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The contents of this study and revision guide are designed to guide you through to success in the Pure Mathematics component of the WJEC Mathematics for AS Level: Pure examination. It has been written by an experienced author and teacher. This book has been written speciically for the WJEC AS course you are taking and 


includes everything you need to know to perform well in your exams.


Knowledge and Understanding


167


Introduction


Vectors can be used to describe displacements, velocities, accelerations and forces in twoor three dimensions. Using vectors simpliﬁ es solving real-life problems involving the above.o 


In this topic we will look at vectors in twdimensions from a pure mathematics perspective. You will come across vectors again when solving problems in mechanics.


istopic covers the following:9.1 Scalars and vectors


9.2 Vectors in two dimensions


9.3 The magnitude of a vector


9.4 Algebraic operations of vector addition, subtraction and multiplication by scalars, and their geometrical interpretations


9.5 Position vectors


9.6 Coordinate geometry and vectors9.7 Position vector of a point dividing a line in a given ratio


9.8 Using vectors to solve problems in pure mathematics




Topics start with a short list of the material covered in the topic and each topic will 


give the underpinning knowledge and skills you need to perform well in your exams.


The knowledge section is kept fairly short leaving plenty of space for detailed explanation of examples. Pointers will be given to the theory, examples and questions that will help you understand the thinking behind the steps. You will 


also be given detailed advice when it is needed.


The following features are included in the knowledge and understanding sections:• Grade boosts are tips to help you achieve your best grade by avoiding certain 


pitfalls which can let students down.
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How to use this book


• Step by steps are included to help you answer questions that do not guide you bit by bit towards the inal answer (called unstructured questions). In the past, you would be guided to the inal answer by the question being structured. For example, there may have been parts (a), (b), (c) and (d). Now you can get questions which ask you to go to the answer to part (d) on your own. You have to work out for yourself the steps (a), (b) and (c) you would need to take to arrive at the inal answer. The ‘step by steps’ help teach you to look carefully at the question to analyse what steps need to be completed in order to arrive at 


the answer.• Active learning – are short tasks which you carry out on your own which aid 


understanding of a topic or help with revision.• Summaries – are provided for each topic and present the formulae and the main 


points in a topic. They can be used for quick reference or help with your revision.


Exam Practice and Technique


Helping you understand how to answer examination questions lies at the heart of this book. This means that we have included questions throughout the book that will build up your skills and knowledge until you are at a stage to answer full exam questions on your own. Examples are included; some of which are full examination style questions. These are annotated with Pointers and general advice about the 


knowledge, skills and techniques needed to answer them. 
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There is a Test yourself section where you are encouraged to answer questions on the topic and then compare your answers with the ones given at the back of the book. There are many examination-standard questions in each Test yourself that provide 


questions with commentary so you can see how the question should be answered.


You should, of course, work through complete examination papers as part of your 


revision process. 


We advise that you look at the WJEC website www.wjec.co.uk where you can download materials such as the speciication and past papers to help you with your studies. From this website you will be able to download the formula booklet that you will use in your examinations. You will also ind specimen papers and 


mark schemes on the site.


WJEC Mathematics For AS Level Pure & Applied Practice Tests


There is another book which can be used alongside this book. This book provides extra testing on each topic and provides some exam style test papers for you to try. I 


would strongly recommend that you get a copy of this and use it alongside this book.


Good luck with your revision.


Stephen Doyle
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Introduction


A mathematical proof is a mathematical argument that convinces others that a mathematical statement is true. In this topic, you will be using a number of techniques to prove or disprove mathematical statements. This topic is unusual in mathematics as it depends on precise use of English as well as mathematical techniques.


is topic covers the following:


1.1 Real and imaginary numbers1.2 Rational and irrational numbers1.3 Proof by exhaustion1.4 Disproof by counter-example1.5 Proof by deduction
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1 Proof
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1.1 Real and imaginary numbers


A feature of real numbers is that when they are squared, positive answers are 222


obtained. For example, 2


 = 4, (3.002)


 = 9.012004, (−50)


 = 2500.


Numbers involving square roots of negative real numbers are called imaginary numbers. For example, √−5, √−9, √−53 are all imaginary numbers. The main feature of an imaginary number is that when it is squared, a negative (real) 222


number is obtained. For example, (


√


−4)


 = −4, (


√


−11)


 = −11, (


√


−67)


 = −67.


The important point may be summarised as follows:


If a number m is such that m2 < 0 then m cannot be a real number but is instead an 


imaginary number. This result will be used later.


1.2 Rational and irrational numbers


Rational numbers


A rational number is a number that can be expressed as a fraction (i.e. ab , where b ≠ 0) with the numerator (i.e. the top number) and the denominator (i.e. the 


bottom number) both being whole numbers.


All whole numbers are rational. For example, 2 is rational as it can be written as the fraction, 2 .


1Fractions are always rational no matter how complicated they are, so 13209121342 is 


rational.


Decimals with repeating units such as 0.166666666… can be expressed as fractions (i.e. 1 in this case) and are therefore rational.


6


Another way of deining a rational number is to say it can be accurately placed on a number line. For example, the number 13 (or 0.333333...) can be accurately 


positioned on the number line as one third of the way between the number 0 and 1.


Irrational numbers


An irrational number is a number that cannot be expressed as a fraction. When expressed as decimals, irrational numbers have endless non-repeating numbers to the right of the decimal point. Examples of irrational numbers are π 


(i.e. 3.141592…) and 


√


2 (i.e. 1.414213…).


Irrational numbers cannot be positioned on the number line.


1.3 Proof by exhaustion


Proof by exhaustion involves using all allowable values to prove the mathematical statement is either true or false. This only works when there are only a small 


number of possible values to try.


Imaginary numbers are beingmentioned here as a way of illustrating when a number is not real. Imaginary numbers will not be assessed in GCE 


 


Maths AS Unit 1.


There are lots of specialist terms included in this topic. In exam questions these terms will be used somake sure you understand each term and can give an 


 


example.


 


BOOST


Grade


⇪⇪⇪


⇪


⇪


⇪


⇪


⇪


⇪


⇪


⇪


⇪
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1.4 Disproof by counter-example
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Examples


1 Prove that if n is an integer between and including 1 and 5 (i.e. 1 ≤ n ≤ 5), then n2−n


the expression 


 


 


 + 11 is prime.


Answer


1 As there are a limited number of values we can use with the expression, we can enter them in turn into the expression and check that the result is a prime 


number.


 


When 


nn2n2


 = 1, 


 − 


 + 11 = 1


 − 1 + 11 = 11


 


  


nn2n2


 = 2, 


 − 


 + 11 = 2


 − 2 + 11 = 13


 


  


nn2n2


 = 3, 


 − 


 + 11 = 3


 − 3 + 11 = 17


 


  


nn2n2


 = 4, 


 − 


 + 11 = 4


 − 4 + 11 = 23


 


  


nn2n2


 = 5, 


 − 


 + 11 = 5


 − 5 + 11 = 31


 


All the results are prime numbers, so the stat


ement is true.


2 If p and q are even integers less than 6, prove that the sum and difference of p q 


and 


are divisible by two.


Answer


2 p q


Possible values for 


are 2 and 4 and possible v


alues for 


 are also 2 and 4.


 


We can construct a table to list all the possible v


alues:


pqp + qp − qDivisible by 2?


2240Yes


246−2Yes


4262Yes


4480Yes


 


As all the possible values have been exhausted and all the answers are 


divisible by 2, the statement is correct


.


1.4  Disproof by counter-example


Disproof by counter-example allows us to prove that a property is not true by providing an example where it does not hold. For example, to disprove that ‘all triangles are obtuse’, we give the following disproof by counter-example: the equilateral triangle having all angles equal to sixty degrees. There are an ininite number of counter-examples we could have used here, but it only takes one of 


them to disprove this particular statement.


N.B. A conjecture involving the word ‘all’ cannot be proved by showing that it is 


true in one case; but it can be disproved by showing that it is untrue in one case.


Note that by entering all the possible values we have exhausted all the values. Hence if all the results are prime, then the statement 


is true.
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1 Proof
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Examples


1 Here is a statement: ‘for all real numbers x, if x2 is rational, then x is rational’.  


By giving a counter-example, disprov


e this statement.


Answer


1 x


Suppose  = √2 (which is an irrational number)x22


 


 = 


(


√


2


)


 = 2 (which is a rational number)


 


We have found a counter-example where x2 is rational but the value of x is 


irrational. 


 


This means that the statement is not true f


or all real values of 


x


.


2 Disprove the following mathematical statement using a suitable counter-


example.


 


The graphs of all linear functions in a single variable are perpendicular to each other.


Answer


2 f xxgxx


Let one function be 


(


) = 2


 − 1 and the other function be 


(


) = −3


 + 2.


 


These functions are both in the form 


ymxc


 = 


 + 


.


 


The gradient of 


f xgx


(


) is 2 w


hilst the gr


adient of 


(


) is −3.


 


For two straight lines to be perpendicular to each other, the product of the 


gradients must equal −1.


 


Product of gradients in this case = 2 × (−3) = −6.


 


This proves that not all linear functions ar


e perpendicular to each other


.


 


Hence the given mathematical statement is incorr
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