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How to use this book






Hello and welcome to this book about the mathematics used in admissions tests. It is designed to grow with you from the start of your post-16 mathematics studies. The content of the early chapters will be accessible to you even if you have not covered much in your school studies to date. As you progress through your school course, you will be able to engage with more and more of the book. The later chapters require knowledge from most of a two-year course, including some further mathematics. You should attempt each chapter as soon as you feel confident that you have covered enough in your school mathematics lessons.




The book is in three sections


Section one describes the main mathematics admissions tests, giving information about the papers, how they are graded, their syllabus and some of the universities that require students to sit an admissions test or will lower their admission requirements for good results in an admissions test. Admissions tests are meant to be difficult and place a high value on problem solving skills. Section one concludes with some key techniques for developing those skills.


Section two focuses on the MAT and TMUA examinations. Students who will be sitting the STEP examination will also find this part useful, particularly early on in their studies. The chapters in this section cover some key topics that frequently occur in admissions tests. There are also worked examples accompanied by explanations of the thought processes required to solve them. You should read these examples carefully as there are many useful techniques within them. There are questions to try as you go along as well as exercises to reinforce your skills. Each chapter closes with some questions that are written in the same style as the MAT and TMUA questions.


Section three covers the longer questions that you find on the MAT papers and the STEP papers. Chapters 11 to 13 are aimed at students preparing for either the MAT or STEP examinations. Chapters 14 to 16 are aimed at students preparing for the STEP papers. Chapter 11 is an introduction to the algebraic skills required for admissions tests and forms the bridge between the earlier MAT and TMUA chapters and the more advanced chapters at the end of the book. Each chapter includes annotated examples and exercises before concluding with a MAT or STEP style question.


If at any stage you find that you are struggling with any of the problems, put them to one side and come back to them later. It is often a good idea to let your ideas settle before coming back to an initially intractable problem.







What this book can and cannot do


There is a very wide variety of questions that can be asked in admissions tests, even with the specifications aligning with A-level Mathematics and Further Mathematics (in the case of STEP). It would be impossible to try to cover everything that could be asked. For that reason, we have concentrated on topics and questions that allow some key techniques to be strengthened and for your problem solving skills to develop. The topics in part 3 were carefully chosen to cover topics that are traditionally popular in the STEP examinations but still tend to yield poor marks. Working through this book will develop many of your calculation skills but, more importantly, it will help you develop the confidence to tackle mathematical problems like those on admissions papers. It is hoped that by the end of your studies you will be able to look at the questions on admissions tests and think “that’s interesting” rather than “oh no!”


There are short solutions to many of the problems at the back of the book. More detailed solutions to exercises can be found on the website that accompanies this book at www.hoddereducation.co.uk/step-mat-tmua-answers. You will also find worked solutions to some additional questions from past TMUA, MAT and STEP papers that support the topics covered in this book.


We wish you every success in your future plans.


Phil Chaffé, David Bedford, Tim Honeywill and Richard Lissaman















Section 1 Getting started with problem solving



Chapter 1: An introduction to the Mathematics Admissions Tests





TMUA MAT STEP




Introduction


Every year universities receive applications from students who will achieve high grades in their A levels, International Baccalaureate, Higher or other examinations. These applications are almost always accompanied by excellent pupil statements and school references.


Yet for some institutions there are always far more applications than places. Universities with high academic aspirations such as Oxford and Cambridge therefore need some mechanism to identify those students who have the potential to thrive on their undergraduate courses. They are looking for individuals with excellent mathematical knowledge and skills, a high degree of ability and talent and a strong motivation for studying mathematics.


In order to select students with these qualities, the Universities of Oxford and Cambridge use admissions tests as part of their selection procedure. By doing this they hope to ensure that they award places to the most suitable candidates for their courses.


The University of Oxford uses the Mathematics Admissions Test (MAT) to identify suitable candidates to invite for an interview. Offers are awarded following the interview and are based on A level (or equivalent) grades. The University of Cambridge invites students to interview based on their application and awards offers (to those successful at interview) that include a requirement for certain grades in the Sixth Term Examination Paper (STEP) as well as their A level (or equivalent) grades.


Other universities use admissions tests as either a part of their offer or as a means to give reduced offers. These are offers requiring lower A level (or equivalent) grades than the standard offer. Some of these universities use one or both of the MAT or STEP to do this and some use a different admissions test, the Test of Mathematics for University Admission (TMUA).


Imperial College, London uses the MAT for all of its undergraduate Mathematics course applicants. The University of Warwick has offers that include the MAT, ones that include STEP, ones that include the TMUA and ones that require no admissions test. Durham University reduces the A level (or equivalent) requirements for students who achieve a good result in the TMUA or the MAT.


It is not only mathematics undergraduate courses that may require mathematics admissions tests. For Computer Science at the University of Cambridge, the Cambridge TMUA (CTMUA) is used as a pre-interview admissions test. The CTMUA is exactly the same as the TMUA. The slightly different title is simply to denote that it is being used for admission to a University of Cambridge course. A list of courses requiring or using each admissions test can be found on the Admissions Testing Service website.
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The TMUA and CTMUA


Date


Late October/early November in Year 13.


Papers


Two multiple choice papers each of 75 minutes duration. The papers are taken consecutively.


Questions


20 multiple choice questions for each paper. Candidates should attempt all of these.


Grading


A combined score for both papers is awarded.


The lowest grade is 1.0 and the highest is 9.0


Grades for individual papers are recorded but these have no meaning in terms of university applications.


Description


Paper 1 is the Mathematical Thinking paper and tests your ability to use your mathematical knowledge to solve a variety of problems.


Paper 2 is the Mathematical Reasoning paper and tests your understanding of ideas from elementary logic and reasoning. The ideas required for these questions are described in chapters 9 and 10 of this book.


Syllabus


The mathematical knowledge required for both papers is almost all covered within the pure mathematics specification of the first year of an AS level in mathematics and a Higher Level GCSE mathematics course.


The most up-to-date version of the TMUA syllabus can be found on the Admissions Testing Service website.


The topics covered from AS mathematics are: algebra and functions, sequences and series, coordinate geometry in the (x, y) plane, trigonometry, exponentials and logarithms, differentiation, integration, and graphs of functions.


The topics covered from GCSE are number, algebra, geometry, measures, statistics, and probability.


The mathematical reasoning required for paper 2 is in three parts; the logic of arguments, mathematical proof and identifying errors in proofs.


Required/accepted


The University of Cambridge requires the CTMUA for Computer Science undergraduate degrees. This is taken as a pre-interview test.


The TMUA is used by a growing number of universities as a means of assessing mathematical talent. At the time of writing this book, the TMUA was accepted by nine universities for a variety of Mathematics, Mathematics with Statistics, Financial Mathematics, Data Science, MORSE and Mathematics joint honours degrees. In all cases, a good score in the TMUA will result in a lower A level (or equivalent) grade offer.


The most up-to-date list of courses accepting the TMUA can be found on the Admission Testing Service website.


Additional notes


The MAT and TMUA typically take place on the same day at the same time.


The TMUA examination is open to all who wish to sit it. There is no requirement for a student to be applying for any particular course.


Students select which universities receive their TMUA results. This can be done at any time after entering for the examination and until a few days after the results are released. Once the universities have been selected, the results are shared automatically with the selected universities. If no universities are selected then the results will only be released to the student.


For more selective universities a grade of 6.5 or higher is considered a good score and will lead to a lower A level (or equivalent) offer. Durham University advises all students achieving 4.5 or higher to release their TMUA result as this will be viewed positively.


The MAT


Date


Late October/early November in Year 13.


Papers


One paper of 2 hour 30 minutes duration.


Questions


There are 7 questions on the paper of which the candidates should attempt 5.


All candidates answer question 1 which consists of 10 multiple choice problems.


University of Oxford Mathematics or Mathematics and Philosophy or Mathematics and Statistics, Imperial College and Warwick University candidates also answer questions 2, 3, 4 and 5.


University of Oxford Mathematics and Computer Science candidates also answer questions 2, 3, 5 and 6.


University of Oxford Computer Science or Computer Science and Philosophy candidates also answer questions 2, 5, 6 and 7.


Grading


Each of the ten multiple choice questions is worth 4 marks (0 if incorrect) and each of the remaining longer questions is worth 15 marks. The total for the paper is 100 marks.


Students are awarded a mark out of 100.


Description


The MAT tests the depth of your mathematical understanding in pure mathematics. It aims to be approachable, in terms of content, by all mathematics students including those without A level Further Mathematics and those from other educational systems.


Syllabus


The MAT is based on the first year of A level Mathematics, with a few topics from the fourth term of A level Mathematics which you should have covered by the time of the test.


The most up-to-date version of the MAT syllabus can be found on the University of Oxford’s website on the Mathematical Institute page.


Required/accepted


The University of Oxford requires the MAT for Mathematics, Mathematics and Computer Science, Mathematics and Philosophy, Mathematics and Statistics, Computer Science and Computer Science and Philosophy.


For the University of Oxford the MAT is taken as a pre-interview test that is used to decide who to invite for an interview.


Imperial College, London requires the MAT for Mathematics, Mathematics with Statistics, Mathematics with Statistics for Finance, Mathematics Optimisation and Statistics, Mathematics with Applied Mathematics/Mathematical Physics and Mathematics with Mathematical Computation.


For Imperial College the MAT forms a part of the general offer. Imperial College rarely interview prospective students.


Some other universities will accept a good MAT score as evidence of higher attainment and lower their offer accordingly. At the time of writing this book there was no summary document available detailing universities who lower the required A level grades based on a good MAT score. You should check the entry requirements of each university you apply for to see if there is any mention of the MAT.


Additional notes


The MAT and TMUA take place on the same day at the same time.


The MAT is only available to students applying for relevant courses at the University of Oxford, Imperial College or the University of Warwick.


For students applying for both The University of Oxford and Imperial College and/or the University of Warwick, e.g. Mathematics and Computer Science at Oxford and Master of Mathematics at the University of Warwick, the Oxford University course choice of questions takes priority.


STEP


Date


June in Year 13.


Papers


Two papers of 3 hours duration: STEP 2 and STEP 3.


Students with an offer to study Mathematics at the University of Cambridge take the STEP 2 and STEP 3 examinations. Note: An easier paper, STEP 1 was discontinued in 2020 and it is possible the names of the remaining papers may be changed from 2022 onwards.


Students applying for Mathematics at Imperial College and who are unable to sit the MAT may sit the STEP 2 and 3 examinations as an alternative.


For the University of Warwick, the STEP requirement could be met from either of the STEP papers.


Questions


For each paper students select the questions they wish to answer from three sections. All STEP questions are marked out of 20. All of the questions that are attempted are marked. The marks from the best six answers are used to award a grade. Candidates are rewarded for making good progress towards a solution, even if the final answer is incorrect. Correct answers always receive full marks, whatever the method used.


Both STEP 2 and STEP 3 consist of 12 questions: 8 from pure mathematics, 2 from mechanics and 2 from probability and statistics.


Grading


The grades for each STEP examination are: S (Outstanding), 1 (Very Good), 2 (Good), 3 (Satisfactory) and U (Unclassified).


For most colleges the mathematics offer is a grade 1 in both STEP 2 and STEP 3 but this can vary from college to college and you should research the requirements of the college in which you are interested.


Description


Questions in any STEP paper will test your ability to apply your mathematical knowledge in novel and unfamiliar ways and will often need you to consider several different topics. You are expected to show insight, ingenuity, persistence and the ability to work through substantial sequences of algebraic manipulation.


Syllabus


The most up-to-date version of the STEP syllabus can be found on the Admissions Testing Service website.


STEP 2 is based on A Level Mathematics and AS Level Further Mathematics (with some modifications and additions).


STEP 3 is based on A Level Mathematics and A Level Further Mathematics (with some modifications and additions).


Required/accepted


The University of Cambridge typically requires a grade 1 in each of STEP 2 and STEP 3 for Mathematics and Mathematics with Physics courses. This can vary from college to college and you should investigate the specific requirements for a college on their admissions web pages.


Some other universities will accept a good grade on any STEP paper as evidence of higher attainment and may accept you even if you don’t quite achieve the required A level offer. You should check the entry requirements of each university you apply for to see if there is any mention of the STEP examinations.


Additional notes


The STEP examinations are open to all who wish to sit them. There is no requirement for a student to be applying for any particular course.
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Formula booklets and calculators



Formula booklets are not provided for any of the admissions tests. You are expected to know the main formulae to use or be able to derive them. Calculators are not permitted in any of the admissions tests.







Key ideas


Each admission test has its own key techniques and ideas. It helps to know these ideas before going in to the test.


The TMUA


The TMUA is difficult to complete within the given time. Students will often not complete a paper due to spending too long on some questions. Speed and efficiency are important in the TMUA. It is key to have all of the required techniques and knowledge at your fingertips. Methods need to be streamlined and all working should be pared down as much as possible.


Questions in the TMUA often have a long list of distractors. These are incorrect answers that come from plausible but incorrect working. The questions are written so that it should be quicker to work out the solution and then look for it in the options rather than try to eliminate obviously incorrect answers. Elimination of one or two distractors is often possible but more often than not, the question needs to be answered by working forwards through the question. This means that along with the speed and streamlining of the method, care and accuracy still have a part to play.


The MAT


Multiple choice questions in the MAT often have options that can be dismissed early if you think in the correct way. Asking yourself ‘Is there a quick method I need to see here?’ as you go in to every question helps. The MAT is designed so that you can show your deeper understanding and this extends to thinking beyond using conventional A to B methods. Some of the multiple choice questions will need a complete solution to be worked through but many rely on you spotting a particular property or behaviour of a mathematical object.


The longer questions in the MAT often start with a relatively simple calculation but then build on that. At each stage it is important to think ‘Why am I being asked to find this?’ Each stage will build to the next, usually resulting in a final revelation in the last part of the question. Starting off with this understanding should help you to look for the best route through each stage of the question.


STEP


The STEP examinations reward complete solutions over partial bits of working. It is important that you get as far through a question as possible. STEP questions, like the longer MAT questions, build from a starting point so that each stage relates to what has gone before. The first few parts of a STEP question often give you more help and set you up for the later, more difficult stages. There is generally less guidance in a STEP question as you progress through it but you should still be thinking ‘Why am I being asked to do this?’ and ‘How will this help later on?’


You should make sure you have attempted and completed as many past paper questions as you can before the actual examinations. That usually goes without saying, but in the case of STEP, having a good idea of what you like and do not like doing before you get to a paper helps with question selection. You should remember that little bits of solutions to several problems doesn’t usually amount to much so you have to get into the mindset that you will work through a problem until you get to the end. For some STEP questions attempting what appears to be half of the question may not result in gaining half of the marks as the main work may be in the final stages of that question. Practising will also help you learn to identify when you are likely to get nowhere with a question and should therefore give up on it at an early stage.















Chapter 2: Mathematical problem solving in admissions tests






TMUA MAT STEP




Introduction


At the heart of every question on the TMUA, MAT and STEP papers is the idea of mathematical problem solving. But what is meant by mathematical problem solving? It helps to have some sort of definition. If you define a mathematical problem as one in which the path to the solution is not immediately clear then you start to see why the questions on admissions tests can be described as problems and that they are different from A level questions. All of the admissions tests are designed so that you can demonstrate applying your mathematical knowledge in novel and unfamiliar ways. They give you the opportunity to show the traits that universities are looking for, namely, insight, ingenuity, persistence and a good grasp of mathematical technique.


To be successful in mathematics admissions tests, you need to develop some problem solving skills. You need to know what you are going to do when a problem seems impenetrable, how you can get started, how you can find a path through the problem and how you know you have reached the solution. In this chapter you will see a number of problem solving techniques that you can apply to questions from admissions tests. Some of these will seem like common sense and others will be new to you. You will have the chance to try out these techniques on some problems that require no more mathematical knowledge than is found in the first part of an A level course. Once you have an idea of some key problem solving techniques, try to remember them as you progress through this book and encounter TMUA, MAT and STEP style questions.







The problem solving process


When you first encounter a problem and cannot see a clear path to its solution, it is easy to get caught in the trap of just staring at the problem and hoping it will resolve itself. Experienced problem solvers always make sure they can do something. Doing nothing will never get you anywhere closer to a solution whereas doing something, even if it turns out to be the wrong approach, will usually yield something useful about the problem. You will at least know what approach not to take!


A model of the problem solving process breaks it up into stages, each with its own activity and utility. These are illustrated in the diagram.
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The problem solving process should start with the process of identification. This stage is not necessarily about identifying the whole path through the problem, it may be simply about finding a starting point. In the identification stage an experienced problem solver will not just read through a problem, they will ask themselves a number of questions that start the process of finding out what needs to be done. Every mathematics problem in the TMUA, MAT and STEP examinations consist of:




	
•  some ‘elements’ with which ‘mathematics’ will be done


	
•  some indication of the mathematical skills that will need to be used – these may be overt or hidden


	
•  some indicator of the required end product.





Knowing that these elements are there should give you some focus when you ask yourself questions in the identification stage.


The identification stage is followed by the engagement stage. This is where work actually starts. During this stage you are testing out your initial ideas by doing the calculations that you think will lead you towards a solution.


The review stage is often neglected when students are solving mathematical problems, often at great cost. At various points in working through a problem, you should stop and review what you have done. There are two key questions that you should ask yourself at this stage.




	
•  What have I done so far?


	
•  How has it helped?





It is important to decide at an early stage if your initial ideas will take you towards a solution. One of the traps that inexperienced mathematicians make is to fall in love with the calculations that they are working with and not want to give them up no matter how far in the wrong direction they are going. It is particularly easy to get carried away when you know that each line of calculation is correct. You may consider yourself to be in the engagement stage of problem solving and plough on thinking that you will review what you have done at the end but it is far better to check after a sensible period of time. The review stage should be revisited regularly. In an admissions test you should always be aware that the first part of a question should not take that long. If you are taking too long then you are either taking the wrong approach or there is a better more elegant way of considering the problem.


If, following a review of your working, you are confident that you are getting somewhere, you can move on to the completion stage where you finish your calculations and confirm that you have reached the required end product of the part of the problem you were working on. At this stage you check your calculations for any errors. These are often indicated by reaching something close to but not the same as a given result that you were expected to confirm.


The reflection stage is another part of the process that is often overlooked by inexperienced problem solvers. Once a solution to a problem has been reached it is a good idea for you to think about what you have learned from coming up with your solution. If you still have several parts of the question remaining, you might like to think about how your work to that point will help as you continue. If you have reached the end of the question you might like to think about the efficiency, insight and ingenuity of your method. Could it have been done in a more elegant way? Is there some underlying mathematical truth that you could have discovered? The reflection stage is important in preparing your thinking for future mathematical problems. You should always try to learn something about problem solving from any solution that you produce.


The final stage of any problem is a check that the problem has been solved and the required endpoint reached. This final completion stage should involve a detailed check of presentation and mathematical argument as well as confirmation that you have satisfied the requirements of each part of the question in full.


The final point that needs to be made about the problem solving process is that once you are confident, you will pass through each stage without realising that you are doing so. Confident problem solvers seem to subconsciously go through all of the stages apportioning their time for each stage as appropriate. Once you have had enough practice, the problem solving procedures outlined here will not need to be followed strictly but until you reach that level of confidence it is useful to have some guidelines.







Worked example
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The following worked example illustrates how the stages in the problem solving model can help to find a path through a problem.


Example 1


Question


In this question the notation [image: ] is used. For a real number [image: ] denotes the largest integer less than or equal to [image: ]


Write down the values of 1.52, 2.52, and 3.52


The sequence T is defined by [image: ] for n ≥ 1.




	
(i)  Calculate the first 7 terms of the sequence.





The sequence U is defined by [image: ]




	
(ii)  Write down an expression for un + 1 in terms of n.





The sequence T omits certain integer values.




	
(iii) Show that the positive integer I is omitted if and only if for some value of n,

[image: ]




	
(iv)  Show that this inequality can be rearranged into the form a < (I ‒ n)2 ‒ I ≤ b

where [image: ] are values to be found.




	
(v)  Find the value of (I ‒ n)2 ‒ I and explain why the sequence T omits the integers that it does.


	
(vi)  Find the value of [image: ]






Solution


Identification


On a first read through it is obvious that this is a question where each part is closely linked.


It deals with integers and defines a function that you may not have come across before. This is the floor function although it is not named in the question.


It is essential in this question to understand what the floor function does before attempting it.


Some simple examples should help: [image: ] from the definition given. The question only deals with positive integers. This is not stated but a read through confirms this to be the case.


Why are you asked to write down some simple numerical values before you start? This must be to do with the question requiring numerical calculation where a calculator is not permitted. The values must be used later in the question otherwise there is no reason to record them. The words ‘write down’ indicate that you should know what these values are or that they must be very easy to calculate. In this case they are straightforward to calculate since [image: ]


Part (i) of the question asks you to calculate some terms of T using the given position to term formula. The numerical values calculated may help with this. This should give you an initial indication of what the question is about.


Engagement


[image: ]


Review


This calculation seems slightly worrying. The presence of [image: ] seems to imply that a calculator is needed yet this is a non-calculator question. Is this the correct approach?


Looking back at the question and what you have done so far, you should see the reason for calculating the initial values: 2 is less than 2.25 and so [image: ] is less than [image: ] It is also greater than 1. This indicates that [image: ] and that [image: ] This should encourage you to carry on.


Stage completion


[image: ]


Reflection


You have the first seven terms and can see that the process of finding the values involves discovering two consecutive integer value bounds for [image: ] The function will then return the lower bound.


Identification


The next stage looks very easy to do. You will substitute n + 1 into the formula for n, but there must be some reason for finding an expression for un + 1.


Part (iii) talks about the sequence T omitting various integer values. Did you think about which numbers were omitted in part (i)? These were 1, 4 and 9. It appears to be the case that square numbers are omitted. It looks like the later stages are going to be about proving why this is the case.


Once an initial expression for un + 1 has been found, can it be rewritten in a more useful form?


Is there a hint in the way the inequality for part (iii) is written? It looks wrong on the right hand side. Why does it not say [image: ]


Engagement


[image: ]


Review


It still looks like there is something wrong with the given inequality.




	
•  Why is the right hand side [image: ]



	
•  Why is it ≤ rather than <?





There must be more to understand about this. You need to think about what have you just found and what are you trying to find?


You are trying to find the integers omitted by T. That is defined by a related but different function to U. [image: ] so something must result from applying the floor function that causes the change to the inequality.


It is a good idea to focus on the idea of an integer I being omitted. What are the conditions on n for I to be omitted? The inequality is written with I as the subject so focusing on I seems sensible.


For an integer to be omitted, un must give a value between I ‒ 1 and I so that [image: ] results in I ‒ 1. un + 1 must therefore be greater than or equal to I + 1 in order that I be omitted.


This looks like the way into this.


Stage completion


I is omitted if and only if there is a value of n for which un < I and un + 1 ≥ I + 1


If [image: ] (subtracting 1 from both sides of the inequality)


So [image: ]


Review


The inequality turned out to be correct due to un + 1 needing to be greater than or equal to I + 1.


Identification


Part (iv) is clearly about rewriting the inequality you have just found. The differences between the two should help you identify what to do.


There are no square roots in the final inequality and there is a squared term which indicates that at some stage the terms must be squared.


Squaring it as it is written leads to some awkward algebraic manipulation. Can some simpler manipulation be done first? Is it possible to isolate the [image: ] on one side of the inequality and the [image: ] on the other?


Stage completion


[image: ]


[image: ] (subtracting [image: ] from every part of the inequality)


[image: ] (squaring all parts of the inequality)


Review


Is this valid?


Squaring here will not affect the inequality since n ≥ 1 for all of the terms in the sequence T.


x2 is an increasing function for x > 0 so if [image: ]


Stage completion


[image: ]


Review


You have found the inequality that was asked for but what does it mean for the value of I?


Identification


What do you know about I and n? They are both integers.


That means that (I ‒ n)2 ‒ I is an integer.


This integer has to be between [image: ] and there is only one integer in this interval.


Stage completion


(I ‒ n)2 ‒ I is an integer since both I and n are integers.


[image: ]


The integer I is omitted, if and only if it satisfies the inequality [image: ] where n is a positive integer.


So (I ‒ n)2 ‒ I = 0 giving I = (I ‒ n)2


(I ‒ n)2 is a square number so the only omitted integers will be square numbers.


Review


You have now proved that the sequence consists of the positive integers with all of the square numbers omitted.


The final stage may be attempted.


This is the sum of the first 110 integers that are not square numbers.


Stage completion


The sum of the first 110 natural numbers will include ten square numbers.


[image: ]


Reflection


All of the stages have been completed and the earlier stages support the later ones.


There are some useful ideas to take away from this.




	
•  Inequalities where the variables are defined as integers may give a limited number (or 1 or even 0) solutions.


	
•  There is very little redundancy. When something is mentioned, it usually has a use.


	
•  Unfamiliar functions can be used but they will be defined and you are expected to understand them and use them.





[image: ]













Useful problem solving techniques


The identification stage of the problem solving process is often the most difficult to manage, particularly if an initial read through sparks a number of different ideas. There are some useful techniques you can use at this stage to help you identify sensible places to start.





Technique 1: Simplifying the problem, pattern recognition and recursion


Some problems seem just too big to manage when you first read them. One way to put together the ideas you need to solve the problem is to simplify it. If you can solve a simple related problem you can sometimes see how to deal with the larger one. This might be by looking at how a pattern of numbers changes as the levels of complexity are increased or by relating one stage of complexity to the next. The following example illustrates how this might appear in an admissions test.










Worked example
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Example 2


Question


Mountain-range patterns can be generated from a sequence of forward slashes, /, and backward slashes, \. For example, the sequence for the pattern


[image: ]


is written //\\/\.


Mountain-range patterns are constructed using these rules.




	
•  The ‘empty’ pattern that contains no / or \ is considered to be a mountain-range pattern and is generated by a sequence of 0 length.


	
•  A pattern always starts and finishes at sea-level.


	
•  A pattern never descends below sea-level.





The length, l, of a mountain-range pattern is equal to the combined number of / and \ that make up its generating sequence.




	
(i)  Draw the mountain-range patterns represented by the sequences



	
a)  ///\\\


	
b)  /\/\//\\


	
c)  /\//\/\\







	
(ii)  What can you say about the number of / and \ in any valid generating sequence? Justify your answer.


	
(iii) List all of the possible generating sequences where l = 6.





You may now assume that every mountain-range pattern of length at least 2 can be generated uniquely from a sequence of the form / A \ B where A and B are any valid generating sequences.




	
(iv)  Let Mn be the number of distinct mountain ranges of length 2n. Find an expression for Mn + 1 in terms of Mn, Mn - 1, Mn - 2, …, M0



	
(v)  How many unique mountain-range patterns are there with generating sequences of length 16?





Method


This question illustrates the process of building up a recursive pattern by considering simple cases. As with many longer questions in admissions tests, the question is structured to allow you to do this. The definition of a mountain-range pattern is relatively easy to understand. The question that the setter really wants the answer to is in part (v): How many patterns are there that have generating sequences of length 16?


If you were asked this question straight away, it would be quite challenging to come up with an answer without some preparatory work. Trying to draw all of the possibilities would be time consuming, you don’t know how many there are supposed to be, there could be a very large number of them. It would be easy to miss out some correct patterns. As it stands, it is too big to deal with.


In a situation like this, you should simplify the situation. This will allow you to get a feel for how the patterns work and how you can get from one stage to the next.


Try out the following procedure. Can you work out how to find M8?


Start with the most basic patterns. Write down the value of M0 (how many ways to have a sequence of length 0). Now draw the patterns for a length of 2 (to find M1) and a length of 4 (to find M2).


It is easy to get side tracked by trying to look at the numbers and find the sequence for those. Questions at this level rarely have sequences of numbers that are easy to spot at a glance. In this problem it is far better to consider the actual patterns and their representations as sequences of / and \.


There is a strong indication of how to work with this given in the question: ‘every mountain-range pattern of length at least 2 can be generated uniquely from a sequence of the form / A \ B where A and B are any valid generating sequences’.


Look at the patterns for length 2 and length 4. Does this fit with the idea above? The / and \ come from the length 2 pattern. A and B are the patterns that are added to make the length 4 pattern.


What are the different possible patterns for A? For each of these, what are the possible patterns for B?


How many possibilities are there in each case? The sum of these will give the overall number of possibilities.


Try to write a formula for M2 in terms of M1 and M0. Remember that M0 is the number of ways to have a pattern of length 0.


Now look at the patterns for mountain ranges of length 6. Can you use the ideas above to make sure you construct them all? The statement from the question implies that these can be generated from / A \ B. Do you recognise any familiar patterns you have seen before when you construct them?


Can you write a formula for M3 in terms of M2, M1 and M0?


Compare the formula for M3 with the formula for M2. What do you notice?


If you are able to continue to find M8 then continue working before looking at the worked solution.


Solution


Length 0


M0 = 1 as there is only 1 way to have a pattern of length 0 (by having no / and \).


Length 2
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Sequence: /\








M1 = 1 as there is only 1 way to have a pattern of length 2 (by having one pair of / and \).


Length 4


From / A \ B:


Either A is empty and B is the length 2 pattern giving case 1.
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Sequence: /\/\








Or A is the length 2 pattern and B is empty giving case 2.
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Sequence: //\\








So M2 = 2


This can be written as a formula in terms of M1 and M0.


For case 1 there are M0 ways to generate A and M1 ways to generate B giving M0 × M1 possibilities.


For case 2 there are M1 ways to generate A and M0 ways to generate B giving M1 × M0 possibilities.


So M2 = M0 × M1 + M1 × M0


As you are searching for the structure of the patterns, it is sensible to leave this as it is even though it can be simplified to 2M0 M1.


Length 6


From / A \ B and based on the possible patterns for A:


Case 1: A is empty and B is a length 4 pattern. There are two possible length 4 patterns.
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Sequence: /\/\/\
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Sequence: /\//\\








There are M0 × M2 patterns.


Case 2: A is a length 2 pattern and B is a length 2 pattern. There is only one length 2 pattern.
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Sequence: //\\/\








There are M1 × M1 patterns.


Case 3: A is a length 4 pattern and B is empty. There are two possible length 4 patterns.
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Sequence: //\/\\
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Sequence: ///\\\








There are M2 × M0 patterns.


From the three cases:
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You should be able to see a pattern emerging and from this make a prediction for M4.
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This can be confirmed using / A \ B


The possible cases are:






	
A is empty and B is length 6 giving M0M3


	
/\/\/\/\, /\/\//\\, /\//\\/\, /\//\/\\, /\///\\\






	
A is length 2 and B is length 4 giving M1M2


	
//\\/\/\, //\\//\\






	
A is length 4 and B is length 2 giving M2M1


	
//\/\\/\, ///\\\/\






	
A is length 6 and B is empty giving M0M3


	
//\/\/\\, //\//\\\, ///\\/\\, ///\/\\\, ////\\\\








M4 = 5 + 2 + 2 + 5 = 14


You need to find M8 but it is clear from the work done so far that all of the values from M0 to M7 will be required to do this.
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You would not have wanted to draw all of the patterns of length 16!
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Try it out


Now you have seen how to build the formula, try out the whole question. Can you answer it in full?
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Technique 2: Finding a helpful diagram or representation


The wolf, goat and cabbage problem is a famous river-crossing puzzle that dates back to at least the eighth century.


A traveller has a wolf, a goat and a cabbage. On the way home, the traveller has to cross a river by boat. The boat will only hold the traveller and one of the wolf, goat or cabbage. The wolf cannot be left with the goat nor the goat with the cabbage as in each case, one would eat the other.


How can the traveller get the wolf, goat and cabbage across the river?


One way to solve this problem is to look at all of the possibilities that do not break either the wolf-goat rule or the goat-cabbage rule. Each allowable situation can be represented by a simple code and single moves from one situation to another can be represented by lines.


One possible representation is to code the traveller, wolf, goat and cabbage as T, W, G and C respectively and use a dash to show each bank of the river.


Taking this approach, you should be able to see that there are two possible solutions to the puzzle.


Having a representation in the form of a diagram helps to show what these two solutions are.
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Technique 3: Considering extreme cases


For some problems it is possible to gain some insight into how to solve them by pushing a variable to an extreme value whilst keeping all other variables constant. You will see this technique used a number of times in Chapter 7: Graph sketching, identification and transformation. It is also a useful technique for some geometry problems. This is particularly the case when some aspect of the situation you are presented with is not fully specified.










Worked example
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Example 3


Question


ABCD is a square with vertex A on the circumference of a circle of radius 4 units.


The side lengths of the square are equal to the diameter of the circle.


The sides AB and AD intersect the circle.


Let X be the area of the intersection between the square and the circle.


What is the maximum value of X?


Solution


This question clearly needs a diagram to be drawn, but how should the sides of the square intersect the circle? The position for the maximum area has to be found.


A rough initial sketch of the situation might look like this.
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The point A is fixed on the circumference of the circle. It is possible to rotate the square about this point. The lines AB and AD must intersect the circle.


Looking at the extremes of where the square can be rotated will give some insight into the problem. Since the side lengths of the square are equal to the diameter of the circle, one extreme will be when AB lies on a diameter of the circle and the other will be when AD lies on a diameter.
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In each case the area X is half of the area of the circle.


The area X appears to change as the square is rotated from one extreme to the other. Starting from AB lying along the diameter and rotating for example an angle of θ° anticlockwise will result in the same value for X as starting from AD lying along the diameter and rotation through the same angle clockwise. When the diagonal AC of the square lies along the diameter, the diagram will have reflection symmetry in the line AC.
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The value of X will vary continuously as the square is rotated from one of the extremes through the symmetrical case to the other extreme. There is a strong possibility that the maximum value of X will be either at one of the extreme positions for the square or in the symmetrical position. This cannot be immediately assumed and some additional work is required. Rotating the square about vertex A from one position to the next will add some area to X on one side whilst removing some on the other.
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Starting from an initial position:
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and rotating anticlockwise to a new position.
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The orientation of the square can be measured by the angle between the radii drawn from the centre to the points of intersection of the circle and the square. Since the square has a 90° angle at vertex A on the circumference of the circle, it follows that the two radii form a diameter of the circle.


Angle β is greater than angle α.


The area X will decrease by the difference between the shaded segment for angle β and the shaded segment for angle α. It will increase by the difference between the shaded segment for the angle 180° - α and the shaded segment for angle 180° - β.


If the area of X can be shown to be increasing until the square reaches the symmetrical position and decreasing after this then the maximum area will be at the symmetrical position.
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Try it out




	
1  Show that the area X increases as the square rotates from one of the extreme positions to the symmetrical position.


	
2  Find the area of X shown in the final diagram. How does it compare to the area at each of the extremes?
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Technique 4: Thinking ahead and testing approaches


This technique is particularly useful in the longer MAT questions and in STEP questions. A certain amount of intelligent guesswork is required and you will sometimes find yourself working with only a hazy idea of where you are heading.


Most long MAT and STEP questions are designed to test how you learn as you work. It often helps to consider these longer questions to be a story that is trying to lead you to a greater mathematical truth. Like any good story, these questions can be seen to have a beginning, a middle and an end. If you can take an educated guess at where the question is leading, you can plot a rough path in your mind about how to get there. It is a similar experience to trying to guess who committed the crime in a murder mystery novel except the author of a STEP question will be providing you with many more useful clues as you go.


It is possible that your initial educated guess is incorrect and what you start doing doesn’t lead to the solution to the problem you are seeking. This is one of the reasons why the reflection stages of solving a problem are very important. It is very easy to get carried away when following through a line of thought. Spending a little time considering what you have done at any stage can help you avoid spending too much time following a path that leads to somewhere away from the solution. Changing direction after following a hunch may feel like you have wasted time but you will have picked up a feel for the skills needed to solve the problem.


This technique was used in the previous example where the initial approach of looking at the extremes and considering the rotation of the square between one position and the next seemed to indicate that the maximum area was at the symmetrical position. The next step in solving the problem was to confirm that this was actually the case.
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