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Introduction







Welcome to Advanced Higher Maths


This book is a revision guide aimed at candidates preparing for the SQA Advanced Higher Mathematics examination. It should be used to supplement your course notes, core texts and class teaching. It can be used throughout the year, but especially in key revision periods and in the lead up to the examination to enable you to achieve the best grade you possibly can.


The book is fully up to date with the 2020 course assessment and contains:




	
•  a summary of the course content and the structure of the examination


	
•  a list of formulae provided in the examination; you must remember all other formulae not included in this list


	
•  helpful hints and tips for tackling questions


	
•  detailed coverage of the course content arranged into chapters.





Each chapter contains the features outlined below.




Features of each chapter




	
•  Key points – a list of skills (with checkboxes) which will be assessed in the exam


	
•  Key links – identifies skills from across the course which are often linked in exam questions


	
•  Summary notes – concise explanatory notes for each skill


	
•  Examples – worked examples to show how to answer exam-style questions


	
•  Hints and tips – hints and tips on how to achieve top marks and avoid common mistakes


	
•  Check-up questions – mainly short questions covering the core skills


	
•  Practice questions – exam-style questions


	
•  Answers to check-up and practice questions are provided at the end of the book – with intermediate steps indicating where marks are awarded in the exam.













Summary of Advanced Higher Mathematics course content




[image: ]







Advanced Higher Mathematics examination
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More information about the course and the exam is available on the SQA website – https://www.sqa.org.uk/sqa/70972.html


For tips on improving your grade, see Appendix 2 on page 137.




Formulae list








	Standard derivatives






	
f(x)



	
f ′(x)






	sin–1x


	[image: ]






	cos–1x


	[image: ]






	tan–1x


	[image: ]






	tan x


	sec2 x







	cot x


	–cosec2 x







	sec x


	sec x tan x







	cosec x


	–cosec x cot x







	ln x


	[image: ]






	ex

	ex









 








	Standard integrals






	
f(x)

	ʃf(x) dx







	sec2 (ax)

	[image: ]






	[image: ]

	[image: ]






	[image: ]

	[image: ]






	[image: ]

	ln|x|+c







	
eax


	[image: ]









Summations


[image: ]


Binomial theorem


[image: ]


Maclaurin expansion


[image: ]


De Moivre’s theorem


[r (cos θ + isin θ)]n = rn (cos nθ + isin nθ)


Vector product


[image: ]


Matrix transformation


Anti-clockwise rotation through an angle, θ, about the origin, [image: ]




















Part 1 Calculus







Chapter 1


Differentiation 1: Rules and standard derivatives






[image: ]


Key points


Differentiate exponential and natural logarithmic functions




	
•  differentiate functions involving ex and ln x

[image: ]







Differentiate functions using the chain rule




	
•  apply the chain rule to differentiate the composition of at most three functions

[image: ]







Differentiate functions given in the form of a product or a quotient




	
•  differentiate functions of the form [image: ]

[image: ]




	
•  know the definitions and apply the derivatives of tan x, cot x, sec x and cosec x

[image: ]




	
•  derive and use the derivatives of tan x, cot x, sec x and cosec x

[image: ]




	
•  differentiate functions that require more than one application or a combination of applications of the chain rule, product rule and quotient rule

[image: ]




	
•  apply [image: ] where appropriate

[image: ]







Differentiate inverse trigonometric functions




	
•  differentiate expressions of the form sin–1[f(x)], cos–1[f(x)] and tan–1[f(x)]

[image: ]






Apply differentiation to problems in context




	
•  apply differentiation to problems in context

[image: ]




	
•  apply differentiation to optimisation

[image: ]







[image: ]












[image: ]


Key links


Differentiate implicit functions and parametric equations (Chapter 2), investigate stationary points and points of inflection (Chapter 6) and find Maclaurin expansions (Chapter 8) using the content of this chapter.


[image: ]










The Chain rule


The chain rule for differentiation states that (f(g(x))′ = f ′(g(x)).g′(x).


Alternatively, using Leibniz notation, treat y = f(g(x)) as y = f(u) where u = g(x) then [image: ].







[image: ]


Example


[image: ]
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Example


[image: ]


[image: ]












[image: ]


Hints & tips


Remember (f(g))′ = f ′(g) × g′. Give final answers in their simplest form.


[image: ]











The Product rule


The product rule is a formula used to find the derivative of a product of functions.


It may be stated as (f(x)g(x))′ = f ′(x)g(x) + f(x)g′(x).






[image: ]


Example


f(x) = x2cos x ⇒ f ′(x) = 2x.cos x + x2. – sin x = 2x cos x – x2sin x


[image: ]












[image: ]


Example


[image: ]


[image: ]












[image: ]


Hints & tips


Remember (fg)′ = f ′g + fg′. Give final answers in their simplest form.


[image: ]











The Quotient rule


The quotient rule is a formula used to find the derivative of a quotient of functions.


It may be stated as [image: ].






[image: ]


Example


[image: ]


[image: ]













[image: ]


Example


[image: ]


[image: ]












[image: ]


Hints & tips


Remember [image: ]. Look for a common factor on the numerator when simplifying.


[image: ]












[image: ]


Check-up




	
1  Differentiate [image: ]

3







[image: ]











Derivatives of exponential and natural logarithmic functions


The derivatives of ex and ln x are given in the Formulae list.








	
f(x)

	
f ′(x)






	
ex (or exp(x))

ln x (or logex)



	
ex

[image: ]
















[image: ]


Example


f(x) = x3e2x+1 ⇒ f ′(x) = 3x2.e2x+1 + x3.e2x+1.2 = x2e2x+1(3 + 2x)


[image: ]












[image: ]


Example


[image: ]


[image: ]












[image: ]


Hints & tips


Remember


[image: ]


is only valid for the natural logarithmic function.


[image: ]












[image: ]


Check-up




	
2  Differentiate



	
a)  [image: ]

2




	
b)  y = x3ln2x.

2











[image: ]













Derivatives of trigonometric functions


The reciprocal trigonometric functions secant, cosecant and tangent are defined by:


[image: ]


The derivatives of these functions and of tan x can be obtained by expressing each function in terms of sin x and/or cos x then using the quotient rule.







[image: ]


Example


[image: ]


[image: ]












[image: ]


Check-up




	
3  Show that [image: ]

3







[image: ]








In the examination use the derivatives of tan x, cot x, sec x and cosec x which are given in the Formulae list, unless you are specifically asked to derive them.




[image: ]








[image: ]


Example


f(x) = sec23x


⇒ f ′(x) = 2sec 3x.sec 3x tan3x.3


= 6sec23x tan3x


[image: ]












[image: ]


Check-up




	
4  Given that [image: ]

2




	
5  Given that f(x) = esin xsec x evaluate [image: ]

3






[image: ]











Derivatives of inverse functions


When a function y = f(x) has an inverse denoted by y = f–1(x), then the derivative of the inverse function can be obtained as follows.


[image: ]


Then express the derivative in simplest form in terms of x.






[image: ]


Hints & tips


tan–1x is ‘the angle whose tangent is x’, i.e. tan–1x = θ ⇔ tan θ = x.


Note that [image: ].


[image: ]












[image: ]


Example


Obtain the derivative of y = tan–1x.


[image: ]


Solution


[image: ]


[image: ]












[image: ]


Check-up




	
6  Show that [image: ]

3






[image: ]








In the examination use the derivatives of sin–1 x, cos–1 x and tan–1 x which are given in the Formulae list, unless you are specifically asked to derive them.




[image: ]








[image: ]


Example


[image: ]


[image: ]












[image: ]


Example


[image: ]


[image: ]












[image: ]


Check-up




	
7  Differentiate [image: ]

3






[image: ]













Higher derivatives


The derivative of f ′(x) is denoted by f ″(x) and is called the second derivative.


The derivative of f ″(x) is denoted by f ′″(x) and is called the third derivative, and so on.


In Leibniz notation the higher derivatives are denoted by [image: ] and so on.






[image: ]


Example


[image: ]


[image: ]












[image: ]


Example


[image: ]


[image: ]












[image: ]


Check-up




	
8  Given that f(x) = ln(3x + 2), find f ′(x) and f ″(x).

3






[image: ]














Applying differentiation in context






[image: ]


Example


The distance, s metres, travelled by a particle moving along a straight line after t seconds is given by [image: ] Find the acceleration of the particle after 3 seconds.


Solution


[image: ]


So the acceleration of the particle is 5 m s−2 after 3 seconds.


[image: ]












[image: ]


Example


Part of the graph of the curve with equation y = 3x e–2x is shown in the diagram.


[image: ]


Find the coordinates of the maximum turning point on the graph.


Solution


At maximum turning point


[image: ]


[image: ]












[image: ]


Hints & tips


[image: ] so e–2x ≠ 0.


[image: ]












[image: ]


Check-up




	
9  A function f is defined on the domain 0 ≤ x ≤ 2 by f(x) = e x–1 – x + 3. Find the maximum and minimum values of f.

4






[image: ]












[image: ]


Example


Ten metres of decorative edging is used to section off a flower bed against two perpendicular walls in the corner of a garden. Find the maximum possible area of the flower bed.




[image: ]




Solution


Let the length of the flower bed be x m, then using Pythagoras’ theorem the width is [image: ]




[image: ]




Hence the area is given by [image: ]


[image: ]




[image: ]




so area is maximised when [image: ] and maximum area


[image: ]


[image: ]












[image: ]


Hints & tips


In your answers give exact values rather than decimal approximations.


[image: ]












[image: ]


Practice questions


Marks




	
1  Differentiate the following.



	
a)  y = cos4 (π – x)

3





	
b)  f(x) = (x + 1) (2x – 1)3

3





	
c)  [image: ]

3









	
2  Differentiate these.



	
a)  f(x) = e3x cot 4x

2




	
b)  [image: ]

3








	
3  Given that [image: ]

4





	
4  Given that f(x) = sin–1 3x evaluate [image: ]

3





	
5  The distance, s metres, travelled by a particle moving along a straight line after t seconds is given by [image: ].

Find the acceleration of the particle after 4 seconds.


3




	
6  A function f is defined on the domain [image: ]

Find the maximum and minimum values of f.


5




	
7  A movie screen on a wall is 4 metres high and 2 metres above the floor.

[image: ]



	
a)  Show that, from a position x metres from the front of the room, the viewing angle, θ, of the screen is given by

[image: ]


2





	
b)  At what distance from the front of the room is the viewing angle of the screen as large as possible and what is the largest viewing angle?

5











[image: ]























Chapter 2


Differentiation 2: Implicit functions and parametric equations









[image: ]


Key points


Find the derivative where relationships are defined implicitly




	
•  use differentiation to find the first derivative of a relationship defined implicitly, including in context

[image: ]




	
•  use differentiation to find the second derivative of a relationship defined implicitly

[image: ]




	
•  use logarithmic differentiation; recognising when it is appropriate in extended products, quotients and in functions where the variable occurs in an index

[image: ]




	
•  apply differentiation to related rates in problems where the relationship may or may not be given

[image: ]







Find the derivative where relationships are defined parametrically




	
•  use differentiation to find the first derivative of a relationship defined parametrically

[image: ]




	
•  apply parametric differentiation to motion in a plane, including instantaneous speed

[image: ]




	
•  use differentiation to find the second derivative of a relationship defined parametrically

[image: ]







Apply differentiation to problems in context




	
•  apply differentiation to problems in context

[image: ]




	
•  apply differentiation to optimisation

[image: ]







[image: ]












[image: ]


Key link


Use rules of differentiation and standard derivatives (Chapter 1) to differentiate implicit functions and parametric equations.


[image: ]










Implicit differentiation


An explicit function is one in which the dependent variable is written explicitly in terms of the independent variable, e.g. y = x2 − 3x + 4, f(x) = 2cos x.


An implicit function is one in which the dependent variable is not isolated on one side of the equation. For example the equation, x2 − xy + y2 = 1 represents an implicit function.


To differentiate implicitly, differentiate with respect to x, then collect the terms involving [image: ] together and solve for [image: ]






[image: ]


Hints & tips


If y is a function of x, the chain, product and quotient rules can be applied as shown:


[image: ]


[image: ]













[image: ]


Example


Find [image: ], where y is defined implicitly as a function of


x by x2 − xy + y2 = 1.


Solution


[image: ]


[image: ]












[image: ]


Check-up




	
1  Given that xy − x2 + 3 = 0 find expressions for [image: ] terms of x and y.

4






[image: ]












[image: ]


Hints & tips


Sometimes you may not be required to find an expression for


[image: ]


In such cases you may proceed as shown in the example below.


[image: ]












[image: ]


Example


A curve has equation 2xy + y3 − x = 1.




	
a)  Calculate the gradient of the curve at the point (−3, 2).


	
b)  Find the value of [image: ] at the point (−3, 2).




Solution




	
a)  [image: ]

(1)


Substituting x = −3 and y = 2 into equation (1) gives:


[image: ]


So the gradient of the curve at the point (−3, 2) is [image: ]




	
b)  Differentiating equation (1) with respect to x gives:

[image: ]


[image: ]


(2)


Substituting [image: ] into equation (2) gives:


[image: ]







[image: ]












[image: ]


Example


Find the equation of the tangent to the curve 4xy − 3x + y2 + 9 = 0 at the point (−2, 3).


Solution


Differentiate with respect to x: [image: ]


[image: ]


Equation of the tangent is


[image: ]


[image: ]












[image: ]


Check-up




	
2  Find the gradient of the tangent to the curve y2 − xy = 6 at the point (−1, 2).

3






[image: ]










Logarithmic differentiation


This method for differentiating y = f(x) involves first taking natural logarithms of both sides of the equation, using the laws of logarithms to convert the right hand side of the equation into a form that is easily differentiable and then differentiating with respect to x.


Logarithmic differentiation




	
•  must be used to differentiate functions of the form y = f(x)g(x)



	
•  may be used to differentiate complicated functions which can be simplified by first taking natural logarithms.









[image: ]


Example


[image: ]


[image: ]













[image: ]


Example


[image: ]


[image: ]












[image: ]


Check-up




	
3  Given that y = 5x3 find [image: ] in terms of x.

3







[image: ]













Related rates of change


Related rate problems require you to find the resulting rate of change of a quantity given the rate at which one or more related quantities are changing.


Follow the steps below to solve related rate of change problems.




	
1  Write down a formula that relates the quantities, e.g. A = πr2 (in some cases eliminate excess variable(s) from the right hand side of the equation as in the next example).


	
2  Differentiate both sides of your equation with respect to time,

[image: ]





	
3  Then solve for the rate that you require.









[image: ]


Example


The radius of a sphere, r cm, is increasing at a constant rate of 1·5 cm s−1.


Find the rate at which the volume of the sphere is increasing when the radius is 3 cm.


Solution


We need to find [image: ]


Differentiating [image: ] with respect to t gives:


[image: ]


When [image: ]


So, when the radius is 3 cm, the volume of the sphere is increasing at 54π cm3 s−1.


[image: ]












[image: ]


Hints & tips


Begin answering related rate of change problems by doing the following:




	
1  Read the full problem carefully. If you don’t understand it at first reading, read it again.


	
2  Make a list, in symbolic form, of all the information that you are given and the information that you want to find. Express all rates of change as derivatives with respect to time.





[image: ]












[image: ]


Example


A funnel in the shape of an inverted cone is 25 cm deep and has a diameter of 40 cm. Water is flowing out of the funnel at a constant rate of 16 cm3 s−1. Find the rate of change of the water level when the depth of the water in the funnel is 15 cm.




[image: ]




Solution


[image: ]


Differentiating V = 48πh with respect to t gives:


[image: ]


So, when the depth of water is 15 cm, the water level is falling at a rate of [image: ] cm s−1.


[image: ]












[image: ]


Check-up




	
4  Water is being poured into a cylindrical tank with radius 40 centimetres at the rate of 50 litres per minute. How fast is the water level in the tank rising?

3






[image: ]
















Parametric differentiation


The coordinates (x, y) of a point on a curve are sometimes defined in terms of a third variable, for example x = 2t3, y = 4t2 + 1.
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