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Introduction 








This 



book 



has 



been written 



for all 



students 



of 



Cambridge IGCSE® 



and 








O 



Level Additional Mathematics syllabuses (0606/4037). 



It 



carefully 








and 



precisely follows 



the 



syllabus from Cambridge Assessment 








International Education. 



It 



provides 



the 



detail 



and 



guidance 



that are 








needed 



to 



support 



you 



throughout 



the 



course 



and 



help 



you to 



prepare 








for 



your examinations. 








Prior knowledge 








Throughout 



this 



book, 



it is 



assumed 



that 



readers 



are 



competent 



and 








fluent 



in the 



basic algebra 



that is 



covered 



in 



Cambridge IGCSE® 



/ O 








Level Mathematics: 








» 



working with expressions 



and 



formulae, simplifying 



and 



collecting 








like 



terms 








» 



substituting numbers 



into 



algebraic expressions 








» 



linear 



and 



quadratic factorisation 



and the use of 



brackets 








» 



solving simple, simultaneous 



and 



quadratic equations 








» 



working with inequalities 








» 



changing 



the 



subject 



of a 



formula 








» 



plotting 



and 



sketching graphs. 










Chapter 



1 



Functions 










As well as 



basic algebra, 



this 



chapter assumes 



a 



knowledge 



of 



graphs 








and the 



basic trigonometrical functions. 



This 



chapter introduces readers 








to the idea of a 



function, 



and the 



associated vocabulary; 



this 



pervades 








the rest of the 



book. 










Chapter 



2 



Quadratic functions 










In this 



chapter, readers 



are 



expected 



to be 



familiar with 



the 



basic 








algebra associated with quadratic functions, including drawing their 








graphs. Quadratic functions 



are 



used 



in 



many places 



in this 



book. 










Chapter 



3 



Equations, inequalities 



and graphs 










This 



chapter assumes 



that 



readers 



are 



competent 



in 



basic algebra. 



It 








builds 



on the 



work 



on the 



modulus function 



in 





Chapter 



1. 







Chapter 



2 










included solving quadratic equations 



and this is now 



extended 



to 



solving 








cubic equations. 










Chapter 



4 



Indices and surds 










In this 



chapter readers 



are 



expected 



to be 



familiar with numbers, 








including squares, square roots 



and 



cubes. They 



are also 



expected 



to be 








familiar with techniques from basic algebra, especially working with 








brackets 



and 



collecting 



like 



terms. 
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v 










Chapter 



5 



Factors of 



polynomials 










This chapter builds 



on 



and starts 



to 



generalise ideas developed 



in 



the 








context 



of 



quadratic and cubic functions 



in 





Chapters

 





2

 



and 





3

. It 



requires 








competence 



in 



basic algebra and familiarity with curve sketching. 










Chapter 



6 



Simultaneous equations 










In 



this chapter readers solve simultaneous equations 



in 



two unknowns, 








including cases where one 



of 



the equations 



is 



quadratic and the other 








linear. 



It 



builds 



on 



work 



in 





Chapters

 





2

 



and 





3

, 



which 



in 



turn requires 








fluency 



in 



basic algebra. 










Chapter 



7 



Logarithmic 



and 



exponential functions 










This chapter develops new ideas based 



on 



the work 



on 



indices covered 








in 





Chapter 



4. 












Chapter 



8 



Straight 



line graphs 










In 



this chapter, readers are required 



to 



use techniques relating 



to 



the 








graphs 



of 



straight lines that they covered 



in 



Cambridge IGCSE® 



/ 








O Level, including drawing 



a 



straight line given 



its 



equation. They are 








expected 



to 



know that 



y 



= 



mx 



+ 



c 



is 



the equation 



of a 



straight line with 








gradient 



m 



that crosses the 



y-axis 



at (0, 



c) 



and 



to be 



able 



to 



find the 








gradient 



of a 



given line. They should also 



be 



able 



to 



find the equation 



of 








a 



straight line given two points 



on it, or 



one point and 



its 



gradient. 










Chapter 



9 



Circular measure 










In 



this chapter, 



it is 



assumed that readers are familiar with the standard 








formulae for the area and circumference 



of a 



circle. 










Chapter 



10 



Trigonometry 










Readers are expected 



to 



understand the three basic trigonometrical 








functions, sin, cos and tan, and how they are used 



to 



find unknown sides 








and angles 



in 



right-angled triangles. They are expected 



to be 



able 



to 








work 



in 



radians, which are met 



in 





Chapter

 





8

, as 



well 



as in 



degrees. This 








chapter involves drawing and transforming the graphs 



of 



the various 








trigonometrical functions, 



so it 



builds 



on 



ideas from 

Chapters

 





1

, 

2

 



and 





3

. 










Chapter 



11 



Permutations 



and 



combinations 










The work 



in 



this chapter 



is 



essentially new and 



no 



prior knowledge 



is 








required. 










Chapter 



12 



Series 










This chapter develops ideas about sequences and series. Readers 








who have prior knowledge 



of 



this topic will find 



it 



helpful but 



it is 



not 








essential. Much more important 



is 



fluency 



in 



basic algebra. Knowledge 








of 



the work 



in 





Chapter

 





4

 on 



indices 



is 



expected. 
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Chapter 



13 



Vectors in two 



dimensions 










Much 



of 



the work 



in 



this chapter will 



be 



new 



to 



readers. However, they 








are expected 



to be 



competent 



in 



basic trigonometry and also 



in 



translations, 








both from Cambridge IGCSE® 



/ O 



Level and from 

Chapter

 





10

. 










Chapter 



14 



Differentiation 










This 



is 



the first 



of 



three chapters 



on 



calculus. Readers are expected 



to be 








fluent with basic algebra from Cambridge IGCSE® 



/ O 



Level and from 








the earlier chapters 



in 



this book. They are also expected 



to be 



familiar 








with work 



on 



straight line graphs from 

Chapter

 





8

. 










Chapter 



15 



Integration 










This 



is 



the second chapter 



on 



calculus. 



It 



follows 



on 



from 

Chapter

 





14

 








and readers are expected 



to 



understand the ideas and techniques 








developed there. 










Chapter 



16 



Kinematics 










This chapter shows how the ideas 



in 



the two previous chapters 



on 








calculus can 



be 



applied 



to 



motion. 



So 



knowledge 



of 



both 

Chapters

 





14

 








and 





15

 is 



assumed. Readers are also expected 



to be 



familiar with 










Chapter

 





8

 on 



straight line graphs. 








How to use this book 








To 



make your study 



of 



Additional Mathematics 



as 



rewarding and 








successful 



as 



possible, this Cambridge endorsed textbook offers the 








following important features: 








Organisation 








The content 



is 



generally 



in 



the same order 



as 



the syllabus, although the 








material within each chapter 



is 



presented 



in a 



natural teaching order 








to 



aid both teaching and learning. Where possible, the chapter titles 








and chapter section headings match those 



of 



the Cambridge IGCSE® 








and 



O 



Level Additional Mathematics syllabuses; however, the long, 








final section 



on 



calculus 



is 



split into three chapters: Differentiation, 








Integration and Kinematics, 



so 



that 



it is 



easily manageable for students. 
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vii 








Approach 








Each chapter is broken down into several 








sections, with each section covering a 








single topic. Topics are introduced through 








clear 



explanations, 



with 



key terms 



picked 








out in bold type. 








The 



modulus function 








The 



modulus 



of a 



number 



is its 



positive value even when 



the 



number 








itself is 



negative. 








The 



modulus 



is 



denoted 



by a 



vertical 



line on each side of the 



number 








and is 



sometimes 



called the 



magnitude 



of the 



quantity. 








Exercises 








These appear throughout the text, and allow you to apply what you 








have learned. There are plenty of routine questions covering important 








examination techniques. 








1 



Given that f(x) 



= 



3x 



+ 



2, 



g(x) 



= 



x2 



and h(x) 



= 



2x, find: 








a 



fg(2) 








b 



fg(x) 








c 



gh(x) 








d 



fgh(x) 








2 



Given that f(x) 



= 








+ 








2 1 








x 








and g(x) 



= 



4 



− 



x, 



find: 








a 



fg(−4) 








b 



gf(12) 








c 



fg(x) 








d 



gf(x) 








3 



Given that f(x) 



= 



x 



+ 



4, 



g(x) 



= 



2x2 and h(x) 



= 



+ 








1 








2 1 








x 








, 



find: 








a 



f²(x) 








b 



g²(x) 








c 



h²(x) 








d 



hgf(x) 








4 



For each function, find the inverse and sketch the graphs of 



y 



= 



f(x) and 








y = 



f−1 



(x) on the same axes. Use the same scale on both axes. 








a 



f(x) 



= 



3x 



− 



1 








b 



f(x) 



= 



x3 



, 



x 



> 0 








5 



Solve the following equations: 








a 



|x 



− 



3| 



= 



4 








b 



|2x 



+ 



1| 



= 



7 








c 



|3x 



− 



2| 



= 



5 








d 



|x 



+ 



2| 



= 



2 








6 



Sketch the graph of each function: 








a 



y 



= 



x 



+ 



2 








b 



y 



= 



|x 



+ 



2| 








c 



y 



= 



|x 



+ 



2| 



+ 



3 








Exercise 



1.2 








Worked 



examples 








The worked examples cover important techniques and question styles. They 








are designed to reinforce the explanations, and give you step-by-step help 








for solving problems. 








Worked example 








Show 



that the two lines 



= 








−4 








1 








2 








y 








x 








and 



− − = 








2 6 0 








x 








y 








are 



parallel. 








Solution 








Start 



by 



rearranging 



the 



second equation 



into the 



form 



= + 








y mx c. 








− 








− = ⇒ 








2 








6 0  








x 








y 








− = 








6 2 








x 








y 








⇒ 








= − 








 2 








6 








y x 








⇒ = 








− 








  








3 








1 








2 








y 








x 








Both 



lines 



have 



a 



gradient 



of 








1 








2 








so are 



parallel. 
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Commentaries 








The commentaries provide 








additional explanations and 








encourage full understanding 








of mathematical principles. 








Worked example 








Given that 



f 








4 12 








3 2 








x x x x 








( ) 



= 



− 



− + 








a 



Show that 



(x 



- 



3) is a 



factor 



of 



f(x). 








b 



Solve the equation f(x) 



= 



0. 








Solution 








a 



f(3) 



= 



33 – 32 – 



9(3) 



+ 



9 








= 



27 – 9 – 27 



+ 



9 



= 



0 








This shows that 



(x 



- 



3) is a 



factor 



of 



f(x). 








b 



Once you have found one linear factor 



of a 



cubic 



expression, the 



remaining 








factor 



is quadratic. With 



practice you will 



be 



able 



to do 



this step 



by 








inspection. 








10 12 3 








3 2 








x x x x 








( ) 








− 



− + 



= − 



( 








2 4 








2 








x x 








+ 



− 



) 








2 4 








2 








x x 








+ 



− 



cannot 



be 



factorised 



so 



use the quadratic formula 



for 



the next 








step. 








0 








4 








2 








2 








2 








ax bx c x 








b b ac 








a 








+ + = → = 








− ± 



− 








In 



this example, 



1,  2,  








4 








a b c 








= = =− 








  








2 2 4 1 4 








2 1 








2 








x 








( 



)( 



) 








( ) 








→ = 








− ± − − 








− 








2 20 








2 








x 








→ = 








− ± 








− 








1 5 








x 








→ = 



± 








The solution 



to 



the equation 



is 



therefore 



x 



= 



3 or 








1 5 








x 



= 



± 








. 








To show that 








(x 



- 



3) is a factor, 








you need to show 








that f(3) 



= 



0. 








Check by 








multiplying out 








that you agree 








with this answer. 








How do you 








know it can’t be 








factorised? 








Start by working 








systematically 








through all factors 








of 24 until you find 








one giving f(x) 



= 



0. 








The family 



of 



curves 



y 



= 



kex 



, 



where 



k 



is a 



positive integer, 



is 



different 



set 








of 



transformations 



of 



the curve 



y 



= 



ex .These 



represent stretches 



of 



the 








curve 



y 



= 



ex in the 



y-direction. 








x 








y 








y 








= 








e 








x 








y 








= 








6 








e 








x 








y 








= 








3e 








x 








1 








3 








6 








Similarly, for 



a 



fixed value 



of 



n, 



graphs 



of 



the family 



y 



= 



kenx 



are 








represented 



by 



stretches 



of the 



graph 



y 



= 



enx by scale 



factor 



k 



in the 








y-direction. 








One additional transformation gives graphs 



of 



the form 



y 



= 



kenx + a. 








Notice that the 








curve y 



= 



ke 



x 








crosses the y-axis 








at (0, k). 








Discussion 



points 








These are points you should discuss 








in class with your teacher or fellow 








students, to encourage deeper 








exploration and 



mathematical 








communication. 








Discussion 



point 








Why 



is 4 not a 



surd? 








Discussion point 








This 



is the 



Singapore Flyer. 



It has a 



radius 



of 75 



metres. 



It 



takes about 








30 



minutes 



to 



complete 



one 



rotation, travelling 



at a 



constant speed. How 








fast do the 



capsules travel? 
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Additional support 








The 



Workbook provides additional practice 



for 



students. These write-in 








workbooks 



are 



designed 



to be 



used throughout 



the 



course. 








Assessment 








For 



both Cambridge IGCSE® 



and O 



Level Additional Mathematics 



you 








will 



take 



two 



examination papers; Paper 



1 and 



Paper 



2: 








» 



2 



hours each 








» 



50% each 








» 



scientific calculators 



are 



required. 








Learning outcomes 








Each chapter ends with a 








summary of the learning 








outcomes and a list of key points 








to confirm what you should have 








learned and understood. 








Key 



points 








4 



An equation of the form 



= + 








y mx c 



represents 



a 



straight 



line 








that has gradient 



m 



and 



intersects 



the 



y-axis 



at (0, 



c). 








4 



The 



midpoint 



of the line 



joining 



the points 








) 








( 



, 



  








1 1 








x y 



and 








) 








( 



, 








2 2 








x y 



is 








given by: 








midpoint 



= 








) 








( 








+ + 








, 








2 2 








  








1 2 1 2 








x x y y 



. 








4 



The length 



of the 



line joining 



the 



points 








) 








( 



, 



  








1 1 








x y 



and 








) 








( 



, 








2 2 








x y 



is 



given 








by: 








length 



= 








− 








− 








) 








( 








) 








( 








) 








( 








+ 








2 1 








2 








2 1 








2 








x x y y 








. 








4 



Two lines are 



parallel 



if they have the same 



gradient. 








4 



Two lines are 



perpendicular 



if they 



intersect 



at an angle of 



° 








90 . 








4 



When the 



gradients 



of two 



parallel 



lines are given by 



m 



1 



and 








= 



− 








,  








1 








2 1 2 








m m m 








. 








4 



Logarithms 



can be used to 



describe 



the 



relationship between 



two 








variables 



in the 



following 



cases: 








i 








= 








y ax 








n 



Taking 



logs, 



= 








y ax 








n 



is 



equivalent 



to 








= + 








log log log . 








y a n x 








Plotting 



log   








y 



against 



log   








x 



gives a 



straight 



line of 



gradient 



n 








that 



intersects 



the 



vertical 



axis at the point (0, log ) 








a 



. 








ii 



= 








y Ab 








x 



Taking 



logs, 



= 



Ab 








x 



is 



equivalent 



to 








= + 








log log log .  








y 



A 



x b 








Plotting 



log 



y 



against 



x 



gives a 



straight 



line of 



gradient 



log 



b 



that 








intersects 



the 



vertical 



axis at the point (0, log 



A). 








Learning outcomes 








Now you should 



be 



able 



to: 








H 



interpret 



the 



equation 



of a 



straight 



line graph in the form 








y 



= 



mx 



+ 



c 








H 



solve 



questions involving midpoint 



and length of a line 








H 



know and use 



the 



condition 



for 



two lines 



to be 



parallel 



or 








perpendicular, including finding 



the 



equation 



of 



perpendicular 








bisectors 








H 



transform 



given 



relationships, including 



y 



= 



axn 



and 



y 



= 



Abx 



, to 








straight line form and hence determine unknown constants 



by 








calculating 



the 



gradient 



or 



intercept 



of the 



transformed 



graph. 
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x 








Command 



words 








Command word 








What it means 








Calculate 








Work out from given facts, figures or 








information, generally using a calculator 








Describe 








State the points of a topic / give 



characteristics 








and main features 








Determine 








Establish with certainty 








Explain 








Set out purposes or reasons / make the 








relationships between things evident / provide 








why and / or how and support with relevant 








evidence 








Give 








Produce an answer from a given source or 








recall / memory 








Plot 








Mark point(s) on a graph 








Show (that) 








Provide structured evidence that leads to a 








given result 








Sketch 








Make a simple freehand drawing showing the 








key features 








State 








Express in clear terms 








Verify 








Confirm a given statement / result is true 








Work out 








Calculate from given facts, figures or 








information with or without the use of a 








calculator 








Write 








Give an answer in a specific form 








Write down 








Give an answer without significant working 








From the 



authors 








We very much hope you enjoy this book. 



It 



introduces you 



to 








some 



of 



the exciting ideas 



of 



mathematics. These will broaden your 








understanding 



of 



the subject and prove really helpful when you 



go 








on to 



further study. They include topics such 



as 



identities, vectors and 








particularly calculus; 



all of 



these are covered 



in 



the later chapters 



of 



the 








book. 



In 



order 



to 



handle such topics confidently, you will need 



to be 








fluent 



in 



algebra and numerical work and 



to be 



able 



to 



communicate 








the mathematics you are doing. The early chapters are designed 



to 



build 








on 



your previous experience 



in a 



way that develops these essential skills 








and 



at 



the same time expands the techniques you are able 



to 



use. 








Val Hanrahan 








Jeanette Powell 








Roger Porkess 








INTRODUCTION 

















1 








If A 



equals success, then the formula 



is A 



equals 



X 



plus 



Y 



plus 



Z, 



with 



X 








being work, 



Y 



play, and 



Z 



keeping your mouth shut. 








Albert Einstein (1879 



– 



1955) 








Discussion 



point 








Look 



at the 



display 



on 



this fuel pump. One 



of the 



quantities 



is 



measured 








and one 



is 



calculated from 



it. 



Which 



is 



which? 








You can think 



of the 



display 



as a 



mapping. Some 



of the 



values 



are 



shown below. 








Amount 



of 



fuel (litres) 








→ 








Cost 



($) 








1 








→ 








2.40 








2 








→ 








4.80 








3 








→ 








7.20 








4 








→ 








9.60 








5 








→ 








12.00 








10 








→ 








24.00 








50 








→ 








120.00 








100 








→ 








240.00 








If 



x 



is an 



element 



of the first set, 



then 



f(x) 



denotes 



the 



associated 








element from 



the 



second 



set. For 



example, 



this 



mapping diagram shows 








integers mapped onto 



the 



final digit 



of 



their squares. 








Output 








1 








4 








9 








6 








5 








6 








Input 








1 








2 








3 








4 








5 








6 








f(x) 








x 








1  



Functions 

















 1  



FUNCTIONS 








2 








Discussion 



point 








Which digits will never appear 



in the 



output 



set of the 



previous 








example? 








A 



function 



is a 



rule that associates each element 



of 



one 



set 



(the 



input) 








with only one element 



of a 



second 



set 



(the 



output). 



It is 



possible for 








more than one input 



to 



have the same output, 



as 



shown above. 








You can use 



a 



flow chart 



(or 



number machine) 



to 



express 



a 



function. 








This flow chart shows 



a 



function, 



f, 



with two operations. The first 








operation 



is 



× 2 



and the second operation 



is 



+ 



3. 








Input 








× 



2 








+ 



3 








Output 








You can write the equation 



of a 



line 



in 



the form 



y 



= 



2x 



+ 



3 



using 








function notation. 








f(x) 



= 



2x 



+ 



3 








or 








f: 



x 



 



2x 



+ 



3 








Using this notation, you can write, for example: 








f(4) 



= 



2 



× 



4 



+ 



3 



= 



11 








or 








f:(−5) 



 



2 



× 



(−5) 



+ 



3 



= −7 








The domain and range 








The 



domain 



of a 



function f(x) 



is 



the 



set of all 



possible 



inputs. This is 



the 



set of 








values 



of 



x 



that the function operates on. 



In 



the first mapping diagram 



of 



the 








next worked example, the domain 



is 



the first five positive odd numbers. 



If no 








domain 



is 



given, 



it is 



assumed 



to be all 



real values 



of 



x. 



This 



is 



often denoted 








by the letter 



ℝ. 








The 



range 



of 



the function f(x) 



is all 



the possible output values, 



i.e. 



the 








corresponding values 



of 



f(x). 



It is 



sometimes called the 



image 



set 



and 



is 








controlled 



by 



the domain. 








In 



certain functions one 



or 



more values must 



be 



excluded from the 








domain, 



as 



shown 



in 



the following example. 








Worked example 








For 



the 



function f(x) 



= 



x 



+ 








1 








2 1 








: 








a 



Draw 



a 



mapping diagram showing 



the 



outputs 



for the set of 



inputs odd 








numbers from 



1 to 9 



inclusive. 








b 



Draw 



a 



mapping diagram showing 



the 



outputs 



for the set of 



inputs even 








numbers from 



2 to 10 



inclusive. 








c 



Which number cannot 



be an 



input 



for 



this function? 








Read this as ‘f of 








x 



equals two 



x 



plus 








three’. 








Read this as ‘f maps 



x 








onto two 



x 



plus three’. 








Real numbers are 








all of the rational 








and irrational 








numbers. 
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3 








Solution 








a 








Output 








Input 








1 








3 








5 








7 








9 








1 








3 








1 








7 








1 








11 








1 








15 








1 








19 








b 








Output 








Input 








2 








4 








6 








8 








10 








1 








5 








1 








9 








1 








13 








1 








17 








1 








21 








c 



A 



fraction cannot have 



a 



denominator 



of 0, so 2x 



+ 



1 ≠ 0 








⇒ 








  



x 



= − 



1 








2 



must 



be 



excluded. 








Mappings 








A 



mapping 



is 



the process 



of 



going from 



an 



object 



to its 



image. 








For example, this mapping diagram shows the function f(x) 



= 



x² 



+ 



1 








when the domain 



is 



the 



set of 



integers 



−2 



 



x 



 



2. 








Output 








1 








2 








5 








Input 








−2 








Domain 








Object 








Range 








Image 








−1 








0 








1 








2 








There 



are four 



different types 



of 



mappings. 








A mapping 








diagram is one 








way to illustrate a 








function. 
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One-one 








Every object 



has a 



unique image 



and 



every image comes from only 



one 








object. 








1 2 








−1 








−1 








1 








2 








3 








4 








5 








6 








−2 








−2 








3 4 








y 



= 



x 



+ 



1 








Input 








Output 








y 








x 








Many-one 








Every object has 



a 



unique image but 



at 



least one image corresponds 



to 








more than one object. 








Input 








Output 








1 








2 








3 








4 








5 








6 








7 








y 








1 








−1 








−1 








−2 








−2 








−3 








2 3 



x 








y 



= 



x 








2 



− 



2 
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One-many 








There 



is at 



least 



one 



object 



that has 



more than 



one 



image 



but 



every 








image comes from only 



one 



object. 








Input 








Output 








1 








−1 








1 








2 








3 








4 








5 








−1 








−2 








−3 








−4 








2 3 4 5 6 



x 








y 








y 








2 



= 2x 








Input 








Output 








−1 








−2 








−3 








−4 








−5 








−6 








1 








2 








3 








4 








5 








6 








x 








y 








x 








2 



+ 



y 








2 



= 25 








−1 








−2 








−3 








−4 








−5 








−6 








1 2 3 4 5 6 








Many-many 








There 



is at 



least one object that has more than one image and 



at 



least 








one image that corresponds 



to 



more than one object. 
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Types of function 








A 



function 



is a 



mapping that 



is 



either one-one 



or 



many-one. 








For 



a 



one-one function, the graph 



of 



y 



against 



x 



doesn’t ‘double back’ 



on 








itself. 








Below are some examples 



of 



one-one functions. 








» 



All straight lines that are not parallel 



to 



either axis. 








» 



Functions 



of 



the form 



y 



= 



x2n+1 



for integer values 



of 



n. 








» 



Functions 



of 



the form 



y 



= 



ax 



for 



a 



> 



0. 








» 



y 



= 



cos 



x 



for 



0° 



 



x 



 



180°. 








These are examples 



of 



many-one functions: 








» 



all 



quadratic curves, 








» 



cubic equations with two turning points. 








Worked example 








Sketch each function and state whether 



it is 



one-one 



or 



many-one. 








a 



y 



= 



x 



+ 



3 








b 



y 



= 



x² 



− 



1 








Solution 








a 



y 



= 



x 



+ 



3 is a 



straight line. 








When 



x 



= 



0, 



y 



= 



3, so the 



point 



(0, 3) is on the 



line. 








When 



y 



= 



0, 



x 



= −3, 



so the 



point (−3, 



0) is on the 



line. 








x 








y 








−3 








3 








y 



= 



x 



+ 



3 








y 



= 



x 



+ 



3 is a 



one-one function. 
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b 



y 



= 



x² 



is a 



∪-shaped 



curve through 



the 



origin. 








y 



= 



x² 



− 



1 is the 



same shape, 



but has 



been moved down one unit 



so 



crosses 








the 



y-axis 



at (0, 



−1). 








y 



= 



x² 



− 



1 



factorises 



to 



y 



= 



(x 



+ 



1)(x 



– 1) 








⇒  



When 



y 



= 



0, 



x 



= 



1 or 



x 



= −1. 








x 








y 








−1 








−1 








1 








y 



= 



x 








2 



− 1 








y 



= 



x2 



− 



1 is a 



many-one function since, 



for 



example, 



y 



= 



0 



corresponds 



to 








both 



x 



= 



1 



and 



x 



= −1. 








Inverse function 








The 



inverse function reverses 



the 



effect 



of the 



function. 



For 



example, 








if the 



function 



says 



‘double’, 



the 



inverse 



says 



‘halve’; 



if the 



function 








says 



‘add 



2’, the 



inverse 



says 



‘subtract 



2’. All 



one-one functions have 



an 








inverse; many-one functions 



do not. 








Worked example 








a 



Use 



a 



flow chart 



to 



find 



the 



inverse 



of the 



function f(x) 



= 








x 



+ 








3 2 








2 








. 








b 



Sketch 



the 



graphs 



of 



y 



= 



f(x) and 



y 



= 



f 



–1(x) 



on the 



same axes. Use 



the 



same 








scale 



on 



both axes. 








c 



What 



do 



you notice? 








Solution 








a 



For f(x) 



= 








x 



+ 








3 2 








2 








: 








Input 








3x 








3x + 2 








3x + 



2 








2 








× 



3 








+ 



2 








÷ 



2 








Output 








f(x) 








x 








Reversing these operations gives 



the 



inverse function. 








Input 








2x 








2x − 2 








× 



2 








− 



2 








÷ 



3 








Output 








f 








−1 



(x) 








x 








2x − 



2 








3 
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b 








–2 








–3 








–1 








–1 








–2 








–3 








–4 








–4 








–5 








1 








1 








2 








3 








4 








5 








6 








7 








2 3 4 5 6 7 








f(x) 








x 








y 



= 



x 








y 



= 








3x + 



2 








2 








y 



= 








2x − 2 








3 








c 



The graphs 



of 



y 



= 



f(x) and 



y 



= 



f 



–1(x) 



are 



reflections 



of 



each other 



in the 



line 








y = 



x. 








An 



alternative method 



is to 



interchange 



the 



coordinates, since this gives 



a 








reflection 



in the 



line 



y 



= 



x, 



and then 



use an 



algebraic method 



to 



find 



the 



inverse 








as 



shown 



in the 



next example. 








Worked example 








a 



Find 



g–1 (x) 



when g(x) 



= 



3 








  








x 



+ 



4. 








b 



Sketch 



y 



= 



g(x) and 



y 



= 



g–1 (x) on the 



same axes. Use 



the 



same scale 



on 



both 








axes. 








Solution 








a 



Let 



y 



= 



3 








  








x 



+ 



4. 








Interchange 



x 



and 



y. 








x 



= 



3 








  








y 



+ 



4 








Rearrange 



to 



make 



y 



the 



subject. 








x 



– 4 



= 



3 








  








y 








⇒ 



y 



= 



3(x – 4) 








The inverse function 



is 



given 



by g–1 (x) 



= 



3(x – 4). 








Reflecting in the 








line 



y 



= 



x 



has the 








effect of switching 








the 



x- 



and 








y- 



coordinates. 








Rearranging and 








interchanging 



x 








and 



y 



can be done 








in either 



order. 
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b 








−1 








−1 








1 








1 








2 








2 








3 








3 








4 








4 








5 








5 








6 








6 








7 








7 








8 








8 








9 








9 








10 








10 








y 



= 



3(x 



− 4) 








g(x) 








x 








x y 



= 








y 



= 



x 








3 








+ 



4 








Worked example 








a 



Sketch 



the 



graph 



of the 



function f(x) 



= 



x2 



for 



−4 



 



x 



 



4. 








b 



Explain, using 



an 



example, why f(x) does 



not 



have 



an 



inverse with 








−4 



 



x 



 



4 as its 



domain. 








c 



Suggest 



a 



suitable domain 



for 



f(x) 



so 



that 



an 



inverse can 



be 



found. 








Solution 








a 








–2 








–3 








–1 –2 








–4 








2 








4 








6 








8 








10 








12 








14 








16 








1 2 3 4 








f(x) 








x 








y 



= 



f 



(x) 








b 



The function does 



not 



have 



an 



inverse with 



−4 



 



x 



 



4 as its 



domain because, 








for 



example, f(2) and f(−2) both equal 



4. 



This means that 



if the 



function were 








reversed, there would 



be no 



unique value 



for 4 to 



return 



to. In 



other words, 








f(x) 



= 



x2 



is not a 



one-one function 



for 



−4 



 



x 



 



4. 








c 



Any domain 



in 



which 



the 



function 



is 



one-one, 



for 



example, 



0 



 



x 



 



4. 
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1 



For 



the 



function f(x) 



= 



3x 



+ 



4, 



find: 








a 



f(3) 








b 



f(−2) 








c 



f(0) 








d 



f 








1 








2 








( ) 








2 



For the 



function 



g(x) 



= 



(x 



+ 



2)², find: 








a 



g(4) 








b 



g(−6) 








c 



g(0) 








d 



g 



1 








2 








( ) 








3 



For 



the 



function 



h:x 



→ 



3x2 



+ 



1, 



find: 








a 



h(2) 








b 



h(−3) 








c 



h(0) 








d 



h 








1 








3 








( ) 








4 



For 



the 



function 



f: 



x 








2 6 








3 








→ 








+ 








x 








, 



find: 








a 



f(3) 








b 



f(−6) 








c 



f(0) 








d 



f 








1 








4 








( ) 








5 



For the 



function 



f( ) 








2 1 








= 








+ 








x 








x 



: 








a 



Draw 



a 



mapping diagram 



to 



show 



the 



outputs when 



the set of 



inputs 








is the 



odd numbers from 



1 to 9 



inclusive. 








b 



Draw 



a 



mapping diagram 



to 



show 



the 



outputs when 



the set of 



inputs 








is the 



even numbers from 



2 to 10 



inclusive. 








c 



Which number must 



be 



excluded 



as an 



input? 








6 



Find 



the 



range 



of 



each function: 








a 



f(x) 



= 



3x – 2; 



domain 



{1, 2, 3, 4, 5} 








b 



g(x) 



= 








4 








2 








− 








x 








; 



domain {−2, 



−1, 



0, 1, 2} 








c 



h(x) 



= 



2x2 ; 



domain 



x∈ℝ 








d 



f: 



x 



→ 



x2 



+ 



6; 



domain 



x∈ℝ 








7 



Which value(s) must 



be 



excluded from 



the 



domain 



of 



these functions? 








a 



f(x) 



= 








1 








x 








c 



f(x) 



= 








3 








2 3 








− 








x 








b 



f(x) 



= 








1 








− 








x 








d 



f(x) 



= 



2 








2 








− 



x 








8 



Find 



the 



inverse 



of 



each function: 








a 



f(x) 



= 



7x 



− 



2 








c 



h(x) 



= 



(x – 1)2 for 



x 



 



1 








b 



g(x) 



= 








3 4 








2 








+ 








x 








d 



f(x) 



= 



x2 



+ 



4 for 



x 



 



0 








9 a 



Find 



the 



inverse 



of the 



function f(x) 



= 



3x – 4. 








b 



Sketch f(x), 



f 



–1(x) 



and 



the 



line 



y 



= 



x 



on the 



same axes. Use 



the 



same 








scale 



on 



both axes. 








10 a 



Plot 



the 



graph 



of the 



function f(x) 



= 



4 



− 



x2 



for 



values 



of 



x 



such that 








0  



x 



 



3. 



Use 



the 



same scale 



on 



both axes. 








b 



Find 



the 



values 



of f–1 



(−5), 



f–1 



(0), 



f–1 (3) 



and 



f–1 



(4). 








c 



Sketch 



y 



= 



f(x), 



y 



= 



f–1 (x) 



and 



y 



= 



x 



on the 



same axes. Use 



the 



range 



−6 








to 



+6 



for 



both axes. 








Exercise 



1.1 








x+ 








2 1 








  








is the 








notation for the 








positive square 








root of 



x+ 








2 1 








Plot: Start with a 








table of values. 








Sketch: Show the 








main features of 








the 



curve. 

















Composition 



of 



functions 








11 








Composition 



of functions 








When two functions are used one after the other, the single equivalent 








function 



is 



called the 



composite function. 








For example, 



if 



f(x) 



= 



3x 



+ 



2 



and g(x) 



= 



2x – 3, 



then the composite function 








gf(x) 



is 



obtained 



by 



applying 



f 



first and then applying 



g to 



the result. 








Input 








3x + 



2 








2(3x + 2) 



− 



3 








6x 



+ 



1 








Output 








x 








g f 



(x) 








f(x) 








Output 








7 








13 








19 








Input 








3 








1 








2 








x 








g 



f(x) 








If 



f(x) and g(x) are two functions such that the range 



of f is 



the domain 








of g, 



then gf(x) 



= 



g(f(x)) means that you apply 



f 



first and then apply 



g to 








the result. 








f 



2(x) 



is 



the same 



as 



f(f(x)) and means that you apply the same function 








twice. 








The order 



in 



which these operations are applied 



is 



important, 



as 



shown 








below. 








Worked example 








Given that f(x) 



= 



2x, 



g(x) 



= 



x2 



and h(x) 



= 








1 








x 








, 



find: 








a 



fg(x) 








d 



fgh(x) 








b 



gf(x) 








e 



hgf(x) 








c 



h2 (x) 








Solution 








a 



fg(x) 



= 



f(x2 ) 








= 



2x2 








b 



gf(x) 



= 



g(2x) 








= 



(2x)2 








= 



4x2 








d 



fgh(x) 



= 



fg 








1 








( ) 








x 








= 



f 








1 








2 








( ) 








 








 








 








 








x 








= 



f 








1 








2 








( ) 








x 








= 








2 








2 








x 








e 



hgf(x) 



= 



hg(2x) 








= 



h((2x)²) 








= 



h(4x²) 








= 








1 








4 








2 








x 








c 



h²(x) 



= 



h[h(x)] 








= 



h 








1 








( ) 








x 








= 



1 



1 








x 








÷ 








= 



x 
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Worked example 








a 



Find 



f–1 (x) 



when f(x) 



=  








− 








2 1 








4 








x 








b 



Find 



f[f–1 



(x)]. 








c 



Find 



f–1 



[f(x)]. 








d 



What 



do 



you notice? 








Solution 








a 



Write f(x) 



as 



y 



= 








− 








2 1 








4 








x 








Interchange 



x 



and 



y. x 



= 








− 








2 1 








4 








y 








⇒ 



4x 



= 



2y 



− 



1 








⇒ 



2y 



= 



4x 



+1 








⇒ y 



= 








+ 








4 1 








2 








x 








⇒ 



f–1 (x) 



= 








+ 








4 1 








2 








x 








b 



f[f–1 



(x)] 



= 



f 








+ 








 








 








 








 








4 1 








2 








x 








  








= 








( ) 








+ − 








2 4 1 








2 








1 








4 








x 








= 








( 








) 








+ − 








4 1 1 








4 








x 








= 








4 








4 








x 








= 



x 








c 



f–1 



[f(x)] 



= 



f–1 



( ) 








− 








2 1 








4 








x 








= 








( ) 








− + 








4 2 1 








4 








1 








2 








x 








= 








( 








) 








− + 








2 1 1 








2 








x 








= 








2 








2 








x 








= 



x 








d 



Questions 



a 



and 



b 



show that 



f[f–1 



(x)] 



= 



f–1 



[f(x)] 



= 



x. 








The examples above show that applying 



a 



function and 



its 



inverse 



in 








either order leaves the original quantity unchanged, which 



is 



what the 








notation 



f(f 



–1) 



or 



f–1 



(f) 



implies. 








Worked example 








Using 



the 



functions f(x) 



= 



sin 



x 



and g(x) 



= 



x2 



, 



express 



the 



following 



as 



functions 








of 



x: 








a 



fg(x) 








b 



gf(x) 








c 



f 



2(x) 








This result is true for 








all functions that 








have an 



inverse. 
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Solution 








a 



fg(x) 



= 



f[g(x)] 








= 



sin(x2 



) 








b 



gf(x) 



= 



g[f(x)] 








= 



(sin 



x)² 








c 



f²(x) 



= 



f[f(x)] 








= 



sin(sin 



x) 








The modulus function 








The 



modulus 



of a 



number 



is its 



positive value even when the number 








itself 



is 



negative. 








The modulus 



is 



denoted 



by a 



vertical line 



on 



each side 



of 



the number 








and 



is 



sometimes called the 



magnitude 



of 



the quantity. 








For example, |28| 



= 



28 



and |–28| 



= 



28 








|x| 



= 



x 



when 



x 



 



0 



and 



|x| 



= 



–x 



when 



x 



< 



0 








Therefore for the graph 



of 



the modulus function 



y 



= 



|f(x)|, any part 



of 








the corresponding graph 



of 



y 



= 



f(x) where 



y 



< 0, is 



reflected 



in 



the 



x-axis. 








Worked example 








For each 



of the 



following, sketch 



y 



= 



f(x) and 



y 



= 



|f(x)| 



on 



separate axes: 








a 



y 



= 



x 



– 2; 



−2 



 



x 



 



6 








b 



y 



= 



x2 



– 2; 



−3 



 



x 



 



3 








c 



y 



= 



cosx; 








0° 



 



x 



 



180° 








Solution 








a 








–1 








–1 








–2 








–3 








–4 








–5 








–2 








1 








2 








3 








4 








5 








6 








1 2 3 4 5 6 



x 








y 








–1 








–1 








–2 








–3 








–4 








–5 








–2 








1 








2 








3 








4 








5 








y 



= 



| 



x 



− 



2| 








6 








1 2 3 4 5 6 



x 








y 








y 



= 



x 



− 



2 








Notice that sin(x 



2) 



is 








not the same as (sin 



x)2 








or sin(sin 



x). 
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b 








–1 








–1 








–2 








–3 








–2 








–3 








1 








2 








3 








4 








5 








7 








6 








1 2 3 



x 








y 








–1 








–1 








–2 








–3 








–3 –2 








1 








2 








3 








4 








5 








y 



= 



| 



x 








2 








− 



2| 








7 








6 








1 2 3 



x 








y 








y 



= 



x 








2 








− 



2 








c 








–1 








–1 








90° 








180° 








90° 








180° 








–1 








1 








y 



= cos 



x 








y 



= 



cos 



x 



 








x 








x 








y 








y 








1 



Given that f(x) 



= 



3x 



+ 



2, 



g(x) 



= 



x2 



and h(x) 



= 



2x, 



find: 








a 



fg(2) 








b 



fg(x) 








c 



gh(x) 








d 



fgh(x) 








2 



Given 



that f(x) 



= 








+ 








2 1 








x 








and g(x) 



= 



4 



− 



x, 



find: 








a 



fg(−4) 








b 



gf(12) 








c 



fg(x) 








d 



gf(x) 








3 



Given that f(x) 



= 



x 



+ 



4, 



g(x) 



= 



2x2 



and h(x) 



= 



+ 








1 








2 1 








x 








, 



find: 








a 



f²(x) 








b 



g²(x) 








c 



h²(x) 








d 



hgf(x) 








4 



For each function, find 



the 



inverse and sketch 



the 



graphs 



of 



y 



= 



f(x) and 








y = 



f−1 (x) on the 



same axes. Use 



the 



same scale 



on 



both axes. 








a 



f(x) 



= 



3x 



− 



1 








b 



f(x) 



= 



x3 



, 



x 



> 0 








5 



Solve 



the 



following equations: 








a 



|x 



− 



3| 



= 



4 








b 



|2x 



+ 



1| 



= 



7 








c 



|3x 



− 



2| 



= 



5 








d 



|x 



+ 



2| 



= 



2 








6 



Sketch 



the 



graph 



of 



each function: 








a 



y 



= 



x 



+ 



2 








b 



y 



= 



|x 



+ 



2| 








c 



y 



= 



|x 



+ 



2| 



+ 



3 








Exercise 



1.2 








Notice the sharp 








change of gradient 








from negative to 








positive, where 








part of the graph 








is reflected. This 








point is called a 








‘cusp’. 

















The 



modulus function 








15 








7 



Sketch these graphs 



for 0° 



 



x 



 



360°: 








a 



y 



= 



cos 



x 








c 



y 



= 



|cos 



x| 








b 



y 



= 



cos 



x 



+ 



1 








d 



y 



= 



|cos 



x| 



+ 



1 








8 



Graph 



1 



represents 



the 



line 



y 



= 



2x 



− 



1. 



Graph 



2 is 



related 



to 



Graph 



1 



and 








Graph 



3 is 



related 



to 



Graph 



2. 








Write down 



the 



equations 



of 



Graph 



2 



and Graph 



3. 








Graph 



1 








Graph 



2 








Graph 



3 








x 








x 








x 








y 








y 








y 








–1 








1 








0.5 








0.5 








3 








4 








0.5 








9 



The graph shows part 



of a 



quadratic curve and 



its 



inverse. 








1 








(1, 2) 








(2, 5) 








1 








x 








y 








y 



= 



x 








a 



What 



is the 



equation 



of the 



curve? 








b 



What 



is the 



equation 



of the 



inverse? 








10 a 



Sketch 



the 



graphs 



of 



these functions: 








i 



y 



= 



1 



− 



2x 








iii 



y 



= −|1 − 



2x| 








ii 



y 



= 



|1 



− 



2x| 








iv 



y 



= 



3 



−|1 − 



2x| 








b 



Use 



a 



series 



of 



transformations 



to 



sketch 



the 



graph 



of 



y 



= 



|3x 



+ 



1| 



− 



2. 
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For each part: 








a 



Sketch both graphs 



on the 



same axes. 








b 



Write down 



the 



coordinates 



of 



their points 



of 



intersection. 








i 



y 



= 



|x| 



and 



y 



= 



1 



− 



|x| 








ii 



y 



= 



2|x| and 



y 



= 



2 



− 



|x| 








iii 



y 



= 



3|x| and 



y 



= 



3 



− 



|x| 








Exercise 



1.2 



(cont) 








Past-paper 



questions 








1 



The functions 



f 



and 



g 



are defined 



by 








f( ) 








2 








1 








for 








0, 








g( ) 








1for 








1 








x 








x 








x 








x 








x 








x 








x 








= + 








> 








= 








+ 








> − 








(i) 



Find fg(8). 








[2] 








(ii) 



Find an expression for f 



2(x), 



giving your answer in the form 








ax 








bx 



c 








+ 








, 








where 



a, b 



and 



c 



are integers to be found. 








[3] 








(iii) 



Find an expression for g−1 (x), stating its domain and range. 








[4] 








(iv) 



On axes like the ones below, sketch the graphs of 



y 



= 



g(x) and 



y 



= 



g−1 (x), 








indicating the geometrical relationship between the graphs. 








[3] 








O 








x 








y 








Cambridge 



O 



Level Additional Mathematics 4037 








Paper 



21 



Q12 June 2014 








Cambridge IGCSE Additional Mathematics 0606 








Paper 



21 



Q12 June 2014 
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Functions 








2 (i) 



Sketch the graph 



of 



y 



= 



|3x 



− 



5|, 



for 



−2 



 



x 



 



3, 



showing the 








coordinates 



of 



the points where the graph meets the axes. 








[3] 








(ii) 



On the same diagram, sketch the graph of 



y 



= 



8x. 








[1] 








(iii) 



Solve the equation 8x 



= 



|3x 



− 



5|. 








[3] 








Cambridge 



O 



Level Additional Mathematics 4037 








Paper 



13 



Q7 November 2010 








Cambridge IGCSE Additional Mathematics 0606 








Paper 



13 



Q7 November 2010 








Learning outcomes 








Now 



you 



should 



be able to: 








H 



understand the terms function, domain, range (image set), 








one-one function, inverse function and composite function 








H 



use the notation f(x) 



= 



sin 



x, 



f: 



x 



 



g(x), 



x 



> 0, f 



−1 



(x) and 



f 



2(x) 








[= f(f(x))] 








H 



understand the relationship between 



y 



= 



f(x) and 



y 



= 



|f(x)|, where 








f(x) may 



be 



linear, quadratic 



or 



trigonometric 








H 



explain 



in 



words why 



a 



given function 



is a 



function 



or 



why 



it 



does 








not have 



an 



inverse 








H 



find the inverse 



of a 



one-one function and form composite 








functions 








H 



use sketch graphs 



to 



show the relationship between 



a 



function and 








its 



inverse. 
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Key points 








✔ 



A 



mapping 



is a rule for changing one number into another number or 









numbers. 








✔ 



A 



function, 



f(x), is a rule that maps one number onto another single 









number. 








✔ 



The 



graph of a function 



has only one value of 



y 



for each value of 



x. 









However, two or more values of 



x 



may give the same value of 



y. 








✔ 



A 



flow chart 



can be used to show the individual operations within a 









function in the order in which they are applied. 








✔ 



The 



domain 



of a function is the set of 



input values, 



or 



objects, 



that 









the function is operating on. 








✔ 



The 



range 



or 



image set 



of a function is the corresponding set of 









output values 



or 



images, 



f(x). 








✔ 



A 



mapping diagram 



can be used to illustrate a function. It is best used 









when the domain contains only a small number of values. 








✔ 



In a 



one-one function 



there is a unique value of 



y 



for every value of 



x 









and a unique value of 



x 



for every value of 



y. 








✔ 



In a 



many-one 



function two or more values of 



x 



correspond to the 









same value of 



y. 








✔ 



In a 



one-many 



function one value of 



x 



corresponds to two or more 









values of 



y. 








✔ 



In a 



many-many 



function two or more values of 



x 



correspond to the 









same value of 



y 



and two or more values of 



y 



correspond to the same 








value of 



x. 








✔ 



The 



inverse 



of a function reverses the effect of the function. Only one- 









one functions have inverses. 








✔ 



The term 



composition of functions 



is used to describe the application 









of one function followed by another function(s).The notation fg(x) 








means that the function g is applied first, then f is applied to the result. 








✔ 



The 



modulus 



of a number or a function is always a positive value. 









|x| 



= 



x 



if 



x 



 



0 and |x| 



= −x 



if 



x 



< 



0. 








✔ 



The modulus of a function 



y 



= 



f(x) is denoted by |f(x)| and is illustrated 









by reflecting any part of the graph where 



y 



< 



0 in the 



x-axis. 
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One really can’t argue with 



a 



mathematical theorem. 








Stephen Hawking (1942–2018) 








Early mathematics focused principally 



on 



arithmetic and geometry. 








However, 



in 



the sixteenth century 



a 



French mathematician, 








François Viète, started work 



on 



‘new algebra’. He was 



a 



lawyer 



by 



trade 








and served 



as a 



privy councillor 



to 



both Henry 



III 



and Henry 



IV of 








France. His innovative use 



of 



letters and parameters 



in 



equations was 








an important step towards modern algebra. 








2  



Quadratic 



functions 








François Viète (1540−1603) 








Discussion 



point 








Viète presented methods 



of 



solving equations 



of 



second, third and 








fourth degrees and discovered 



the 



connection between 



the 



positive roots 








of an 



equation and 



the 



coefficients 



of 



different powers 



of the 



unknown 








quantity. Another 



of 



Viete’s remarkable achievements was 



to 



prove that 








claims that 



a 



circle could 



be 



squared, 



an 



angle trisected and 








the 



cube doubled were untrue. 



He 



achieved 



all 



this, and much more, 








using only 



a 



ruler and compasses, without 



the 



use 



of 



either tables 



or a 








calculator! 



In 



order 



to 



appreciate 



the 



challenges Viète faced, 



try to 



solve 








the 



quadratic equation 



2x² − 8x 



+ 



5 



= 



0 



without using 



a 



calculator. Give 








your answers correct 



to 



two decimal places. 
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This chapter 



is 



about quadratic functions and covers 



a 



number 



of 








related themes. 








The graph below illustrates these themes: 








2 








4 








6 








8 








−1 








−2 








1 








2 








3 








4 








5 








x 








y 








The values 



of 



x 



at 



the points where the 








curve crosses the 



x-axis 



are the roots of 








the quadratic equation 



x² 



− 



4x 



+ 



3 



= 



0. 








Coverage of quadratic equations begins 








at the bottom of page 22. 








The turning point and the line of 








symmetry can be found by expressing 








the equation 



in 



completed square form. 








Coverage of completed square form 








begins 



on 



page 24. 








The equation is 



y 



= 



x 








2 








− 



4x 



+ 



3. 








x 








2 








− 



4x 



+ 



3 is a 



quadratic function. 








Quadratic functions are covered 








throughout the early part of this 








chapter. 








This is 



a 



quadratic curve. 








Quadratic curves are 








covered 



on 



pages

 



20

 to 



22

. 








Maximum and minimum values 








A 



polynomial 



is an 



expression 



in 



which, with 



the 



exception 



of a 








constant, 



the 



terms 



are 



positive integer powers 



of a 



variable. 



The 



highest 








power 



is the 



order 



of the 



polynomial. 








A 



quadratic function 



or 



expression 



is a 



polynomial 



of 



order 



2. 








x² 



+ 



3, 



a² 



and 2y² − 3y 



+ 



5 are all 



quadratic expressions. Each expression 








contains only 



one 



variable (letter), 



and the 



highest power 



of that 








variable 



is 2. 








The 



graph 



of a 



quadratic function 



is 



either 



∪-shaped 



or 



∩-shaped. 








Think about 



the 



expression 



x² 



+ 



3x 



+ 



2. 



When 



the 



value 



of 



x 



is 



very 








large 



and 



positive, 



or 



very large 



and 



negative, 



the 



x² 



term dominates 



the 








expression, resulting 



in 



large positive values. Therefore 



the 



graph 



of the 








function 



is 



∪-shaped. 
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Similarly, 



the −2x² 



term dominates 



the 



expression 



5 



− 



4x − 2x² for 



both 








large positive 



and 



large negative values 



of 



x 



giving negative values 








of the 



expression 



for 



both. Therefore 



the 



graph 



of this 



function 



is 








∩-shaped. 








Although many 



of the 



quadratic equations 



that you will 



meet 



will 



have 








three terms, 



you will also 



meet quadratic equations with only 



two, or 








even 



one 



term. These 



fall into two 



main categories. 








1 



Equations with 



no 



constant term, 



for 



example, 



2x² − 5x 



= 



0. 








This has 



x 



as a 



common factor 



so 



factorises 



to 



x(2x 



− 



5) 



= 



0 








⇒ 



x 



= 



0 or 2x 



− 



5 



= 



0 








⇒ 



x 



= 



0 or 



x 



= 



2.5 








2 



Equations with 



no 



‘middle’ term, which come 



into two 



categories: 








i 



The sign of the 



constant term 



is 



negative, 



for 



example, 



a² 



− 9 



= 



0 








and 2a² − 7 



= 



0. 








a² 



− 9 



= 



0 



factorises 



to (a 



+ 



3)(a 



− 



3) 



= 



0 








⇒ 



a 



= −3 



or 



a 



= 



3 








2a² − 7 



= 



0 



⇒ 



a² 



= 



3.5 








⇒ 



a 



= 








3.5 








± 








ii 



The sign of the 



constant term 



is 



positive, 



for 



example, 



p² 



+ 



4 



= 



0. 








p² 



+ 



4 



= 



0 



⇒ 



p² 



= 



−4, so 



there 



is no 



real-valued solution. 








Note 








Depending 



on the 



calculator you 



are 



using, 



( 4) 








− 



may 



be 



displayed 



as 



‘Math 








error’ 



or ‘2i’, 



where 



i is 



used 



to 



denote 








1 








( ) 








− 



. 



This 



is a 



complex number 



or 








imaginary number 



which you will meet 



if 



you study Further Mathematics 



at 








Advanced Level. 








The vertical line of 



symmetry 








Graphs 



of all 



quadratic functions have 



a 



vertical 



line of 



symmetry. 



You 








can use this to find the 



maximum 



or 



minimum value 



of the 



function. 








If the 



graph crosses 



the 



horizontal axis, then 



the line of 



symmetry 








is 



halfway between 



the two 



points 



of 



intersection. 



The 



maximum 



or 








minimum value 



lies on this line of 



symmetry. 
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Worked example 








a 



Plot 



the 



graph 



of 



y 



= 



x² 



− 4x − 5 for 



values 



of 



x 



from 



−2 to 



+6. 








b 



Identify 



the 



values 



of 



x 



where 



the 



curve intersects 



the 



horizontal axis. 








c 



Hence find 



the 



coordinates 



of the 



maximum 



or 



minimum point. 








Solution 








a 








x 








–2 








–1 








0 








1 








2 








3 








4 5 6 








y 








7 








0 








−5 








−8 








–9 








−8 −5 








0 7 








–2 








–1 








–2 








–3 








–4 








–5 








–6 








–7 








–8 








–9 








–10 








–1 








1 








1 








2 








3 








4 








5 








6 








7 








2 








3 








4 








5 








6 



x 








y 








y 



= 



x 








2 



− 4x − 



5 








b 



The graph intersects 



the 



horizontal axis when 



x 



= 



−1 



and when 



x 



= 5. 








c 



The graph shows that 



the 



curve 



has a 



minimum turning point halfway 








between 



x 



= 



−1 



and 



x 



= 5. 



The table shows that 



the 



coordinates 



of 



this point 








are (2, 



−9). 








Factorising 








Drawing graphs 



by 



hand 



to 



find maximum 



or 



minimum values can 



be 








time-consuming. The following example shows you how 



to 



use algebra 








to 



find these values. 








First create a table 








of values for 








−2 



x 








ഛ ഛ 








  



6. 








This point is often 








referred to as the 








turning point of 








turning point 








the curve. 








This is also shown 








in the table. 








The line 



x 



= 2 








passes through the 








turning point. It is 








a vertical line of 








a vertical line of 








symmetry for the 








symmetry 








curve. 
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