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This textbook covers the entire contents of the Higher Applications of Mathematics course in depth. It 








is assumed that you have successfully completed National 5 Mathematics or National 5 Applications 








of Mathematics, or equivalent. 








The aims of this textbook are to encourage and support you to develop and apply: 










●  



problem-solving strategies 








●  



mathematical reasoning 








●  



communication skills. 











Know your course 








It is important that you know the content and structure of the course and how this textbook provides 








the appropriate level of support and challenge. Details of the course can be found in SQA’s course 








specification for Higher Applications of Mathematics at 



www.sqa.org.uk/sqa/93396.html. 








During the course you will need to use a statistical package such as RStudio (Posit) to carry out 








various statistical calculations. This textbook will guide you through the use of such a package, 








with easy-to-follow explanations of basic functions and instructions on using RStudio (Posit) 








to perform specific tasks. Similar guidance is also provided for using Microsoft Excel, which is 








essential software for this course. Video support for RStudio (Posit) and Excel is available online at 










www.hoddergibson.co.uk/tj-higher-apps-maths-supporting-resources. 











The contents of the textbook are split into four broad areas: 










●  



Statistics and probability 








●  



Financial skills 








●  



Mathematical modelling 








●  



Planning and decision making 











The textbook also has a fifth section that will help to support you through the statistics project, 








followed by two complete practice papers to help you prepare for the exam. 








Know your course assessment 








The assessment of this course consists of two parts: a written exam and a statistics project. 










Component 








Time 








Marks 











Weighting 








Examination 








2 hours 30 minutes 








80 out of 110 total 73% of overall grade 








Statistics project 








Approximately 8 hours 30 out of 110 total 27% of overall grade 








The examination includes files that need to be downloaded prior to the exam. The completed files/ 








spreadsheets are printed and returned to SQA. 








The statistics project should take around 8 hours and be no more than 2000 words. This is returned to 








SQA for marking. Your teacher or lecturer can give you ‘reasonable assistance’. 








Introduction 
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Introduction 








Features in this textbook 








The textbook is divided into four main sections (Statistics and probability; Financial skills; Mathematical 








modelling; Planning and decision making). Each of these four sections begins with a ‘Chapter 0’, which 








summarises what you need to know from the National 5 Applications of Mathematics course and 








includes a short revision exercise to test that knowledge. 








Explanations and worked examples with solutions are accompanied by numerous exercise questions 








to allow for practice and challenge. 








80 








81 








1Statisticsandprobability 








1.4Dataanalysis,interpretationandcommunication 








To calculate the coefficient of determination (R2), use the command: 








summary(lm(Maths~English)) 








This generates quite a lot of output: 








The shortcut command 



summary(lm(Maths~English))$r.squared 



cuts this down to just the key 








information: 








R2 



= 0.60 (2 s.f.), which indicates some scatter around the line (confirmed when we check the original 








scatter plot). In other words, 60% of the variation in the pupils’ Maths scores is explained by their 








English scores. Clearly there are factors affecting performance in Maths other than the pupil's 








performance in English. 








Be careful … 








The 



R2 



valuedoesnotmeanthathigherscoresinEnglish 



cause 



higherscoresinMaths(correlation 








andregressiondonotestablishcauseandeffect).Itisanotherwayofmeasuringthestrengthofthe 








relationshipbetweenthem. 








Ifyourepeatedtheexerciseabove,puttingMathsonthe 



x-axis 



andEnglishonthe 



y-axis, 



thescatter 








plotwouldlookdifferentandtheequationofthelineofbestfitwouldchange.However,therelationship 








betweenthevariableswouldbethesame,withthesamecorrelationcoefficient(r)andthesame 








coefficientofdetermination(R2). 








Anotherwaytothinkofthisisthatifthecorrelationcoefficientis1,thereisaperfectpositivecorrelation– 








inotherwords,everypupilwouldexpecttogetexactlythesamescoreinEnglishandinMaths.Allofthe 








scoreswouldsitexactlyontheline 



R2 



=1(andpredictionswouldbeeasy!). 








Inreallife,youwillrarelyfindexamplesofperfectlinearrelationships.Whiletheremaybeaverystrong 








relationshipbetweentwovariables,therearenearlyalwayssomeotherfactorsorconfoundingvariables 








affectingtheoutcomes. 








Linear regression revisited 








In Chapter 1.3, we used the 



predict 



command 








to make predictions using our linear regression 








model. This included predictions within our dataset 








(interpolation) and beyond our dataset (extrapolation). 








Load the dataset 



firstyear.csv 



into RStudio (Posit), 








if you do not still have it open from the previous 








exercise. Generate a scatter plot and then fit a linear 








regression model to the plot, using the commands: 








plot(English,Maths, main=”English and 








Maths scores”) 








lm(Maths~English) 








abline(lm(Maths~English)) 








This gives a plot with the line 



y 



= 1.131x − 8.407 








Nowusethe 



predict 



commandtoestimatetheMaths 








scoreforapupilwhoscores55%intheEnglish test: 








predict(lm(Maths~English), newdata=data.frame(English=55), interval=”pred”) 








‘fit’ gives the predicted Maths score of 54% (rounded to 2 s.f.). 








The two values which follow – ‘lwr’ and ‘upr’ – are the 



predictioninterval. 



This is similar to the 95% 








confidence interval. In fact, it is a confidence interval for our prediction. Using the linear regression 








fitted to the data, a pupil with a score of 55% in English is 



predicted 



a score of 54% in Maths, with 95% 








confidence that their 



actual 



score will be between 21% and 86%. 








Hints & tips 








Ifyouwerethepupilinthisexample,youmightwellfeelthatthepredictionwasawasteoftime.Afterall, 








21%isafailand86%isagradeA.Alargersamplewouldgivemoreconfidenceinthepredictionand 








reducethepredictioninterval–the‘fit’ofthelineisalsoimportant. 








Coefficient of determination – how good a fit is the line? 








Theconceptofleastsquaresregressionwasbrieflyoutlinedonpage56.Thisistheprocessbywhich 








RStudio(Posit)calculateswheretoplacethelineofbestfit.Thecoefficientofdeterminationor 



R2 



value 








isusedtomeasurethe‘goodnessoffit’oftheline,ortheamountofscatteraroundtheline.An 



R2 



value 








of1(acorrelationcoefficientof1or[minus]1)indicatesthatallofthedataisexactlyonthestraightline. 








An 



R2 



valueof0suggeststhedataisrandomlyscatteredontheplot,withnolinearrelationship. 








Thecloserthe 



R2 



valueisto1,themoreaccuratetheprediction(andthesmallerthepredictioninterval). 








Load the dataset 



firstyear.csv 



into RStudio (Posit), if you do not still have it open from the previous 








exercise. Generate a scatter plot and then fit a linear regression model to the plot. 








Background information panels 








provide further support. 








Each of the four sections concludes with an end of section assessment to test understanding of the 








complete section. 








The section on the statistics project gives full guidance on what is expected, how to approach the 








project, and what the SQA examiner is looking for when marks are awarded. 








Two full exam practice papers are included to provide essential preparation for the exam. 








All answers to Chapter 0 revision exercises and exercise questions can be found at the back of the textbook. 








Full worked solutions, with mark schemes, for the end of section assessments and the two practice papers 








are available online at 



www.hoddergibson.co.uk/tj-higher-apps-maths-supporting-resources. 



Datasets for 








the textbook exercises and demo videos on using RStudio (Posit) and Excel are available at the same link. 








Detailed guidance on using software, such 








as RStudio (Posit) and Excel, is provided, 








complete with full step-by-step instructions 








and links to online support videos. 








‘Hints & tips’ panels help you 








achieve the best marks by 








highlighting important points 








to remember. 








‘Be careful…’ panels highlight common errors 








and misconceptions to watch out for. 
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Introduction 








Finally, when working through this textbook, you should ‘take a RISC’! 








R 








READ 








the question 








carefully 








Look for command words, such as 



calculate, solve, express, define, state, compare. 








These will give you a clue as to what is expected. 








Look for keywords, such as 



compound interest, hypothesis, critical path, exponential. 








These will give you a clue as to the theme or topic of the question. 








I 








INTERPRET 








the problem 








Using the above, think about the context and which set of skills it is looking for you 








to apply. 








S 








SOLVE 








the problem 








Apply the skills you have learned to put the question into a ‘mathematical form’ and 








find the solution(s). For example, by applying a formula, drawing a graph, applying 








a statistical test or using a spreadsheet. 








Check your solution makes sense and is valid. 








C 








COMMUNICATE 








your solution 








Mathematics is a language! It’s no good solving a problem if no one can understand 








your solution. 








Explain your solution clearly and concisely, use appropriate units and relate it to 








the context of the question. 








In working your way through this textbook, it is hoped you take inspiration from the mathematician 








Paul Halmos, who said, ‘The only way to learn mathematics is to do mathematics.’ 
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Statistics and probability 








1.0 Revision 








The following topics were covered in National 5 Applications of Maths (many were also covered in 








National 5 Maths) and should be known, though much of the content will be revised later. 








The topics in National 5 (N5) Maths which are relevant to this chapter include: 








● 








Comparing datasets using statistics 








● 








Comparing datasets using calculated/determined 








● 








Interquartile range 








● 








Standard deviation 








● 








Forming a linear model from a given set of data 








● 








Determining the equation of a best-fitting straight line on a scatter graph and using it to 








estimate 



y 



given 



x. 








The topics in N5 Applications of Maths which are relevant to this chapter include: 








● 








Using a combination of statistics to investigate risk and its impact on life 










●  



Using the link between simple probability and expected frequency 











● 








Using a combination of statistical information presented in different diagrams 










●  



Constructing, interpreting and comparing box plots, scatter graphs and pie charts 











● 








Using statistics to analyse and compare datasets 










●  



Calculating mean, median, mode, range, interquartile range and standard deviation 











● 








Drawing a line of best fit from given data 










●  



Data presented in tabular form. 











Revision exercise 










1 



A charity raffle has three top prizes and five smaller prizes. If 752 tickets are sold, what is the 











probability of winning a top prize? What is the probability of winning any prize at all? Give your 








answers to 3 significant figures. 










2 



A gardener estimates a 0·91 probability that her pumpkin seeds will grow into plants and a 0·85 











probability that each plant will produce at least one pumpkin. If she sows 25 seeds, what would 








be the minimum number of pumpkins she can expect to harvest? 










3 



In 2019, 16 035 learners studied N5 Chemistry and 13 791 studied N5 Physics. There was a 0·35 











probability of a learner achieving a grade A in Chemistry and a 0·32 probability of a learner 








achieving a grade A in Physics. How many more learners in this cohort gained As in Chemistry 








than Physics? 








1 
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1 Statistics and probability 










4 



The probability of a particular train service being delayed is 0·08. 








a) 



Copy and complete the tree diagram, showing the probability of three consecutive services 








being delayed. 








not 








delayed 








? 








? 








? 








? 








? 








not 








delayed 








delayed 








not 








delayed 








delayed 








delayed 








1st service 2nd service








3rd service 








0·08 








b) 



What is the probability that the train service is delayed on two consecutive occasions? 








c) 



What is the probability of P(not delayed and not delayed)? 








d) 



What is the probability that the train service is delayed on the first occasion but then runs on 








time on four consecutive occasions? 








5 



Calculate the mean, median, mode and range for the following datasets, rounding to 1 decimal 








place where required: 








a) 



1, 5, 6, 6, 7, 8, 10 








b) 



1·5, 2·8, 3·4, 5·2, 8·0, 9·5 








c) 



13, 18, 11, 27, 14, 22, 14, 10 








d) 



64, 103, 72, 78, 66, 85, 91, 100, 102 








e) 



3, 5, 1, 9, 4, 5, 4, 5, 6, 5 








6 



Use the box plot to answer the questions below: 








40 








50 








60 








70 








80 








90 








100 








110 120 130 








Dhara 








Amy 








Liv 








a) 



Which golfer only managed to hit one of their balls 40 m? 








b) 



Which golfer hit the furthest distance – and what was that distance? 








c) 



Which golfer had the highest median distance? 








d) 



Which golfer was the most consistent? 








e) 



Which golfer had an interquartile range (IQR) of 25 m? 
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1.0 Revision 










7 



A business owner is examining her sales figures for a two-week period: 








Mon 








Tues 








Weds 








Thurs 








Fri 








Sat 








Sun 











Week 1 








£354 








£465 








£448 








£492 








£508 








£670 








£550 








Week 2 








£265 








£502 








£490 








£180 








£805 








£652 








£620 










a) 



Calculate a five-figure summary for both weeks and draw a comparative box plot. 








b) 



In which week did the business make more money? 








c) 



Which week saw more consistent sales figures? 
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A swimmer is training for a major competition. He swims twice a day and records his best time 











(in seconds) in each session. 










Day 











1 








2 








3 








4 








5 








6 








7 








8 








9 










a.m. 











155 








151 








157 








155 








155 








154 








154 








152 








156 










p.m. 











155 








153 








154 








154 








153 








153 








152 








154 








152 








Calculate the mean and standard deviation (s.d.) for his morning and evening sessions and make 








two relevant comments. 










9 



This bar chart shows school transport for S1 and S6 pupils in a large secondary school. 








a) 



What was the most popular mode of transport overall? 








b) 



What was the most popular mode of transport for S1 pupils? 








c) 



The school is interested in promoting active transport (walking, 











cycling or using a scooter) to travel to school. How many pupils 








used active transport in S1 and how many in S6? 










10 



A group of 72 apprentice chefs are asked to prepare a piece of 











salmon as part of a national competition. The chosen cookery 








methods are given in the chart. 








How many chefs chose each method? 








Grilled 








Baked 








Fried 








40º 
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1 Statistics and probability 










11 



SIMD data is used by the Scottish Government as a measure of poverty, based on an individual’s 











postcode. The poorest areas are in SIMD1 and the wealthiest are in SIMD5. Three primary schools 








record their pupils’ SIMD data: 










SIMD1 








SIMD2 








SIMD3 








SIMD4 








SIMD5 











School A 








25 








32 








1 8 








42 








45 








School B 








87 








68 








64 








32 








1 1 








School C 








3 








5 








15 








16 








14 










a) 



What proportion of pupils in School B came from SIMD1 households? 








b) 



What proportion of pupils in School C came from SIMD4 and SIMD5 households? 








c) 



Which school had the most mixed intake? 








12 



This chart shows the relationship between the outside temperature in °C and the number of hours 











for which people used their central heating. 








14 








12 








10 








8 








6 








4 








2 








0 








Outside temperature °C 








Number 








of 








hours 








switched 








on 








0 








4 








8 12 16 20 24 28 








Central heating use 










a) 



There were two days on which the outside temperature dropped to 4 °C. For how many hours 











was the central heating used on those days? Explain why the figure might not be the same for 








both days. 










b) 



Describe the correlation between central heating use and outside temperature. 








c) 



Estimate the hours of central heating use required if the temperature is: 








i) 



9 °C 








ii) 



1 °C 











Which of the two estimates is more likely to be accurate and why? 
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A group of university students monitor their weekly phone usage and average hours of sleep 











(per night). 










Student 











Elle 








Sam 










Thor 








Kian 








Rana 








Mae 








Bea Isla Shay 










Phone usage 











10.4 








4.3 








2.8 








1.5 








8.8 








10.8 








7.2 








8.6 8.5 










Hours of sleep 











7 








8.5 








10.5 








8.5 








7.5 








6.5 








7 








9 9 










a) 



Plot a scatter graph to show the relationship between phone usage and hours of sleep. 








b) 



Comment on the relationship, if any, between hours of sleep and phone usage. 








c) 



Plot a line of best fit and estimate the hours of sleep for someone who used their phone for 











10 hours per week. 










d) 



Thor and Mae share a flat. Thor says, ‘Mae, the reason you don’t sleep is that you’re up all 











night on your phone. No wonder you’re tired!’ Why might Thor be wrong? 
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1.1 Basic probability 








1.1 Basic probability 








After completing this chapter, you should be able to: 










●  



construct tree diagrams 








●  



construct Venn diagrams 








●  



carry out basic calculations involving the combination of events, where information may be 











displayed in tables or graphs, such as tree diagrams and Venn diagrams. 








Tree diagrams 








A 



tree diagram 



is a way of representing the probabilities of two or more events happening. 








The diagram is a clear way of allowing you to calculate joint probabilities. 








To calculate the probabilities you multiply along the branches. 










Example 











I flip a coin and roll a die. What is the probability that I get a head and a six? 








Coin 








Probabilities on 








each set of branches 








add to 1. 








Possible outcomes 








shown at the end 








of each branch. 








Multiply along the 








branches to calculate 








the probabilities. 








Die 








P(H, 6) 








P(H, not 6) 








P(T, 6) 








P(T, not 6) 








1 








6 








5 








6 








1 








2 








= × = 








5 








6 








5 








12 








1 








2 








= × = 








1 








6 








1 








12 








1 








2 








= × = 








5 








6 








5 








12 








1 








2 








1 








2 








head 








tail 








6 








Not 6 








1 








6 








5 








6 








6 








Not 6 








1 








2 








= × = 








1 








6 








1 








12 








To calculate the probability of a head and a six, you follow along the top branches: 








P(H, 6) = 








1 








2 × 








1 








6 = 








1 
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Sometimes the problems may involve choosing but not replacing an item. This has the effect of 








changing the number of items and, hence, the probability of an event happening. 








Example 








Aidan has a bag containing three red beads and five blue beads. What is the probability of him 








choosing a red bead? 








P(red) = 








3 








8 








If Aidan picked out a red bead and did not replace it, what is the probability that his next bead 








would also be red? 








P(red) = 








2 








7 








Now only two red beads 








Now only seven beads in total 
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1 Statistics and probability 








Exercise 1 








1 



The probability that Ling wins a game of chance is 








2 








5. She plays two games. 








a) 



Copy and complete the probability tree diagram. 








Game 1 








Game 2 








Probabilities 








win 








lose 








win 








... 








lose 








win 








lose 








2 








5 








2 








5 








3 








5 








2 








5 








× = 








2 








5 








4 








25 








b) 



Calculate the probability that Ling wins both games: P(W, W). 








c) 



Calculate the probability that Ling loses both games: P(L, L). 








2 



The probability that a train arrives at a station on time is 








5 








6. 








a) 



Copy and complete the probability tree diagram. 








Station 1 








Station 2 








Probabilities 








on time 








late 








on time 








... 








late 








on time 








late 








5 








6 








1 








6 








5 








6 








× = 








1 








6 








5 








36 








b) 



Calculate the probability that the train is late twice. 








All probabilities can be calculated by using a probability tree. 








Only 7 beads for second draw 








P(R, R) 








P(R, B) 








P(B, R) 








P(B, B) 








3 








8 








5 








8 








5 








7 








2 








7 








3 








8 








= × = 








5 








7 








15 








56 








3 








8 








= × = 








2 








7 








3 








28 








5 








8 








= × = 








3 








7 








15 








56 








5 








8 








= × = 








4 








7 








5 








14 








First bead 








Second bead 








red 








blue 








red 








blue 








4 








7 








3 








7 








red 








blue 








In the above example, what is the probability of picking one red bead and one blue bead? 








This is given by P(R, B) + P(B, R) = 








15 








56 + 








15 








56 = 








30 








56 = 








15 








28 








In other words, follow red >> blue and blue >> red branches. 
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1.1 Basic probability 










3 



A fair coin is flipped twice. 








First flip 








Second flip 








Probabilities 











H 








T 








H 








T 








H 








T 








1 








2 










a) 



Find the probability of getting two heads. 








b) 



Find the probability of getting a tail followed by a head. 








c) 



Find the probability of getting at least one head. 








4 



Scott and Akshay each throw a dart at a dartboard. 











  








The probability that Scott hits the bullseye is 0·2. 








  








The probability that Akshay hits the bullseye is 0·6. 








0·4 








0·6 








0·2 








Scott 








Akshay 








bull 








miss 








bull ... 








miss ... 








bull ... 








miss ... 










a) 



Find the probability of both boys hitting the bullseye. 








b) 



Find the probability of one boy hitting the bullseye. 








c) 



Find the probability of both boys missing. 








5 



There are six red and three white discs in a bag. 











  








A disc is drawn from the bag, then replaced and another disc is drawn. 








Disc 1 








Disc 2 








Probabilities 








  








Find the probability that: 










a) 



both the discs drawn are the same colour 








b) 



at least one of the discs drawn is red. 
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6 



There are four lemon and five strawberry sweets in a bag. 











  








Radha takes out a sweet at random, notes the flavour and then replaces it. Then Stacey takes out 








a second sweet and notes its flavour. 








First sweet 








Second sweet 








lemon 








strawberry 








lemon 








strawberry 








lemon 








strawberry 










a) 



Copy and complete the tree diagram. 








b) 



What is the probability that both sweets are strawberry? 








c) 



Find the probability of picking one sweet of each flavour. 








7 



The probability that a bus arrives late is 0·3. 











  








Pratham is travelling by bus on Wednesday and Thursday. 










a) 



Show this information on a tree diagram. 








b) 



What is the probability that Pratham’s bus is late on both days? 








c) 



What is the probability that Pratham’s bus is late once? 








8 



Katrina is a senior student who has two pieces of homework to hand in on Friday. 











  








The probability that she hands in her Mathematics homework on Friday is 








4 








5. 








  








The probability that she hands in her Geography homework on Friday is 








2 








7 . 










a) 



Draw a probability tree to illustrate this information. 








b) 



Use your diagram to calculate the probability that Katrina: 








i) 



hands in no homework 








ii) 



hands in only one piece of homework 








iii) 



hands in both pieces of homework. 








9 



A bag contains four purple, one green and five yellow counters. 











  








A counter is taken from the bag at random and then replaced. 








  








A second counter is then taken from the bag. 








  








Copy and complete the tree diagram. 










Counter 1 








Counter 2 Probabilities 








purple 








green 








yellow 
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10 



Karim’s drawer contains three white bow ties and seven striped bow ties. 











  








Karim takes a bow tie out of his drawer at random and does not replace it. 








  








He then takes another bow tie out of the drawer. 










a) 



Copy and complete the tree diagram to illustrate this. 











3 








10 








9 








First bow tie 








Second bow tie 








white 








striped 








white 








striped 








white 








striped 










b) 



What is the probability that Karim takes out: 








i) 



two striped bow ties 








ii) 



one white and one striped bow tie 








iii) 



two of the same type of bow tie? 








11 



A bag contains four red balls and five green balls. 











  








Zaid picks two balls from the bag at random. 








  








Calculate the probability that he selects the same coloured 








ball each time, given that each time a ball is selected it is 








not replaced. 










12 



There are 14 footballs in a bag. 











  








Nine have a red pattern, the rest have a blue pattern. 








  








The trainer takes a ball from the bag at random and then, without replacing it, takes out 








another ball. 








  








Is the trainer more likely to take out two balls that are the same colour or two balls that are 








different colours? 








  








Use this blank probability tree to help show your working. 
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13 



Chellie enters a badminton competition. 











  








The probability that she wins a game is 0·6. 










a) 



Using this information, copy and complete the tree diagram. 








b) 



Work out the probability that Chellie wins at least one game. 








14 



Ashleigh and Callum sit their driving test on the same day. 








  











The probability that Ashleigh passes her test is 0·7. 








  








The probability that 



both 



Ashleigh and Callum pass is 0·42. 










a) 



Work out the probability of Callum passing his test. 








b) 



Work out the probability of both Ashleigh and Callum 











failing their driving test. 










= 0·42 








0·7 








Ashleigh 








Callum 








pass 








fail 








pass ... 








fail 








pass 








fail 








15 



The probability that a bus is on time is 0·8. 











  








Grigor takes the bus to college two days per week. 








  








Calculate the probability that the bus is late on both of these days. 










16 



Tricia competes in two events in her school sports: hurdles and long jump. 











  








The probability of her winning the hurdles is 0·6. The probability of her losing the long jump is 0·5. 








  








Calculate the probability that Tricia wins one event and loses the other. 










17 



There are five red pens, three blue pens and two green pens in a box. 











  








Guy takes a pen at random from the box and gives the pen to his friend. 








  








Guy then takes another pen at random from the box. 








  








Work out the probability that both pens are the same colour. 
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18 



Carolyn has 20 biscuits in a tin. 











  








She has: 12 plain biscuits, 5 chocolate biscuits and 3 ginger 








biscuits. 








  








Carolyn takes two biscuits at random from the tin. 








  








Work out the probability that the two biscuits she takes are 








not the same type. 










19 



There are three different types of sandwich on a shelf. 











  








There are: four egg sandwiches, five cheese sandwiches and two tuna sandwiches. 








  








Erin takes two of these sandwiches at random. 








  








Work out the probability that she takes two different types of sandwich. 










20 



There are several balls in a bag: eight of the balls are blue, three of the balls are green, the rest 











of the balls are either orange or pink. 








  








Alison takes two balls from the bag without replacement. 








  








The probability that she takes a blue ball then a green ball is 








1 








10. 








  








Find the total number of balls in the bag. 








Venn diagrams 








Venn diagrams, 



developed by the English mathematician, John Venn, are a way to organise and 








display information visually. 








They are commonly used to show a relationship between two or more sets or groups of items. 








In statistics, Venn diagrams are particularly useful when calculating probabilities of dependent events. 










Example 











Ellis did a survey of her class of 30 students in school. 








She asked them whether they had a brother, a sister or both. 








Her results are shown in the Venn diagram. 








Brother 








Sister 








overlap indicates 








members of both sets 










6 








12 








4 








8 








a) 



How many of Ellis’s class had both a brother and a sister? 








b) 



How many had neither a brother nor a sister? 








c) 



What is the probability that a student, picked at random, had a sister only? 








d) 



How many students had a brother? 
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Solution 










a) 



Where the circles overlap indicates ‘items’ which are in both sets. In this example, four 











students had both a brother and a sister. 










b) 



The section outside the circle(s) indicates ‘items’ which are not in any of the sets. 











  








In this case, the number outside the circles is 6, indicating that six students had neither 








a brother nor a sister. 










c) 



The word ‘only’ in the question indicates the number not in any overlap section. 











  








In this case, 8 is in the sister only section. 








  








So the probability of a student having a sister only is 








8 








30 which is simplified to 








4 








15. 










d) 



All the numbers in the ‘brother’ circle are added up to give you the total number of 











students who had a brother. 








  








So the number of students who had a brother is 12 + 4 = 16. 








Venn diagrams are useful for showing more than two sets or groups in a neat and concise way. 










Example 











Nikola asks 40 of his friends which types of exercise 








they enjoy doing. 








He puts the results in a Venn diagram. 








Set S: indicates those who enjoy swimming. 








Set R: indicates those who enjoy running. 








Set M: indicates those who enjoy martial arts. 










a) 



Calculate the probability of a friend chosen 











at random not enjoying any of the types of 








exercise. 










b) 



Calculate the probability that a friend chosen at random enjoyed all three 











types of exercise. 










c) 



How many friends enjoyed both running and swimming? 








d) 



How many friends enjoyed swimming and martial arts but not running? 








e) 



Describe the friends represented by ‘6’ in the diagram. 











Solution 








a) 



This is the number outside all the circles. Not enjoying any = 2 friends. The probability 








is therefore 2 out of 40, 








2 








40 or 








1 








20. 








b) 



The number in the overlap of all three circles is also 2. P(all 3) = 








2 








40 = 








1 








20 








c) 



Friends who enjoyed both running and swimming are shown in the overlap of these two 








circles: 7 + 2 = 9 friends. 










d) 



This is the overlap of the two sets for swimming and martial arts but not the overlap for 











running, so 1 friend. 










e) 



The ‘6’ represents those friends who enjoy swimming only. 













S 








R 








M 








2 








6 7 








14 








2 








1 








4 








4 
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1.1 Basic probability 








Exercise 2 










1 



At breakfast in a hotel, guests could have butter or jam with their toast. 











  








The Venn diagram shows information about the choices the guests made. 








Butter 








Jam 








9 








15 








8 








12 










a) 



How many guests had butter? 








b) 



How many guests had butter and jam? 








c) 



How many guests had breakfast? 








d) 



What is the probability that a guest, chosen at random, had jam only? 








2 



Residents in a care home were asked what type of TV programme they enjoyed. 











  








The information gathered is shown in the Venn diagram. 








News 








Comedy 








Drama 








8 








3 








5 








4 








1 








2 








7 










a) 



How many residents enjoyed drama programmes? 








b) 



How many residents enjoyed both drama and news 











programmes? 










c) 



How many residents enjoyed comedy and news 











programmes? 










d) 



How many residents were surveyed? 








e) 



What is the probability that a resident, chosen at 











random, enjoyed all three types of programme? 










3 



Craig asked a group of 50 people which martial art they liked to watch. 











  








The Venn diagram shows the information Craig collected. 










Karate 








Taekwondo 








Judo 








4 








6 








7 








3 








2 








8 








10 








a) 



How many people liked to watch both karate and taekwondo? 








b) 



How many people liked to watch only judo? 








c) 



What is the missing number in the karate section? 








d) 



How many people liked to watch taekwondo? 








e) 



What is the probability that a person, chosen at random, liked to watch both 











judo and karate? 
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4 



Maria looked at the colours featured on a number of flags from around the world. 








  













She recorded the information in a Venn diagram. 








Red 








White 








Blue 










9 








7 








5 








10 








6 








4 








8 








11 








a) 



How many flags did Maria look at? 








b) 



How many flags had red on them? 








c) 



How many flags had red and blue but not white on them? 








d) 



How many flags had no white on them? 








e) 



How many flags had exactly two of the listed colours on them? 








f) 



What is the probability that a flag, picked at random, would have red, white and blue on it? 








5 



Vishal took some playing cards from a pack and looked at them. 








  











He sorted them in a Venn diagram, as shown. 










Red 








Even 








Spades 








6 








8 








5 








10 








4 








7 








a) 



Why do all three circles not overlap? 








b) 



How many red cards were there? 








c) 



How many even spades were there? 








d) 



What does the ‘4’ outside the sets represent? 
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1.1 Basic probability 










6 



Caroline sorted some shapes into two sets based on the colour and number of sides. 








  











She put the information into a Venn diagram. 










Red 








More than 








5 sides 








15 








8 








17 








a) 



How many shapes were red? 








b) 



How many shapes had fewer than five sides? 








c) 



Where would a green square go? 








d) 



What is the probability that a shape, picked at random, is not red and has more than 











five sides? 










7 



The Venn diagram shows the number of students who studied Geography (G), History (H) and 











Modern Studies (M). 










G 








H 








M 








15 








6 








10 








5 








8 








3 








19 








a) 



How many students studied Geography and History? 








b) 



How many students studied Modern Studies? 








c) 



How many students studied History only? 








d) 



What is the probability that a student, chosen at random, studied History and Modern Studies 











but not Geography? 










8 



Students were polled on whether they wanted to take Higher Mathematics (M) or Higher 











Applications of Mathematics (A) in S5. 








  








The results are shown in the Venn diagram. 










M 








A 








45 








15 








50 








a) 



What is the probability that a student, picked at random, wanted to do both? 








b) 



What is the probability that a student wanted to take Higher Applications of Mathematics? 








c) 



What is the probability that a student wanted to take a single subject to study in S5? 
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9 



Mike recorded the number of cars passing his house. 








  











He put his results in a Venn diagram. 










Red 








Four-wheel 








drive 








Hybrid 








10 








3 








16 








4 








5 








6 








12 








a) 



How many cars were red? 








b) 



How many red hybrids were there? 








c) 



How many cars had four-wheel drive? 








d) 



What does the ‘5’ represent? 











Constructing Venn diagrams 








In addition to reading and interpreting Venn diagrams, you should be able to construct a Venn 








diagram. 








To construct a Venn diagram, you should always work from the centre out. 










Example 











Aras conducted a survey of 36 people in a pet shop. He found that: 










●  



two-thirds of the people had a hamster 








●  



8 people had a hamster and a guinea pig 








●  



10 people had only a guinea pig 








●  



2 people had no pets. 











Construct a Venn diagram to show this information. 










Solution 











Step 1: Label the sets. 








Step 2: Enter the 8 people who had both pets into 








the overlap section. 








Step 3: Enter the 10 people who had a guinea pig only. 








Step 4: 








2 








3 of 36 had a hamster = 24; 8 are already in the 








hamster set, so 16 (24 − 8) goes in the hamster 








only set. 








Step 5: Enter the 2 people who had no pets 








outside the circles. 








Hamster 








Guinea pig 








16 








2 








8 








10 
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1.1 Basic probability 








Exercise 3 










1 



A group of 50 children were asked whether they liked to watch 



Dangerous Dragons 



(DD) and 











Historic Houses 



(HH) on TV. 










●  



12 children liked 



Historic Houses. 








●  



42 liked 



Dangerous Dragons. 








●  



8 liked both programmes. 













DD 








HH 








8 








a) 



Copy and complete the Venn diagram using the information given. 








b) 



How many children did not like either programme? 








c) 



How many children only liked 



Historic Houses? 








2 



100 adults were surveyed on their education and employment status. 













●  



42 adults went to university. 








●  



34 adults did not go to university but were employed. 








●  



24 adults went to university and were employed. 













a) 



Copy and complete the Venn diagram using the information given. 








b) 



How many people did not go to university and were not employed? 








3 



A group of 100 people were asked whether they owned a pair of 











Albus trainers and whether they owned a pair of Natro trainers. 










●  



48 people owned Albus trainers. 








●  



14 people owned both types of trainers. 








●  



18 people owned neither. 













a) 



Draw a Venn diagram showing this information. 








b) 



How many people owned Natro trainers? 








c) 



How many people only owned Albus trainers? 








4 



A group of 60 men and 40 women were asked whether they were left- or right-handed. 













●  



28 of the women said they were right-handed. 








●  



14 of the men said they were left-handed. 








  











Draw a Venn diagram to illustrate this information. 
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5 



A group of 80 people were asked about the different flavours of ice cream that they liked. 













●  



38 people said they liked vanilla, 42 people liked chocolate and 14 people liked pistachio. 








●  



6 people liked all three flavours. 








●  



20 people liked vanilla and chocolate. 








●  



10 of the people who liked pistachio also liked chocolate. 








●  



6 people liked pistachio and vanilla. 













a) 



Draw a Venn diagram showing this information. 








b) 



How many people liked vanilla and chocolate but did not 











like pistachio? 










c) 



How many people liked none of the flavours? 








d) 



How many people liked just one of the flavours? 








e) 



How many people liked two or more of the flavours? 








6 



A group of 40 people were asked what they ate for lunch. 








●  








3 








4 of the group had a sandwich, 








1 








2 of the group had soup, 12 people had cheese. 








●  



10 of the people who had cheese also had soup. 








●  








1 








4 of the group had all three items. 








●  








2 








3 of the sandwich eaters also had soup. 








●  



11 of the sandwich eaters also had cheese. 













a) 



Draw a Venn diagram to show this information. 








b) 



How many people had just one of the named items? 








c) 



How many people had soup and cheese but no sandwich? 








d) 



How many people had none of the named items? 








e) 



How many people just had cheese? 








f) 



How many people had a sandwich plus one other item? 








7 



There are 33 students in an S1 class. Of these, 19 study French, 23 study German and 12 study 










both languages. 











a) 



Draw a Venn diagram to illustrate this information. 








b) 



What is the probability that a student, chosen at random, studies neither French nor German. 








8 



Calum is a fitness trainer in a gym. He runs two classes: spin and Zumba. 










Last Saturday, 60 people visited the gym. 













●  



20 people attended the spin class. 








●  



8 people attended both classes. 








●  



33 people attended neither class. 













a) 



Represent this information on a Venn diagram. 








b) 



How many people attended the Zumba class only? 








c) 



What is the probability that a person attended the 











spin class, given they had attended Zumba? 
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1.2 Data 








The files for Ch 1.2 are available at 



www.hoddergibson.co.uk/tj-higher-apps-maths-supporting-resources. 








After completing this chapter, you should be able to: 










●  



identify and understand different types of data 








●  



distinguish between populations and samples 








●  



identify potential outliers and understand some of the reasons for outliers and how to manage them 








●  



understand the data-gathering process and the issues associated with collecting data in real-life 











contexts 










●  



use statistical software to construct diagrams and be able to interpret diagrams: 








●  



frequency tables 








●  



stem-and-leaf diagrams 








●  



pie charts 








●  



bar charts 








●  



box plots 








●  



contingency tables 








●  



histograms 








●  



identify and explain tables and graphs, making reference to appropriate formats and misleading 











representations 










●  



interpret the distribution of data 








●  



identify symmetry and skewness in data 








●  



recognise the normal distribution curve and understand why this is important in statistical analysis 








●  



use statistical software, such as RStudio (Posit), to derive sample measures of location and 











dispersion, including mean and standard deviation, median and interquartile range 










●  



understand and interpret sample measures of location and dispersion 








●  



select appropriate descriptive statistics for normally distributed and skewed numerical data 








●  



use descriptive statistics to compare and comment on differences between two groups. 











What is data? 








Statistics is the study of 



data 



… but what do we mean by data? Data simply means information which 








can be collected and organised for a wide variety of purposes. We live in a world which is increasingly 








dominated by data as advances in technology make it possible to capture, store and process large 








amounts of information about our lives and the world around us. 










Example 











What information does your GP hold about you? How did they gather this information? 








Are there any rules about how this information is stored and used? Who can access this 








information? 










●  



Your GP will have access to your NHS medical records and will be able to bring these up 











on the computer when you visit the surgery. These records include a range of data about 








your health and background, including your age, date of birth, medical conditions such as 








asthma or diabetes, family medical history, previous medications and hospital visits. 
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Exercise 1 










1 a) 



What data do you think your school holds about you? 








b) 



How did the school gather this information? Think about the information gathered when you 











started at secondary school and data the school has collected since S1. 










c) 



How is data shared with you and with your parents or carers? 








d) 



Who else might need data from your school? How is your data collated with that of other 











students and where is this data shared? 










e) 



Find your school on the School Information Dashboard (accessible through the Education 











Scotland website, 



https://public.tableau.com/app/profile/sg.eas.learninganalysis/viz/ 








SchoolInformationDashboard-Secondary/Introduction). 



What data does the government 








share here? Who might use this data? 








Types of data 








When you were asked to think about the data your GP and school have about you, did you start to 








think about different types of data? 








There are several ways of describing different types of data. In Higher Applications of Maths, we use 








the terms 



categorical data 



and 



numerical data. 








Categorical data 








Categorical data is described in words and can be nominal, i.e. ‘names’ of categories. In the GP surgery, 








categorical data might include gender (male/female/nonbinary/other) or an answer to a question about 








your health, for example, ‘Do you have asthma? Y/N’. Categorical data can also be ordinal, which means 








the categories can be ordered. In the GP surgery, this might involve categories for weight (underweight, 








normal, overweight, obese) or the severity of a condition (mild, moderate, severe). 








Numerical data 








Numerical data – as the name suggests – is made up of numbers. This type of data can then be 








described further as 



discrete 



or 



continuous 



numerical data. 










●  



Discrete numerical data is data which increases at fixed intervals. In the GP surgery, this might be 











medication, e.g. ‘take two pills twice daily’. The patient is asked to take a whole pill and frequency 








of the dose increases in whole numbers. 










●  



Your GP may also record current information, such as your weight, height, details of any 











symptoms you present and any medication prescribed. You might be asked to step onto 








the scales or the GP might listen to your heart, inspect your ears or do a blood test so that 








they can gather data. 










●  



Access to medical information is tightly controlled; this is personal, sensitive information. 











Your GP and all the staff that work in the surgery must comply with strict legislation, 








including the General Data Protection Regulation rules (GDPR). 










●  



As a patient, you have a legal right to access your own data. 













●  



Your data may be used in wider NHS statistics, such as 



www.opendata.nhs.scot. 



The 











datasets here include the BMI (body mass index, a potential indicator of obesity) for 








children in Primary 1 and figures on the number of 12–15-year-olds who have received their 








COVID-19 vaccination. However, this data is anonymised: you cannot identify from this data 








whether a particular child has been vaccinated. 
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1.2 Data 










●  



Continuous numerical data is data which can be measured to any degree of accuracy. If your GP 











measures your height, they would typically round it to the nearest centimetre. There are smaller 








subdivisions that allow more and more precise measurement – millimetres and even micrometres. 








Discrete and continuous numerical data can be ‘categorised’ and converted into categorical data. 








For example, blood pressure is measured using systolic and diastolic pressure and given in mmHg 








(millimetres of mercury). Your actual blood pressure (the force your heart uses to pump blood) is 








continuous data, but a blood pressure monitor gives a discrete reading, such as 110/70 mmHg. 








When blood pressure data is used in health care, it is usually grouped as ordinal categorical data: 










●  



Low blood pressure is below 90/60 mmHg. 








●  



Ideal blood pressure is between 90/60 mmHg and 120/80 mmHg. 








●  



Pre-high blood pressure is between 120/80 mmHg and 140/90 mmHg. 








●  



High blood pressure is over 140/90 mmHg. 











A blood pressure monitor 








Both low and high blood pressure are dangerous; the precise measurement will vary between 








individuals so the category is used to inform treatment. However, for an individual, the discrete 








measurement is important in monitoring their blood pressure and knowing whether it has increased or 








decreased over time. 










2 



Copy and complete the table for this data. 











Number of times a train is 








scheduled to stop  








Length of a pine 








needle  








Shoe size  








Number of pupils absent 








on Monday  








Subjects offered at Advanced 








Higher  








Dog breeds  








Distance between 








stations on a railway line  








Weight of a new-born 








baby  








Heart rate (beats per minute)  








Job titles  








Gender  








Speed of a train  








Categorical  










Numerical  








Discrete  








Continuous  








  








  








  








  








  








  








3 



A primary school is holding a sports day. The teacher is keen to use the sports day to help with 











the children’s understanding of numbers and statistics. Give examples of the data the children 








could collect on sports day and explain what type of data this is. 
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1 Statistics and probability 








Populations and samples 








When gathering ‘real-world’ data, we need 








to think about who or what we are gathering 








data about. Medical data gathered in a GP 








surgery could potentially apply to all humans, 








for example. If we were interested in a specific 








condition like heart disease, for example, we 








might narrow that down to a specific group of 








humans, say, all men aged 50–75 living in the 








West of Scotland. That’s still a large group of 








people; certainly several hundred thousand. 








If we were interested in data on the lifespan 








of concrete, it’s an even bigger dataset, 








potentially including all of the concrete used in 








construction in the world! 








These are examples of 



populations 



– the whole potential group of interest – whether that be men 








aged 50–75 living in the West of Scotland, pieces of concrete, light bulbs or new-born babies! It 








is occasionally possible to test a whole population (for example, people with a very rare medical 








condition where all known patients are available and willing to participate in a study) but this is 








usually either impossible or impractical. 








Instead, we draw a 



sample; 



this is a smaller and more manageable group, drawn from the population 








and representative of that population. This is an important concept that we will return to in the next 








section. 








Sample 








Population 








A 



representative sample 



should have a similar mix of characteristics to the overall population. If we 








were interested in heart disease in men aged 50–75, this would mean a mixture of men from different 








socioeconomic backgrounds, different areas of the West of Scotland, men who were married or single, 








men who ate healthily and men who did not, and so on. You can see that there would quickly be a 








long list of factors to think about! 








Example 








Think about your school. What is the mixture of students in the school? You might think about 








demographic factors, 



such as age, gender, ethnicity, or other 



social and cultural factors 



(the 








sports fans, the music lovers, and so on). 








If we chose your Higher Applications of Maths class as a sample of the school, would it be 








representative? Almost certainly not; you are all S5 and S6 students and all studying a Higher. 








What if I went to the playground at lunchtime and chose the first six students I saw? Again, 








probably not. Students tend to be with their friends at lunchtime, and those friends tend to be in 








the same year group and have similar interests and demographic features. So I might get a group 








of just S3 girls or just S1 boys. 
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1.2 Data 










4 



Try to identify the (potential) population in each study. Why is this difficult? 










a) 



Lengths of pine needles on trees planted in a 5 km 



2 



plantation. 










b) 



Reading habits of pupils studying Higher English. 








c) 



Average weight of expectant mothers aged 18–29 years at 38 weeks’ gestation. 








d) 



Mobile phone usage among secondary school pupils. 











So how do we get a representative sample? 








We could make the sample larger. If there are 800 students in your school and I take a sample 








of 600, it will be quite representative, but it’s a very large sample to work with and not much 








better than taking the whole population. 








Instead, researchers use a variety of 



sampling techniques. 



The ‘ideal’ sample is a 



random sample, 








where every member in the population has an equal chance of being selected for the study. 










Be careful … 











Be careful when using the word ‘random’; in common usage, it often means nothing of the 








sort. To obtain a 



simple random sample, 



we must first be able to identify every member of 








the population. Your school will have a register of all pupils but it’s much harder to generate 








a list of every person who lives in your town. You could use the electoral roll, but what about 








children under 16 or adults who are not eligible to vote? Next, every member of the population 








must have an equal chance of being selected. This may involve using a computer program (try 








RANDBETWEEN in Excel) or simply picking names out of a hat. 










Example 











A research team is interested in attitudes to violence in computer games and whether 








restrictions should be tightened on access to certain games. They post an online questionnaire 








in gamer forums, with a QR code promoted by a major games retailer. 








This sample may well be 



biased. 



Those who access the questionnaire are likely to play the 








games in question already and are unlikely to want them banned. Their parents and carers 








may have different views but they will probably not get to see the questionnaire! 








As a simple random sample is often impossible or impractical, researchers use a variety of 








sampling techniques: 










Systematic sampling: 



each member of the population is numbered, and a ‘system’ is used to 











draw the sample. For example, trees in a plantation are numbered from 1 to 100 and a bark 








sample taken from every fourth tree. 










Stratified sampling: 



the population is organised based on known characteristics and samples 











drawn from sub-groups. For example, a study on the impact of racism might obtain random 








samples after grouping potential participants by ethnicity. 










Cluster sampling: 



this may be used where the population is already organised into groups or 











areas. For example, if the council were organising a survey of secondary school pupils, they 








might draw a set number of pupils from each school rather than a random sample of pupils 








across all schools in the area; or a scientist might use a quadrat to identify areas of a beach. 










Non-random sampling: 



this may include advertising for 



volunteers 



or using an 



opportunity 








sample 



(for example, asking people who ‘happen to be there’). These methods are used – 











particularly for small-scale studies – but run the risk of potential bias. 
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1 Statistics and probability 










5 



Explain the type of sample used. 








a) 



100 ml samples of water drawn from a stream at 500 m intervals. 








b) 



A teacher choosing pupils for a task, using lollipop sticks in a jar on his desk. Each pupil in the 











class has a stick with their name on it. 










c) 



A questionnaire posted on social media. 








d) 



A questionnaire posted to parents of pupils from six primary schools, drawn by computer from 











the school registers. 










e) 



Blood samples taken from 18 hospital patients, drawn by computer from all patients in 











hospital on that particular day. 










f) 



A quadrat is placed on a section of a beach and species are identified within it. 













6 



You want to select a representative sample of pupils from your secondary school. Which of the 











following strategies would you recommend and why? 










a) 



The first 20 pupils to enter the Maths corridor on a Monday morning. 








b) 



Twenty volunteers recruited from a poster in the library. 








c) 



Twenty pupils selected from the school roll, using a computer program. 








7 



Identity the potential bias in each sample and suggest at least one improvement. 








a) 



A number of science students are sent to collect samples of bark from trees in a local 











woodland. As it is raining at the time of their visit, they take samples from the trees closest to 








the car park rather than walking further into the woodland. 










b) 



An expert in children’s language development visits a nursery and makes audio recordings of 











all of the two-year-old children while they are playing. The expert is interested in the range of 
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