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AQA A Level 



Mathematics 



(Pure) 








Get the most from this book 








Welcome to your Revision Guide for the 



Pure 








Mathematics content of the AQA 



A 



Level 








Mathematics 



course. This book will provide you 








with reminders 



of 



the knowledge and skills you 








will be expected to demonstrate in the exam with 








opportunities to check and practice those skills on 








exam-style questions. Additional hints and notes 








throughout help you to avoid common errors and 








provide 



a 



better understanding of what’s needed in 








the exam. 








In order to revise the Applied Mathematics 








(Mechanics and Statistics) content of the course, 








you will need to refer to My Revision Notes: 








AQA A Level Mathematics (Applied). 








The material in this book also covers the AQA 








AS Level Mathematics exam, however you may 








prefer to use the Revision Guide for the Pure 








Mathematics content of the AQA Year 1/AS Level 








Mathematics course which just covers all the pure 








mathematics 



needed for that exam. 








Included with the purchase of this book 



is 



valuable 








online material that provides full worked solutions to 








all the ‘Target your revision’, ‘Exam-style questions’ 








and ‘Review questions’, 



as 



well 



as 



full explanations and 








feedback to each answer option in the ‘Test yourself 



’ 








multiple choice questions. The 



online material 



is 








available 



at 



http://www.hoddereducation. 








co.uk/MRNAQAALPure. 








Features 



to help you 



succeed 








Target your revision 








Use these questions 



at 



the start 



of 



each 



of 



the three 








sections to focus your revision on the topics you find 








tricky. 



Short answers 



are 



at 



the back 



of 



the book, but 








use the 



worked solutions online 



to check each step 








in your solution. 








About this topic 








At the start of each chapter, this provides 



a 



concise 








overview of its content. 








Before you start, 



remember 








A 



summary of the key things you need to know 








before 



you start the chapter. 








Key facts 








Check you understand all the key facts in each 








subsection. These provide 



a 



useful checklist 



if 



you 








get stuck on 



a 



question. 








Worked examples 








Full worked examples show you what the examiner 








expects to see in order to ensure full marks in the 








exam. 








Hint 








Expert tips are given throughout the book to help 








you do well in the exam. 








Common mistakes 








Your attention 



is 



drawn to typical mistakes students 








make, so you can avoid them. 








Test yourself 








Succinct sets of multiple-choice questions test 








your understanding of each topic. Check your 








answers online. 



The 



online feedback 



will 








explain any mistakes you made 



as 



well 



as 



common 








misconceptions, allowing you to try again. 








Exam-style 



questions 








For each topic, these provide typical questions you 








should expect to meet in the exam. 



Short answers 








are 



at 



the back of the book, and you can check your 








working using the 



online worked solutions. 








Review questions 








After you have completed each of the three sections 








in the book, answer these questions for more 








practice. 



Short answers 



are 



at 



the back of the book, 








but the 



online worked solutions 



allow you to 








check every line in your solution. 


















iv 








Additional 



help 








At the end 



of 



the book, you will find some useful 








information: 








Exam 



preparation 








Includes hints and tips on revising for the 



A 



Level 








Mathematics exam, and details the exact structure of 








the exam papers. 








Make sure you know these 



formulae 








for your exam 








Provides 



a 



succinct list of all the formulae you need 








to remember and the formulae that will be given to 








you in the exam. 








Please note that the formula sheet 



as 



provided by the 








exam board for the exam may be subject to change. 








Integration 



at a glance 








Provides an overview of all the different integration 








methods so you can see when to use each one. 








During your exam 








Includes key words to watch out for, common 








mistakes to avoid and tips 



if 



you get stuck on 



a 








question. 
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AQA A Level 



Mathematics 



(Pure) 








SECTION 



1 








Target your revision (Chapters 1–5) 








1 



Use the symbols 



⇒, ⇐ 



and 



⇔ 








       Complete each of the following statements by  








selecting the best connecting symbol (⇔, ⇐ or  








⇒) for each box. 








       Explain your choice, giving full reasons. 








i  



For integer n: n is odd   n 








2 








 + 1 is even 








ii  



ABCD has 4 equal sides   ABCD is a  








square 








iii  



x 



3 








> 



        ( 








)( 








) 








x 








x 








1 








3 0 








− 








− > 








(see 



page 4) 








2 



Use proof by 



exhaustion 








       Prove that n 








2 








 + n + 41 is prime for all positive  








integers less than 8. 








(see 



page 4) 








3 



Use proof by deduction 








Prove that the product of any two odd numbers  








is odd. 








(see 



page 4) 








4 



Use proof by 



contradiction 








       Prove that  








 








sin 








cos 








1 








θ 








θ 








+ 








  when  



≤ ≤ 








0 








90 








θ 








° 








°. 








(see 



page 4) 








5 



Disprove by counter example 








       Prove or disprove the following conjecture: 








       Given a and b are irrational and a 



≠ 



b, then ab is  








also irrational. 








(see 



page 4) 








6 



Use and 



manipulate 



surds 








       Show that  80 








20 








− 








 can be written in the form  








a b where b is the smallest integer possible. 








(see 



page 9) 








7 



Rationalise 



the 



denominator 



of a surd 








       Show that 1 4 2 








1 2 








− 








+ 








 can be expressed in the form  








2 








a b 








+ 








, where a and b are integers. 








(see 



page 9) 








8 



Use the laws of indices 










Simplify  



( 








) 








a b c 








ab c 








18 








3 








. 








3 4 3 








2 3 2 








(see 



page 9) 








9 



Understand 



negative and fractional indices 








       Write 3 








3 








1 








3 








1 








2 








3 








2 








1 








2 








+ 








− 



 in the form k 3. 








(see 



page 9) 








10 



Sketch the graphs of 



logarithms 



and 








exponentials 








Sketch the graphs of  








i  



y 








x 








2 ln 








= + 








ii  








= + 








− 








1 e 








y 








x 








. 








Give the equations of any asymptotes and the  








coordinates of any intersections with the axes. 








(see 



page 13) 








11 



Simplify 



expression 



involving logs 








       Express  








x 








x 








2 log log 3 log 








+ 








− 








 as a single  








logarithm. 








(see 



page 13) 








12 



Solve equations involving logs and 








exponentials 








i  



Given 8 








x 








= 



27 find the value of 4 








x 








. 








ii  



Given that  








x 








2 log log 10 log 20 








10 








10 








10 








− 








= 








, find  








the exact value of x. 








(see 



page 13) 








13 



Use logs in 



modelling 








The relationship between y and t is modelled by  








y A 








kt 








10 








= × 








, where A and k are constants. 








i  



Show that the graph of log  y against t is a  








straight line. 








The straight-line graph obtained when log y is  








plotted against t passes through the points   








(1, 2.8) and (4, 4.3). 








Find 








ii  



the value of A and of k 








iii  



the value of y when 



t 



= 10 








iv  



the value of 



t when y 



= 100, giving your  








answer correct to one decimal place. 








(see 



page 18) 








14 



Work with quadratic equations 








       Use factorising to solve  



x x 








6 11 3 0 








2 








− + = 



. 








       Hence sketch the curve  



y x x 








6 11 3 








2 








= − + 



. 








(see 



page 24) 








15 



Complete the square 








       Write y 



x x 








6 5 








2 








= − + 



 in the form  








( ) 








y x a b 








2 








= + + 



. 








(see 



page 24) 








16 



Use the 



discriminant 








       Find the values of k so that the equation  








x kx 








3 








3 0 








2 








+ + = 



 has one repeated root. 








(see 



page 



24) 


















2 








SECTION 1 








SECTION 



1 








17 



Find the 



coordinates 



of the point where two 








lines intersect 








       The lines 3x − 2y = 5 and y = 4 − 3x intersect at  








the point X. 








       Find the coordinates of X. 








(see 



page 31) 








18 



Solve 



simultaneous 



equations where one 








equation is quadratic 








       Find the coordinates of the points where the  








line y 



= 



3x 



− 



2 intersects the curve y 








2 








= 



4x 



+ 



8. 








(see 



page 31) 








19 



Find the 



coordinates 



of the point where two 








curves intersect 








       Find the coordinates of the point(s) where  








( 








) 








x 








y 








1 








6 








2 








+ + = 



 and  



y 








x 








3 








1 








2 








= 








− 



  intersect. 








(see 



page 31) 








20 



Solve linear 



inequalities 








       Solve  








( 








) 








x 



≤ 








8 2 3 2 








10 








− < 








− 








. 








(see 



page 35) 








21 



Solve quadratic 



inequalities 








       Solve x 








x 








 








3 








10 0 








2 








− − 








. 








(see 



page 35) 








22 



Represent inequalities graphically 








       Show graphically the region represented by  








+ 








− 








x x 








x 








≤ 



3 . 








2 








(see 



page 35) 








23 



Add, subtract, multiply and divide 








polynomials 








       You are given that f 








2 








7 








7 2 








3 








2 








= 








− 








+ − 








( ) 








x 








x 








x 








x 



,  








= 








− 








+ 








x 








x 








x 








g 








3 








2 








5 








3 








( ) 








 and  



( ) 








x 








x 








h 








2 








= − 



. 








       Find 








i  



f(x) + g(x) 








iii  



h(x) × g(x) 








ii  



g(x) − f(x) 








iv  



f(x) ÷ h(x). 








(see 



page 38) 








24 



Simplify rational 



expressions 








       Simplify 








i  








x 








x x 








1 








2 








1 








2 








2 








− 








+ − 








ii  



x 








x 








x 








2 








1 








1 








. 








2 








− 








− + 








(see 



page 38) 








25 



Use the factor theorem and sketch the graph 








of a 



polynomial 








       You are given f 








3 








4 








5 2 








3 








2 








= − 








+ 








+ − 








( ) 








x 








x 








x 








x 



. 








i  



Show that x = −1 is a root of f(x) = 0. 








ii  



Show that (3x − 1) is a factor of f(x). 








iii  



Factorise f(x) fully and hence solve f(x) = 0. 








iv  



Sketch the graph of y 



= 



f(x). 








(see 



page 43) 








26 



Calculate the length, midpoint and gradient of 








a line segment 








Two points A and B have coordinates (−2, 3) and  








(4, −5) respectively. 








Find 








i 



the midpoint of AB 








ii  



the gradient of AB 








iii  



the distance AB. 








(see 



page 47) 








27 



Use the 



relationship 



between the gradients of 








parallel lines and find the equation of a line 








       The line l passes through the point (2, −5) and  








is parallel to the line x + 2y = 6. 








i  



Find the equation of the line l, giving your  








answer in the form 



y 



= 



mx 



+ 



c. 








ii 



Find the coordinates of the points where l  








crosses the x and y-axes. 








(see 



page 47) 








28 



Use the 



relationship 



between the gradients of 








perpendicular 



lines 








The points A and B have coordinates (3, 7) and  








(−6, 1). 








Find the gradient of a line perpendicular to AB. 








(see 



page 47) 








29 



Use the equation of a circle 








Find the equation of the following circles: 








i  



centre (−2, 1), radius  5 








ii  



passing through the points A(−4, 3) and   








B (2, 7) with diameter AB. 








(see 



page 52) 








30 



Solve problems involving circles 








       The point P(6, −1) lies on the circle  








( 








) ( ) 








x 








y 








3 








5 25. 








2 








2 








− + + = 








       Find the equation of the tangent to the circle at P. 








(see 



page 52) 








31 



Find a 



composite 



function 








       The functions  



( ) 








x x 








f 3 – 2 








= 








 and g( 



) 








x x 








2 








= 



 are  








defined for all real numbers. 








i  



Find 








A  



ff (2) 








B  



gf (x) 








ii  



Solve gf (x) = g(x). 








(see 



page 



57) 


















3 








AQA A Level 
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32 



Use 



transformations 



to sketch graphs 








       The diagram shows a sketch of the graph of the  








function  



y 








x 








f( 



) 








= 








. 








x 








y 








2 








0 








P 








Q(4, 



3) 








The graph intersects the y-axis at the point   








P(0, 2) and the point Q(4, 3) is the maximum  








turning point. 








For each of the following transformations of  








f ( ) 








y 








x 



, 








= 








 find the coordinates of the points to  








which the points P and Q are transformed. 








i  








( ) 








y 








x 








f 2 








= − 








ii  








( ) 








y 








x 








3f 








5 








= 








− 








iii  








( 








) 








y 








x 








f 2 1 








= 








+ 








(see 



page 62) 








Short answers on page 213—214 








Full 



worked solutions 



online 








33 



Find an inverse function and sketch its graph 








       You are given that  



( ) 








x 








x 








f 1 e 








2 








= + 



. 








i 



Find the domain and range of f(x). 








ii  



Find  



( ) 








x 








f 








1 








− 








 and the domain and range of  



( ) 








x 








f 








1 








− 








. 








iii  



Draw the graph of  








( ) 








y x 








f 








= 








 and  








( ) 








y x 








f 








1 








= 








− 








 on  








the same pair of axes. 








(see 



page 66) 








34 



Draw graphs of modulus functions 








       Draw the graphs of 








i  



y x 








2 3 








= + 








ii  








2 3. 








= + 








y x 








. 








(see 



page 70) 








35 



Solve equations involving modulus functions 








       Solve  








i  








x 








4 2 6 








− = 








ii  








x x 








4 2 3 








− = 








iii  








x x 








4 2 3 6 . 








− = + 








(see 



page 70) 








36 



Solve 



inequalities 



involving modulus 








functions 








i  



Express  








x 








3 








7 








< < 



 in the form  



− < 








x a b,  








where a and b are to be determined. 








ii  



Solve the inequality  








 








2 1 3 








− 








x 








. 








(see 



page 70) 
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4 



Chapter 



1 Proof 








Chapter 



1 Proof 








About this topic 








Constructing 



a 



mathematical argument 



is 



an important skill. Many exam 








questions require you to prove results and demonstrate that you can work 








logically and systematically. 








Before you start, 



remember 










● 



different types of number: integer, multiple, factor, square, cube, 











prime, rational and irrational 












l 



an irrational number 



is a 



number that can’t be written 



as a 



fraction 



a 











b 








, 








where 



a 



and 



b 



are integers (whole numbers). For example, 








2 = 



1.414213… 



is 



an irrational number 



as it 



can’t be expressed 



as a 








fraction 



– 



the decimal part continues for ever and never repeats 












l 



how to use the laws of indices 








l 



geometry from GCSE maths. 











Proof 








Key facts 








1 



P ⇒ Q means P implies Q or P leads 



to 



Q. 








P is a sufficient condition for Q. 








       For example, ABCD is a square ⇒ ABCD is a quadrilateral. 








2 



P ⇐ Q means P is 



implied by Q or P follows from Q. 








P is a necessary condition for Q. 








3 



P ⇔ Q means P implies 



and is implied by Q or P is 



equivalent 



to Q. 








       P is a necessary 



and sufficient condition for Q. 








       For example: the last digit of an integer is 0 or 5 ⇔ it is divisible by 5. 








4 



The converse of P ⇒ Q is P ⇐ Q. 








5 



A conjecture is a mathematical statement which appears likely to  








be true, but has not been formally proved to be true. 








       You can prove a conjecture by: 












●  



proof by exhaustion 








●  



proof by deduction or direct argument 








●  



proof by contradiction. 













6 



Sometimes it is easier to disprove a conjecture by finding a  








counter example. 








You test every possible case –  








to exhaust all possibilities. 








ABCD is a quadrilateral does  








not imply ABCD is a square – it  








could be a rectangle! 








So you can’t say   








ABCD is a square ⇐ ABCD   








is a quadrilateral. 








Start by assuming the  








conjecture you are trying to  








prove is false and then show that  








this leads to something that is  








clearly not true (a contradiction),  








meaning that the conjecture  








must actually be true. 








Start from a known result  








and then construct a logical  








argument as to why the  








conjecture must be true. This  








type of proof often uses algebra. 








You only need to find a single counter example to disprove  








a statement. 
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AQA A Level 



Mathematics 



(Pure) 








Worked examples 








1 



Using the symbols 



⇒, ⇐ 



and 



⇔ 








In each case choose one of the statements  








P 



⇒ 



Q 








P 



⇐ 



Q  








P 



⇔ 



Q 








to describe the complete relationship between P and Q. 








i  



P: x = 3 and Q: x 








2 








 = 9  








ii  



Given that n is an integer 








P: n 








3 








 − 1 is an odd integer and Q: n is an even integer 








iii  



ABCD is a quadrilateral. 








P: ABCD has two pairs of parallel sides.  








Q: ABCD is a rectangle. 








Solution 










i 



When 



x 



= 3 then 



x 








2 








= 9 so P 



⇒ 



Q is true. 








When 



x 








2 








= 9 then 



x 



= 3 or 



−3 



so the converse Q 



⇒ 



P 








or P 



⇐ 



Q is not true. 








So the relationship is P 



⇒ 



Q. 








ii  



When 



n 








3 








− 



1 is an odd integer then 



n 








3 








is even 



⇒ 



n 



is 








even. 








So P 



⇒ 



Q is true. 








When 



n 



is an even integer then 



n 








3 








is even 



⇒ 



n 








3 








− 



1 is 








odd. 








So the converse Q 



⇒ 



P or P 



⇐ 



Q is also true. 








So the relationship is P 



⇔ 



Q. 








iii  



ABCD has two pairs of parallel sides 



⇒ 



ABCD is a 








rectangle or a parallelogram. 








So P 



⇒ 



Q is not true. 








ABCD is a rectangle 



⇒ 



ABCD has two pairs of parallel 








sides. 








So the converse Q 



⇒ 



P or P 



⇐ 



Q is true. 








So the relationship is P 



⇐ 



Q. 










2 



Proof by 



exhaustion 








Prove that no square number has a final digit that is an 8. 








Solution 








The final digit in any square number comes from squaring 








the last digit. 








Test all single digit numbers. 










0 = 0, 1 = 1, 2 = 4, 3 = 9, 4 = 16, 5 = 25 








6 = 36, 7 = 49, 8 = 64, 9 = 81, 10 = 100 








2 








2 








2 








2 








2 








2 








2 








2 








2 








2 








2 










No single digit square number has a final digit of 8, and 








hence no square number can end in an 8. 








A 








D 








C 








Rectangle 








Parallelogram 








B A 








D 








C 








B 








Think about working out,  








say, 123 × 123 using long  








multiplication. The resulting  








number will have 9 as a final  








digit. 








Hint: 



Make sure you set out  








your reasoning clearly.  








Don’t forget to check the  








converse! 








Hint: 



Proof by exhaustion is  








effective when there are only  








a limited number of cases to  








check.  
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3 Proof by direct argument using algebra 








Prove that the difference between consecutive square numbers is  








always an odd number. 








Solution 










If 



n 



is a general integer then 



n 








2 








and (n 



+ 



1) 








2 








are 








consecutive square numbers. 










This means that the difference between consecutive 








square numbers is of the form 










n 








n 








n 








n 








n 








n 








( + 1) 








= 








+2 + 1 








= 2 + 1. 








2 








2 








2 








2 








− 








− 










2n + 1 is not divisible by 2, so the difference between 








consecutive square numbers must always be odd. 








4 Proof by direct argument using geometry 








Prove that the angle subtended  








by an arc of a circle at the centre  








is twice the angle subtended at  








the circumference by the same  








arc, i.e. that y = 2x in the diagram  








shown. 








You may assume the result that the  








angles in a triangle add up to 180°. 








Solution 








a 








A 








B 








C 








b 








b 








a 








y 








O 








x 








The angle subtended by arc AC at the circumference is 










x 








ABC = 








∠ 








. 










The angle subtended by arc AC at the centre is 



∠ 








y 








AOC = 



. 








Triangles OBC and OBA are isosceles. 








Hint: 



To construct this proof,  








you need a general expression  








for the difference between  








consecutive square numbers. To  








test whether a number is odd,  








you need to use the definition of  








an odd number, i.e. a number  








that is not divisible by 2. 








x 








y 








O 








Hint: 



For proofs of geometric  








properties, it is essential to  








draw a clear diagram. It often  








helps to add construction lines,  








like line OB in this example,  








so that you can use known  








properties of shapes (such as  








isosceles triangles having two  








equal angles) to help construct  








your proof. 








Hint: 



The angles around the  








centre point add to 360°. 








The angles in a triangle add to  








180°. 








They each have two sides that  








are radii of the circle. 
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So 








a 








OBC = OCB = 








∠ 








∠ 








and 








b 








OAB = OBA = 








∠ 








∠ 








So 








a 








BOC = 180 








2 








∠ 








°− 








and 








b 








AOB = 180 2 








∠ 








°− 








a 








b 








y 








a 








b 



y 








y 








a 



b 








180° 2 + 180° 2 = 360° 








2 + 2 = 








= 2( + ) 








⇒ 








− 








− 








− 








⇒ 








⇒ 








x 



a 



b 








y 








x 








but = + so = 2 . 










Hence, the angle subtended at the centre is twice the 








angle subtended at the circumference. 








5 Proof by 



contradiction 








Prove that  3 is irrational. 








Solution 










Assume that 3 is rational, so it can be written in the form 








a 








b 








3 = , where a and b are integers with no common factors. 








⇒ 








⇒ 








⇒ 








⇒ 








⇒ 








⇒ 








⇒ 








a 








b 








a 








b 








b 








a 








a 








a 








a k 








k 








b 








k 








b 








k 








b 








k 








b 








b 








3 = 








3 = 








3 = 








is a multiple of 3, so is a multiple of 3, i.e. = 3 , 








where 








is an integer. 








3 = (3 ) 








3 = 9 








= 3 








is a multiple of 3, so 








is a multiple of 3. 








2 








2 








2 








2 








2 








2 








2 








2 








2 








2 








2 








2 










The proof began by assuming that 



a 



and 



b 



have no 








common factors and then showed that, if 3 is rational, 








3 must be a factor of both 



a 



and 



b. 



This is a contradiction 








and therefore 3 must be irrational. 








6 Disproof by counter example 










Is it true that x 








2 








  x for all real numbers? 










Solution 










1 = 1 








50 = 2500 








(-4) = 16 








2 








2 








2 








However, 








1 








2 








= 








1 








4 








2 








 








 








 








 








and 1 








4 








1 








2 








< 



, showing that it is not true that 








x 








2 



 



x 



for all real numbers. 










Hint: 



You can think of proof   








by contradiction as being a  








similar argument to an alibi in   








a criminal case. For example,   








if you want to prove that Mrs X   








is innocent, you could begin  








by assuming that she is guilty  








but then show that this is a  








contradiction, because she was  








in Glasgow at the time when  








the murder was committed  








in London, so Mrs X must be  








innocent. 










If a 








2 








 is divisible by 3 then 3 is a  








prime factor of a 








2.	However,	all	 








square numbers are the product  








of square prime factors, for  








example 30 = 2 × 3 × 5   








and 30 








2 








 = 2 








2 








 × 3 








2 








 × 5 








2.	So	3 2 








 is a  








factor of a 








2 








 and 3 is a factor of a. 










If b is a multiple of 3 then 3 is a  








factor of b. 








Hint: 



Definitions are often  








important in mathematical  








proofs. Here the argument is  








based upon the definition of a  








rational number. 








Hint: 








•  To show that a conjecture is  








false, only one case where  








it does not work, a counter  








example, is required. Counter  








examples can be hard to find,  








but the technique is very  








powerful because only one is  








needed to prove a conjecture  








is false.  








•  For conjectures involving  








numbers, it’s worth testing  








to see whether they work  








for negative numbers and  








fractions. In worked example 6, 

       










the conjecture that x 








2 








 c x   








only fails when 0 < x < 1. 


















8 








Chapter 1 Proof 








Chapter 



1 Proof 








Test yourself 










1  



‘For all values of n 



greater than or equal to 1,  








3 1 








2 








+ + 








n 








n 



 is a prime number.’  








       Which value of n gives a counter example which disproves this conjecture? 








A 



n = 7 








B 



n = 2 








C 



n = 8 








D 



n = 6 








2 



Below is a proof that appears to show that 2 = 0. 








       The proof must contain an error. At which line does the error occur? 















a b 








a 








b 








a 








b 








a b a b 








a b 








Let 








= = 1 








= 








= 0 








( + )( 








) = 0 








+ = 0 








2 = 0 








2 








2 








2 








2 








[Line1] 








[Line 2] 








[Line 3] 








[Line 4] 








[Line 5] 








⇒ 








⇒ 








− 








⇒ 








− 








⇒ 








⇒ 








A 



Line 1 








B 



Line 2 








C 



Line 4 








D 



Line 3 








E  



Line 5 








3  



Below is an attempt to prove that if an integer, p, is even, p 








2 








 is also even. 








       Is the proof correct, or does it contain an error? If it contains an error, at which line does the error occur? 








p 








p 








k 








k 








p 








k 








k 








p 








k 








p 








If 








is even then = 2 , where 








is an integer. 








= 2 








= 4 








= 2 2 








is even 








2 








2 








2 








2 








2 








2 








[Line1] 








[Line 2] 








[Line 3] 








[Line 4] 








⇒ 








⇒ 








⇒ 








( 








) 








( 








) 








A 



There are no errors in the proof  








B 



Line 2  








C 



Line 3 








D 



Line 4  








E  



Line 1 








4  



Below is an attempt to prove that there are an infinite number of primes. 















p 








p p p 








p 








p 








p p p 








p 








p 








p p p 








p 








p 








p p p 








p 








p 








p p p 








p 








p 








p 








p 








n 








n 








n 








n 








n 








n 








n 








n 








n 








n 








n 








n 








n 








 








 








 








 








 








If there are a finite 



number 



of prime 



numbers, 



there must be a 



largest 



prime 



number, 



. 








If , , , , 








are all the primes less than then 








1will leave a 



remainder 



of 1 when it is 



divided 



by any of 








, , , , 








, 








Therefore 








1 is prime. 








Since 








1 must be bigger than , we have a 



contradiction 



because 








we began by stating that 








was the 



largest 



prime. 








Therefore there must be an infinite number of prime numbers. 








1 








2 








3 








1 








1 








2 








3 








1 








1 








2 








3 








1 








1 








2 








3 








1 








1 








2 








3 








1 








× 








× 








× × 








× 








+ 








× 








× 








× × 








× 








+ 








× 








× 








× × 








× 








+ 








− 








− 








− 








− 








− 








Step1: 








Step 2 : 








Step 3 : 








Step 4 : 








The following 5 statements refer to this attempted proof. Four of them are false and one of them is  








true. Which one is true? 








A  



n = 5 gives a counter example because  








1 121. 








1 








2 








3 4 5 








× × × × + = 








p p p p p 








B  



n = 3 gives a counter example because  








1 106 








1 








2 








3 








× × + = 








p p p 








 and 106 is not prime. 








C  



n = 6 gives a counter example because 30 



031 59 509 








= × 








. 








D  



n = 4 gives a counter example because  



× × × + = 








2 3 5 7 1 211 and 211 is not prime. 








E  



There are no errors in the proof. 










Full 



worked solutions 



online 








CHECKED ANSWERS 








Exam-style 



question 










Prove by contradiction that  2 is irrational. 










Short answers on page 214 








Full 



worked solutions 



online 








CHECKED ANSWERS 
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About this topic 








This topic deals with indices (powers), surds and logarithms. You will 








need to use the laws of indices to help you manipulate and simplify 








expressions. 










A 



surd 



is a 



type of irrational number which can be written exactly in 








square root form such 



as 5 



or 



4 2 3 








− 








. 










Exponential functions are functions where the index (or power) 



is a 








variable. The inverse of an exponential function 



is a 



logarithm. 








Before you start, 



remember 










l 



how to expand brackets 








l 



how to simplify expressions 








l 



how to use the laws of indices from GCSE maths. 











Surds and 



indices 








Key facts 










1 



In the expression a 








m 



 , a is the base and m is the index or power to  








which the base is raised. 








2 



The laws 



of indices are: 








●  



a 








m 








× 



a 








n 








= 



a 








m 



+ 



n 








●  










a 








a 








m 








n 








= 



a 








m 



− 



n 








●  



( ) 



= 








a 








a 








m n 








mn 








. 








3 



Remember that any non-zero number to the power 



zero is equal to 1. 








       3 








0 








 = 1   








(−2) 








0 








 = 1 

       








2.6 








0 








 = 1 








4 



For negative and fractional powers 








●  








= 








− 








a 








a 








m 








m 








1 








●  








= 








a 








a 








m 








m 








1 








●  








= 








a 








a 








m 








n 








m 








n 








. 








5 



A surd is an expression containing an irrational root, such as  








+ 








5 








3  or  



− 








2 








7 








3 



. 








6 



A surd is in its simplest 



form when the number under the square  








root has no square factors. 








●  








12 is not in simplest form 








●  



2 3 is in simplest form. 








7 



You can add 



and subtract surds to simplify them in the same way  








as other algebraic expressions. 








8 



When you multiply surds, remember: 















. 








x 








x x 








xy 








x y 








× 








= 








= 

















Multiplication 








Division 








0 








0 








 is undefined. 








Power of a power 








A negative index indicates a  








reciprocal. 








A fractional index is a root. 








Keep the rational numbers and  








the roots separate. 








Remember that   means the  








positive square 



root only. 
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9 



When a fraction has a surd in the denominator it is not in its  








simplest form. 








You simplify it by rationalising 



the 



denominator. 








For fractions in the form: 








●  








a 








1 



multiply the top and bottom lines by  



a 








●  








+ 








a b 








1 








 multiply the top and bottom lines by a 








b 








− 








. 








       Remember ( 








)( 








) 








a b a b a b 








2 








2 








+ 








− = 








− 



 and  



a 








b a b a b 








( 








)( 








) 








+ 








− 








= − 



. 










Worked examples 








1 



Simplifying expressions 



involving indices 








Simplify 










i  








( 








) 








3 








2 








4 








4 








23 








2 9 








× 








a b 








ab 








a b 















ii  





c c 








6 










Solution 










i  








× 








× 








× 








× 








× 








× × 








× × 








× 








× 








× 








− 








a 



b 








ab 








a 



b 








a 



b 








a 



b 








a 



b 








a 








a 








b b 








a 



b 








a 








b 








a 



b 








a 








b 








a 








b 








3 








(2 








) 








4 








= 



3 








2 








4 








= 



3 2 








4 








= 



3 8 








4 








= 



6 








= 



6 








4 








2 



3 








2 



9 








4 








3 



3 



6 








2 



9 








3 








4 








3 








6 








2 



9 








7 








7 








2 



9 








5 








2 








5 








2 








ii  








= 








= 








= 








+ 








c c 








c c 








c 








c 








c 








6 








1 








6 








1 








2 








1 








6 








1 








2 








2 








3 








2 








3 










2 Using index notation 








Find the value of x in each case. 










i  



32 2 2 








= 








x 















ii  








x 








2 








2 








1 








4 








= 










Solution 










i  








× 








⇒ 








+ 








x 








32 



2 



= 



2 








2 








= 2 








= 2 








2 = 2 








= 11 








2 








x 








5 








1 








2 








5 



1 








2 








11 








2 








11 








2 








ii  



2 








2 








= 2 








2 








= 2 








x 








x 








x 








1 








2 








1 








2 








− 








Using  








= 








a a 








m 








m 








. 








1 








. 








Using  








= 








a a 








m 








n 








m 








n 








. 








Using  








= 








a a 








m 








m 








. 








1 








Use the laws of indices  








to remove the brackets:  








( ) 








a 








a 








m n mn 








. 








= 








Using  








× = 








+ 








a a a 








m n m n 



. 








Using  








= 








− 








a 








a 








a 








m 








n 








m n 








. 








Using  








= 








− 








a 








a 








m 








m 








1 . 








Write the left-hand side as a  








single power of 2. 










Common mistake: Don’t forget  








to answer the question! 
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⇒ 








⇒ 



− 








− 








⇒ 








− 








− 








− 








− 








x 








x 








1 








4 








= 2 








2 








= 2 








1 








2 








= 



2 








= 



3 








2 








x 








2 








1 








2 








2 

















3 



Simplifying 



surds 








Simplify 










i  



4 








5 








ii  








7 








5 








7 








5 








( 








)( 








) 








− 








+ 








iii  



54 








24. 








− 










Solution 










i  








× 








4 








5 








= 4 








5 








5 








5 








= 4 5 








5 








ii  








7 








5 








7 + 5 = 7 7 + 7 5 








5 7 








5 5 








= 7 5 








= 2 








( 








)( 








) 








− 








− 








− 








− 








iii 










− 








× − 








× 








− 








− 








54 








24 = 



9 



6 








4 



6 








= 



9 



6 








4 



6 








= 



3 



6 



2 



6 








= 6 

















4 



Rationalising 



the 



denominator 










Rationalise the denominator 14 7 2 








5 3 2 








+ 








− 








. 










Solution 










( ) 








− 








− 








× 








× 








× 








− 








− 








14 + 7 2 








5 3 2 








= 








14 + 7 2 








5 3 2 








5 + 3 2 








5 + 3 2 








= 








14 5 + 35 2 + 42 2 + 21 2 








5 








3 2 








= 








112 + 77 2 








25 18 








= 








112 + 77 2 








7 








= 16 + 11 2 








2 








2 










Hint: To simplify a surd look  








for factors that are square  








numbers. 








You have rationalised the  








denominator. 








Write the right-hand side as a  








single power of 2. 








Equate the powers. 










Using ( 








)( 








) 








+ 








− 








= − 








a b a b a b. 








Multiply by  








5 3 2 








5 3 2 








+ 








+ 








 to make the  








bottom line a whole number. 










Common mistake: You must  








multiply both the top and  








bottom by the same thing (so  








you are really multiplying by 1),  








otherwise you will change the  








value of the fraction. 








This is not in the simplest form  








because the bottom line is a  








surd. 
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Test yourself 








Make sure you can work these out without a calculator! 










1  



Find the value of  








1 








3 








2 








( ) 








− 








A  



−9 








B  








1 








9 








C  



9 








D  








1 








9 








− 








E  








2 








3 








− 








2  



Find the value of  








36 








16 








1 








2 








3 








4 








, giving the answer in its simplest form. 








A  



3 








4 








B  








3 








2 








C  



36 








16 








1 








4 








( ) 








− 








D  



3 








E  








6 








8 








3  



Simplify ( 








) 








− 








2 2 3 








2 



, giving your answer in factorised form. 








A  



16 








B  



8( 








) 








− 








8 2 








3 








C  



−8( 








) 








+ 








1 3 








D  








− 








16 8 3 








E  



4( 








) 








− 








4 3 








4  



Simplify  








( 








) 








2 








10 








4 2 3 








3 








5 








2 








( 








) 








x y 








x y 















A  








1 








5 








6 








x y 








B  








2 








25 








6 








x y 








C  








4 








5 








6 








4 








x 








y 








D  








4 








5 








6 








x y 








E  








8 








10 








12 6 








6 5 








x y 








x y 








5  



Find the exact answer to  








× 








54 48  simplifying your answer as much as possible. 








A  



50.9 








B  



36 2 








C  



12 18 








D  



36 








E  








2592 










Full 



worked solutions 



online 








CHECKED ANSWERS 








Exam-style question 








In this 



question 



you 



must show detailed 



reasoning. 








Find the value of a and b in each case. 










i  








× × 








= 








a 








b 








4 2 








3 








3 








2 








3 








2 








ii  








a 








b 








3 5 








3 








5 








3 








2 








− 








+ 








= − 










Short 



answers 



on page 214 








Full worked solutions online 








CHECKED ANSWERS 
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Mathematics 



(Pure) 








Key facts 










1 



An exponential 



function is a function which has the variable as   








the power, such as f(x) = 2 








x 



. 










An alternative name for power is exponent. 










2 



f(x) = e 








x 








 is the 



exponential 



function where e is the number  








2.718 281… 










3 



Exponential functions model real-life situations and all graphs  








follow a similar pattern to one of the curves below. 










0 








0 








1 








2 








−1 








−1 








1 








2 








3 








−2 








−2 








−3 








y 








y 



= ex 








y 



= 



e–x 








y 








x 








x 








(0, 



1) 








(0, 



1) 








(1, 



e) 








(−1, 



e) 








For the blue curve, y = e 








x 



, the gradient at any point equals the   








y coordinate, so  








y 








x 








x 








d 








d 








e 








= 








y 








y 








x 








k 








kx 








kx 








e 








d 








d 








e 








= 








⇒ 








= 










4 



Logarithm is another word for index or power. 








A logarithm is the inverse of the exponential function. 










       So  



y 








x 








log 



2 








= 








 is the inverse function of y = 2 








x 















       This is true for any base a, not just 2: 















y 








x a x 








a 








y 








log 








= 








⇔ = 










       So  








a 








x 








a 








x 








log 



( )= 



 and  








log 








= 








a 








x 








a x 








. 








5 



The natural 



logarithm of x is written as ln x or  








x 








log 



e 



. 








       e 








x 








 and ln x are inverse functions. 








       The graph of y = ln x is a reflection of y = e 








x 








 in the line y = x. 








3 








2 








1 








(0, 



1) 








(1, 



0) 








y 








y 



= 



x 








y 



= ln 



x 








y 



= 



e 








x 








x 








1 








2 








(e, 



1) 








(1, 



e) 








3 








0 








−1 








−1 








−2 








−3 








−2 








−3 








Exponential functions are in  








the form f(x) = a 








x 








 where a is a  








constant and  



≠ 








a 



1. They obey  








all the usual rules of indices,  








see page 9. 








Hint: 



Note all curves in the  








form y = a 








kx 



: 








●  



pass through (0, 1) 








●  



lie above the x-axis (so y is  








positive for all values of x) 








●  



have a gradient that is  








proportional to the   








y coordinate, so  



∝ 



y 








y 








x 








d 








d 








. 








In general, the graph of   








y = a 








−x 



, a > 1 has a gradient that  








is decreasing. This is described  








as exponential 



decay. 








In general, the graph of   








y = a 








x 



, where a is constant and  








a > 1, has a gradient that is  








increasing. This is described as  








exponential growth. 








The negative x-axis is an  








asymptote for  



= 








y 








x 








e . The  








negative y-axis is an asymptote  








for y = ln x. 








Exponential functions 



and 



logarithms 








The graph of  



= 








y 








x 








a 








log 



 is a  








reflection of  



= 








y a 








x 



 in the line  








y 



= 



x. 








y x x 








y 








ln 








e . 








= ⇔ = 










Notice that for values of  








x 



between 0 and 1, ln 



x is  








negative. 


















14 








Chapter 2 Indices, surds and logs 








Chapter 



2 



Indices, 



surds and logs 








6 



Rules for logarithms to any base (including natural logarithms): 










●  



multiplication:      



xy 








x 








y 








log 








log 








log 








= 








+ 








●  



division:  















= 








− 








x 








y 








x 








y 








log 








log 








log 








●  



powers:  








x n 








x 








n 








log 








log 








= 








●  



roots:  

       








x 








x 








n 








n 








log 








1 log 








= 








●  



logarithm of 1:  








= 








log1 0 








●  



reciprocals:  



       








x 








x 








log 








1 








log 








= − 








●  



logarithm to its own base:  








a 








a 








log 








1 








= 



. 












●  



If a logarithmic expression is true for any base, then the base  











will often be omitted. 








7 



Logarithms can be used to solve equations involving powers to any  








level of accuracy: 










( 








) 








5 50 








log 5 log 50 








log 5 log 50 








log 50 








log 5 








2.43 to 3 s.f. 








x 








x 








x 








x 








= 








⇒ 








= 








⇒ 








= 








⇒ 








= 








= 










Hint: 



There may be two or three  








logarithm buttons on your  








calculator, depending on how  








sophisticated it is. You need to  








use the basic log button which  








may be labelled just ‘log’ or   








‘ 



log 



10’	and	the	natural	log	 








button ‘ln’. 








So ln e = 1. 








Worked examples 








1 



Evaluating logarithms 








Find the values of the following. 










i  



log 125 








5 








ii  








( ) 








log 








1 








16 








2 








iii  



log 3 








9 










Solution 










i  



log 125 = log 5 = 3log 5 = 3 








5 








5 








3 








5 








ii  








− 








− 








− 








− 








log 








1 








16 








= log 16 = log 2 = 4 log 2 = 4 








2 








2 








2 








4 








2 








iii  



log 3 = log 9 = log 9 = 








1 








2 








log 9 = 








1 








2 








9 








9 








9 








1 








2 








9 










2 



Rearranging 



equations involving ln and e 








x 








Make t the subject. 










i  



3 








2 e 








6 








− = 








y 








t 








ii  








( 








) 








t 








y 








ln 2 3 5 








+ = 










Solution 










i  



Take the ln of both sides: In (3y 



− 



2) = In (e 








6t 








) 















ii  



Apply the exponential function to both sides: 








t 








t 








e 








=e 








e 








e 








e 2 








t 








2 + 3 = 








2 = 








3 








= 








3 








t 








y 








ln (2 3) 








5 








y 








y 








y 








5 








5 








5 








⇒ 








⇒ 








− 








⇒ 








− 








+ 








Write 125 as a power of 5 and  








then use  








x n x 








n 








log 








log 








= 








. 








Using  








= − 








x 








x 








log 








1 








log . 










Using log 








1 








= 








a 








a 








. 










( ) 








t 








t 








ln e 6 








6 








= 








⇒ 








− 








⇒ 








− 








y 








t 








t 








y 








ln 3 








2) = 6 








= 








1 








6 








ln (3 








2) 








( 
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3 Solving equations 



containing logarithms 










Given that  








x 








a 








a 








a 








a 








2 log 








log 64 log 32 2 log 4 








1 








2 








= 








+ 








− 








, find the value of x. 










Solution 

















− 








x 








2 log 








= 








1 








2 








log 64 + log 32 2log 4 








a 








a 








a 








a 








x 








log 








=log 64 + log 32 log 4 








a 








a 








a 








a 








2 








1 








2 








2 








⇒ 








− 








⇒ 








− 








x 








log 








=log 64 + log 32 log 16 








a 








a 








a 








a 








2 








⇒ 








x 








log 








=log 8 + log 








32 








16 








a 








a 








a 








2 








⇒ 








x 








log 








=log 8 + log 2 








a 








a 








a 








2 








⇒ 








× 








x 








log 








=log (2 8) 








a 








a 








2 








⇒ 








⇒ 








x 








x 








= 16 








= 4. 








2 










4 Using 



logarithms 



to evaluate a power 








Solve 










i  








= 








+ 








3 








5 








2 








1 








x 








x 








ii  








− 








+ = 








e 








10e 9 0 








2x 








x 








. 










Solution 










i  



3 = 5 








x 








x 








2 








+1 








 ⇒ 








log 3 = log 5 








x 








x 








2 








1 








+ 








⇒ 








x 








x 








2 log 3 = ( + 1)log 5 








⇒ 








⇒ 








− 








⇒ 








− 








⇒ 








− 








⇒ 








x 








x 








x 








x 








x 








x 








x 








2 log 3 = log 5 + log 5 








2 log 3 








log 5 = log 5 








(2 log 3 log 5) = log 5 








= 








log 5 








(2 log 3 log 5) 








= 2.74 to 3 s.f. 








ii  



e 








10e + 9 = 0 








x 








x 








2 








− 








  ⇒ 








− 








(e ) 








10e + 9 = 0 








x 








x 








2 








Let  



z 



= 



e 








x 



 ⇒ 








− 








z 








z 








10 + 9 = 0 








2 








⇒ 








− 








− 








⇒ 








z 








z 








z 








z 








( 








9)( 








1) = 0 








= 9 or 








= 1 








⇒ 








⇒ 








x 








x 








e 



= 9 








= ln 9 
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