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Getting 



the most from this book 








Mathematics 



is 



not only 



a 



beautiful and exciting subject in its own right but also one that underpins many 








other branches of learning. 



It is 



consequently fundamental to our national wellbeing. 








This book covers the Mechanics elements in the Mechanics elements in the OCR AS and 



A 



Level 








Further Mathematics specifications. Students start these courses 



at a 



variety of stages. Some embark on 








AS Further Mathematics in Year 12, straight after GCSE, taking 



it 



alongside AS Mathematics, and so have 








no prior experience of Mechanics. In contrast, others only begin Further Mathematics when they have 








completed the full 



A 



Level Mathematics and so have already met the Mechanics covered in OCR 



A 



Level 








Mathematics (Year 2). Between these two extremes are the many who have covered the Mechanics in AS 








Mathematics but no more. 








This book has been written with all these users in mind. So, 



it 



provides 



a 



complete course in Mechanics 








up to the required 



level. Those 



who already know some Mechanics will find some revision material in the 








early chapters. 








Chapters 1 



to 



8 



of this textbook cover the content of Further Mathematics AS Y533 Mechanics. Chapters 








1 



to 14 (the whole book) cover the content of Further Mathematics 



A 



level Y543 Mechanics. 








Between 2014 and 2016 



A 



Level Mathematics and Further Mathematics were very substantially revised, 








for first teaching in 2017. Changes that particularly affect Mechanics include increased emphasis on 








■ 



Problem solving 








■ 



Mathematical rigour 








■ 



Use 



of 



ICT 








■ 



Modelling. 








This book embraces these ideas. 



A 



large number of exercise questions involve elements of problem solving 








and require rigorous logical argument. Mechanics often provides descriptions of real world situations that 








make them tractable to calculations, and so modelling 



is 



key to this branch of mathematics. 



It 



pervades the 








whole of this book. 








Throughout the book the emphasis 



is 



on understanding and interpretation rather than mere routine 








calculations, but the various exercises do nonetheless provide plenty of scope for practising basic 








techniques. The 



exercise questions are split into three bands. Band 



1 



questions (indicated by 



a 



green bar) 








are designed to reinforce basic understanding; Band 



2 



questions (yellow bar) are broadly typical of what 








might be expected in an examination; Band 



3 



questions (red bar) explore around the topic and some of 








them are rather more demanding. In addition, extensive online support, including further questions, 



is 








available on www.hoddereducation.co.uk/OCRFurtherMathsMechanics/. 








In addition to the exercise questions, there are three sets of Practice 



questions. The 



first of these covers 








Chapters 1 



to 



5, 



the second covers Chapters 6 



to 



8, 



and the third covers Chapters 9 



to 



14. These 



include 








identified questions requiring 



problem solving 



PS 



, 



mathematical proof 



MP 



, 



use of ICT 



T 



and 








modelling 



M 



. 








There are places where the work depends on knowledge from earlier in the book or elsewhere and this 



is 








flagged up in the Prior knowledge 



boxes. This 



should be seen 



as 



an invitation to those who have problems 








with the particular topic to revisit it. At the end of each chapter there 



is a 



list of key points covered 



as 



well 








as a 



summary of the new knowledge (learning outcomes) that readers should have gained. 








Those using this book will need 



a 



working knowledge of pure mathematics including calculus and 








trigonometry. So, for example, differentiation and integration are used in kinematics, radians in circular 








motion and the scalar product in the work–energy principle in vector form. 








Two common features of the book are Activities and Discussion 



points. These 



serve rather different 








purposes. The 



Activities are designed to help readers get into the thought processes of the new work that 

















v 








they are about to meet; having done an Activity, what follows will seem much 



easier. The 



Discussion 








points invite readers to talk about particular points with their fellow students and their teacher and so 








enhance their understanding. Another feature 



is a 



Caution icon 








, 



highlighting points where 



it is 



easy 








to go wrong. 








Answers to all exercise questions and practice questions are provided 



at 



the back of the book, and also 








online 



at 



www.hoddereducation.co.uk/MEIOCRFurtherMathsMechanics. 








Much of the material 



is 



shared with 



a 



fourth edition MEI textbook and so 



is 



tried and tested. However, 



as 








a 



consequence of the changes to 



A 



Level requirements in Further Mathematics, large parts of the book are 








either new material or have been very substantially rewritten. 








Catherine Berry 








Roger Porkess 
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Prior 



knowledge 








No prior knowledge of mechanics 



is 



needed for this book. 



It 



does however assume that the reader 



is 








reasonably fluent in basic algebra and graphs: working with formulae and expressions; solving linear 








and quadratic equations and inequalities; changing the subject of 



a 



formula; working with parametric 








equations; using logarithms and exponentials. 










Basic trigonometry 



is 



used throughout, including the identity sin 








2 








θ + 



cos 








2 








θ = 1. 



Pythagoras’s theorem 



is 








used to find the resultant of two vectors. 



A 



working knowledge of calculus 



is 



also required. In the first half 








of the book polynomial functions are integrated and differentiated with respect to time; calculus 



is 



used to 








find turning points and second derivatives are sometimes used. From Chapter 10 onwards, more advanced 








calculus 



is 



required, including the chain rule and differential equations with separable variables or those 








that require an integrating factor. 











Some Pure Mathematics content 



is 



required from 



OCR 



A 



Level 



Mathematics Year 2 



and 



OCR 



A 



Level 








Further Pure 



Mathematics Year 2. 








● 



Chapter 1: Kinematics 



introduces the basic ideas and vocabulary associated with motion. 



It 



requires 










basic algebra and calculus. 











● 



Chapter 2: Forces and motion 



introduces Newton’s laws of 



motion. This 



involves forces and 










equilibrium. Vectors 



are introduced and they require the use of elementary trigonometry. 











● 



Chapter 3: 



A 



Model for friction 



builds on 



Chapters 



1 



and 



2. The algebra includes inequalities. 








● 



Chapter 4: Moments of forces 



builds on the work on forces in 



Chapter 



2. There is 



further use of 










trigonometry. 











● 



Chapter 



5: Work, 



energy and power 



introduces new concepts based on ideas in 



Chapters 



1 



and 



2. 










Algebra 



is 



used throughout and there 



is 



some use of elementary trigonometry. 











● 



Chapter 6: Impulse and momentum 



broadens the work in 



Chapter 



5. 



It 



requires the algebra of 










indices. 











● 



Chapter 7: Dimensional analysis 



reviews the dimensions and units used in mechanics. 








● 



Chapter 8: Circular motion 1 



extends the ideas of forces and vectors from 



Chapters 



1 



and 



2. 










Fluency in basic trigonometry 



is 



expected, and there 



is 



some calculus. 











The material in the remaining chapters of this book is all in the OCR specification for A 








level Further Mathematics. 



It is 



assumed that anyone taking this qualification has either 








already taken 



A 



level Mathematics or 



is 



taking 



it 



at the same time. So the Prior Knowledge 








for chapters 9 



to 13 includes the content of 



A 



level Mathematics, both the Pure Mathematics 








and the Mechanics. 








● 



Chapter 9: Centre of mass 



1 



extends the use of moments in 



Chapter 4, 



and of vectors in 



Chapter 



2. 










No calculus 



is 



used in this chapter; cases that require its use are covered in Chapter 13. 











● 



Chapter 10: Motion under 



a 



variable 



force extends the work on variable acceleration from 








Chapter 



1 



and on vectors from 



Chapter 



2. The use of calculus to find velocity and acceleration in 








Chapter 



1 



is 



extended to more than one 



dimension. The 



following topics from pure mathematics are 








required: The 



scalar product from Chapter 7 



of 



OCR AS Mathematics (Year 1) 



or from chapter 1 



of 








OCR 



A 



Level Mathematics Year 



2, solving differential equations using separation of variables from 








Chapter 13 of 



OCR 



A 



Level Mathematics Year 



2, and using integrating factor from Chapter 9 



of 



OCR 








A 



Level Further Pure Mathematics Year 



2. 










● 



Chapter 11: Circular motion 



2 



extends the work from 



Chapter 9. It 



uses conservation of energy 











from 



Chapter 5 



and builds on formulae from 



Chapter 1. It 



also uses projectile motion from Chapter 21 








of 



OCR 



A 



Level Mathematics Year 



2. 

















vii 








● 



Chapter 12: Hooke’s law 



builds on the concepts of force from 



Chapter 2, work and energy from 










Chapter 5 



and variable acceleration from 



Chapter 10. 











● 



Chapter 13: Centre of mass 2 



extends the work in 



Chapter 9 



to cover shapes requiring the use of 










calculus to find volumes and their centres of mass. 



It 



also requires elementary trigonometry. 











● 



Chapter 14: Oblique impact 



extends the ideas introduced in 



Chapter 6 



to cases where the impact 










is 



not necessarily along the line of motion. 



It 



requires the use of vectors from 



Chapter 2 



and of 








elementary trigonometry. 
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1 








The journey 



of a 








thousand miles begins 








with 



a 



single step. 








Lao Tzu 








Kinematics 








1 








Discussion point 








Describe the motion of the person in this photograph. 

















The language of motion in one dimension 








2 








1 The 



language 



of motion in one 








dimension 








Think of throwing 



a 



marble straight up in the air so that 



it 



reaches 



a 



height of 








1.25 m above your hand, before 



it 



falls back to the ground 



1 



m below your hand. 








The marble moves 



as it 



does because of the gravitational pull of the Earth. 



It is 








moving vertically up then 



down. The 



vertical direction 



is 



along the line towards, 








or away from, the centre of the Earth. 








A 



quantity which has only size, or magnitude, 



is 



called 



a 



scalar. One which has 








both magnitude and direction 



is 



called 



a 



vector. 








● 



The total 



distance travelled 



by the marble 



at 



any time does not depend on 








its direction; 



it is a 



scalar 



quantity. The 



distance 



it 



travels before hitting the 








ground 



is 



1.25 



+ 



1.25 



+ 1 = 



3.5 m. 








● 



The 



position 



of the marble 



is 



its distance above 



a 



fixed origin, for example, 








the place where 



it 



first left your hand. At the top, the position 



is 



+1.25 m. 








When 



it 



hits the ground the position 



is 



–1 m. Position 



is a 



vector quantity. 








● 



A 



position always refers to 



a 



fixed origin but 



a 



displacement 



can be measured 








from any 



position. When 



the marble reaches the ground, its displacement 








is 



–1 m relative to your hand but –2.25 m relative to the top. Displacement 



is 








also 



a 



vector. 








Figure 1.1 shows the direction of motion of the marble and relevant distances. 








The direction of motion 



is 



indicated by an arrow. Figure 1.2 



is a 



graph showing 








the position above the level of your hand against the time. 








● 



Speed 



is a 



scalar quantity and does not involve direction. 








● 



Velocity 



is 



the vector related to speed; its magnitude 



is 



the speed but 



it 



also 








has 



a direction. The 



velocity of an object 



is 



the rate 



at 



which the position 








changes. 








When 



a 



position–time graph 



is 



curved, 



as 



in Figure 1.2, the velocity changes 








with time. At any instant the velocity 



is 



given by the gradient of the tangent to 








the curve 



at 



that point. 








Figure 1.3 shows the velocity–time graph 








for the marble. 








● 



At the point A, the velocity and 








gradient of the position–time graph 








are zero. The 



marble 



is 



instantaneously 








at 



rest. 








● 



The velocity 



at 



H 



is 



positive because 








the marble 



is 



moving upwards. 








● 



The velocities 



at B 



and 



C 



are 








negative because the marble 



is 








moving downwards. 








● 



Acceleration 



is 



the rate 



at 



which the 








velocity changes. 



It is a 



vector quantity 








and can take different signs in 



a 



similar way to velocity. 








● 



The equivalent scalar quantity 



is 



magnitude of acceleration. 








Acceleration 



is 



given by the gradient of 



a 



velocity–time graph. 








1.25 m 








A 








H 








B 








C 








1 



m 








Figure 1.1 
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Figure 1.2 
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Figure 1.3 








This means that the 








velocity, v, can be 








written as 








d 








d 








v 








s 








t 








= 








where s is the position. 








This means that 








acceleration, a, can be 








written as 








d 








d 








a 








v 








t 








= 



. 

















3 








The gradient of the line in Figure 1.3 



is 



constant because the line 



is 



straight and 








it is 



negative because the line 



is 



sloping downwards. Using the first 0.5 seconds, 








its value 



is 



found to be 








= − 








− 








− 








10 








0 5 








0.5 0 








So the acceleration–time graph 



is as 



shown in Figure 1.4. 








Notation 



and units 








As with most mathematics, you will see in this book that certain letters are 








commonly used to denote certain 



quantities. This 



makes things easier to follow. 








These are the letters commonly used for motion in one direction: 










● 



s, h, r, 



x, 



y 



and 



z 



for position 








● 



t 



for time measured from 



a 



starting instant 








● 



u 



and 



v 



for velocity 








● 



a 



for acceleration. 











Vector quantities are usually printed in bold, for example, 



r, 



u, 



v 



and 



a, 








particularly when this work 



is 



extended to 



2 



and 



3 



dimensions. 








The S.I. (Système International d’Unités) unit for 



distance 



is 



the metre (m), 








for 



time 



it is 



the second (s) and for 



mass 



the kilogram (kg). Other units follow 








from these, so speed 



is 



measured in metres per second, written m 



s 








-1 








. 








Next 



steps 








The next example uses and extends the ideas developed so far. 








Tara has 



a 



letter to post on her way to 



college. The 



post box 



is 



800 m east of 








her house and the college 



is 



3.2 km to the 



west. The 



road 



is at a 



slight incline 








from west to 



east. Tara 



cycles 



at a 



steady speed of 



5 



m 



s 








-1 








while travelling east 








to the post box. She takes 40 



s at 



the post box to find her letter and post it. 








She then cycles 



at a 



steady 12.5 m 



s 








-1 








while travelling west to college. 








(i) 








Draw 



a 



diagram to illustrate Tara’s journey to college. 








(ii) 








Find the total distance Tara travels and the time she takes. 








(iii) 

Draw (a) position–time (b) velocity–time (c) distance–time (d) speed– 








time graphs to illustrate her journey. 








(iv) 

Explain why an acceleration–time graph would not be very interesting. 








Solution 








(i) 








C 








H 








P 








East 



is 



the 








positive 








direction 








1 



km = 1000 m 








12.5 m 



s 








–1 








3200 m 








800 m 








5 m s–1 








+ 








Figure 1.5 








Note 








You will recognise –10 








as an approximation to 








g, the acceleration due 








to gravity. 








When an object is 








slowing down it is often 








said to be decelerating. 








Retardation is another 








word for deceleration. 








acceleration 








(m 



s–2 ) 








1 








10 








0 








time (s) 








Figure 1.4 
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(ii) 








The distances and times for the three parts of Tara’s journey are: 








Distance 








Time 








Home 



to 



post 








box 








800 



m 








160 s 








800 








5 








= 








At post box 








0 m 








40 



s 








Post box 



to 








college 








4000 



m 








320 s 








4000 








12.5 








= 








Total 








4800 



m 








520 



s 








(iii) 








(a) 








position–time 








(b) velocity–time 








–800 








–1600 








–2400 








–3200 








position 








(m) 








100 200 








0 








300 400 500 








0 








800 








time 



(s) 








Figure 1.6 








(c) 








distance–time 








(d) speed–time 








3000 








2000 








1000 








0 








distance 








(m) 








100 200 








0 








300 400 500 








4000 








5000 








time (s) 








Figure 1.8 








5 








0 








speed 








(m s 








–1 



) 








100 200 








0 








300 400 500 








10 








time (s) 








Figure 1.9 








(iv) Tara travels 



at a 



steady speed for both parts of her journey so, apart 








from the short time when she gets up speed, her acceleration 



is 



zero. 








It is 



also zero when she 



is 



posting the letter. So the acceleration–time 








graph would be almost entirely along the horizontal axis. 








Average speed 



and 



average velocity








In real world situations 



it is 



often the case that you are interested in average 








values. For example, even on 



a 



‘good run’ you do not maintain 



a 



steady speed 








–10 








–15 








velocity 








(m 



s 








–1 



) 








100 200 








0 








300 400 500 








–5 








0 








5 








time (s) 








Figure 1.7 








Note 








The distance–time 








graph of Tara’s journey 








differs from the 








position–time graphas








it shows how far she 








travels irrespective of 








her direction. There 








are no negative values. 








The gradient of the 








distance–time graph 








represents Tara’s 








speed rather than her








velocity so it too has 








no negative values. 
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when driving on the motorway. Instead you are often slowing down and 








speeding up because of the other traffic. 








The definitions of average speed and average velocity are 








average speed =  



total distance travelled 








total time taken 








average velocity =  








displacement 








time taken 








In the previous example, 








● 



Tara’s average speed 



is 








= 








= 








− 








9.23 m s 








total distance travelled  








time taken 








4800 m 








520 s 








1 








● 



Her average velocity 



is 








= 








= 








− 








− 








− 








6.15 m s west 








6.15 m s 








displacement 








time taken 








3200 m west 








520 s 








(or 








) 








1  








1 








Changing 



units of speed 








Quite often speeds are expressed in terms of km 



h 








-1 








(kilometres per 



hour). To 








convert to m 



s 








-1 








you need to multiply by 1000 (1 km 



= 



1000 m) and divide by 








3600 (1 hour 



= 



60 



× 



60 



= 



3600 s). Or, in other words, you need to divide by 3.6. 








Conversely, to convert from m 



s 








-1 








to km 



h 








-1 








, 



you need to multiply by 3.6. 








Tara’s average speed 



is 



thus 9.23 



× 



3.6 



= 



33.23 km 



h 








-1 








. This 



may also be found 








from the calculation 








= 








× 








= 








= 








− 








4.8 








520 








3600 








4.8 3600 








520 








432 








13 








33.23 km h 








1 








Tara’s average velocity 



is 



-6.15 



× 



3.6 



= 



-22.15 



km 



h 








-1 








which may also be found 








from the calculation 








22.15 km h 








3.2 








520 








3600 








3.2 90 








13 








288 








13 








1 








= 








= 








= − 








− 








− × 








− 








− 








Using areas to find 



distances 



and 



displacements 








Speed–time and velocity–time graphs give you 



a 



lot of 



information. You 








have already seen that, 



as 



well 



as 



the actual values on the graph, the gradient 








gives you the acceleration. But 



it 



doesn’t end there. In addition, the area 








under the graph represents the distance travelled (in the case of 



a 



speed–time 








graph) or the displacement (for 



a 



velocity–time graph). 








Similarly, the area under an acceleration–time graph represents the change in 








speed or velocity. 








The next two examples illustrate these points. 








Tom 



is 



cycling home. He turns onto the main road, which 



is 



straight, 



at 








5 



m 



s 










-1 











and accelerates uniformly to 



8 



m 



s 










-1 











over the next 



6 s. 



He maintains this 








speed for 20 seconds and then slows down uniformly for 



4 



seconds to stop 








outside his home. 








Note 








Notice that the average 








used here is not the 








same as that commonly 








used when finding 








the mean of a set of 








numbers. This is not 








a situation where you 








add all the numbers 








together and divide by 








how many they are. 








Distance in km 








Displacement in km 








Time in hours 








More strictly, the area 








under the graph is 








the area of the region 








bounded by the lines, 








or curves, and the 








horizontal time axis. 








Note 








Since the area under a 








curve can be found by 








integration, it follows that 








s 








v t 








∫ 








= 








d 



andv 








a t 








∫ 








= 








d 



. 








Example 1.2 








In the calculations the 








units and direction are 








included at an early stage 








for clarity. It is quite 








usual to leave them out 








until the final answer. 








Time in hours 
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(i) 








Draw 



a 



velocity–time graph for Tom’s journey and use 



it 



to find how 








far Tom cycles. 








(ii) 








Draw an acceleration–time graph. Explain the significance of the area 








between this and the time axis. 








Solution 








(i) 








velocity 








(m s–1 ) 








5 








10 








0 








15 20 25 30 








0 








5 








10 








B 








P 








A 








R 








Q 








D 








C 








time (s) 








Figure 1.10 








The area 



is 



split into three regions. 








P 



trapezium: area 








5 8 6 



  39 m 








1 








2 








= 








+ × = 








( 








) 








Q rectangle: area 



= 8 



× 



20 



= 



160 m 








R triangle: area 








8 



4        16 m 








1 








2 








= × × 








= 








total area 



= 



215 m 








So Tom cycles 215 m. 








(ii) 








The acceleration–time graph 



is 



shown in Figure 1.11. 








–2.5 








acceleration 








(m 



s 








–2 



) 








10 








20 








0 








30 








–1.5 








–0.5 








0.5 








time (s) 








B 








C D 








A 








Between A and B, 








Tom’s velocity increases 








by 3 m s–1 in 6 



seconds 








so 



his acceleration 








is 0.5 m 



s–2 



. 








From 



B to C, 








there 



is 



no change 








in 



velocity 



so 



the 








acceleration is zero. 








(0 



– 



8) 








(30 



– 



26) 








acceleration 



= 








= 



–2 



m s 








–2 



. 








From C to D 








Figure 1.11 








From 



C 



to 



D 



Tom 



is 



slowing down while still moving in the positive 








direction towards home. 








The area between the graph and the time axis 



is 








0.5 



× 



6 + 0 



× 



20 



+ 



(-2) 



× 



4 



= 



-5. 








So Tom’s velocity decreases by 



5 



m 



s 








-1 








, 



from an initial speed of 



5 



m 



s 








-1 








to being stationary. 








Note 








Many speed–time and 








velocity–time graphs 








consist of straight–line








sections. The area








can easily be found by 








splitting them up into 








triangles, rectangles 








or trapezia. 
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A 



car 



is 



moving between two sets of traffic lights 1500 m apart on 



a 



straight 








road. Starting from rest 



at 



the first traffic light, 



it 



accelerates uniformly to 








a 



maximum speed, which 



it 



maintains for 



2 



minutes before decelerating 








uniformly until 



it 



stops 



at 



the second traffic 



light. The 



whole journey takes 








2.5 minutes. Find the maximum speed. 








Solution 








speed 








(m 



s–1 ) 








0 








150 








0 








v 








Area = 1500 m 








120 








time 



(s) 








Figure 1.12 








The sketch of the speed–time graph of the journey shows the given 








information, with suitable 



units. The 



maximum speed 



is 



v 



m 



s 








-1 








. 








The area 



is 



120 150 








1500 








1 








2 








v 








+ 








× = 








( 








) 








11.1 








1500 








135 








v 








 








= 








= 








The maximum speed 



is 



11 m 



s 








-1 








(to 



2 



s.f.). 








Information 



given 



algebraically 








So far the information about the motion of an object has been given either in 








words or in 



a 



diagram. However, sometimes you will be given 



it 



in algebraic 








form, 



as 



in the next example. 








The position of 



a 



particle moving along 



a 



straight line 



is 



given by 








x 



= 



t 








2 








- 



8t + 



12 for 



0 



≤ 



t 



≤ 



9 



where 



x 



is 



the displacement from 



a 



fixed point 








O in metres and 



t 



is 



the time in seconds. 








(i) 








At what times 



is 



the particle 



at 



O? 








(ii) 








Draw the position–time graph of the particle for 



0 



≤ 



t 



≤ 



9. 








(iii) Give the displacement and the distance travelled between 



t 



= 1 



and 



t 



= 9. 








(iv) Give the average velocity and the average speed between 



t 



= 1 



and 



t 



= 9. 








Solution 








(i) 








When the particle 



is at 



O, 



x 



= 0 








⇒t 








2 








- 



8t + 



12 



= 0 








(t 



- 



2)(t 



- 



6) 



= 0 








t 



= 2 



or 



t 



= 6 








The particle 



is at 



the origin 



at 2 



seconds and 



6 



seconds. 








Example 1.3 








Example 



1.4 
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(ii) 








25 








15 








20 








10 








5 








0 








1 2 3 4 5 6 7 8 9 








–5 








x 








t 








x 



= 



t 








2 



– 



8t + 12 








Figure 1.13 








(iii) When 



t 



= 1, 



x 



= 1 








2 








- 



8 × 1 + 



12 



= 5 








When 



t 



= 9, 



x 



= 9 








2 








- 



8 × 9 + 



12 



= 



21 








The displacement from 



t 



= 1 



to 



t 



= 9 is 



21 



- 



5 = 



16 m. 








When 



t 



= 4, 



x 



= 4 








2 








- 



8 × 4 + 



12 



= 



-4 








From 



t 



= 1 



to 



t 



= 4 



the displacement 



is 



-4 - 



5 = 



-9; 








distance travelled 



= 



+9 








From 



t 



= 4 



to 



t 



= 9 



the displacement 



is 



21 



– (-4) = 



25; 








distance travelled 



= 



+25 








Total distance travelled 



is 9 + 



25 



= 



34 m 








(iv) Average velocity 



= 








= 








= 








− 








2 



m 



s 








displacement 








time taken 








16 



m 








8 s 








1 








Average speed 



= 








= 








= 








− 








4.25 



m s 








distance travelled 








time taken 








34 



m 








8 



s 








1 








① 



For the following position–time graphs, calculate the total overall 








displacement and the total distance travelled. 








(i) 



position 








(m) 








400 








500 








300 








200 








100 








0 0 5 10 15 20 25 30 








–100 








–200 








time (s) 








Figure 1.14 








(ii) 



position 








(m) 








4 








3 








2 








1 








0 0 2 4 6 8 10 








–1 








–2 








time (s) 








Figure 1.15 








② 



For the following position–time graphs, find 








(i) 



the initial and final positions 








(ii) 



the total displacement 








(iii) 



the total distance travelled 








As you can see 








from the graph, 








the particle is at its 








most negative at 








time 4 seconds. 








The time taken is 








9 - 1 = 8 seconds. 








Exercise 



1.1 
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(iv) 



the velocity and speed for each part of the journey 








(v) 



the average velocity for the whole journey 








(vi) 



the average speed for the whole journey. 








(a) 



position 








(m) 








20 








25 








15 








10 








5 








0 0 








5 








10 








–5 








–10 








–15 








time (s) 








Figure 1.16 








(b) 



position 








(m) 








30 








20 








10 








0 








0 2 4 6 8 



10 12 








–10 








–20 








time (s) 








Figure 1.17 








③ 



The position of 



a 



particle moving along 



a 



straight line 



is 



x 



= 3t 








2 








- 



14t 



+ 



11 








where 



x 



is 



in metres and 



t 



is 



in seconds with 



0 



< 



t 



< 



5. 








(i) 



At what time 



is 



the particle 



at 



O? 








(ii) 



When 



is 



the particle furthest from its starting point? 








(iii) 



How far has the particle travelled in the first 



5 



seconds? 








④ 



A 



ball 



is 



thrown straight up in the air so that its position 



x 



m 



at 



time 



t 



s is 








given by 



x 



= 2 



+ 



12 



t 



- 



5 



t 








2 








. 








(i) 



Sketch 



a 



position–time graph for 



0 



≤ 



t 



≤ 



2.5. 








(ii) 



From what height 



is 



the ball thrown? 








(iii) 



Find the ball’s displacement relative to its starting position after 2.5 



s. 








(iv) 



At what time 



is 



the highest point reached and how high does the ball go? 








(v) 



What 



is 



the total distance travelled in the 2.5 



s? 








⑤ 



A 



car travels 50 km from 



A 



to 



B at 



an average speed of 80 km 



h 








-1 








. It 



stops 



at B 








for 30 minutes and then returns to 



A 



travelling 



at 



an average speed of 60 km 



h 








-1 








. 








(i) 



Find the total time taken for the whole journey. 








(ii) 



Find the average speed for the whole journey. 








(iii) 



Find the car’s average velocity. 








⑥ 



The speed of light 



is 3 × 



10 








8 








m 



s 








-1 








. The 



average distance from the Sun to the 








Earth 



is 



1.5 



× 



10 








8 








km. How long does 



it 



take light from the Sun to reach 








the Earth? 








⑦ 



A 



cyclist rides uphill 



a 



distance of 2.5 km 



at 



an average speed of 4.5 m 



s 








-1 








and 








returns downhill on the same course with an average speed of 14 m 



s 








-1 








. 



Find 








the average speed for the whole trip. 








⑧ 



The velocity–time graph shows the motion of 



a 



particle along 



a 



straight line. 








velocity 








(m s–1 ) 








30 








20 








10 








0 0 A 








B 








C 








20 








T 








–10 








–20 








time 



(s) 








Figure 



1.18 
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(i) 



The particle starts 



at A at 



t 



= 0 



and moves to 



B 



in the next 20 



s. 



Find 








the distance AB. 








(ii) 



At 



a 



time, 



T 



seconds, after leaving 



A 



the particle 



is at 



C, 



a 



distance 50 m 








from B. Find 



T. 








(iii) 



Find the displacement of 



C 



from A. 










⑨ 



The distance between Victoria and Paddington stations on the London 











Underground 



is 



3.5 



miles. The 



average speed of the moving tube train 



is 








15 mph and 



it 



stops for 



2 



minutes 



at 



each of seven intermediate stations. 








(i) 



Find the average speed for the journey. 








(ii) 



What would the average speed be 



if 



the stop 



at 



each station was 








reduced to 45 



s? 










⑩ 



A 



particle starts from rest 



at 



time 



t 



= 0 



and moves in 



a 



straight line, 











accelerating 



as 



follows: 








a 



= 2; 0 



≤ 



t 



≤ 



20 








a 



= 



-1; 



20 



< 



t 



≤ 



60 








where 



a 



is 



the acceleration in m 



s 








-2 








and 



t 



is 



the time in seconds. 








(i) 



Find the speed of the particle when 



t 



= 



10 and 60. 








(ii) 



Sketch 



a 



speed–time graph for the particle in the interval 



0 



≤ 



t 



≤ 



60. 








(iii) 



Find the total distance travelled by the particle in the interval 



0 



≤ 



t 



≤ 



60. 










⑪ 



A 



particle moves along 



a 



straight line. 



It 



starts from rest, accelerates 



at 3 



m 



s











-2 








for 



2 



seconds and then decelerates uniformly before coming to rest in 



a 








further 



6 



seconds. 








(i) 



Sketch 



a 



velocity–time graph. 








(ii) 



Find the total distance travelled. 








(iii) 



Find the deceleration of the particle. 








(iv) 



Find the average speed for the whole journey. 










⑫ 



A 



train starts from rest and accelerates uniformly for 



2 



minutes, by which 











time 



it 



has reached 



a 



speed of 1.2 kilometres per minute. 



It 



runs 



at 



this speed 








for 



9 



minutes and then decelerates uniformly, coming to rest in 



1 



minute. 








(i) 



Draw the velocity–time graph. 








(ii) 



Find the total distance travelled. 










⑬



The figure shows 



a 



velocity–time graph for the motion of 



a 



particle in 



a 











straight line. 








velocity 








(m 



s–1 ) 








25 








15 








5 








0 








0 








40 








80 








B 








C 








120 








160 








200 








–5 








–20 








–25 








time (s) 








Figure 



1.19 
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(i) 



Find the displacement of the particle 



at 



times 



t 



= 



40, 



t 



= 



80, 



t 



= 



120 








and 



t 



= 



200. 








(ii) 



Find the total distance travelled. 








(iii) 



At 



what time does the particle pass 



its 



starting point? 










⑭ 



A 



tram travels from rest 



at 



one station to rest 



at 



another station 



5 



km distant 











in 



a 



time of 



10 minutes. The 



tram gets up to full speed uniformly in the 








first 250 m and slows down uniformly to rest in the last 125 m. Find the 








maximum speed of the tram. 










⑮ 



The driver of 



a 



train travelling 



at 



90 km 



h 











-1 








on 



a 



straight level track sees 



a 








signal to stop 



at a 



distance of 500 m and, putting the brakes on, comes to 








rest 



at 



the 



signal. The 



train stops for 



1 



minute and then resumes its journey, 








attaining the original speed of 90 km 



h 








-1 








in 



a 



distance of 750 m. Assuming 








that the train accelerates and decelerates 



at a 



uniform rate, find the time lost 








due to the stoppage. 








⑯ 



Two stations 



A 



and 



B 



are 



2 



km apart on 



a 



straight track. 



A 



train starts from 








rest 



at A 



and comes to rest 



at B. The 



train accelerates uniformly for 








3 








4 



of the 








distance and decelerates uniformly for the 



remainder. The 



journey takes 








4 minutes. Find 








(i) 



the acceleration 








(ii) 



the deceleration 








(iii) 



the maximum speed of the train. 








2 The 



constant acceleration formulae 








In the velocity–time graph shown in Figure 1.20 the initial velocity 



is 



u 



m 



s 








-1 








and 








the velocity 



t 



s 



later 



is 



v 



m 



s 








-1 








. The 



increase in velocity 



is (v 



- 



u) 



m 



s 








-1 








. 








The line 



is 



straight and so the acceleration 



a 



m 



s 








-2 








is 



constant; 



it is 



given by 








− 








= 








v u 








t 








a 








So 








v 



- 



u 



= 



at 








v 



= 



u 



+ 



at 








① 








The area under the graph represents the displacement, 



s 



metres, and 



is 



given by 








the area of the trapezium 








s u v t 








1 








2 








= + × 








( ) 








② 








time 








0 








0 








u 








t 








v 








v u 








velocity 








Figure 1.20 








time 








0 








0 








u 








t 








v 








v 








velocity 








Figure 



1.21 
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The area under the graph may be viewed in 



a 



different way, using the rectangle 








R and the triangle T, 



as 



shown in Figure 1.22. 








AC 



= 



v 



and BC 



= 



u 








so that AB 



= 



v 



- 



u 








= 



at 








from equation 



① 








total area 



= 



area of R 



+ 



area of 



T 








so 








s ut 








t at 








1 








2 








= + × × 








giving 








s ut at 








1 








2 








2 








= + 








③ 








Alternatively, you could write the area 



as 



the difference between the larger 








rectangle of area 



v 



× 



t 



and the triangle, giving rise to 








s vt 








at 








1 








2 








2 








= − 








④ 








To find 



a 



formula which does not involve 



t, 



you need to eliminate 



t. 








One way to do this 



is 



first to rewrite equations 



① 



and 



② 



as 








v 



- 



u 



= 



at 



and 



v u 








s 








t 








2 








+ = 








and then multiply these to give 








v u v u at 








s 








t 








2 








( 








)( 








) 








− 








+ = × 








v 








2 








- 



u 








2 








= 



2as 








v 








2 








= 



u 








2 








+ 



2as 








⑤ 










Equations 



①–⑤ 



can be used for any motion in 



a 



straight line with 



constant 











acceleration. 



There are five equations involving five variables (s, u, v, a 



and 



t

). 








Each equation involves four variables with the fifth one missing. 








① 



v 



= 



u 



+ 



at 



has 



s 



missing 








② s 








u v t 








1 








2 








  








= + × 








( ) 



 has 



a 



missing 








③ 



s ut 








at 








1 








2 








2  








= + 








has 



v 



missing 








④ 



s vt at 








1 








2 








2 








= − 








has 



u 



missing 








⑤ 



v 








2 








= 



u 








2 








+ 



2as has 



t 



missing. 








So, in any problem involving linear motion with constant acceleration, 



if 



you 








know three of the variables, then you can obtain the other two. 








A 



car 



is 



travelling 



at 



10 m 



s 








-1 








and accelerates 



at 



1 








4 








m 



s 








-2 








for 30 



s. 








(i) 








How fast 



is it 



travelling 



at 



the end of the 30 seconds? 








(ii) 

How far will 



it 



have travelled in that time? 








Solution 








(i) 








Use the formula 



v 



= 



u 



+ 



at 



with 



u 



= 



10, 








1 








4 








a 



= 



and 



t 



= 



30. 








v 



= 



10 



+ 



0.25 



× 



30 



= 



17.5 








The speed of the car 



is 



17.5 m 



s 








-1 








after 30 



s. 








time 








0 








0 








u 








t 








t 








v 








u 








v u at 








velocity 








R 








T 








B 








C 








A 








Figure 1.22 








Equations ①–⑤ are 








sometimes called 








the suvat equations. 








Equations ③, ④ and 








⑤ can all be derived 








from ① and ②. Do it for 








yourself. 
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(ii) 








Use the formula 



s ut at 








1 








2 








2 








= + 








with 








10,  








1 








4 








u 








a 








= 








= 



and 



t 



= 



30. 








s 



10  30 








30 412.5 








1 








2 








1 








4 








2 








= × + × × = 








The car has travelled 412.5 m in 30 



s. 








A 



train starts from rest 



at 



station 



A 



and accelerates uniformly 



at 



0.2 m 



s 








-2 








for 








2 



minutes. 



It 



then travels 



at 



constant speed for 10 minutes, after which 



it is 








brought to rest 



at 



station 



B 



with constant deceleration 1.5 m 



s 








-2 








. 



Find the 








distance AB. 








Solution 








The distance travelled by the train while 



it is 



accelerating 



is 



found by use of 








the formula 



s ut 








at 








1 








2 








2 








= + 








with 



u 



= 0, 



a 



= 



0.2 and 



t 



= 



120. 








s 








0.2 120 1440 








1 








2 








2 








= × × 








= 








m 








The constant speed of the train 



is 



found by using the formula 



v 



= 



u 



+ 



at 








with u 



= 0, 



a 



= 



0.2 and 



t 



= 



120. 








v 



= 



0.2 



× 



120 



= 



24 m 



s 








-1 








The distance travelled 



in 



10 minutes 



at 



this speed 



is 



given by 24 



× 



600 








= 



14 400 m. 








The distance travelled by the train while 



it is 



decelerating from 24 m 



s 








-1 








to 



0 








is found using the formula 



v 








2 








= 



u 








2 








+ 



2as with 



u 



= 



24, 



v 



= 0 



and 



a 



= 



-1.5. 








0 = 



24 








2 








+ 2 × 



-1.5 



s 








s 



= 








= 








24 








3 








2 








192 m 








The distance between the stations 



is 



AB 



= 



1440 



+ 



14400 



+ 



192 



= 



16 032 m. 








The 



acceleration 



due to 



gravity 








When 



a 



model ignoring air resistance 



is 



used, all objects falling freely under 








gravity fall with the same acceleration, 



g 



m 



s 








-2 








. This 



varies over the surface of 








the Earth, but 



it is 



assumed that all situations encountered here occur in 



a 



place 








where 



g 



= 



9.8 m 



s 








-2 








. 








A 



coin 



is 



dropped from rest 



at 



the top of 



a 



building of height 12.25 m and 








travels in 



a 



straight line. 








Find the time 



it 



takes to reach the ground and the speed of impact. 








Solution 








Suppose the time taken to reach the ground 



is 



t 



seconds. Use the formula 








s ut 








at 








1 








2 








2 








= + 








with 



u 



= 0, 



a 



= 



9.8 and 



s 



= 



12.25 








Example 1.6 








Example 



1.7 
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14 








t 








12.25 



0 








9.8 








1 








2 








2 








= + × 








× 








t 








2.5 








12.25 








4.9 








2 








= 








= 








t 



= 



1.58 (to 



3 



s.f.) 








To find the velocity, 



v, 



a 



formula 








involving 



s, u, a 



and 



v 



is 



required. 








v 








2 








= 



u 








2 








+ 



2as 








v 








2 








= 0 + 2 × 



9.8 



× 



12.25 








v 








2 








= 



240.1 








v 



= 



15.5 (to 



3 



s.f.) 








The coin takes 1.58 



s 



to hit the ground and has 



a 



speed 15.5 m 



s 








-1 








on impact. 








The next example illustrates ways of dealing with more complex problems. 








None of the possible formulae has only one unknown and there are also two 








situations, so simultaneous equations are used. 








A 



train decelerating uniformly passes three posts A, 



B 



and 



C 



spaced 



at 



intervals 








of 100 m. 



It 



takes 10 seconds to cover the distance between posts 



A 



and 



B 



and 








15 seconds to cover the distance between posts 



B 



and C. Find the deceleration 








of the train and the distance beyond the third post where the train comes to rest. 








Solution 








Figure 1.24 shows all the information, taking the acceleration to be 



a 



m 



s 








-2 








and the speed 



at A 



to be 



u 



m 



s 








-1 








. 








u 



m 



s−1 








a 



m 



s 








−2 








10 



s 








100 m 








15 



s 








100 m 








A 








B 








C 








Figure 1.24 








Travelling from 



A 



to 



B: You 



know that 



s 



= 



100 m, 



t 



= 



10 



s, 



the speed 



at A is 



u 








and the acceleration 



is 



a, 



so you use 



s ut at 








1 








2 








2 








= + 








u 








a 








100 








10 








10 








1 








2 








2 








= × + × × 








100 



= 



10u 



+ 



50a 








① 








To use the same equation for the part from 



B 



to C, you would need the 








velocity 



at B 



which brings 



in 



another unknown. 



It is 



better 



to 



consider the 








whole of the journey from 



A 



to C, 



in 



which case 



s ut at 








1 








2 








2 








= + 








with 



s 



= 



200 m, 








t = 



25 



s 



and 



u 



and 



a 



as 



before. 
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Take downwards 








as positive direction 








u 



= 



0 



m 



s 








−1 








a 



= +9.8 m 



s 








−2 








s 



m 








12.25 m 








Figure 



1.23 

















15 








u 








a 








200 








25 








25 








1 








2 








2 








= × + × 








200 



= 



25u 



+ 



312.5a 








② 








The two simultaneous equations in 



u 



and 



a 



can be solved more easily 



if 



they 








are simplified. 








① ÷ 



5 








20 = 2u + 



10a 








③ 








② × 



0.08 








16 



= 



2u 



+ 



25a 








④ 








④ - ③ 








-4 



= 



15a 








4 








15 








a 



= − 








u 



10 



5 








11 








4 








15 








1 








3 








= − × − = 








( ) 








The train stops 



at D. To 



find the distance AD, use the constant acceleration 








formula 



v 








2 








= 



u 








2 








+ 



2as with 



v 



= 0, 



u 



= 



11 








1 








3, 



and 








4 








15 








a 



= − 








s 








0 



11 








2 








1 








3 








4 








15 








2 








= 








+ × − 








 








 








 








 








 








 








 








 








s 



= 








= 








128 








240 








4 








9 








15 








8 








5 








6 








× 








m 








The distance beyond the third post where the train comes to rest 



is 



240 



5 








6 








m. 








① 



The following questions involve motion under constant acceleration. 








(i) 



Find 



v 



when 



u 



= 5, 



a 



= 



2.5 and 



t 



= 2. 








(ii) 



Find 



s 



when 



u 



= 2, 



a 



= 



-1.5 



and 



t 



= 4. 








(iii) 



Find 



u 



when 



a 



= 



-2, 



s 



= 4 



and 



v 



= 4. 








(iv) 



Find 



s 



when 



a 



= 2, 



v 



= 5 



and 



t 



= 8. 








(v) 



Find 



v 



when 



a 



= 



-2, 



s 



= 



100 and 



t 



= 5. 








② 



A 



car travelling 



at 



30 m 



s 








-1 








decelerates uniformly to rest in 15 



s. 



Find the 








deceleration and the distance travelled in this time. 








③ 



A 



stone 



is 



dropped down 



a 



well. 



It 



takes 



5 



seconds to reach the bottom. 








How deep 



is 



the well? 








④ 



A 



ball 



is 



thrown vertically upwards with 



a 



speed of 20 m 



s 








-1 








. 



One second 








later another ball 



is 



thrown vertically upwards from the same starting height 








with 



a 



speed of 15 m 



s 










-1 











. 



Find when the two balls are 



at 



the same height and 








find the velocity of each ball 



at 



this moment. 








⑤ 



A 



sprinter accelerates uniformly from rest for the first 10 metres of 



a 








100 metre race. He takes 



2 



seconds to run the first 10 metres. 








(i) 



Find the acceleration in the first 



2 



seconds of the race. 








(ii) 



Find the speed of the sprinter after 



2 s. 








(iii) 



The sprinter completes the 100 m travelling 



at 



that speed. Find the total 








time taken to run the 100 metres. 








(iv) 



Calculate the average speed of the sprinter. 








Exercise 



1.2 
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⑥ 



Use the equations: 








(i) 



v 



= 



u 



+ 



at 



and 



s 








u v t 








= 








+ 








( 








) 








1 








2 








to derive the equation 



s ut at 








= + 








1 








2 








2 








(ii) 



v 



= 



u 



+ 



at 



and 



s ut 








at 








= + 








1 








2 








2 








to derive the equation 



s vt at 








= − 








1 








2 








2 



. 








⑦ 



A 



particle, X, 



is 



projected vertically upwards 



at 



28 m 



s 








-1 








from 



a 



point O on 








the ground. 








(i) 



Find the maximum height reached by X. 








When 



X is at 



its highest point, 



a 



second 



particle,Y, is 



projected upwards 








from O 



at 



20 m 



s 








-1 








. 








(ii) 



Show that 



X 



and 



Y 



collide 



2 



seconds later and determine the height 








above the ground that this takes place. 










⑧ 



Two runners are nearing the end of 



a 



fun run. Janet 



is 



100 m from the finish 











line and 



is 



running 



at a 



constant speed of 5.25 m 



s 








-1 








. 



Steven, who 



is 



150 m 








from the finish line and running 



at 4 



m 



s 








-1 








, 



decides to accelerate to try and 








beat Janet. He accelerates uniformly to his maximum speed of 



8 



m 



s 








-1 








in 



4 s 








and then maintains that speed to the finish line. 








(i) 



Which of the two crosses the finish line first? 








(ii) 



How far ahead 



is 



the winner? 








(iii) 



What 



is 



the time margin between them? 










⑨ 



Two trains are running on parallel 



tracks. When 



they are initially level with 











each other, one 



is 



moving with 



a 



uniform speed of 25 m 



s 








-1 








and the second 








has 



a 



speed of 10 m 



s 








-1 








but 



is 



accelerating 



at a 



uniform rate of 0.5 m 



s 








-2 








. 








How long will 



it 



be before they are level again and how far will they have 








travelled? 








⑩ 



A 



stone dropped into 



a 



well reaches the water with 



a 



velocity of 30 m 



s 








-1 








and 








the sound of the splash 



is 



heard 3.19 



s 



after 



it 



was dropped. From these data, 








calculate the velocity of sound in air. 










⑪ 



A 



train, moving with constant acceleration, 



is 



seen to travel 1500 m in one 











minute and 2500 m in the next. 










(i) 



Find the speed of the train 



at 



the start of the first minute. 








(ii) 



Find the acceleration. 








(iii) 



Find the speed of the train 



at 



the end of the second minute. 













⑫ 



A 



ball 



is 



thrown vertically upwards and returns to its point of projection 











after 



4 



seconds. Calculate its speed of projection and the maximum height 








reached. 










⑬ 



A 



stone drops from the roof of 



a 



building and takes 











1 








8 



s 



to pass from the top 








to the bottom of 



a 



window, 1.20 m high. How high 



is 



the roof above the 








top of the window? 










⑭ 



Which would win 



a 



100 metre race, 



a 



sprinter who can cover the distance 











in 10 



s 



or 



a 



motor car which can accelerate to 60 miles per hour from rest 








in 16 



s? 










⑮ 



Two cars are travelling along 



a 



straight road. Car 



A is 



moving 



at 



30 km 



h 











-1 








when 



it is 



overtaken by car 



B 



travelling 



at 



40 km 



h 










-1 











. A 



immediately 








accelerates uniformly and after travelling 500 m overtakes 



B 



which has kept 








its speed constant. Calculate 










(i) 



the time taken 
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(ii) 



the acceleration of car 



A 








(iii) 



the greatest distance between the cars during that time. 








⑯ 



Two trains start together from rest 



at a station. They 



travel for 



3 



minutes and 








come to rest together 



at 



the next station. One train, A, accelerates uniformly 








at 



the rate of 



1 



m 



s 










-2 











for 30 



s, 



continues 



at 



that speed for the next 



2 



minutes 








and decelerates uniformly for the last 30 



seconds. The 



other train, B, has 








a 



uniform acceleration for 90 seconds and uniform deceleration for the 








remaining time. 








(i) 



Draw on the same diagram, velocity–time graphs for the two train 








journeys. 








Find 








(ii) 



the distance between the two stations 








(iii) 



the acceleration of train 



B 



in the first part of its journey 








(iv) 



the largest distance between the trains. 










⑰ 



Two particles 



P 



and Q are moving in the same direction along neighbouring 











parallel straight lines with constant accelerations of 



3 



m 



s 










-2 











and 



2 



m 



s 










-2 











, 








respectively. At 



a 



certain instant, 



P 



has velocity 



3 



m 



s 










-1 











and Q 



is 



30 m behind 








P 



and moving 



at 



11.5 m 



s 










-1 











. 








(i) 



Show that 



P 



and Q will be level twice. 








(ii) 



Find the velocity of 



P 



when the particles are level for the first time. 








(iii) 



Find the maximum distance Q gets ahead of 



P. 








3 



Variable acceleration 








The equations you have used for constant acceleration do not apply when the 








acceleration varies. In such cases, you need to go back to first principles. 








The velocity of 



a 



moving point 



is 



the rate 



at 



which its position changes with 








time. When 



the velocity 



is 



not constant, the position–time graph 



is a 



curve. 








The rate of change of position 



is 



the gradient of the tangent to the curve, which 








can be found by differentiation, 








d 








d 








v 








s 








t 








= 








① 








Similarly, the acceleration 



is 



the rate 



at 



which the velocity changes, so that 








d 








d 








d 








d 








2 








2 








a 








v 








t 








s 








t 








= = 








② 








Velocity 



is the 








gradient 



of the 








tangent 








time 








position 








Figure 1.25 








Acceleration 



is the 








gradient 



of the 








tangent 








velocity 








time 








Figure 



1.26 
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When you are given the position of 



a 



moving point 



at 



time 



t 



you can use 








equations 



① 



and 



② 



to solve problems even when the acceleration 



is 



not 








constant. 








A 



particle 



is 



moving in 



a 



straight line and its displacement 



s 



from 



a 



fixed 








point O 



is 



given by the equation 








s 



= 



18t 



- 



21t 








2 








+ 4t 








3 








(i) 








Find expressions for the velocity and acceleration of the particle 



at 



time 



t. 








(ii) 








Sketch the graphs of 



s, v 



and 



a 



against time in the interval 



0 



≤ 



t 



≤ 



4. 








(iii) 

Find the distance travelled between the two times when the velocity 



is 0. 








(iv) 

Find the distance travelled in the interval 



0 



≤ 



t 



≤ 



4. 








Solution 








(i) 








Position 








s 



= 



18t 



- 



21t 








2 








+ 4t 








3 








Velocity 








v 








t t 








s 








t 








18 42 12 








d 








d 








2 








= = − + 








Acceleration 








42 24 








d 








d 








a 








t 








v 








t 








= = − + 








(ii) 








The three graphs of 



s,v 



and 



a 



are shown one above the other. 








10 








–10 








0 








–20 








–30 








1 








0 








2 3 4 








s 








t 








t 








t 








40 








0 








20 








–20 








–40 








1 








0 








2 3 4 








v 








50 








–0 








75 








–25 








–50 








1 








0 








2 3 4 








a 








a 



= 0 at the point 








where the velocity– 








time graph has zero 








gradient. 








25 








v 



= 0 at the points 








where the position– 








time graph has 








zero gradient. 








Figure 1.27 
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(iii) The velocity 



is 



zero when 








18 



- 



42t 



+ 



12t 








2 








= 



0 








6(2t 



- 



1)(t 



- 



3) 



= 



0 








t 



1 








2 








= 



or 



t 



= 



3 








When 



t 



1 








2 








= 



, 



s 



18 








21 








4 








4 








1 








2 








1 








4 








1 








8 








1 








4 








= × − × + × = 








When 



t 



= 



3, 



s 



= 



18 



× 



3 



- 



21 



× 



9 + 4 



× 



27 



= 



-27 








The total distance travelled between 



t 



1 








2 








= 



and 



t 



= 3 is 








27 



4 








31 








1 








4 








1 








4 








+ 








= 








. 








(iv) When 



t 



= 



4, 



s 



= 



18 



× 



4 



- 



21 



× 



16 



+ 4 



× 



64 



= 



-8 








The total distance travelled between 



t 



= 0 



and 



t 



= 4 is 



equal to 








4 








31 27 



8 



54 








1 








4 








1 








4 








1 








2 








+ 








+ − = 








. 








Distancebetween 








t=0andt 








1 








2 








= 



. 








Distancebetween 








t 








1 








2 








= 



andt=3. 








Distancebetween 








t=3andt=4. 








Finding displacement 



from 



velocity 








To find an expression for the position of 



a 



particle when the velocity 



is 



known 








you need to integrate with respect to time. 








v 








s 








t 








d 








d 








= 



implies that 



s 








v t 








d 








∫ 








= 








Find the position 



s 



of 



a 



particle 



at 



time 



t, 



given that 



s 



= 3 



when 



t 



= 0 



and its 








velocity 



is 



given by 



v 



= 5t 



- 



2. 








Solution 








The position 



at 



time 



t 



is 



given by 








s 








t 








t 








∫ 








= 








− 








( 








) 








5 2 d 








s 








t 








t c 








2 








5 








2 








2 








= 








− + 








Using the initial condition that 



s 



= 3 



when 



t 



= 0, 



gives 



3 = 



c, 



resulting in 








s t t 








2 3 








5 








2 








2 








= − + 








Finding velocity 



from 



acceleration 








You can find the velocity from the acceleration by using integration. 








d 








d 








a 








v 








t 








= 








implies that 








d 








v a 



t 








∫ 








= 








Note 








The dt indicates that you 








must write v in terms of 








t before integrating. 
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The acceleration of 



a 



particle (in m 



s 








-2 








) at 



time 



t 



seconds after starting from 








rest 



at 



the origin 



is 



given by 








a 



= 



3t 



- 



2 








(i) 








Find expressions for the velocity 



v 



and position 



s 



at 



time 



t. 








(ii) 








Sketch the graphs of 



a, v 



and 



s. 








(iii) 

Show that the particle returns to its starting point after 



2 s 



and find the 








distance of the particle from the starting point after 



a 



further 



2 s. 








(iv) 

Find 



at 



what time the particle’s velocity 



is 0. 








(v) 








Find the total distance travelled by the particle in the first 



4 



seconds. 








Solution 








(i) 








Acceleration 



a 



= 



3t 



- 



2 








Velocity 








v 








t 








t 








3 2 d 








∫ 








= 








− 








( 








) 








v t 








t c 








2 








3 








2 








2 








= 








− + 








v t 








t 








2 








3 








2 








2 








= 








− 








Position 








s 








t 








t t 








2 d 








3 








2 








2 








∫ 








= 








− 








( 








) 








s t t k 








1 








2 








3 2 








= 








− + 








s t t 








1 








2 








3 2 








= 








− 








(ii) 








The graphs are drawn under each other to show 








how they relate to one another. 








(iii) To show that the particle returns to its starting 








point after 



2 



seconds, you need to show that 








s 



= 



0 



when 



t 



= 



2: 








− = − = 








2) 



2 4 4 0 








1 








2 








( 








3 








2 








The displacement of the particle when t 



= 



4, 








is 



equal to 








s 



= 








− = − = 








( ) 








4 








4) 



4 



32 16 16 m 








1 








2 








( 








3 2 








(iv) The velocity 



is 



zero when 








v t 








t 








t 








2 0 








3 








2 








2 








= 








− = 








( ) 








t t 



2 0 








3 








2 








− = 








( ) 








t 



= 



0 



or 



t 



4 








3 








= 








The velocity 



is 0 



when 



t 



= 



0 



or 



t 



4 








3 








= 



s. 








(v) 








The particle goes backwards in the interval 








t 








< < 








0 








4 








3, 



turns round 



at 



t 



4 








3 








= 



and then moves 








forwards in the interval 








t 








< < 



4 








4 








3 








. 
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5 
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15 








0 








–5 
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v 








t 
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0 








–5 








2 4 








s 








t 








5 








0 








10 








–5 








2 4 








a 








t 








Figure 1.28 








c=0astheparticle 








startsfromrest. 








k=0astheparticle 








startsfromO. 








TheparticlestartsatO, 








goesbackatfirst, 








stopsinstantaneously 








att 








4 








3 








= 



,changes 








direction,returningtoO 








att=2. Itthencontinues 








movingforwardswith 








increasingspeed. 
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The displacement from 



t 



= 0 



to 



t = 








4 








3 



is 








0 








1 








2 








4 








3 








4 








3 








16 








27 








3 








2 








− 








− 



= − 








( ) ( ) 



[ ] 








 








 








 








 








. 








So the distance travelled from 



t 



= 0 



to 



t 



= 








4 








3 



is 








16 








27 








+ 



. 








The distance travelled in 








t 



4 








4 








3 








< ≤ 



is 



equal to 



16 








16 








16 








27 








16 








27 








− − = 








( ) 



. 








The total distance travelled in the interval 



0 



≤ 



t 



≤ 



4 is 








16 17 








16 








27 








16 








27 








5 








27 








+ = 








. 








The particle travels 17 








5 








27 



m in the first 



4 



seconds. 








① 



In each of the following cases: 








(a) 



s 



= 2 + 4t 



- 



t 








2 








(b) 



s 



= 5t 








2 








- 



t 








3 








(c) 



s 



= 



t 








4 








- 



t 








2 








+ 2 








(i) 



find expressions for the velocity 








(ii) 



use your equations to write down the initial position and velocity 








(iii) 



find the time and position when the velocity 



is 



zero. 








② 



The position 



s 



of 



a 



moving point 



A at 



time 



t 



seconds 



is 



given by 








s 



= 



2t 








3 








- 



3t 








2 








+ 4t 



- 



10 










    








Find the velocity and acceleration of 



A at 



the instant 



t 



= 



4. 








③ 



Find the position 



s 



m of 



a 



particle 



at 



time 



t 



s if 



its velocity 



v 



m 



s 






-1 








is 



given by 








(i) 



v 



= 



5t 



- 



2, 



and 



s 



= 



3 



when 



t 



= 



0 








(ii) 



v 



= 



3t 








2 








+ 



4t, and 



s 



= 



2 



when 



t 



= 



1. 








④ 



Find the velocity 



v 



m 



s 








-1 








and displacement 



s 



m of 



a 



particle 



at 



time 



ts, if 



its 








acceleration 



is 



given by 








(i) 



a 



= 



12t 



- 



8 



and when 



t 



= 



0, 



s 



= 



5 



and 



v 



= 



3 








(ii) 



a 



= 



0.5t 








2 








- 



0.2t 



+ 1 



and when 



t 



= 



1, 



s 



= 



0.5 and 



v 



= 



1. 








⑤ 








5 



m 








O 








A 








x 








Figure 1.29 










    








A 



toy car 



is 



moving along the straight line Ox, where O 



is 



the 



origin. The 








time 



t 



is 



in seconds. At time 



t 



= 0 



the car 



is at 



A, 



5 



m from O, 



as 



shown in 








Figure 1.29. 








The velocity of the car, 



v 



m 



s 








-1 








, is 



given by 








v 



= 



2 



+ 



9t 



- 



1.5t 








2 










    








Calculate the distance of the car from O when the acceleration 



is 0. 








⑥ 



A 



particle moves along 



a 



straight line so that after 



t 



seconds, 



t 



≥ 



0, 



its 








distance 



s 



from the origin O on the line 



is 



given by 








s 



= 



(t 



- 



1) 








2 








(t 



- 



2) 








(i) 



Find the velocity and acceleration of the particle on each occasion that 








it 



passes the origin. 








(ii) 



Find the distances of the particle from O each time the velocity 



is 0. 








(iii) 



Find the acceleration when the velocity 



is 8 



m 



s 








-1 








. 
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⑦ 



During braking, the speed of 



a 



car 



is 



given by 



v 



= 



12 



- 



3t 











2 








until 



it 



stops 








moving. Find the distance travelled from the time that the braking starts. 








⑧ 



The velocity of 



a 



sprinter 



at 



the start of 



a 



100 metre race 



is 



given 



as 








v 



= 



10t 



- 



2.5t 








2 








, 0 



≤ 



t 



≤ 



2 








v 



= 



10, 








t 



> 



2 








(i) 



Find the acceleration of the sprinter 



at 



t 



= 



2. 



Hence write down the 








maximum speed of the sprinter. 








(ii) 



How far does the sprinter run in the first 



2 



seconds? 








(iii) 



How long does the sprinter take to run 100 metres? 








⑨ 



A 



particle moves along the 



x-axis. 



Its displacement from the origin, O, 



is 








given by 








x 



= 



10 



+ 



36t 



+ 



3t 








2 








- 



2t 








3 










    








where 



t 



is 



the time in seconds and 



-4 



≤ 



t 



≤ 



6. 








(i) 



Write down the displacement of the particle when 



t 



= 



0. 








(ii) 



Find an expression in terms of 



t 



for the velocity 



v 



m 



s 








-1 










of the particle. 











(iii) 



Find the values of 



t 



for which 



v 



= 



0 



and find the values of 



x 



at 



those 








times. 








(iv) 



Calculate the distance travelled by the particle from 



t 



= 



0 



to 



t 



= 



4. 








(v) 



How many times does the particle go through O in the interval 








-4 



≤ 



t 



≤ 



6? 








⑩ 



A 



particle 



P is 



moving in 



a 



straight line. At time 



t 



seconds, for small values 








of t, after starting from the origin, O, its velocity 



is 



given by 








v 



= 



t 








2 








(3 



- 



t) 








(i) 



Find the values of 



t 



when the acceleration 



is 



zero. 








(ii) 



After what time does the particle come to instantaneous rest? 








At that time, the particle has reached its furthest point 



A 



from O and then 








reverses back towards O. 








(iii) 



Find the distance OA. 








(iv) 



Find the time taken 



for 



the particle 



to 



return 



to O. 








⑪ 



A 



car moves between two sets of traffic lights, stopping 



at 



both. Its speed 








v 



m 



s 








-1 








at 



time 



t 



s is 



modelled by 








v 



= 



6t 








2 








- 



t 








3 








(i) 



Find the times 



at 



which the car 



is 



stationary. 








(ii) 



Find the maximum speed of the car. 








(iii) 



Find the distance between the two sets of traffic lights. 








⑫ 



A 



particle 



is 



moving in 



a 



straight 



line. The 



position 



s 



of the particle 



at 



time 



t 








is 



given by 








s 



= 3t 








2 








– 



t 








3 








, 0 ≤ 



t 



≤ 4. 








(i) 



Find the velocity 



v 



at 



time 



t 



and the values of 



t 



for which 



v 



= 0. 








(ii) 



Find the values of 



t 



for which the particle has zero displacement. 








(iii) 



Find the total distance travelled by the particle in the interval 



0 ≤ 



t 



≤ 



4. 
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⑬ 



The distance of 



a 



particle from 



a 



point O 



at 



time 



t 



is 



given by 








s 



= 



6 



sin 



3t + 8 



cos 



3t 








(i) 



Find expressions for the velocity and acceleration in terms of 



t. 








(ii) 



Show that the acceleration 



a 



and the displacement from O, 



s, 



satisfy the 








equation 



a 



= 

-9s. 










(iii) 



Show that the velocity 



v 



and 



s 



satisfy the equation 



v 











2 








= 



9(100 



- 



s 








2 








). 








⑭ 



Two sprinters are having 



a 



race over 100 



m. They 



both start from rest. 








Their accelerations in m 



s 








-2 








are 



as 



follows: 








Sprinter 



A 








Sprinter 



B 








a 



= 



10 



- 



5t, 



0 



≤ 



t 



≤ 



2 








a 



= 



15t 



- 



7.5t 








2 








, 0 



≤ 



t 



≤ 



2 








a 



= 



0, 



t 



> 



2 








a 



= 



0, 



t 



> 



2 








(i) 



Find the greatest speed of each sprinter. 








(ii) 



Find the distance run by each sprinter while reaching greatest speed. 








(iii) 



How long does each sprinter take to finish the race? 








(iv) 



Who wins the race, by what time margin and by what distance? 










⑮ 



Two walkers, John and Euan, are on 



a 



long hike. John walks 



at a 



uniform rate 



of 








5.15kmh 








-1 








throughout. Euan’s speed 



v 



E 



kmh 








-1 








is 








t 








30 








4.5 



+ 








, 



t 



hours after he started. 








How long does 



it 



take for John and Euan to finish the 



15km 



hike? Who gets to 








the finish line first? How far ahead 



is 



the leader 



at 



the end 



of 



the walk? 











KEY POINTS 








1 








Vectors (with magnitude 








and direction) 








Scalars 



(magnitude 



only) 








Displacement 








Distance (travelled) 








Position: displacement from a fixed origin 








Velocity: rate of change of position 








Speed: magnitude of velocity 








Acceleration: rate of change of velocity 








Magnitude of acceleration 








Time 








2 



Graphs 








The gradient of a position–time graph is the velocity. 








The gradient of a velocity–time graph is the acceleration. 








The area under a velocity–time graph is the displacement. 








The gradient of a distance–time graph is the speed. 








The gradient of a speed–time graph is the magnitude of the acceleration. 








The area under a speed–time graph is the distance. 








3 



Averages 








Average 



speed 



total distance travelled 








total time taken 








= 










    








Average velocity 








displacement 








time taken 








= 










    








Average 



acceleration 








change 



in 



velocity 








time taken 








= 
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4 



Constant acceleration formulae 








v 



= 



u 



+ 



at 








s u v t 








1 








2 








( ) 








= + × 








s ut at 








1 








2 








2 








= + 








s vt at 








1 








2 








2 








= − 








v 








2 








= 



u 








2 








+ 



2as. 








5 



Relationships between variables describing motion 








Position 








Velocity 








Acceleration 








differentiate 








s 








= 








v 








s 








t 








d 








d 








d 








d 








d 








d 








2 








2 








a 








v 








t 








s 








t 








= = 








Acceleration 








Velocity 








Position 








integrate 








a 








v a t 








= 



∫ 



d 








s v t 








= 



∫ 



d 








LEARNING OUTCOMES 








When you have completed this chapter, you should know 








➤ 



the difference between position, displacement and distance travelled 










➤ 



the difference between speed and velocity and between acceleration and the 










magnitude of acceleration 











➤ 



how to draw and interpret position–time, distance–time, velocity–time, 










speed–time and acceleration–time graphs and how to use these to solve 








problems connected with motion in a straight line 











➤ 



how to find average speed and average velocity 








➤ 



how and when to use the constant acceleration formulae to solve problems 










involving linear motion 











➤ 



how to use two constant acceleration formulae to derive a third formula 








➤ 



how to deal with problems involving motion under gravity 








➤ 



how to use calculus to derive expressions for position, velocity and 










acceleration as functions of time, given suitable information 











➤ 



how to solve problems involving linear motion with variable acceleration. 
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➜ 



This tightrope walker is stationary. There are a number of forces acting on 











the walker which cancel each other out, resulting in no motion. In order 








for that to be possible, the cable must make small angles to the horizontal 








so that the vertical components of the tension can cancel out the weight of 








the walker. In that case, the tensions in the cable will be greater than the 








walker’s weight. 








In the 



beginning 



(if 








there was such 



a 



thing) 








God created Newton’s 








laws 



of 



motion together 








with the necessary 








masses 



and 



forces. 








This 



is 



all; everything 








beyond this follows 








from 



the 



development 








of 



appropriate 








mathematical methods 








by 



means 



of 



deduction. 








Albert Einstein 
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1 



Forces 



and 



Newton’s 



laws of 








motion 








Modelling vocabulary 








Mechanics 



is 



about modelling the real world. In order to do this, suitable 








simplifying assumptions are often made so that mathematics can be applied to 








situations and 



problems. This 



process involves identifying factors that can be 








neglected without losing too much accuracy. Here are some commonly used 








modelling terms which are used to describe such assumptions: 








● 



negligible: small enough to ignore 








● 



inextensible: for 



a 



string with negligible stretch 








● 



light: 



for an 



object with negligible mass 








● 



particle: an object with negligible dimensions 








● 



smooth: for 



a 



surface with negligible friction 








● 



uniform: the same throughout. 








Forces 








A 



force 



is 



defined 



as 



the physical quantity that causes 



a 



change in motion. As 



it 








depends on magnitude and direction, 



it is a 



vector quantity. 








Forces can start motion, stop motion, speed up or slow down objects, or change 








the direction of their motion. In real situations, several forces usually act on 








an 



object. The 



sum of these forces, known 



as 



the resultant force, determines 








whether or not there 



is a 



change of motion. 








There are several types of force that you often use. 








The force of gravity 








Every object on or near the Earth’s surface 



is 



pulled vertically downwards by the 








force of 



gravity. The 



size of the force on an object of mass 



M 



kg 



is 



Mg 



newtons 








where 



g 



is a 



constant whose value 



is 



about 9.8 m 



s 








-2 








. The 



force of gravity 



is 



also 








known 



as 



the 



weight 



of the object. 








Tension and thrust 








When 



a 



string 



is 



pulled, 



as 



in Figure 2.1, 



it 



exerts 



a 



tension 



force opposite 








to the 



pull. The 



tension acts along the string and 



is 



the same throughout the 








string. 



A 



rigid rod can exert 



a 



tension force in 



a 



similar way to 



a 



string when 



it 








is 



used to support or pull an object. 



It 



can also exert 



a 



thrust 



force when 



it is 








in compression, 



as 



in Figure 



2.2. The 



thrust acts along the rod and 



is 



the same 








throughout the rod. 








The tension on either side of 



a 



smooth pulley 



is 



the same, 



as 



shown in 








Figure 2.3. 








Note 








g varies around the 








world, with 9.8 m s 








-2 








being a typical value. 








Singapore, at 9.766, 








has one of the lowest 








values, and Helsinki, 








with 9.825, has one of 








the highest. 
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Normal contact force 








A 



book resting on 



a 



table 



is 



subjected to two forces, its weight and the 



normal 








contact force 



of the table. 



It is 



called ‘normal’ because its line of action 








is 



normal (at right angles) to the surface of the table. Since the book 



is 



in 








equilibrium, the normal contact force 



is 



equal and opposite 



to 



the weight 



of 








the book. 








R 



(normal contact force) 








mg 



(weight) 








Figure 2.4 








If 



the book 



is 



about to lose contact with the table (which might happen, for 








instance, 



if 



the table 



is 



accelerating rapidly downwards), the normal force 








becomes zero. 








Frictional 



force 








In Figure 2.5, the book on the table 



is 



being pushed by 



a 



force 



P 



parallel to the 








surface. The 



book remains 



at 



rest because 



P 



is 



balanced 



by a 



frictional force, 



F, 








in the opposite direction to 



P. 



The magnitude of the frictional force 



is 



equal to 








the pushing force, 



P = F 



. 








R 



(normal contact force) 








F 



(friction) 








mg 



(weight) 








P 








The 



frictional force 








is also 



sometimes 








called 



the 



frictional 








contact force. 








Figure 2.5 








If 



P 



is 



increased and the book starts to move, 



F 



is 



still present but now 



P > 



F. 








Friction always acts in the opposite direction to the motion. Friction may 








prevent the motion of an object or slow 



it 



down 



if it is 



moving. 








Note 








In Figure 2.4, thenormal 








contact force is vertical 








but this is not always 








the case. For example, 








the normal contact force 








on an object on a slope 








is perpendicular to the 








slope. 








T 



(tension pulling 








down on ceiling) 








T 



(tension pulling up 








on object) 








mg 



(weight of object) 








Figure 2.1 








T 



(thrust pushing 








up on block) 








T 



(thrust pushing 








down on floor) 








R 



(reaction from floor) 








W 



(weight of block) 








Figure 2.2 








T 








T 








Figure 



2.3 
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