorts of animals that have 








whiskers, so you cannot conclude that Nimrod 



is a 



cat. 








Nor can you write 



A 



⇔ 



B 



because that 



is 



saying that 



both 



A 



⇒ 



B 



and 








A 



⇐ 



B 



are true; in fact only the first 



is 



true. 










Example 



1.2 
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Write one of the symbols 



, 



or 








⇒ ⇐ ⇔ 



between the two statements 



A 



and B. 








A: 








The hands of the clock are 



at 



right angles. 








B: 








The clock 



is 



showing 



3 



o’clock. 








12 








12 








3 








3 








6 








6 








9 








9 








▲ 



Figure 1.11 








Solution 








You can write 



A 



⇐ 



B 



because 



it is 



true that 



at 3 



o’clock the hands are 



at 








right angles. 








However, you cannot write 



A 



⇒ 



B 



because there are other times, for 








example 



9 



o’clock, when the hands are 



at 



right angles. 








Nor can you write 



A 



⇔ 



B 



because that 



is 



saying that 



both 



A 



⇒ 



B 



and 








A 



⇐ 



B 



are true; in fact only the second 



is 



true. 










Example 



1.3 











The words 



‘necessary’ 



and ‘sufficient’ 








Two other words which you will sometimes find useful are 



necessary 



and 








sufficient. 










» 



Necessary 



is 



often used (or implied) when giving the conditions under 











which 



a 



statement 



is true. Thus a 



necessary condition for 



a 



living being to be 








a 



spider 



is 



that 



it 



has eight legs. However this 



is 



not 



a 



sufficient 



condition 








because there are other creatures with eight legs, for example scorpions. 










» 



The word 



sufficient 



is 



also used when giving conditions under which you 











can be certain that 



a 



statement 



is true. Thus 



being 



a 



spider 



is a 



sufficient 








condition for 



a 



creature to have eight legs (but not 



a 



necessary one). 








With 



a 



little thought you will see that 



if A is a 



sufficient condition for B, then 








A 



⇒ 



B. Similarly 



if A is a 



necessary condition for B, then 



A 



⇐ 



B. 








A 



living being 



is a 



spider 



⇒ 



it 



has eight legs 








A 



living being has eight legs 



⇐ 



it is a 



spider 










❯ 



If A is 



both 



a 



necessary and 



a 



sufficient condition for B, what symbol 











should connect 



A 



and B? 
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The 



converse 



of a 



theorem 








When theorems, or general results, are involved 



it is 



quite common to use the 








word 



converse 



to express the idea behind the 



⇐ 



symbol. 








Thus, for the triangle ABC (Figure 1.12), 








Pythagoras’ theorem states 








Angle BCA 



= 



90° 



⇒ 



AB² = BC² + CA² 








and its converse 



is 








Angle BCA 



= 



90° 



⇐ 



AB² = BC² + CA² 








A 








B 








C 








▲ 



Figure 1.12 








Note 








It would be more usual to write the converse the other way round, as  








AB² = BC² + CA² 



⇒ 



Angle BCA 



= 



90° 








Since in this case both the theorem and its converse are true, you would be 








correct to use the 



⇔ 



symbol. 








Angle BCA 



= 



90° 



⇔ 



AB² = BC² + CA² 








You may find 



it 



easier to think in terms of 



If 



… 



then 



…, when deciding just 








what the converse of 



a 



result or theorem says. For example, suppose you 








had to write down the converse of the theorem 








that the angle in 



a 



semicircle 



is 90°. This 



can be 








stated as: 








If 



AB 



is a 



diameter of the circle 








through points A, 



B 



and C, 



then 








∠ACB 



= 



90°. 








To find the converse, change over the 



If 



and 








the 



then, 



and write the statement so that 



it 



reads 








sensibly. In this case 



it 



becomes: 








If 



∠ACB 



= 



90°, 



then 



AB 



is a 



diameter of the circle through 








points A, 



B 



and C. 








❯ 



Is 



the converse of this theorem true? 








❯ 



State 



a 



theorem for which the converse 



is 



not true. 








A 








C 








B 








▲ 



Figure 1.13 
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1 



In each case, write one of the symbols 



⇒, ⇐ 



or 



⇔ 



between the two 








statements 



A 



and B. 








(i) 



A: The object 



is a 



cube 








B: The object has six faces 








(ii) 



A: Jasmine has spots 








B: Jasmine 



is a 



leopard 








(iii) 



A: The polygon has four sides B: The polygon 



is a 



quadrilateral 








(iv) 



A: Yesterday was 



a 



Monday 








B: Today 



is a 



Tuesday 








(v) 



A: 



x 



= 



29 








B: 



x 



> 



10 








(vi) 



A: This month has exactly 








B: This month 



is 



February and 








28 days 








it is 



not 



a 



leap year 








(vii) 



A: PQRS 



is a 



rectangle 








B: PQRS 



is a 



parallelogram 








(viii) 



A: The three sides of triangle 








B: The three angles of triangle 








T 



are equal 








T 



are equal 








2 



For each of the following statements, state the converse, and state 








whether the converse 



is 



true. 








(i) 



If a 



triangle has two sides equal, then 



it 



has two angles equal. 








(ii) 



If 



Vincent 



is 



Laura’s son then Laura has children. 








(iii) 



ABCD 



is a 



square 



⇒ 



Each of the angles of ABCD 



is 



90°. 








(iv) 



A 



triangle with three equal sides has three equal angles. 








(v) 



If it is 



sunny, then Struan goes swimming. 








3 



In each case, write one of the symbols 



⇒, ⇐ 



or 



⇔ 



between the two 








statements 



P 



and Q. 








(i) 



P: 








3 








= 








x 








x 








Q: 








1 








= − 








x 








(ii) 



P: 








0 








= 








xy 








Q: 








0 








= 








x 








and 








0 








= 








y 








(iii) 



P: 



= 








p 








q 








q 








p 








Q: 



= 








p q 








(iv) 



P: 








3 








= 








x 








Q: 








9 








2 








= 








x 








(v) 



P: 



6 








8 








< < 








x 








Q: 








7 








= 








x 








(vi) 



The number 



n 



is a 



positive integer greater than 



1. 








P: 



n 



has exactly two factors 








Q: 



n 



is a 



prime number 








(vii) 



P: 



m 



and 



n 



are odd integers 








Q: 



m 



+ 



n 



is 



an even integer 








(viii) 



O and 



P 



are points. 








P: 



0 



cm 



 



OP 



< 5 



cm 








Q: 



P 



lies inside the sphere with 








centre O and radius 



5 



cm. 








4 



For each of the following statements, state the converse, and state 








whether the converse 



is 



true. 








(i) 



If 



x 



is 



an integer, then 



x² 



is 



an integer. 








(ii) 



For 



a 



quadrilateral PQRS: 



if P, 



Q, R and 



S 



all lie on 



a 



circle, then 








∠PQR 



+ 



∠PSR 



= 



180°. 








(iii) 



If 



x 



= 



y, 



then 



x² 



= 



y². 
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(iv) 



In the diagram, lines 



l 



and 



m 



are parallel 



⇒ ∠x 



= 



∠y. 








m 








l 








y 








x 










(v) 



n 



is 



an odd prime number 



⇒ 



n 



> 2. 








5 



To show that an integer 



n 



is 



divisible by 



5, is it 








(i) 



necessary 








(ii) 



sufficient 











to show that 



it 



ends in zero? 










6 



For each of the following statements state: 








(a) 



whether 



it is 



true or false 








(b) 



the converse 








(c) 



whether the converse 



is 



true or false. 











In the case of 



a 



‘false’ answer, explain how you know that 



it is 



false. 










(i) 



ABCDEF 



is a 



regular hexagon 



⇒ 



The six internal angles are all 











equal. 










(ii) 



ABCDEF 



is a 



regular hexagon 



⇒ 



All the six sides are the same 











length. 








7 



ABC and XYZ are two triangles. Louie makes this statement. 








‘Together AB 



= 



XY, BC 



= 



YZ and angle BAC 



= 



angle XYZ 








⇒ 



triangles ABC and XYZ are congruent.’ 








(i) 



Say whether Louie’s statement 



is 



true or false. 



If 



your answer 



is 








‘false’, explain how you know that 



it is 



false. 








(ii) 



State the converse of the statement. 








(iii) 



Say whether the converse 



is 



true or false. 



If 



your answer 



is 



‘false’, 








explain how you know that 



it is 



false. 








8 



A, B, 



C 



and 



D 



are statements, each of which 



is 



either true or false. 








A 








B, 



B 








C, 



C 








A 



and 



D B 








⇒ 








⇔ 








⇒ 








⇐ 








How many of the statements can be true? (There 



is 



more than one 








answer.) 

















15 








1 








1.3  Proof 








ACTIVITY 



1.1 










● 



Choose any three consecutive integers and add them up. 








● 



What number 



is 



always 



a 



factor of the sum of three consecutive integers? 








● 



Can you be certain that this 



is 



true for all possible sets of three 











consecutive integers? 








In the activity above, you formed 



a 



conjecture 



– 



an idea, or theory, 








supported by evidence from the cases you tested. However, there are an 








infinite number of possible sets of three consecutive 



integers. You 



may be 








able to test your conjecture for 



a 



thousand, or 



a 



million, or 



a 



billion, sets of 








consecutive integers, but you have still not proved 



it. You 



could program 



a 








computer to check your conjecture for even more cases, but this will still not 








prove 



it. There 



will always be other possibilities that you have not checked. 








Proof by 



deduction 








Proof by deduction 



consists of 



a 



logical argument 



as 



to why the conjecture 








must be 



true. This 



will often require you to use algebra. 








Example 1.4 shows how proof by deduction can be used to prove the result 








from Activity 1.1 above. 








Prove that the sum of any three consecutive integers 



is a 



multiple of 



3. 








Solution 








Let the first integer be 



x. 








⇒ 



the next integer 



is 



x 



+ 1 



and the third integer 



is 



x 



+ 2 








⇒ 



the sum of the three integers 








( 1) ( 



2) 








3 3 








3( 1) 








= + + + + 








= + 








= 








+ 








x x 








x 








x 








x 








The sum of the three integers has 



a 



factor of 



3 



⇒ 



the sum of three 








consecutive integers 



is 



always 



a 



multiple of 



3. 










This is true for  








any value of x. 













Example 



1.4 











Proof by 



exhaustion 








With some conjectures you can test all the possible cases. An example 



is 








'Prove that 97 



is a 



prime number.' 








If 



you show that none of the whole numbers between 



2 



and 96 



is a 



factor of 








97, then 



it 



must indeed be 



a 



prime number. However, 



a 



moment’s thought 

















16 








1 








shows that you do not need to try all of them, only those that are less than 








97, i.e. from 



2 



up to 



9. 








97 



÷ 2 = 



48 








1 








2 



No 








97 



÷ 3 = 



32 








1 








3 



No 








97 



÷ 4 = 



24 








1 








4 



No 








97 



÷ 5 = 



19 








2 








5 



No 








97 



÷ 6 = 



16 








1 








6 



No 








97 



÷ 7 = 



13 








6 








7 



No 








97 



÷ 8 = 



12 








1 








8 



No 








97 



÷ 9 = 



10 








7 








9 



No 








Since none of the numbers divides into 97 exactly, 97 must be 



a 



prime. 










❯ 



It 



was not strictly necessary to test all the numbers from 



2 



up to 



9 











above. Which 



numbers were necessary and which were not? 








This method of proof, by trying out all the possibilities, 



is 



called 



proof by 








exhaustion. 



In theory, 



it is 



the possibilities that get exhausted, not you! 








Disproving 



a 



conjecture 








Of course, not all conjectures are true! Sometimes you may need to disprove 








a conjecture. To 



disprove 



a 



conjecture all you need 



is a 



single 



counter- 








example. 



Look 



at 



this conjecture: 








n 








2 








+ 



n 



+ 1 is a 



prime number. 








n 



= 1 



⇒ 



n 








2 








+ 



n 



+ 1 = 3 








and 



3 is 



prime 








n 



= 2 



⇒ 



n 








2 








+ 



n 



+ 1 = 7 








and 



7 is 



prime 








n 



= 3 



⇒ 



n 








2 








+ 



n 



+ 1 = 



13 








and 13 



is 



prime 








So far so good, but when you come to 



n 



= 4 








n 



= 4 



⇒ 



n 








2 








+ 



n 



+ 1 = 



21 








and 21 



= 3 × 7 is 



not prime. 








Nothing more needs to be 



said. The 



case of 



n 



= 4 



provides 



a 



counter- 








example, and one counter-example 



is 



all that 



is 



needed to disprove 



a 








conjecture. The 



conjecture 



is 



false. 








However, sometimes 



it is 



easier to disprove 



a 



conjecture by exposing 



a 



fault 








in the argument that led to the proposal of the conjecture. 










1 



For each of the statements below, decide whether 



it is 



true or false. 











If it is 



true, prove 



it 



using either proof by deduction or proof by 








exhaustion, stating which method you are using. 



If it is 



false, give 



a 








counter-example. 








(i) 



If 



n 



is a 



positive integer, 








2 



+ 








n n 



is 



always even. 








(ii) 



An easy way to remember 



7 



times 



8 is 



that 56 



= 7 × 8, 



and the 








numbers 



5, 6, 7 



and 



8 



are 



consecutive. There is 



exactly one other 








multiplication of two single-digit numbers with the same pattern. 








(iii) 








1 








2 



> ⇒ > 








x 








x 








x 








(iv) 



No square number ends in 



a 2. 








(v) 



n 



is 



prime 








1 








2 








⇒ + + 








n 








n 








is 



prime. 








(vi) 



One cannot logically say 



‘I 



always tell lies’. 
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1C 
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1 








2 



For each of the statements below, decide whether 



it is 



true or false. 



If it 








is 



true, prove 



it 



using either proof by deduction or proof by exhaustion, 








stating which method you are using. 



If it is 



false, give 



a 



counter-example. 








(i) 



The value of 








41 








2 



+ + 








n 








n 








is a 



prime number for all positive integer 








values of 



n. 








(ii) 



The sum of 



n 



consecutive integers 



is 



divisible by 



n, 



where 



n 



is a 








positive integer. 








(iii) 



Given that 



5 








0 








m n 








> 








 








 



and that 



m 



and 



n 



are integers, the 








equation 








= 








m 








n 








n 








m 



has exactly one solution. 








(iv) 



Given that 



p 



and 



q 



are odd numbers, 



2 2 








+ 








p q 



cannot be divisible by 



4. 








(v) 



It is 



impossible to draw any conclusion when someone tells you 








‘I 



always tell the truth’. 








(vi) 



The smallest value of 



n 



(> 1) for which 



1 2 3 ... 








2 2 2 








2 








+ + + + 



n 



is a 








perfect square 



is 



24. 










3 



A 



rectangular piece of paper 



is 



100 cm long and 



w



cm wide. 



If it is 



cut along 











the dotted line, the two pieces of paper are similar to the original piece. 








100 cm 








w 



cm 










(i) 



Find the value of 



w. 








(ii) 



Prove that this can only be done for 3- or 4-sided pieces of paper. 








4 



(i) 



Write down any six prime numbers greater than 



3. 








(ii) 



Write each of your numbers in the form 6n 



+ 1 



or 6n 



− 1, 











choosing suitable whole number values of 



n 



for each of your six 








prime numbers. 










(iii) 



Prove that all prime numbers greater than 



3 



can be written in the 











form 6n ±1. 










(iv) 



State the converse and determine whether 



it is 



true or false. 








5 



For each of the statements below, decide whether 



it is 



true or false. 



If it 











is 



true, prove 



it 



using either proof by deduction or proof by exhaustion, 








stating which method you are using. 



If it is 



false, give 



a 



counter-example. 










(i) 



A 



number 



is 



divisible by 



9 if 



the sum of its digits 



is 



divisible by 



9. 








(ii) 



ABC 



is a 



three-digit number. 








(a) 



ABC 



is 



divisible by 



3 



⇔ 



CBA 



is 



divisible by 



3. 








(b) 



ABC 



is 



divisible by 



5 



⇔ 



CBA 



is 



divisible by 



5. 
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