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Introduction 








Welcome to your coursebook for Mathematics for the IB Diploma: applications and 








interpretation SL. The structure and content of this coursebook follow the structure 








and content of the 2019 IB Mathematics: applications and interpretation guide, with 








headings that correspond directly with the content areas listed in the guide. 








This is also the first book required by students taking the higher level course. Students 








should be familiar with the content of this book before moving on to Mathematics for 








the IB Diploma: applications and interpretation HL. 








Using this book 








The book begins with an introductory chapter on the ‘toolkit’, a set of mathematical 








thinking skills that will help you to apply the content in the rest of the book to any 








type of mathematical problem. This chapter also contains advice on how to complete 








your mathematical exploration. 








The remainder of the book is divided into two sections. Chapters 1 to 10 cover the 








core content that is common to both Mathematics: analysis and approaches and 








Mathematics: applications and interpretation. Chapters 11 to 16 cover the remaining 








SL content required for Mathematics: applications and interpretation. 








Special features of the chapters include: 








ESSENTIAL UNDERSTANDINGS 








Each chapter begins with a summary of the key ideas to be explored and a list 








of the knowledge and skills you will learn. These are revisited in a checklist at 








the end of each chapter. 








CONCEPTS 








The IB guide identifies 12 concepts central to the study of mathematics that will help you 








make connections between topics, as well as with the other subjects you are studying. 








These are highlighted and illustrated with examples at relevant points throughout the 








book. 








KEY POINTS 












Important mathematical rules and formulae are presented as Key Points, making them easy 








to locate and refer back to when necessary. 













WORKED EXAMPLES 










There are many Worked Examples in each chapter, demonstrating how the Key Points and 








mathematical content described can be put into practice. Each Worked Example comprises 








two columns: 








On the left, how to 



think 



about the 








problem and what tools or methods 








will be needed at each step. 








On the right, what to 



write, 



prompted by the 








left column, to produce a formal solution to 








the question. 

















Using this book 








vii 








Exercises 












Each section of each chapter concludes with a comprehensive exercise so that students can test their knowledge of the 








content described and practise the skills demonstrated in the Worked Examples. Each exercise contains the following 








types of questions: 















n 



Drill questions: 



These are clearly linked to particular Worked Examples and gradually increase in difficulty. Each 















of them has two parts – 



a 



and 



b 



– desgined such that if students get 



a 



wrong, 



b 



is an opportunity to have another go 








at a very similar question. If students get 



a 



right, there is no need to do 



b 



as well. 















n  



Problem-solving questions: 



These questions require students to apply the skills they have mastered in the drill 















questions to more complex, exam-style questions. They are colour-coded for difficulty. 













1 



Green questions are closely related to standard techniques and require a small number of processes. They 












should be approachable for all candidates. 













2 



Blue questions require students to make a small number of tactical decisions about how to apply the standard 












methods and they will often require multiple procedures. They should be achievable for SL students aiming 








for higher grades. 













3 



Red questions often require a creative problem-solving approach and extended technical procedures. They 












will stretch even advanced SL students and be challenging for HL students aiming for the top grades. 













4 



Black questions go beyond what is expected in IB examinations, but provide an enrichment opportunity for 












the most advanced students. 













The questions in the Mixed Practice section at the end of each chapter are similarly 








colour-coded, and contain questions taken directly from past IB Diploma Mathematics 








exam papers. There is also a review exercise halfway through the book covering all of 








the core content, and two practice examination papers at the end of the book. 








Answers to all exercises can be found at the back of the book. 








A calculator symbol is used where we want to remind you that there is a particularly 








important calculator trick required in the question. 








A non-calculator icon suggests a question is testing a particular skill that you should be 








able to do without the use of a calculator. 








The guide places great emphasis on the importance of technology in mathematics and 








expects you to have a high level of fluency with the use of your calculator and other 








relevant forms of hardware and software. Therefore, we have included plenty of 








screenshots and questions aimed at raising awareness and developing confidence in 








these skills, within the contexts in which they are likely to occur. This icon is used to 








indicate topics for which technology is particularly useful or necessary. 








Making connections: 



Mathematics is all about making links. You might be 








interested to see how something you have just learned will be used elsewhere in 








the course and in different topics, or you may need to go back and remind yourself 








of a previous topic. 








Be the Examiner 












These are activities that present you with three different worked solutions to a particular 








question or problem. Your task is to determine which one is correct and to work out where 








the other two went wrong. 
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Introduction 












TOOLKIT 















There are questions, investigations and activities interspersed throughout the chapters 








to help you develop mathematical thinking skills, building on the introductory 








toolkit chapter in relevant contexts. Although the ideas and skills presented will not 








be examined, these features are designed to give you a deeper insight into the topics 








that will be. Each toolkit box addresses one of the following three key topics: proof, 








modelling and problem solving. 













3 








42 








924 








∞ 








π 










Proof 












Proofs are set out in a similar way to Worked Examples, helping you to gain a deeper 








understanding of the mathematical rules and statements you will be using and to develop the 








thought processes required to write your own proofs. 













International mindedness 








These boxes explore how the exchange of information and ideas across national 








boundaries has been essential to the progress of mathematics and to illustrate the 








international aspects of the subject. 








You are the Researcher 








This feature prompts you to carry out further research into subjects related to the 








syllabus content. You might like to use some of these ideas as starting points for 








your mathematical exploration or even an extended essay. 








TOK Links 








Links to the interdisciplinary Theory of Knowledge element of the IB Diploma programme are 








made throughout the book. 








Links to: Other subjects 








Links to other IB Diploma subjects are made at relevant points, highlighting some of the real- 








life applications of the mathematical skills you will learn. 








Topics that have direct real-world applications are indicated by this icon. 








There is a glossary at the back of the book. Glossary terms are 



purple. 








About the authors 








The authors are all University of Cambridge graduates and have a wide range 








of expertise in pure mathematics and in applications of mathematics, including 








economics, epidemiology, linguistics, philosophy and natural sciences. 








Between them they have considerable experience of teaching IB Diploma Mathematics 








at Standard and Higher Level, and two of them currently teach at the University of 








Cambridge. 








Tip 












There are short hints 








and tips provided in the 








margins throughout the 








book. 















LEARNER 








PROFILE 













Opportunities 








to think about 








how you are 








demonstrating the 








attributes of the 








IB Learner Profile 








are highlighted 








at the beginning 








of appropriate 








chapters. 

















Mathematics is about more than just arithmetic, geometry, algebra and statistics. It is a 








set of skills that are widely transferable. All of the IB Diploma Programme Mathematics 








courses allocate time to the development of these skills, collectively known as the 








‘toolkit’, which will help you formulate an approach to any mathematical problem and 








form a deeper understanding of the real-life applications of mathematics. 








In this chapter, we will look at four of these skills: 












n 



problem solving 








n 



proof 








n 



modelling 








n 



technology. 













For each, we have provided some background information and activities to help you 








develop these skills. There will be many more activities interspersed at appropriate 








places throughout the book. We will then also look at how these skills can be 








demonstrated in your exploration. 








For some students, part of the additional ‘toolkit’ time might be usefully spent practising 








their basic algebra skills, so we have also provided an exercise to assist with this. 








This chapter has been designed as a useful resource of information and advice that will 








give you a good grounding in the required skills at the start of the course, but that you 








can also refer back to at appropriate times throughout your studies to improve your skills. 








Problem Solving 








Some people think that good mathematicians see the answers to problems straight 








away. This could not be further from the truth. 
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Answer the following problem as fast as you can using your mental mathematics skills. 








A bottle and a cork cost $1.10. The bottle costs $1 more than the cork. How much is 








the cork? 
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The human brain is highly evolved to do things such as spot predators and food. There 








has not been a lot of evolutionary pressure to do mental mathematics, so most people 








get this type of problem wrong when they try to do it quickly (the most common answer 








is usually $0.10; the correct answer is actually $0.05). Good mathematicians do not just 








try to spot the correct answer, but work through a clear, analytical process to get to the 








right answer. 








One famous mathematician, George Polya, tried to break down the process 








mathematicians go through when solving problems. He suggested four steps: 








1 



Understand the problem. 








2 



Make a plan. 








3 



Carry out the plan. 








4 



Look back on your work and reflect. 








Most people put all their efforts into step 3, but often the others are vital in developing 








your problem-solving skills. 
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mathematical exploration 
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Polya also came up with a list of problem-solving strategies, called heuristics, which 








he used to guide him when he was stuck. For example, when dealing with a difficult 








problem; answer a simpler one. 












TOOLKIT: 



Problem Solving 















A strange mathematical prison has 100 cells each containing 1 prisoner. Initially they 








are all locked. 















n 



On day 1 the guard turns the key in every cell door, therefore all the doors are 















unlocked. 















n 



On day 2 the guard turns the key on the door of every cell that is a multiple of 2. 















This locks all the even numbered cells. 















n 



On day 3 the guard turns the key on the door of every cell that is a multiple of 3. 








n 



On day 4 the guard turns the key on the door of every cell that is a multiple of 4. 















This continues in this way until the 100th day, on which the guard turns the key on 








every cell that is a multiple of 100 (i.e. just the 100th cell.) All prisoners whose cell 








doors are then opened are released. Which prisoners get released? 
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You might find that the cycle of mathematical inquiry below is a useful guide to the 








process you have to go through when tackling the problem above, along with many of 








the other problems in this section. 










Explore the 








context 








Make a 








conjecture 








Reject 








Test the 








conjecture 








Accept 








Justify 








Extend 
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What is the formula for the sum of the angles inside an 



n-sided 



polygon? 













a 



Explore the context: 












What is a polygon? Is a circle a polygon? Does it have to be regular? Can it 








have obtuse angles? What about reflex angles? What is the smallest and largest 








possible value of 



n? 













b 



Make a conjecture: 












Using your prior learning, or just by drawing and measuring, fill in the 








following table: 













Shape 








n 








Sum of angles, 



S 












Triangle 








Quadrilateral 








Pentagon 








Based on the data, suggest a rule connecting 



n 



and 



S. 













c 



Test your conjecture: 












Now, by drawing and measuring, or through research, see if your conjecture 








works for the next polygon. If your conjecture works, move on to 



d, 



otherwise, 








make a new conjecture and repeat 



c. 
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xi 








One way of exploring the problem to help you form a conjecture is to just try putting 








some numbers in. 
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Simplify 








x 








cos (sin( )) 








1 








− 








for 








x 








0 








90 








° < < °. 
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With a lot of problem solving, you will go through periods of not being sure whether you are 








on the right track and not knowing what to do next. Persistence itself can be a useful tool. 
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Each term in the look-and-say sequence describes the digits of the previous term: 








1, 11, 21, 1211, 111221, 312211, … 








For example, the fourth term should be read as ‘1 two, 1 one’, describing the digits 








in the third term. What is the 2000th term in this sequence? How would your answer 








change if the first element in the sequence was 2? 
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One of the key challenges when dealing with a difficult problem is knowing where to 








start. It is often useful to look for the most constrained part. 
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The problem below is called a KenKen or Calcudoku. The numbers 1 to 5 are found 








exactly once in each row and column. The numbers in the cells connected by outlines 








can be used, along with the operation given, to form the stated result. For example, 








the box labelled 2÷ gives you the desired result and the operation used to get it. The 








two numbers must be able to be divided (in some order) to make 2, so it could be 1 








and 2 or 2 and 4. 













60× 2÷ 








1‒ 








4+ 








2 








4‒ 








12× 








2÷ 4+ 








10+ 








2÷ 








4‒ 
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d 



Justify your conjecture: 












If you connect one corner of your polygon to all the other corners, how many 








triangles does this form? Can you use this to justify your conjecture? 













e 



Extend your conjecture: 












Does the justification still work if the polygon has reflex angles? If the polygon 








is regular, what is each internal angle? What whole-number values can the 








internal angle of a regular polygon be? What is the external angle of a regular 








n-sided 



polygon? Which regular polygons can tesselate together? 
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Sometimes your immediate response to a hard problem is total panic, as you do not 








know where to begin. Always remember that the problems you will face will have a 








solution; it just might require some patience and careful thinking to get there. 
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In the multiple-choice quiz below, each question refers to the quiz as a whole: 













1 



How many answers are A? 








A 



0 








B 



1 








C 



2 








D 



3 








E 



4 








2 



The first question whose answer is A is question 








A 



1 








B 



2 








C 



3 








D 



4 








E 



There are no ‘A’s 








3 



The previous answer is 








A 



C 








B 



D 








C 



E 








D 



A 








E 



B 








4 



The only repeated answer is 








A 



C 








B 



B 








C 



A 








D 



E 








E 



D 
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Proof 










       








n 



What makes a good proof? 








Although in examinations the Applications and interpretation course does not have 








much focus on formal proof, for mathematicians, proof is their way of ‘explaining’. 








Therefore, at appropriate places we will still present proofs which you might find provide 








a useful insight into how the theory is developed. Although you will not be expected to 








learn and reproduce these proofs, it is useful for your general problem solving skills to see 








some of the arguments and techniques used in mathematics. 

















Proof 








xiii 








In many ways, proof is the defining feature of mathematics. It is steps of logical reasoning 








beginning at a clear starting point (called an axiom). This requires precise, unambiguous 








communication so mathematical proofs shared between mathematicians often look 








scarily formal. For example, overleaf is a short section of Bertrand Russell’s 1910 



Principia 








Mathematica 



in which he used fundamental ideas about sets to show that 1 + 1 = 2. 








However, you should not get too hung up on making proofs look too formal. A good 








proof is all about convincing a sceptical peer. A famous study by Celia Hoyles and Lulu 








Healy in 1999 showed that students often thought totally incorrect algebraic proofs 








were better than well-reasoned proofs that used words or diagrams. Good proof is about 








clearly communicating ideas, not masking them behind complicated notation. 
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Proof 















Does the following diagram prove Pythagoras’ Theorem? 













= 








c2 








b2 








a2 
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One of the problems you might encounter in developing proofs is not knowing what 








axioms you can start from. There is a certain amount of ‘community knowledge’ in 








knowing what acceptable starting points are. For example, if you were asked to prove 








that the area of a circle is 



pr2 



, it would not be acceptable to say this is a well-known 








fact found in the formula book. However, if you were asked to prove that a circle is the 








shape with the largest area for a given perimeter then you could probably use 



A 



= pr2 








without proof. 










The other issue is that too often in mathematics you are asked to prove obvious facts 








that you already know, for example proving that the sum of two odd numbers is even. 








However, the methods used to do that are helping with the development of precise 








reasoning which can be used to prove facts that are much less obvious. 
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Proof 















Are there more positive even numbers or positive whole numbers? 








Imagine creating a list of all the positive whole numbers alongside a list of all the 








positive even numbers: 













1 2 








→ 








2 4 








→ 








3 6 








→ 








 








n n 








2 








→ 












For every positive whole number, 



n, 



we can associate with it exactly one even number, 








2n. Therefore, there are the 



same 



number of whole numbers and even numbers. 








Most people find this fact counter-intuitive. You might want to see if you can extend 








this method to ask: 













a 



Are there more positive whole numbers or prime numbers? 








b 



Are there more positive whole numbers or fractions between 0 and 1? 








c 



Are there more positive whole number or decimals between 0 and 1? 
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You are the Researcher 










Reasoning with infinity is famously problematic. There is a famous proof that the sum of all positive whole 








numbers is 








1 








12 








− 



. Although massively counter-intuitive and usually considered invalid, this result has found 








applications in quantum theory. You might want to research this result, along with other astounding results 








of the great Indian mathematician Ramanujan. 










One way of developing your own skills in proof is to critically appraise other attempted 








proofs. Things can look very plausible at first but have subtle errors. 
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Find the flaw in the following proof that 7 



= 



3. 








Start from the true statement: 








21 








21 








− = − 








Rewrite this as: 








49 70 9 30 








− = − 








This is equivalent to: 








7 10 7 3 10 3 








2 








2 








− × = − × 








Add on 25 to both sides: 








7 10 7 25 3 10 3 25 








2 








2 








− × + = − × + 








This can be expressed as: 








7 








2 5 7 5 3 2 5 3 5 








2 








2 2 








2 








− × × + = − × × + 








Both sides are perfect squares and can be factorized: 








(7 5) 








(3 5) 








2 








2 








− 








= − 








Square rooting both sides: 








7 5 3 5 








− = − 








Therefore 7 



= 



3. 
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You are the 








Researcher 








There is a famous 








proof that all 








triangles are 








equilateral. See 








if you can find 








this proof and 








determine the flaw 








in it. 
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n 



Sets, logic and the language of proof 








Unfortunately, the precision of the notation used in mathematics can sometimes be 








intimidating. For example, the different notation for number sets: 










 : 



Integers: {… 



- 



1, 0, 1, 2, 3 … } 








  








+ 








 : 



Positive integers: {1, 2, 3 … } 








 : 



Natural numbers: {0, 1, 2 … } 








 : 



Rationals: {- 1 








3 








, 0, 0.25, 4 … } 








 








{ 








} 








−π 








+ 








: Irrationals : 








,  2, 1 3 … 








 








{ 








} 








− 








: Reals : 3, 0,  








1 








5 








,  2, 8 … 










In common English usage, zero is 



neither 



positive nor negative. However, in 








some countries, for example, some parts of France, zero is considered 



both 








positive and negative. How much of mathematics varies between countries? 








Thinking about sets (possibly visualizing them using Venn diagrams) is a very powerful 








way of describing many mathematical situations. 








One of the main purposes for working on sets and proof is to develop logic. 
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A set of cards has numbers on one side and letters on the other. James claims that 








if there is a vowel on one side there must be an even number on the other side. 








Which of the following cards must be turned over to test James’s claim? 








A 








B 








1 








2 








This question, called the Watson selection test, formed part of a psychological study 








into deductive reasoning and very few people gave the correct answer. However, 








when they were asked the following question, which is logically identical, nearly 








everybody gave the correct answer. 








Four people are drinking in a bar. If someone is drinking beer, they must be aged 








over 21. Which of the following people need to be investigated further to check that 








everybody is complying with this rule? 








Beer 








drinker 








Coke 








drinker 








16-year-old 








person 








28-year-old 








person 








One of the conclusions from this study was that people are generally weak at abstract 








reasoning. The important message for you is, where possible, take abstract ideas and 








try to put them into a context. 








(The answer in both cases is the yellow and pink cards.) 
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TOOLKIT: 













Proof 












Simplify 








each of 








the following 








expressions: 













 ∪   








+ 








 ∩   








+ 








 ∩  








 ∪  
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Proof 












A barber 








in a town 








shaves all those 








people who do not 








shave themselves, 








and only those 








people. Does 








the barber shave 








himself? 








This is an example 








of a paradox often 








attributed to the 








mathematician 








and philosopher 








Bertrand Russell. 








Can you see why it 








causes a paradox? 
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The previous example demonstrates that many people do not have an intuitive 








approach to formal logic. To help develop this, it is useful to have some terminology to 








work with. 








A logical statement, 



A, 



is something which is either true or false, e.g. 



A 



= 



‘The capital 








of Italy is Rome’. 










The negation of a logical statement, 



A, 



is something which is true when 



A 



is false and 








vice versa, e.g. 



A 



= 



‘The capital of Italy is not Rome’. Sometimes you have to be careful 








here – if the statement is ‘the cup is full’, the negation is ‘the cup is not full’, rather than 








‘the cup is empty’. 










An implication is the basic unit of logic. It is of the form ‘if 



A 



then 



B’. 



People are often 








not precise enough with this logic and confuse this implication with other related 








statements: 








The converse: ‘if 



B 



then 



A’ 








The inverse: ‘if 



A 



then 



B’ 








The contrapositive: ‘if 



B 



then 



A’. 
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Proof 















For each of the following statements, decide if the converse, inverse or contrapositive 








are always true: 















n 



If 



a shape is a rectangle with equal sides, 



then 



it is a square. 








n 



If 



x 



is even, 



then 



x2 



is even. 










n 



If 



two shapes are similar, 



then 



all corresponding angles are equal. 








n 



If 



two numbers are both positive, 



then 



their product is positive. 








n 



If 



a shape is a square, 



then 



it is a parallelogram. 








n 



If 



a number is less than 5, 



then 



it is less than 10. 
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Logic gets even harder when it is taken out of abstract mathematical thought and put 








into real-life contexts. This is often implicitly presented in the form of a syllogism: 








Premise 1: All IB students are clever. 








Premise 2: You are an IB student. 








Conclusion: Therefore, you are clever. 








The above argument is logically consistent. This does not necessarily mean that the 








conclusion is true – you could dispute either of the premises, but if you agree with the 








premises then you will be forced to agree with the conclusion. 
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Proof 















Decide if each of the following arguments is logically consistent. 















n 



If Darren cheats he will get good grades. He has got good grades; therefore, he 















must have cheated. 















n 



If you work hard you will get a good job. Therefore, if you do not work hard you 















will not get a good job. 















n 



All HL Mathematics students are clever. No SL Mathematics students are HL 















Mathematics students; therefore, no SL mathematics students are clever. 















n 



All foolish people bought bitcoins. Since Jamila bought bitcoins, she is foolish. 








n 



All of Paul’s jokes are either funny or clever but not both. All of Paul’s 















mathematics jokes are clever, therefore none of them are funny. 
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TOK Links 








Is it more important 








for an argument 








to be logically 








consistent or the 








conclusion to be 








true? 
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Modelling 










       








n 



Creating models 








Mathematics is an idealized system where we use strict rules to manipulate expressions 








and solve equations, yet it is also extremely good at describing real-world situations. 








The real world is very complicated, so often we need to ignore unnecessary details and 








just extract the key aspects of the situation we are interested in. This is called creating 








a model. The list of things we are assuming (or ignoring) is called the modelling 








assumptions. Common modelling assumptions include: 












n 



Treating objects as just being a single point, called a particle. This is reasonable if 













they are covering a space much bigger than their size, for example, modelling a bird 








migrating. 












n 



Assuming that there is no air resistance. This is reasonable if the object is moving 













relatively slowly, for example, a person walking. 












n 



Treating individuals in a population as all being identical. This is reasonable if the 













population is sufficiently large that differences between individuals average out. 
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None of the following statements are always true, but they are all sometimes useful. 








When do you think these would be good modelling assumptions? When would they 








be a bad idea to use? 















n 



The Earth is a sphere. 








n 



The Earth is flat. 








n 



Parallel lines never meet. 








n 



The sum of the angles in a triangle add up to 180 degrees. 








n 



Each possible birthday of an individual is equally likely. 








n 



The average height of people is 1.7 m. 








n 



The Earth takes 365 days to orbit the Sun. 








n 



The Earth’s orbit is a circle. 








n 



The more individuals there are in a population, the faster the population will 















grow. 
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One of the most difficult things to do when modelling real-world situations is deciding 








which variables you want to consider. 
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Modelling 

















What variables might you consider when modelling: 















n 



the population of rabbits on an island 








n 



the height reached by a basketball thrown towards the net 








n 



the average income of a teacher in the UK 








n 



the optimal strategy when playing poker 








n 



the volume of water passing over the Niagara Falls each year 








n 



the profit a company will make in 3 years’ time 








n 



the result of the next national election 








n 



the thickness of cables required on a suspension bridge. 















Can you put the variables in order from most important to least important? 
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Once you have decided which variables are important, the next step is to suggest how 








the variables are linked. This can be done in two different ways: 
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n 



Theory-led: 



This is where some already accepted theory – such as Newton’s laws in 













physics, supply–demand theory in economics or population dynamics in geography – 








can be used to predict the form that the relationship should take. 












n 



Data-led: 



If there is no relevant theory, then it might be better to look at some 













experimental data and use your knowledge of different functions to suggest an 








appropriate function to fit the data. 










       








n 



Validating models 










Once you have a model you need to decide how useful it is. One way of doing this is 








to see how well it fits the data. Unfortunately, there is a balance to be struck between 








the complexity of the model and how well it fits – the more parameters there are 








in a model, the better the fit is likely to be. For example, a cubic model of the form 








3 








2 








= 








+ 








+ + 








y ax bx 








cx d 



has four parameters (a, 



b, c 



and 



d) 



and will fit any data set at 








least as well as a linear function 



= + 








y ax b 



with two parameters (a and 



b). 










TOK Links 








There is a very important idea in philosophy known as Occam’s razor. This basically says that, 








all else being equal, the simpler explanation is more likely to be the correct one. 
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Consider the following set of data, showing the speed of a ball (in metres per second) against the time since the 








ball was dropped. 













2 








1 








2 








3 








4 








5 








6 








7 








8 








4 








6 








y = 



0.2841x + 3.3555 








8 








10 








2 








1 








2 








3 








4 








5 








6 








7 








8 








4 








6 








y = 



1.2639ln(x) + 2.9697 








8 








10 








2 








1 








2 








3 








4 








5 








6 








7 








8 








4 








6 








y = 



0.0166x3 – 0.3327x2 + 2.165x + 0.6668 








8 








10 








2 








1 








2 








3 








4 








5 








6 








7 








8 








4 








6 








y = 



1.0631x + 1.4243 








y = 



0.0594x + 4.828 








8 








10 












What criteria might you use to decide between the different models used? 








Based on the data, Sam says that when 



x 



= 



6, she thinks that 



y 



= 



5.1. 








Olesya says that when 



x 



= 



6, she thinks that 



y 



is between 4.5 and 5.5. 








What are the benefits or drawbacks of each of their ways of reporting their findings? 
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Is theory-led or 








data-led modelling 








more valid? 
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n 



The modelling cycle 








In real-life applications you are unlikely to get a suitable model at the first attempt. 








Instead, there is a cycle of creating, testing and improving models. 










Pose a 








real-world 








problem 








Develop 








a model 








Reject 








Test the 








model 








Accept Reflect on 








and apply 








the model 








Extend 












TOOLKIT: 



Modelling 















Carlos is creating a business plan for his bicycle repair business. Based on a survey, 








he believes that he will have 10 customers each week if he charges $30 for a repair 








and 20 customers each week if he charges $20. 













a 



Pose a real-world problem: 












Can you predict how many customers Carlos will have each week (N) if he 








charges $d for a repair? 













b 



Develop a model: 












Use a formula of the form 



N 



= 



ad 



+ 



b 



to model the number of customers Carlos 








will have. 













c 



Test the model: 












In his first week, Carlos charges $25 and gets 14 customers. Evaluate your model. 








Should it be improved? If so suggest a better model. 













d 



Apply the model: 












Carlos believes he can cope with up to 30 customers each week. What is the least 








amount of money he should charge? 













e 



Reflect on the model: 












Does it matter that your original model predicts a negative number of customers 








if Carlos charges $100 for a repair? How accurate does the model have to be? Is 








it more important for a new business to make a lot of money or to have a lot of 








customers? Is a single price for any repair a sensible business proposition? 













f 



Extend: 












Use your model to predict the total income Carlos will get if he charges $d. What 








price would you advise Carlos to charge? 













3 








42 








924 








∞ 








π 










Using technology 








The main technology that you need to master is your Graphical Display Calculator 








(GDC), which you should use as much as possible early in the course to get accustomed 








to all its features. However, outside of examinations, there are many more technological 








tools which you might find helpful at various points, especially when writing your 








exploration. The following questions provide starting points to develop your skills with 








different types of software. 
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n 



Computer algebra systems (CAS) 










Most professional mathematicians make extensive use of CAS to avoid the more 








tedious elements of algebraic simplification. Various websites, such as Wolfram Alpha, 








and some calculators will do a lot of manipulation for you. This reflects the fact that, in 








modern mathematics, the skill is not algebraic manipulation, but more deciding which 








equation needs to be solved in the first place. 










a 



Use CAS to simplify 



sin(cos ) 








1 








− 



x 



. 








b 



Simplify 



(sin ) (cos ) 








1 








2 








(sin(2 )) 








4 








4 








2 








+ 








+ 








x 








x 








x 



. 










       










n 



Spreadsheets 








a 



Spreadsheets can be used to automate calculations. 








A teacher uses the following boundaries to assign grades to internal tests. 








Percentage, 



p 












Grade 








p 



< 



11 








Fail 








11 



< 



p 



< 



22 








1 








22 



< 



p 



< 



33 








2 








33 



< 



p 



< 



44 








3 








44 



< 



p 



< 



55 








4 








55 



< 



p 



< 



66 








5 








66 



< 



p 



< 



77 








6 








p 



> 



77 








7 













Design a spreadsheet that will allow a teacher to input raw marks on Paper 1 (out 








of 40) and Paper 2 (out of 50) and automatically calculate an overall percentage 








(reported to the nearest whole number) and grade. 








b 



Spreadsheets are also useful for answering questions about modelling. 








The change in speed of a ball dropped off a cliff with air resistance is modelled 








using the following rules. 








The speed (in metres per second) at the end of each second is given by 








0.5 previous speed 10 








× 








+ 



. The distance travelled in each second is given by the 








average of the speed at the beginning of the second and the speed at the end. The 








initial speed is zero. 








How far has the ball travelled after 20 seconds? What speed is achieved? 








c 



Spreadsheets are very useful for investigating sequences. 










i 



The first term of a sequence is 2. All subsequent terms are found by doing 








1 








1 








previous term 








− 








. Find the 100th term. What do you notice about this sequence? 










ii 



The first term of a sequence is 



n. 



The subsequent terms are found using the 








following rules: 












n 



If the previous term is odd, the next term is 1 plus 3 times the previous term. 








n 



If the previous term is even, the next term is half the previous term. 













Investigate the long-term behaviour of this sequence for various different values 








of 



n. 








TOK Links 










The sequence in 



c ii 








leads to a famous 








mathematical idea 








called the Collatz 








conjecture. It has 








been tested for 








all numbers up to 








about 








× 








87 260 and 








no counterexamples 








have been found, 








but this is still 








not considered 








adequate for a proof 








in mathematics. 








What are the 








differences between 








‘mathematical 








proof’ and ‘scientific 








proof’? 
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n 



Dynamic geometry packages 








Dynamic geometry packages are useful for exploring different geometric configurations 








by drawing a diagram using the given constraints, then seeing what stays the same 








while the unconstrained quantities are changed. They often allow you to make 








interesting observations that can then be proved; however, it is a skill in itself to turn a 








problem in words into a diagram in a dynamic geometry package. 








a 



A triangle 



ABC 



has a right angle at 



C. 



The midpoint of 



AB 



is called 



M. 



How is the 








length of 



MC 



related to the length of 



AB? 



How could you prove your conjecture? 








b 



Two touching circles share a common tangent which meets the first circle at 



A. 



The 








opposite end of the diameter of the first circle at 



A 



is called 



B. 



The tangent from 



B 








meets the other circle tangentially at 



C. 



Find the ratio 



AB : BC. 










       








n 



Programming 








Programming is a great way to provide clear, formal instructions, that requires planning 








and accuracy. All of these are great mathematical skills. There are many appropriate 








languages to work in, such as Java, Python or Visual Basic. Alternatively, many 








spreadsheets have a programming capability. 








a 



Write a program to find the first 1000 prime numbers. 








b 



Write a program that will write any positive number as the sum of four square 








numbers (possibly including zero). 








c 



Write a program that will decode the following message: 








Jrypbzr gb Zngurzngvpf sbe gur Vagreangvbany 








Onppnynherngr. Jr ubcr gung lbh rawbl guvf obbx 








naq yrnea ybgf bs sha znguf! 








The exploration 








The purpose of this mathematics course is much more than just to prepare for an 








examination. We are hoping you will develop an appreciation for the beauty of 








mathematics as well as seeing a wide range of applications. 20% of the final mark is 








awarded for an exploration – a piece of independent writing, approximately 12 to 20 








pages long, that explores a mathematical topic. There are many different types of 








mathematical exploration, but some of the more common types include: 












n 



creating a mathematical model for a situation 








n 



using statistics to answer a question 








n 



exploring the applications of a mathematical method 








n 



solving a pure mathematics puzzle 








n 



exploring the historical development of a mathematical idea. 













Your exploration will be marked according to five criteria: 












n 



presentation 








n 



mathematical communication 








n 



personal engagement 








n 



reflection 








n 



use of mathematics. 













Tip 












There are many 








successful explorations 








in each of these 








categories, but you 








should be aware that 








the first three of these 








types listed, involving 








models, statistics 








and applications of 








a method, are often 








felt by students to be 








easier to get higher 








marks, particularly in 








relation to the personal 








engagement and 








reflection assessment 








criteria. 













Tip 












You might want to do 








a frequency analysis 








on the message and 








compare it to the 








standard frequencies in 








the English language. 
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n 



Presentation 








This is about having a well-structured project which is easy to follow. If someone else 








reads your presentation and can summarize what you have written in a few sentences, it 








is probably well-structured. 








It needs to be: 












n 



Organized: 



There should be an introduction, conclusion and other relevant sections 













which are clearly titled. 












n 



Coherent: 



It should be clear how each section relates to each other section, and why 













they are in the order you have chosen. The aim of the project should be made clear 








in the introduction, and referred to again in the conclusion. 












n 



Concise: 



Every graph, calculation and description needs to be there for a reason. You 













should not just be repeating the same method multiple times without a good reason. 










       








n 



Mathematical communication 








As well as the general communication of your ideas, it is expected that by the end of 








this course you will be able to communicate in the technical language of mathematics. 








Your mathematical communication needs to be: 












n 



Relevant: 



You should use a combination of formulae, diagrams, tables and graphs. 













All key terms (which are not part of the IB curriculum) and variables should be 








defined. 












n 



Appropriate: 



The notation used needs to be at the standard expected of IB 













mathematicians. This does not mean that you need to use formal set theory and 








logical implications throughout, but it does means that all graphs need to labelled 








properly and computer notation cannot be used (unless it is part of a screenshot 








from a computer output). 








Common errors which cost marks include: 










n 



2^x instead of 2 








x 








n 



x*y 



instead of 



x 



× 



y 








n 



2E12 instead of 2 



× 



1012 








n 



writing 








1 








3 








0.33 








= 








instead of 








1 








3 








0.33 








= 








(2 d.p.) or 








1 








3 








0.33 








≈ 








. 












n 



Consistent: 



Your use of appropriate notation needs to be across all of the exploration, 








not just in the mathematical proof parts. You also need to make sure that your 








notation is the same across all of the exploration. If you define the volume of a cone 








to be 



x 



in one part of the exploration it should not suddenly become 



X 



or 



V 



c 



later 








(unless you have explained your good reason for doing so!). 










One other part of consistency is to do with accuracy. If you have measured 








something to one significant figure as part of your exploration, it would not then be 








consistent to give your final answer to five significant figures. 










       








n 



Personal engagement 








Your exploration does not need to be a totally new, ground-breaking piece of 








mathematics, but it does need to have a spark of originality in it to be likely to score 








well in personal engagement. This might be using novel examples to illustrate an idea, 








applying a tool to something from your own experience or collecting your own data to 








test a model. 








TOK Links 








Is mathematics a 








different language? 








What are the criteria 








you use to judge 








this? 








TOK Links 








Although personal 








engagement is 








difficult to describe, 








it is often easy to 








see. Can you think 








of other situations in 








which there is wide 








consensus about 








something despite 








no clear criteria 








being applied? 








Tip 










One common error 








from people using 








calculus is to call every 








derivative 








y 








x 








d 








d 








. If you 








are looking at the rate 








of change of 



C 



over 








time, the appropriate 








notation is 








C 








t 








d 








d 








. 
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The key to writing an exploration with great personal engagement is to write about 








a topic which really interests you. We recommend that from the very first day of your 








course you keep a journal with mathematical ideas you have met that you have found 








interesting. Some of these will hopefully develop into an exploration. Importantly, 








do not just think about this during your mathematics lessons – we want you to see 








mathematics everywhere! If you are struggling for inspiration, the following sources 








have been fruitful for our students in the past: 












n 



podcasts, such as More or Less: Behind the Stats 








n 



YouTube channels, such as Numberphile 








n 



websites, such as Underground Mathematics, NRICH or Khan Academy 








n 



magazines, such as 



Scientific American 



or 



New Scientist. 













One of our top tips is to find an overlap between mathematics and your future studies or 








career. As well as looking good on applications, it will give you an insight that few people 








have. Every future career can make use of mathematics, sometimes in surprising ways! 








Links to: Other subjects 








Some topics we have seen that show great applications of mathematics relevant to other 








subjects include: 








n 








Psychology: 



Do humans have an intuitive understanding of Bayesian probability? 








n 








Art: 



Did Kandinsky use the golden ratio in his abstract art? 








n 








Modern languages: 



Can you measure the distance between two languages? A 








phylogenetic analysis of European languages. 








n 








English literature: 



Was Shakespeare sexist? A statistical analysis of the length of male 








and female character speeches. 








n 








Medicine: 



How do doctors understand uncertainty in clinical tests? 








n 








Law: 



What is the prosecutor’s fallacy? 








n 








Economics: 



Does the market model apply to sales in the school cafeteria? 








n 








Physics: 



How accurate are the predictions made by Newton’s laws for a paper aeroplane? 








n 








Chemistry: 



Using logarithms to find orders of reactions. 








n 








Biology: 



Did Mendel really cheat when he discovered genetics? A computer simulation. 








n 








History: 



Was it worth it? A statistical analysis of whether greater mortality rates led to 








more land gained in WW1. 








n 








Politics: 



How many people need to be included in a poll to predict the outcome of an 








election? 








n 








Geography: 



Creating a model for the population of a city. 










       








n 



Reflection 








Reflection is the point where you evaluate your results. It should be: 












n 



Meaningful: 



For example, it should link to the aim of the exploration. It could also 













include commentary on what you have learned and acknowledge any limitations of 








your results. 












n 



Critical: 



This might include looking at the implications of your results in other, 













related contexts; a consideration of how the assumptions made affect the ways in 








which the results can be interpreted; comparing the strengths and weaknesses of 








different mathematical methods (not all of which need to have been demonstrated 








in the exploration); and considering whether it is possible to interpret the results in 








any other way. 












n 



Substantial: 



The reflection should be related to all parts of the exploration. The best 













way to do this is to include subsections on reflection in every appropriate section. 








Tip 












Beware 








overcomplicated 








sources, such as many 








internet discussion 








boards. Personal 








engagement marks are 








often lost by people 








who clearly have not 








understood their source 








material. 








Also, try to avoid the 








common topics of the 








golden ratio and the 








prisoner’s dilemma. It 








is quite tricky to show 








personal engagement 








with these, although 








it is not impossible to 








do so. 
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n 



Use of mathematics 








This is the area where your actual mathematical skills are assessed – things such as 








the technical accuracy of your algebra and the clarity of your reasoning. It is the only 








criterion that has a slight difference between the Standard Level and Higher Level. 








Your work has to be: 












n 



Commensurate with the level of the course: 



This means that it cannot just be on 













material from the prior knowledge if you want to score well. 












n 



Correct: 



Although a few small slips which are not fundamental to the progress 













of the exploration are acceptable, you must make sure that you check your work 








thoroughly. 












n 



Thorough: 



This means that all mathematical arguments are well understood and 













clearly communicated. Just obtaining the ‘correct’ answer is not sufficient to show 








understanding. 








In addition, if you are studying Higher Level Mathematics then to get the top marks the 








work should be: 












n 



Sophisticated: 



This means that the topic you choose must be sufficiently 













challenging that routes which would not be immediately obvious to most of your 








peers would be required. 












n 



Rigorous: 



You should be able to explain why you are doing each process, and you 













should have researched the conditions under which this process holds and be able 








to demonstrate that they hold. Where feasible, you should prove any results that are 








central to your argument. 








If you pick the right topic, explorations are a really enjoyable opportunity to get to 








know a mathematical topic in depth. Make sure that you stick to all the internal 








deadlines set by your teacher so that you give yourself enough time to complete all parts 








of the exploration and meet all of the assessment criteria. 








Algebra and confidence 








Mathematics, more than many other subjects, splits people into those who love it and 








those who hate it. We believe that one reason why some people dislike mathematics 








is because it is a subject where you can often be told you are wrong. However, often 








the reason someone has got the wrong answer is not because they misunderstand the 








topic currently being taught, but because they have made a simple slip in algebra or 








arithmetic which undermines the rest of the work. Therefore, for some mathematicians, 








a good use of toolkit time might be to revise some of the prior learning so that they 








have the best possible foundation for the rest of the course. The exercise below provides 








some possible questions. 








Tip 












Although it might 








sound impressive to 








write an exploration 








on the Riemann 








Hypothesis or General 








Relativity, it is just 








as dangerous to write 








an exploration on too 








ambitious a topic as one 








which is too simple. 








You will only get credit 








for mathematics which 








you can actually use. 
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TOK Links 








What are the rules of algebra? Can you know how to do something without having the 








technical language to describe it? 








Algebra Practice 








1 



Simplify the following expressions. 










a 








x 








y 








x 








y 








3 5 








8 10 








+ + + 








d 








+ − − 








x 








x 








(2 1) ( 








3) 








g 








x 








(2 )3 








j 








xy 








xz 








7 








21 








m 








x x 








3 5 








× 








b 








x 








xy x 








xy 








3 








5 








7 








2 








2 








2 








+ 








+ 








+ 








e 



xy 








yz 








( ) ( ) 








× 








h 



x x 








2 3 








− 








k 








x 








x 








x 








3 








2 6 








2 



+ 








+ 








n 








+ 








+ 








× 








+ 








x 








x 








x 








1 








2 








2 4 








5 








c 








+ − 








x 








5 2( 1) 








f 








xy x 








7 9 








× 








i 








x 








y 








3 6 








3 








+ 








l 








x y 








y x 








− 








− 








o 



x y 








3 6 








÷ 










2 



Expand the following brackets. 










a 








− 








x x 








2 ( 








3) 








d 








+ 








+ 








x x 








x 








( 








1)( 








2) 








b 



x 








( 








3)2 








+ 








e 








+ + 








+ − 








x y 








x y 








( 








1)( 








1) 








c 








− + 








x x 








( 4)( 5) 








f 








+ + + 








x x x 








( 1)( 3)( 5) 










3 



Factorize the following expressions. 










a 








y 








12 8 








− 








d 








yx 








xy 








5 








10 








2 








2 








+ 








b 








x 








y 








3 6 








− 








e 








+ + + 








z x y 








x y 








2 ( 








) 5( 








) 








c 








x x 








7 14 








2 



− 








f 








− + − 








x x 








x 








3 ( 2) 2 










4 



Solve the following linear equations and inequalities. 










a 








x 








x 








5 9 2 3 








+ = − 








d 








x 








x 








1 








2 








3 








− + = 








b 








+ = 








x 








3( 








2) 18 








e 








x 








4 2 17 








− > 








c 








− − = + 








x 








x 








4 (3 ) 9 2 








f 








x 








x 








10 2 5 








 








− 








+ 










5 



Solve the following simultaneous equations. 










a 



x y 



10 








+ = 








x y 



2 








− = 








b 








x y 








2 








7 








+ = 








x y 



2 








− = 








c 








x y 








2 5 8 








+ = 








x y 








3 2 1 








+ = 










6 



Evaluate the following expressions. 










a 



3x 



+ 



4 when 



x 



= -2 








d 



x x 








2 








− 



when 



x 



= -1 








b 








x 








x 








(3 )(5 2 ) 








− 








+ 








when 



x 



= 



2 








e 



x 








x 








2 3 








+ 



when 



x 








1 








6 








= 








c 



3 2x 








× 



when 



x 



= 



2 








f 








x 








9 








2 



+ 



when 



x 



= 



4 










7 



Rearrange the following formulae to make 



x 



the subject. 










a 



y 








x 








2 








4 








= 








+ 








d 



y 








ax 








x b 








= − 








b 








+ = 








y 








x 








x 








(3 ) 2 








e 



a 








x 








4 








2 








= 








− 








c 



y 








x 








x 








1 








2 








= 








+ 








+ 








f 



y x x 








1 3 








2 








= − 










8 



Simplify the following surd expressions. 










a 








+ 








− − + 








(1 2 2) ( 1 3 2) 








d 








3 








12 








+ 








b 



2 3 5 








e 








− 








(1 








2)2 








c 








2 8 








× 








f 








+ 








− 








(2 5)(2 5) 










9 



HL only: 



Rationalize the following denominators. 










a 








2 








2 








b 








1 








2 1 








− 








c 








1 3 








3 3 








+ 








+ 










10 



HL only: 



Solve the following quadratic equations. 










a 



x 








x 








5 








6 0 








2 



+ + = 








b 








x 








4 








9 0 








2 



− = 








c 



x x 








2 5 0 








2 



+ − = 










11 



HL only: 



Write the following as a single algebraic fraction. 










a 



a b 








1 1 








− 








d 








x 








x 








1 








1 








1 








1 








− 








+ + 








b 



x x 








3 5 








2 








+ 








e 








a 








a 








a 








a 








5 








5 








+ − − 








c 



x x 








13 








1 








+ − 








f 








x 








x 








x 








x 








1 








1 








2 








2 








+ 








− 








+ 








+ 








− 
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1 








ESSENTIAL UNDERSTANDINGS 










n 



Number and algebra allow us to represent patterns, show equivalences and make generalizations 








which enable us to model real-world situations. 








n 



Algebra is an abstraction of numerical concepts and employs variables to solve mathematical 








problems. 








In this chapter you will learn… 








n 



how to use the laws of exponents with integer exponents 










n 



how to perform operations with numbers in the form 








where 








and 








a 








a 








k 








10 , 








1 








10 








k 








 








× 








< 








is an integer 










n 



about the number e 








n 



about logarithms 








n 



how to solve simple exponential equations. 








CONCEPTS 








The following concepts will be addressed in this chapter: 












n  



Different 



representations 



of numbers enable quantities to be compared and used 













for computational purposes with ease and accuracy. 








n  



Numbers and formulae can appear in different, but equivalent forms, or 








representations, 



which can help us establish identities. 








PRIOR KNOWLEDGE 












Before starting this chapter, you should already be able to complete the following: 













1 



Evaluate the following: 








a 



34 








b 



5 23 








× 








2 



Write the following values in the form 



a 



× 10k where 1 



 



a 



< 10 and 



∈ 








k 



. 








a 



342.71 








b 



0.00856 








3 



Express 



64 in the form 2k 



, where 



∈ 








k 



. 












       












n 



Figure 1.1 



How do we compare very large numbers? 













Tip 










The notation 








 








∈ 








k 








means that 



k 



is an 








integer. 



















3 








Core: Exponents and logarithms 










When you first study maths, it is easy to think it is a subject that is all about numbers. 








But actually, the study of numbers is just one area in which we apply the logic of maths. 








Once you have experience of numbers, you will be looking to make links: for example, 








3 4 5 , 








2 








2 








2 








+ = 








but is this true in general for consecutive numbers? Of course the answer is 








‘no’, but 



3 4 12 








2 








2 








2 








× = 








gives you a rule that works when applied to multiplications. 










In this chapter we will be generalizing some patterns you are probably already aware 








of. You will then be applying these rules to numbers represented in different ways. You 








might wonder why we need a different form for writing numbers, but try writing down 








the number of atoms in the sun. When numbers are very large or very small, it is useful 








to have a more convenient form to express them in. 










Finally, you will see how to solve equations where the unknown is in the exponent, 








such as 



10 7 








= 








x 








. In so doing you will meet a number that has wide-ranging applications 








in fields including science, economics and engineering. 










Starter Activity 










Look at the pictures in Figure 1.1. In small groups discuss whether there are more atoms in 








a jug of water than there are jugs of water in the Atlantic Ocean. 








Now look at this problem: 








A model suggests that the level of carbon dioxide (CO 



2) 



in the atmosphere in parts per 








million is given by 








× 








n 








400 1.05 , where 








n 








is the number of years after 2018. 








Use a spreadsheet to estimate when this model predicts the level of CO 



2 



in the atmosphere 








will reach 1000 parts per million. 












LEARNER PROFILE 



– Inquirers 













Is mathematics invented or discovered? Is mathematics designed to mirror reality? 
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1A Laws of exponents 








TOK Links 








In expressions like 



a a 








, 








n 








is called the 



base 



and 



n 



is called the 



exponent, 



although you may 








see it referred to as power, index or indice. Does having a label help you understand it? 








Would it be better if everybody used the same label? 










In your previous work you have may have noticed that 



23 



× 



22 



= 



(2 



× 



2 



× 



2) 



× 



(2 



× 



2) 



= 



25 



. 








Based on specific examples such as this you can generalize to a formula. 










KEY POINT 1.1 










l 








× 








= 



+ 








a 








a 








a 








m 








n 








m n 








l 








= 



- 








a 








a 








a 








m 








n 








m n 








l 








= 








a 








a 








( ) 








m n 








mn 










To formally prove these rules requires a method called mathematical induction, 








which you will encounter if you are studying the Mathematics: analysis and 








approaches HL course. 








If we set 



m 



and 



n 



equal in the second law in Key Point 1.1 then it follows that 








1 








0 



= 








a 








for 








any (non-zero) value of 



a. 












TOOLKIT: 



Problem Solving 













Anything raised to the power 0 is 1, but 0 to any power is 0. So, what is the value 








of 00 ? 








3 








42 








924 








∞ 








π 










WORKED EXAMPLE 1.1 










Simplify 



x x 



. 








6 








3 








× 








Use 








× = 



+ 








a a a 








m n m n 








x x x 








6 3 6 3 








× = 








+ 








x 








9 








= 










WORKED EXAMPLE 1.2 










Simplify 



y 








y 








8 








2 








. 








Use 



a 








a 








a 








m 








n 








m n 








= 








- 








= 








- 








y 








y 








y 








8 








2 








8 2 








= 



y 








6 










Tip 










Be aware that you will 








often have to use these 








rules ‘backwards’. For 








example, if you see 212 








you can rewrite it as 








(23 )4 or as (24 )3 . 
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WORKED EXAMPLE 1.3 










Simplify 



73 



5 








( ) 



. You do not need to evaluate your result. 








Use 



( ) 



= 








a 








a 








m 








n 








mn 








7 7 








3 5 








3 5 








( ) 



= 



× 








715 








= 










If the expression has numbers as well as algebraic values, just multiply or divide the 








numbers separately. This follows because we can do multiplication in any convenient order. 








WORKED EXAMPLE 1.4 








Simplify 



b 








b 








2 








7 . 








3 








4 








× 








You can reorder the 








multiplication as 



× × × 








b b 








2 7 



3 4 








b b b b 








2 7 14 








3 4 3 4 








× = 








Then 



b b b 








3 4 3 4 








× = 



+ 








b 








14 



7 








= 










WORKED EXAMPLE 1.5 










Simplify 



c 








c 








6 








2 








. 








9 








4 








You can use your knowledge of fractions to 








write the expression as a numeric fraction 








multiplied by an algebraic fraction 








c 








c 








c 








c 








6 








2 








6 








2 








9 








4 








9 








4 








= × 








Use 



c 








c 








c 








9 








4 








9 4 








= 



- 








c 








3 



5 








= 










The laws in Key Point 1.1 work for negative as well as positive integers. But what is the 








meaning of a negative exponent? In the second law in Key Point 1.1 we can set 








0 








= 








m 








and use the fact that 








1 








0 








= 








a 








to deduce a very important rule. 










KEY POINT 1.2 










l 



a 








a 








1 








n 








n 








= 








- 










WORKED EXAMPLE 1.6 










Without a calculator write 2-4 as a fraction in its simplest terms. 








Use 



a 








a 








1 








n 








n 








= 








- 








2 








1 








2 








4 








4 








= 








- 








= 



1 








16 
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WORKED EXAMPLE 1.7 










Write 



- 








x 








4 



3 



as a fraction. 








Apply the power 



-3 



to 








x 



(but not to 4) 








= × 








- 








x 








x 








4 








4 1 








3 








3 








= 



x 








4 








3 










You will often need to apply an exponent to a product or fraction. We can use the fact 








that multiplication can be reordered to help suggest a rule. For example, 










3 








3 3 








ab 








ab ab ab a a a b b b a b 








( ) ( )( )( ) ( 








) ( 








) 








= 








= × × × × × = 










This suggests the following generalization. 








KEY POINT 1.3 










l 








= 








× 








ab 








a 








b 








( )n 








n 








n 








l 



( ) 



= 








a 








b 








a 








b 








n 








n 








n 










WORKED EXAMPLE 1.8 










Simplify 



( 








) 








- 








x y 








2 








. 








2 4 








5 








Apply the power 5 to each term 








in the product 








( 








) ( ) ( ) 








= 








- 








- 








x y 








x y 








2 








2 








2 4 



5 








5 



2 



5 








4 



5 








= 








- 








x y 








32 



10 20 










WORKED EXAMPLE 1.9 










Simplify 



 








 








 








 








- 








u 








v 








2 








3 








. 








2 








3 








Apply the power 



-3 



to each part 








of the fraction 








( ) 








 








 








 








 








= 








- 








- - 








- 








- 








u 








v 








u 








v 








2 








3 








2 








3 








2 








3 








3 3 








3 



2 



3 








= 








× 








× 








u 








v 








1 








8 








1 








1 








27 








1 








3 








6 








( ) 








( ) 








= 



u 








v 








1 








8 








1 








27 








3 








6 








Four level fractions are easiest 








dealt with by dividing two 








normal fractions. Flip the 








second fraction and multiply 








= ÷ 








u v 








1 








8 








1 








27 








3 








6 








= × 








u 








v 








1 








8 








27 








1 








3 








6 








= 



v 








u 








27 








8 








6 








3 










Tip 










Perhaps an easier way 








to do Worked Example 








1.9 is to use the last 








rule from Key Point 1.1 








to write the expression 








as 



( ) 








 








 








  








 








 








  








- 








u 








v 








2 








3 



2 








3 1 








, but it 








is good to practise 








working with four 








level fractions too! 
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7 








Be the Examiner 1.1 










Simplify 



( 








) 








x y 








2 








. 








2 3 4 












Which is the correct solution? Identify the errors made in the incorrect solutions. 













Solution 1 








Solution 2 








Solution 3 








( 








) 








( ) ( ) 








= 








x y 








x 








y 








2 








2 








2 3 4 








4 2 4 3 4 








= 



16 



x6 y7 








( 








) 








( ) ( ) 








= 








x y 








x y 








2 








2 








2 3 4 








4 2 4 3 4 








= 



8 



x8 y12 








( ) ( ) ( ) 








= 








x y 








x y 








2 








2 








2 3 4 








4 2 4 3 4 








= 



16 



x8 y12 










More complicated expressions may have to be simplified before the laws of exponents 








are applied. 








WORKED EXAMPLE 1.10 










Simplify 








- 








a b 








ab 








ab 








16 








12 








4 








. 








5 2 








4 








2 










You can split a fraction up if the 








top is a sum or a difference 








- 








= 








- 








a b 








ab 








ab 








a 



b 








ab 








ab 








ab 








16 








12 








4 








16 








4 








12 








4 








5 2 








4 








2 








5 



2 








2 








4 








2 








Simplify numbers, 



as 



and 



bs 



separately 








= - 








a 



b 








4 3 








4 



2 










You can only apply the laws of exponents when the bases are the same. Sometimes you 








can rewrite one of the bases to achieve this. 








WORKED EXAMPLE 1.11 










Express 



× 








3 9 








4 








5 



in the form 3k , for some integer 



k. 








Write 9 as 32 








( ) 








× = × 








3 



9 



3 



3 








4 5 4 



2 



5 








= × 








3 3 








4 10 








= 



314 








∴ 



k 



= 



14 










This technique can be used to solve some equations. 








WORKED EXAMPLE 1.12 










Solve 








= 








+ 








2 








8. 








x 








x 








6 








Write 8 as 23 








= 








+ 








2 



8 








x x 








6 








( ) 








= 








+ 








2 








2 








x 








x 








6 



3 








= 








+ 








2 2 








x 








x 








6 3 








Since the bases are the same, 








the exponents must be equal 








∴ + = 








x 








x 








6 3 








= 








x 








2 6 








= 








x 



3 










In Chapters 9 








and 10 you 








will need 








to use the laws 








of exponents to 








simplify expressions 








before they can be 








differentiated or 








integrated. 








An equation 








like this 








with the 








unknown (x) in 








the power is called 








an 



exponential 








equation. 



In 








Section 1C, you will 








see how to solve 








more complicated 








examples using 








logarithms. 
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The laws of exponents and your prior knowledge of algebra can be applied to modelling 








real-life situations. 








WORKED EXAMPLE 1.13 










The length of a baby fish is modelled by 



= 








L t 








2 



2 



where 



t 



is the age in days and 



L 



is the length 








in cm. Its mass in grams is modelled by 








= 








M L 








4 



3 



. 










a 



Find and simplify an expression for 



M 



in terms of 



t. 








b 



Find the age of the fish when the model predicts a mass of 1000 g. 








c 



Explain why the model is unlikely to still hold after 100 days. 










Substitute 



= 








L 








t 








2 



2 



into 








the expression for 



M 








= 








M L 








4 



3 








= 








t 








4(2 ) 








2 3 








Apply the exponent 








3 to 2 and to 



t 



2 








( ) 








( ) 








= 








t 








4 2 








3 2 








3 








( ) 








= 








t 








4 8 



6 








= 



t 








32 



6 








You need to find the value 








of 



t 



when 



M 



1000 








= 








When 



= 








M 



1000, 








= 



t 








1000 32 



6 








= 








t 








1000 








32 








6 








Take the sixth root of 








both sides to find 



t 








t 








1000 








32 








1.77 days 








6 








= 








= 








c 



The model predicts that the fish will continue growing, 








whereas in reality it is likely that after 100 days the fish 








will be growing far more slowly, if at all. 








a 








b 










Exercise 1A 












For questions 1 to 4, use the method demonstrated in Worked Example 1.1 to simplify the expressions. If numerical, you 








do not need to evaluate your result. 













1 a 



x2 



× 



x4 








b 



x5 



× 



x7 












For questions 5 to 8, use the method demonstrated in Worked Example 1.2 to simplify the expressions. If numerical, you 








do not need to evaluate your result. 













5 a 



x 








x 








4 








3 








b 








x 








x 








8 








5 












For questions 9 to 12, use the method demonstrated in Worked Example 1.3 to simplify the expressions. If numerical, 








you do not need to evaluate your result. 













9 a 



( ) 








x3 



5 








b 



( ) 








x4 



8 








2 a 



y3 



× 



y3 








b 



z5 



× 



z5 








3 a 



a6 



× 



a 








b 



a10 



× 



a 








4 a 



57 



× 



510 








b 



212 



× 



212 








10 a 



( ) 








y4 



4 








b 



( ) 








z5 



5 








11 a 



( ) 








c7 



2 








b 



( ) 








c2 



7 








12 a 



( ) 








35 



10 








b 



( ) 








137 



4 








6 a 



y8 



÷ 



y4 








b 



z9 



÷ 



z3 








7 a 








b 








b 








7 








b 








b 








b 








9 








8 a 



1112 



÷ 



114 








b 



710 



÷ 



75 
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For questions 13 to 15, use the method demonstrated in Worked Example 1.4 to simplify the expressions. 













13 a 



12x2 



× 



4x5 








b 



3x4 



× 



5x3 














For questions 16 to 19, use the method demonstrated in Worked Example 1.5 to simplify the expressions. 













16 a 








x 








x 








10 








5 








10 








5 








b 








x 








x 








9 








3 








9 








3 














For questions 20 to 23, use the method demonstrated in Worked Example 1.6 to write the expression as a fraction in its 








simplest terms. 













20 a 



10 



-1 








b 



7-1 














For questions 24 to 26, use the method demonstrated in Worked Example 1.7 to write the expression as a fraction in its 








simplest terms. 













24 a 



7 



× 



3-2 








b 



5 



× 



2-4 














For questions 27 to 29, use the method demonstrated in Worked Example 1.8 to simplify each expression. 













27 a 



( ) 








- 








u 








3 



2 3 








b 



( ) 








- 








v 








2 



3 5 














For questions 30 to 32, use the method demonstrated in Worked Example 1.9 to simplify each expression. 













30 a 



 








 








 








 








x 








3 








3 








b 



 








 








 








 








x 








5 








2 








2 














For questions 33 to 35, use the method demonstrated in Worked Example 1.10 to simplify each expression. 













33 a 








- 








x 








x 








x 








6 








21 








3 








2 








7 








b 








+ 








y 








y 








y 








15 








25 








5 








4 








6 








3 










For questions 36 to 39, use the method demonstrated in Worked Example 1.11 to express each value in the form 



a 








b 








for 








the given prime number base 



a. 








36 a 



Express 94 as a power of 3. 








b 



Express 278 as a power of 3. 








37 a 



Express 25 



× 



42 as a power of 2. 








b 



Express 54 



× 



1252 as a power of 5. 








38 a 



Express 47 



÷ 



83 as a power of 2. 








b 



Express 275 



÷ 



92 as a power of 3. 








39 a 



Express 83 



× 



27 



+ 



48 as a power of 2. 








b 



Express 162 



- 



48 



÷ 



83 as a power of 2. 














For questions 40 to 43, use the method demonstrated in Worked Example 1.12 to solve each equation to find the 








unknown value. 













40 a 



Solve 3x 



= 



81. 








b 



Solve 5x 



= 



125. 








14 a 



a 



× 



3a2 








b 



b2 



× 



5b2 








15 a 



5x2 



yz 



× 



4x3 



y2 








b 



6x7 



yz2 



× 



2xz3 








21 a 



3-3 








b 



5-2 








22 a 



 








 








 








 








- 








3 








4 








1 








b 



 








 








 








 








- 








5 








7 








1 








23 a 



 








 








 








 








- 








2 








3 








2 








b 



 








 








 








 








- 








2 








5 








3 








18 a 



15x2 



÷ 



9x4 








b 



21x5 



÷ 



28x3 








19 a 



14x3 



y5 



÷ 



2xy2 








b 



6x5 



yz2 



÷ 



3x2 



y2 



z 








17 a 








x 








x 








8 








16 



4 








b 








x 








x 








5 








20 








2 








3 








25 a 



6x-1 








b 



10x-4 








26 a 



3-2 



÷ 



2-3 








b 



4 



-3 



÷ 



3-4 








28 a 



( ) 








- - 








a 








2 



5 2 








b 



( ) 








- - 








b 








3 



7 3 








29 a 



( 








) 








x y 








5 



2 3 2 








b 



( 








) 








- 








a b 








3 



2 2 4 








31 a 



 








 








 








 








x 








y 








3 








2 








2 








3 








3 








b 



 








 








 








 








uv 








b 








5 








7 








3 








4 








2 








32 a 



 








 








 








 








- 








u 








v 








3 








4 



2 








2 








b 



 








 








 








 








- 








a 








b 








2 








3 








3 








2 








3 








34 a 








+ 








u v 








u v 








uv 








15 








18 








3 








3 








23 








b 








- 








a b c 








a b c 








a b c 








20 








16 








4 








5 7 2 








4 2 3 








3 2 








35 a 








- 








p q pq 








p q 








10 








6 








2 








3 








3 








2 








b 








+ 








s t 








s t 








s t 








14 








21 








7 








4 3 








5 7 








2 5 








41 a 



Solve 2x 



+ 



4 



= 



8. 








b 



Solve 3x 



- 



3 



= 



27. 








42 a 



Solve 73x 



- 



5 



= 



49. 








b 



Solve 42x 



- 



7 



= 



16. 








43 a 



Solve 








= 








+ 








3 








1 








27 








x 








2 5 








. 








b 



Solve 








= 








+ 








2 








1 








16 








x 








3 5 








. 
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44 



Simplify 








+ 








x 








x 








x 








4 








8 








2 








2 








3 



. 








47 



The number of people suffering from a disease ‘D’ in a country is modelled by 



D 



= 



1 000 000n-2 where 



n 



is the 








amount spent on prevention (in millions of dollars). 










a 



Rearrange the equation to find 



n 



in terms of 



D. 








b 



According to the model, how many people will have the disease if $2 million dollars is spent on prevention? 








c 



How much must be spent to reduce the number of people with the disease to 10 000? 








48 



A computer scientist analyses two different methods for finding the prime factorization of a number. They both 












take a time 



T 



microseconds that depends on the number of digits (n). 













Method A: 



T 








k n 








A 








A 








3 








= 








Method B: 



T 








k n 








B 








B 








2 








= 








Both methods take 1000 microseconds to factorize a five digit number. 








a 



Find the values of 



k 



A 



and 



k 



B. 








b 



Find and simplify an expression for 








T 








T 








A 








B 








. 








c 



Which method would be quicker at factorizing a 10 digit number? Justify your answer. 








49 



Solve 



+ × 








= 








10 2 2 








18 








x 








. 








52 



Solve 



= × 








8 








2 4 








x 








x 








2 



. 








54 



The pressure (P) in a gas is equal to 








T 








0.8 



where 



T 



is the temperature measured in kelvin. The air resistance, 



R, 



in 








newtons, of an aeroplane is modelled by 



= 








R 








P 








5 



2. 










a 



Find an expression for 



R 



in terms of 



T. 








b 



If the air resistance has a magnitude of 200 000 newtons, find the temperature in kelvin. 








55 



A boat travels 3 km at a speed of 



v 



km per hour. 








a 



Find an expression for the time taken. 








The boat uses up 



v 








0.5 



2 



litres of petrol per hour. 










b 



Find an expression for the amount of petrol used in the 3 km journey. 












The boat has 60 litres of fuel. 













c 



Find the maximum speed the boat can travel at if it is to complete the 3 km journey. 








56 



Solve the simultaneous equations: 










= 








8 2 








1 








x y 








and 








= 








4 








2 








32 








x 








y 








57 



Solve 



= × 








6 








81 2 . 








x 








x 








59 



Find all solutions to 



( ) 








- 








= 








+ 








x 



2 








1. 








x 



5 








60 



Determine, with justification, which is larger out of 27000 and 53000 . 








61 



What is the last digit of 








+ 








316 








631 ? 








316 








631 








45 



Simplify 



( ) 








x y 








xy 








2 








8 








2 3 








. 








46 



Write 



( 








) 








- - 








ab 








2 



2 3 



without brackets or negative indices. 








58 



Solve 



+ 








= 








- 








32 2 








2 . 








x 








x 








1 








51 



Solve 








= × 








+ 








5 25 5 








x 








x 








1 








2 



. 








53 



Solve 








= 








× 








+ 








- 








25 








125 5 








x 








x 








2 4 








1. 








50 



Solve 



= 



+ 








9 








3 








x 








x 



5. 
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1B Operations with numbers in the form 



a 



× 



10k 



, where 



1 



 



a 



< 



10 



and 



k 



is an integer 










1B Operations with numbers in the form 








a 



× 10k , 



where 



1 



 



a 



< 



10 



and 



k 



is an integer 








You already know that it can be useful to write very large or very small numbers in the 








form 



× 








a 



10k 



where 








< 








a 








1 








10 








 








and 








 








∈ 








k 








. This is often referred to as 



standard index form, 








standard form or scientific notation. 










Tip 










The notation 








 








∈ 








k 








means that 



k 



is an 








integer. 












You now need to be able to add, subtract, multiply and divide numbers in this form. 








You are the Researcher 








Extremely large numbers require other ways of representing them. You might want 








to research tetration and the types of number – such as Graham’s Number – which 








require this notation for them to be written down. 








WORKED EXAMPLE 1.15 










Show that if 



= × 








x 



3 107 



and 



= × 



- 








y 



4 10 



2, 



then 



= × 








x 








y 








7.5 108 



. 








Split off the powers of 10 








= × 








× 



- 








x 








y 








3 10 








4 10 








7 








2 








= × 



- 








3 








4 








10 








10 








7 








2 








= × 








( ) 








- - 








0.75 10 








7 2 








= × 








0.75 109 








Change the number 








into standard form 








( 








) 








= × × 








- 








7.5 10 10 








1 9 








= × 



- + 








7.5 10 



1 9 








= × 








7.5 108 










WORKED EXAMPLE 1.14 










Without a calculator, write (3 



× 



107 ) 



× 



(4 



× 



10−3 ) in the form 



a 



× 



10k where 








< 








a 








1 10 








 








and 








 








∈ 








k 








. 








Reorder so that the respective parts 








of each number are together. 








( 








) ( 








) 








( 








) 








( ) 








× × × 








= × × × 








- 








- 








3 10 4 10 3 4 10 10 








7 








3 








7 3 








× 








= 








( ) 








- 








+ - 








10 10 








10 








7 








3 








7 3 








= × 








12 104 








( 








) 








× 








= 








× × 








12 10 








1.2 10 10 








4 








4 








= × 








1.2 105 
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CONCEPTS – REPRESENTATION 










520 



and 



9.5367 








1013 








… × 








are both 



representations 



of the same number. However, they 








have different uses. The second probably gives you a better sense of the scale of the 








number, but the former might be more useful in solving 



52x 



= 



520 



or comparing it to 



318 



. 








One major skill in mathematics is deciding which representation to use in which 








problem. 










TOK Links 










In Worked Example 1.15, we made explicit the rules of indices used, but just assumed that 








= 








3 








4 








0.75 



was obvious. When you were 11 years old you might have had to explain this bit too, 








but part of mathematics is knowing the mathematical level and culture of your audience. 








If you continue with mathematics, then in a few years’ time you would not be expected to 








explain the rules of indices anymore as everybody reading your explanations will probably 








know them. Is this unique to mathematics or do explanations in every area of knowledge 








depend on the audience? 










Note that in this mode, the output 1.59E+05 shown on the right means 








× 








1.59 105 



. 








You can choose the number of significant figures to which the number is rounded (here 








3 was chosen, as shown on the left). 










With a ‘show that’ question, like that in Worked Example 1.15, you need to be able to 








explain each step in the calculation; most of the time, however, you will be able to do 








this type of arithmetic on a calculator, as shown below. 








WORKED EXAMPLE 1.16 










Show that 








× 








+ 








× 








= 








× 








3.2 10 








4.5 10 








4.82 10 








19 








20 








20 



. 








Write 








× 








3.2 1019 



as 








× 








0.32 1020 



so 








that there is clearly a factor of 1020 








× + × = × + × 








3.2 10 4.5 10 0.32 10 4.5 10 








19 








20 








20 








20 








( 








) 








= + × 








0.32 4.5 1020 








Change the number 








into standard form 








= × 








4.82 1020 










In the ‘show that’ questions you need to be able to explain all the steps without 








referring to a calculator. Most of the time, however, you will be able to do this type of 








arithmetic on a calculator. 
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1B Operations with numbers in the form 



a 



× 



10k 



, where 



1 



 



a 



< 



10 



and 



k 



is an integer 












Exercise 1B 












Questions 1 to 4 are designed to remind you of your prior learning. 













1 a 



Write 3.2 



× 



104 as a normal number. 








b 



Write 6.92 



× 



106 as a normal number. 








2 a 



Write 4.8 



× 



10 



-2 



as a decimal. 








b 



Write 9.85 



× 



10 



-4 



as a decimal. 










3 a 



Write the value 612.07 in standard index form. 








b 



Write the value 3076.91 in standard index form. 








4 a 



Write the value 0.003 061 7 in standard index form. 








b 



Write the value 0.022 19 in standard index form. 












For questions 5 to 7, use the method demonstrated in Worked Example 1.14 to write the given expressions in standard 








index form. Do not use a calculator. 













5 a 



(2 



× 



104 ) 



× 



(3.4 



× 



103 ) 








b 



(3.2 



× 



105 ) 



× 



(3 



× 



106 ) 








6 a 



(5 



× 



104 ) 



× 



(2 



× 



10 



-5) 








b 



(3 



× 



10 



-2) 



× 



(4 



× 



10 



-4) 








7 a 



( 








) 








× 








5 1010 



2 








b 



( 








) 








× 








6 106 



2 












For questions 8 to 10, use the method demonstrated in Worked Example 1.15 to write the given expressions in standard 








index form. Do not use a calculator. 













8 a 








× 








× 








6 10 








3 10 








2 








4 








b 








× 








× 








8 10 








2 10 








6 








10 












For questions 11 to 13, use the method demonstrated in Worked Example 1.16 to write the given expressions in standard 








index form. Do not use a calculator. 













11 a 



1 



× 



104 



+ 



2 



× 



105 








b 



3 



× 



108 



+ 



2 



× 



106 








14 



Show that if 



a 



= 



4 



× 



106 , 



b 



= 



5 



× 



10 



-3, 



then 



a 



× 



b 



= 



2 



× 



104 . 








15 



Show that if 



c 



= 



1.4 



× 



103 , 



d 



= 



5 



× 



108 , then 



c 



× 



d 



= 



7 



× 



1011 . 








16 



Show that if 



= × 








= × 








= × 








- 








a 








b 








a 








b 








4 10 , 








5 10 , then 








8 10 . 








6 








3 








8 








17 



Show that if 



= 








× 








= × 








= × 



- 








c 








d 








c 








d 








1.4 10 , 








2 10 , then 








7 10 . 








3 








8 








6 








18 



Show that if 



a 



= 



4.7 



× 



106 , 



b 



= 



7.1 



× 



105 , then 



a 



- 



b 



= 



3.99 



× 



106 . 








19 



Show that if 



c 



= 



3.98 



× 



1013 , 



d 



= 



4.2 



× 



1014 , then 



d 



- 



c 



= 



3.802 



× 



1014 . 








20 



Let 



p 



= 



12.2 



× 



107 and 



q 



= 



3.05 



× 



105 . 








a 



Write 



p 



in the form 



a 



× 



10k where 








a 








1 








10 








 



< 



and 



k 



∈ 



. 








b 



Evaluate 








p 








q 



. 








c 



Write your answer to part 



b 



in the form 



a 



× 



10k where 








a 








1 








10 








 



< 








and 








 








∈ 








k 








. 








21 



The number of atoms in a balloon is approximately 6 



× 



1023 . Theoretical physics predicts that there are 








approximately 1080 atoms in the known universe. What proportion of atoms in the known universe are found in 








the balloon? 








22 



12 grams of carbon contains 6.02 



× 



1023 atoms. What is the mass (in grams) of one atom of carbon? Give your 








answer in the form 



a 



× 



10k where 








a 








1 








10 








 



< 



and 








 








∈ 








k 








. 








23 



The diameter of a uranium nucleus is approximately 15 fm where 1 fm is 10 



-15 



m. 








a 



Write the diameter (in metres) in the form 



a 



× 



10k where 








a 








1 








10 








 



< 



and 








 








∈ 








k 








. 








If the nucleus is modelled as a sphere, then the volume is given by 



V d 








1 








6 








π 



3 








= 








where 



d 



is the diameter. 








b 



Estimate the volume of a uranium nucleus in metres cubed. 








10 a 



( 








) ( ) 








× ÷ × 








8.4 10 4 10 








14 








3 








b 



( 








) ( ) 








× ÷ × 








9.3 10 3 10 








15 








6 








9 a 








× 








× 








1 10 








2 10 








5 








4 








b 








× 








× 








2 10 








8 10 








5 








2 








13 a 



(2.1 



× 



103 ) 



+ 



(3.8 



× 



104 ) 








b 



(5.7 



× 



1013 ) 



+ 



(4.3 



× 



1012 ) 








12 a 



8 



× 



105 



- 



4 



× 



104 








b 



9 



× 



1014 



− 9 



× 



1012 
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24 



The area of Africa is approximately 3.04 



× 



1013 m2 . The area of Europe is approximately 1.02 



× 



1013 m2 . The 








population of Africa is approximately 1.2 billion and the population of Europe is 741 million. 








a 



How many times bigger is Africa than Europe? 








b 



Write the population of Europe in the form 



a 



× 



10k where 








a 








1 








10 








 



< 



and 








 








∈ 








k 








. 








c 



Does Africa or Europe have more people per metre squared? Justify your answer. 








25 



You are given that 








( 








) ( 








) 








× 








× × 








= × 








c 








3 10 








5 10 








10 








a 








b 








d 








where 








c 








1 








10 








 



< 



and 








 








∈ 








d 








. 








a 



Find the value of 



c. 








b 



Find an expression for 



d 



in terms of 



a 



and 



b. 








26 



You are given that 








( 








) ( 








) 








× 








÷ × 








= × 








c 








2 10 








5 10 








10 








a 








b 








d 
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