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Introduction 








This 



is 



the first in 



a 



series of four books supporting the Cambridge 








International AS 



& A 



Level Further Mathematics 9231 syllabus for 








examination from 2020. 



It is 



preceded by five books supporting Cambridge 








International AS 



& A 



Level Mathematics 



9709. The 



seven chapters in 








this book cover the further pure mathematics required for the Paper 



1 








examination. This 



part of the series also contains 



a 



more advanced book for 








further pure mathematics, and 



a 



book each for further mechanics and further 








probability and statistics. 








These books are based on the highly successful series for the Mathematics 








in Education and Industry (MEI) syllabus in the UK but they have been 








redesigned and revised for Cambridge International students; where 








appropriate, new material has been written and the exercises contain many 








past Cambridge International examination questions. An overview of 








the units making up the Cambridge International syllabus 



is 



given in the 








following pages. 








Throughout the series, the emphasis 



is 



on understanding the mathematics 



as 








well 



as 



routine 



calculations. The 



various exercises provide plenty of scope for 








practising basic techniques; they also contain many typical examination-style 








questions. 








The original MEI author team would like to thank Sophie Goldie and Rose 








Jewell who have carried out the extensive task of presenting their work in 








a 



suitable form for Cambridge International students and for their many 








original 



contributions. They 



would also like to thank Cambridge Assessment 








International Education for its detailed advice in preparing the books and for 








permission to use many past examination questions. 








Roger Porkess 








Series editor 
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How to use this book 








The 



structure 



of the book 










This book has been endorsed by Cambridge Assessment International 








Education. 



It is 



listed 



as 



an endorsed textbook for students taking the 








Cambridge International AS 



& A 



Level Further Mathematics 9231 syllabus. 








The Further Pure Mathematics 



1 



syllabus content 



is 



covered comprehensively 








and 



is 



presented across seven chapters, offering 



a 



structured route through the 











course. 










The book 



is 



written on the assumption that you have covered and understood 








the work 



in 



the Cambridge International AS 



& A 



Level Mathematics 9709 








syllabus. 













Each chapter 



is 



broken down into several sections, with each section covering 








a 



single 



topic. Topics 



are introduced through 



explanations, 



with 



key terms 








picked out in 



red. These 



are reinforced with plentiful 



worked examples, 








punctuated with commentary, to demonstrate methods and illustrate 








application of the mathematics under discussion. 













Regular 



exercises 



allow you to apply what you have 



learned. They 



offer 



a 








large variety of practice and higher-order question types that map to the key 








concepts of the Cambridge International syllabus. Look out for the following 








icons. 











PS 





Problem-solving questions 



will help you to develop the ability 












to analyse problems, recognise how to represent different situations 








mathematically, identify and interpret relevant information, and select 








appropriate methods. 











M 





Modelling questions 



provide you with an introduction to the 










important skill of mathematical modelling. In this, you take an everyday 








or workplace situation, or one that arises 



in 



your other subjects, and 








present 



it in a 



form that allows you to apply mathematics to it. 








CP 





Communication and proof questions 



encourage you to become 



a 










more fluent mathematician, giving you scope to communicate your work 








with clear, logical arguments and to justify your results. 








Exercises also include questions from real Cambridge Assessment 








International Education past papers, so that you can become familiar with the 








types of questions you are likely to meet in formal assessments. 








Answers 



to exercise questions, excluding long explanations and proofs, are 








available online 



at 



www.hoddereducation.com/cambridgeextras, so you can 








check your work. 



It is 



important, however, that you have 



a 



go 



at 



answering 








the questions before looking up the answers 



if 



you are to understand the 








mathematics fully. 
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ACTIVITY 








In addition to the exercises, 



Activities 



invite you to do some work for 








yourself, typically to introduce you to ideas that are then going to be 








taken further. In some places, activities are also used to follow up work 








that has just been covered. 








Other helpful features include the following. 








? 



This symbol highlights points 



it 



will benefit you to 



discuss 



with 










your teacher or fellow students, to encourage deeper exploration 













and mathematical communication. 



If 



you are working on your own, 











there are answers available online 



at 



www.hoddereducation.com/ 










cambridgeextras. 











This 



is a 



warning 



sign. 



It is 



used where 



a 



common mistake, 








misunderstanding or tricky point 



is 



being described to prevent you from 








making the same error. 








A 



variety of notes are included to offer advice or spark your interest: 








Note 








Notes 



expand on the topic under 



consideration 



and 



explore 



the deeper 








lessons that emerge from what has just been done. 








Historical 



note 








Historical notes 



offer 



interesting background information 



about 



famous 








mathematicians 



or results to engage you in this 



fascinating 



field. 








Technology 



note 








Although graphical 



calculators 



and computers are not permitted in the 








examinations 



for this 



Cambridge International syllabus, 



we have 



included 








Technology 



notes 



to indicate places where working with them can be helpful 








for learning and for teaching. 








Finally, each chapter ends with the 



key points 



covered, plus 



a 



list of the 








learning outcomes 



that summarise what you have learned in 



a 



form that 



is 








closely related to the syllabus. 








Digital 



support 








Comprehensive online support for this book, including further questions, 








is 



available by subscription to MEI’s Integral® online teaching and learning 








platform for AS 



& A 



Level Mathematics and Further Mathematics, 








integralmaths.org. This 



online platform provides extensive, high-quality 








resources, including printable materials, innovative interactive activities, and 








formative and summative assessments. Our eTextbooks link seamlessly with 


















viii 








Integral, allowing you to move with ease between corresponding topics in the 








eTextbooks and Integral. 








MEI’s Integral® material has not been through the Cambridge International 








endorsement process. 








The 



Cambridge International 








AS & A Level Further 








Mathematics 



9231 



syllabus 








The syllabus content 



is 



assessed over four examination papers. 








Paper 1: Further Pure 








Mathematics 



1 








• 



2 



hours 








• 



60% of the AS Level; 30% of the 








A 



Level 








• 



Compulsory for AS and 



A 



Level 








Paper 3: Further Mechanics 








• 



1 



hour 30 minutes 








• 



40% of the AS Level; 20% of the 








A 



Level 








• 



Offered 



as 



part of AS; 








compulsory for 



A 



Level 








Paper 2: Further Pure 








Mathematics 



2 








• 



2 



hours 








• 



30% of the 



A 



Level 








• 



Compulsory for 



A 



Level; not 



a 








route to AS Level 








Paper 4: Further Probability 



& 








Statistics 








• 



1 



hour 30 minutes 








• 



40% of the AS Level; 20% of the 








A 



Level 








• 



Offered 



as 



part of AS; 








compulsory for 



A 



Level 








The following diagram illustrates the permitted combinations for AS Level 








and 



A 



Level. 










AS Level Further 








Mathematics 








A Level Further 








Mathematics 








Paper 1 and Paper 3 








Further Pure Mathematics 1 








and Further Mechanics 








Paper 1 and Paper 4 








Further Pure Mathematics 1 








and Further Probability & Statistics 








Paper 1, 2, 3 and 4 








Further Pure Mathematics 1 and 2, 








Further Mechanics and Further 








Probability & 



Statistics 





















ix 








Prior 



knowledge 










It is 



expected that learners will have studied the majority of the Cambridge 








International AS 



& A 



Level Mathematics 9709 syllabus content before 








studying Cambridge International AS 



& A 



Level Further Mathematics 9231. 








The prior knowledge required for each Further Mathematics component 



is 








shown in the following table. 








Component in AS 



& A 



Level 








Further Mathematics 9231 








Prior knowledge required from 








AS 



& A 



Level Mathematics 9709 








9231 Paper 



1: 








Further Pure Mathematics 



1 








9709 Papers 



1 



and 



3 








9231 Paper 



2: 








Further Pure Mathematics 



2 








9709 Papers 



1 



and 



3 








9231 Paper 



3: 








Further Mechanics 








9709 Papers 



1, 3 



and 



4 








9231 Paper 



4: 








Further Probability 



& 



Statistics 








9709 Papers 



1, 3, 5 



and 



6 











Command 



words 










The table below includes command words used in the assessment for this 








syllabus. The 



use of the command word will relate to the subject context. 








Command word 



What it 



means 








Calculate 








work out from given facts, figures or information 








Deduce 








conclude from available information 








Derive 








obtain something (expression/equation/value) from 








another by 



a 



sequence of logical steps 








Describe 








state the points of 



a 



topic / give characteristics and 








main features 








Determine 








establish with certainty 








Evaluate 








judge or calculate the quality, importance, amount, or 








value of something 








Explain 








set out purposes or reasons / make the relationships 








between things evident / provide why and/or how 








and support with relevant evidence 








Identify 








name/select/recognise 








Interpret 








identify meaning or significance 



in 



relation to the context 








Justify 








support 



a 



case with evidence/argument 








Prove 








confirm the truth of the given statement using 



a 








chain of logical mathematical reasoning 








Show (that) 








provide structured evidence that leads to 



a 



given result 








Sketch 








make 



a 



simple freehand drawing showing the key features 








State 








express in clear terms 








Verify 








confirm 



a 



given statement/result 



is 



true 





















x 








Key 



concepts 








Key concepts are essential ideas that help students develop 



a 



deep 








understanding of mathematics. 








The key concepts are: 








Problem 



solving 








Mathematics 



is 



fundamentally problem solving and representing systems and 








models in different 



ways. These 



include: 








» 



Algebra: this 



is 



an essential tool which supports and expresses 








mathematical reasoning and provides 



a 



means to generalise across 



a 








number of contexts. 








» 



Geometrical techniques: algebraic representations also describe 



a 



spatial 








relationship, which gives us 



a 



new way to understand 



a 



situation. 








» 



Calculus: this 



is a 



fundamental element which describes change in 








dynamic situations and underlines the links between functions and graphs. 








» 



Mechanical models: these explain and predict how particles and objects 








move or remain stable under the influence of forces. 








» 



Statistical methods: these are used to quantify and model aspects of the 








world around us. Probability theory predicts how chance events might 








proceed, and whether assumptions about chance are justified by evidence. 








Communication 








Mathematical proof and reasoning 



is 



expressed using algebra and notation so 








that others can follow each line of reasoning and confirm its completeness 








and accuracy. Mathematical notation 



is 



universal. Each solution 



is 



structured, 








but proof and problem solving also invite creative and original thinking. 








Mathematical modelling 








Mathematical modelling can be applied to many different situations and 








problems, leading to predictions and solutions. 



A 



variety of mathematical 








content areas and techniques may be required to create the model. Once the 








model has been created and applied, the results can be interpreted to give 








predictions and information about the real world. 








These key concepts are reinforced in the different question types included 








in this book: 



Problem-solving, Communication and proof, 



and 








Modelling. 


















1 








Answers 



to 



exercises are available 



at 



www.hoddereducation.com/cambridgeextras 








1 



Matrices 



and 








transformations 








As for 








everything 








else, so for a 








mathematical 








theory – 








beauty can be 








perceived 



but 








not 



explained. 








Arthur Cayley 








(1821–1895) 








UK 








Philippines 








Singapore 








Australia 








New Zealand 








▲ 



Figure 1.1 



Direct flights between countries by one airline. 








Figure 1.1 shows some of the direct flights between countries by one 








airline. How many direct flights are there from: 










 



Singapore to Australia 








 



Australia to New Zealand 








 



the UK to the Philippines? 











? 


















2 








1 








1.1 



Matrices 








You can represent the number of direct flights between each pair of countries 








(shown in Figure 1.1) 



as 



an array of numbers like this: 








A 








N 








P 








S 








U 








A 








0 








1 








0 








4 








0 








N 








1 








0 








0 








2 








0 








P 








0 








0 








0 








1 








0 








S 








4 








2 








1 








0 








2 








U 








0 








0 








0 








2 








0 








The array 



is 



called 



a 



matrix 



(the plural 



is 



matrices) 



and 



is 



usually written 








inside curved brackets. 








0 1 0 4 0 








1 0 0 2 0 








0 0 0 1 0 








4 2 1 0 2 








0 0 0 2 0 








 








 








 








 








 








 








 








 








 








 








 








 








 








 








It is 



usual to represent matrices by capital letters, often in bold print. 








A 



matrix consists of rows and columns, and the entries in the various cells are 








known 



as 



elements. 








The matrix 








= 








 








 








 








 








 








 








 








 








 








 








 








 








 








 








0 1 0 4 0 








1 0 0 2 0 








0 0 0 1 0 








4 2 1 0 2 








0 0 0 2 0 








M 








representing the flights between 








the counties has 25 elements, arranged in five rows and five columns. 



M 



is 








described 



as a 5 



3 



5 



matrix, and this 



is 



the 



order 



of the 



matrix. You 



state the 








number of rows first then the number of columns. So, for example, the matrix 








= 








− 








 








 








 








 








3 1 4 








2 0 5 








M 








is a 2 



3 



3 



matrix and 



= 








− 








− 








 








 








 








 








 








 








 








 








4 4 








3 4 








0 2 








N 








is a 3 



3 



2 



matrix. 


















3 








1 








Answers 



to 



exercises are available 



at 



www.hoddereducation.com/cambridgeextras 








Special 



matrices 








Some matrices are described by special names that relate to the number of 








rows and columns or the nature of the elements. 








Matrices such 



as 4 2 








1 0 








 








 








 








 








 








 



and 








3 5 1 








2 0 4 








1 7 3 








− 








 








 








 








  








 








 








 








  








that have the same number of 








rows 



as 



columns are called 



square matrices. 








The matrix 



1 0 








0 1 








 








 








 








 








 








 



is 



called the 



2 



× 



2 



identity matrix 



or 



unit matrix, 








and similarly 








1 0 0 








0 1 0 








0 0 1 








 








 








 








 








 








 








 








 








is 



called the 



3 



× 



3 



identity matrix. Identity matrices 








must be square, and are usually denoted by 



I. 








The matrix 



O 



= 








0 0 








0 0 








 








 








 








 








 








 



is 



called the 



2 



× 



2 



zero matrix. 



Zero matrices can 








be of any order. 








Two matrices are said to be 



equal 



if, and only if, they have the same order 








and each element in one matrix 



is 



equal to the corresponding element in the 








other matrix. So, for example, the matrices 



A 



and 



D 



below are equal, but 



B 








and 



C 



are not equal to any of the other matrices. 








A 



= 








1 3 








2 4 








 








 








 








 








 








 








B 



= 








1 2 








3 4 








 








 








 








 








 








 








C 



= 








1 3 0 








2 4 0 








 








 








 








 








 








 








D 



= 








1 3 








2 4 








 








 








 








 








 








 








Working 



with 



matrices 








Matrices can be added or subtracted 



if 



they are of the same order. 








2 4 0 








1 3 5 








1 1 4 








2 0 5 








3 3 4 








1 3 0 








− 








 








 








 








 








 








 



+ 








− 








− 








 








 








 








 








 








 



= 








 








 








 








 








 








 








2 3 








4 1 








7 3 








1 2 








5 0 








5 1 








− 








 








 








 








 








 








 



− 








− 








− 








 








 








 








 








 








 



= 








− 








− 








 








 








 








 








 








 








But 








2 4 0 








1 3 5 








2 3 








4 1 








− 








 








 








 








 








 








 



+ 








− 








 








 








 








 








 








 



cannot be evaluated because the matrices are 








not of the same 



order. These 



matrices are 



non-conformable 



for addition. 








You can also multiply 



a 



matrix by 



a 



scalar 



number: 








2 








3 4 








0 6 








6 8 








0 



12 








− 








 








 








 








 








 








 



= 








− 








 








 








 








 








 








 








Add the elements 








in 



corresponding 








positions. 








Subtract the elements in 








corresponding 



positions. 








Multiply each of 








the elements by 



2. 


















4 








1 








Technology 



note 








You can use a calculator to add and subtract matrices of the same order and 








to 



multiply 



a matrix by a 



number. 



If you have a 



calculator 



that can handle 








matrices, find out: 








» 



the method for inputting matrices 








» 



how to add and 



subtract matrices 








» 



how to multiply a matrix by a number for matrices of varying sizes. 








Associativity 



and 



commutativity 








When working with numbers the properties of 



associativity 



and 








commutativity 



are often used. 








Associativity 








Addition 



of 



numbers 



is 



associative. 








(3 



+ 



5) 



+ 



8 



= 



3 



+ 



(5 



+ 



8) 








Commutativity 








Addition of numbers 



is 



commutative. 








4 



+ 



5 



= 



5 



+ 



4 








When you add numbers, it 








does not matter how the 








numbers 



are 



grouped, 



the 








answer will be the same. 








When you add numbers, 








the order of the numbers 








can be 



reversed 



and the 








answer will still be the 








same. 










 



Give examples to show that subtraction of numbers 



is 



not 











commutative or associative. 










 



Are matrix addition and matrix subtraction associative and/or 











commutative? 








? 








1 



Write down the order of these matrices. 








(i) 








2 4 








6 0 








–3 



7 








 








 








 








 








 








 








 








 








(ii) 








0 8 4 








–2 –3 



1 








5 3 



–2 








 








 








 








 








 








 








 








 








(iii) 








7 



–3 








( 








) 








(iv) 








1 








2 








3 








4 








5 








 








 








 








 








 








 








 








 








 








 








 








 








 








 








(v) 








2 



–6 



4 9 








5 



10 11 –4 








 








 








 








 








 








 



(vi) 








8 5 








–2 



0 








3 



–9 








 








 








 








 








 








 








 








 








Exercise 



1A 


















5 








1 








Answers 



to 



exercises are available 



at 



www.hoddereducation.com/cambridgeextras 








2 



For the matrices 








A 








B 








C 








D 








= 








2 



–3 








0 4 








= 








7 



–3 








1 4 








= 








3 5 



–9 








2 1 4 








= 








0 



–4 



5 








2 1 8 








 








 








 








 








 








 








 








 








 








 








 








 








 








 








 








 








 








 








 








 








 








 








 








 








E 



= 








–3 



5 








–2 



7 








 








 








 








 








 








 



F 



= 








1 








3 








5 








 








 








 








 








 








 








 








 








find, where possible 








(i) 



A 



− 



E 








(ii) 



C 



+ 



D 








(iii) 



E 



+ 



A 



− 



B 








(iv) 



F 



+ 



D 








(v) 



D 



− 



C 








(vi) 



4F 








(vii) 



3C 



+ 



2D 








(viii) 



B 



+ 



2F 








(ix) 



E 



− 



(2B 



− 



A) 








3 



The diagram below shows the number of direct ferry crossings on one 








day offered by 



a 



ferry company between cities 



P, 



Q, R and 



S. 








The same information 



is 



also given in the partly completed matrix 



X. 








From 








X 



= 








To 








P 








Q 








R 








S 








P 








0 








1 








Q 








2 








R 








1 








S 








0 








( ) 








P 








R 








S 








Q 








1 








2 








1 








1 








1 








1 








2 








2 








2 








(i) 



Copy and complete the matrix 



X. 








A 



second ferry company also offers ferry crossings between these four 








cities. The 



following matrix represents the total number of direct ferry 








crossings offered by the two ferry companies. 








 








 








 








 








 








 








 








 








 








 








 








 








0 2 3 2 








2 0 2 1 








2 2 0 3 








1 0 3 0 








(ii) 



Find the matrix 



Y 



representing the ferry crossings offered by the 








second ferry company. 








(iii) 



Draw 



a 



diagram similar to the one above, showing the ferry 








crossings offered by the second ferry company. 








4 



Find the values of 



w, x, 



y 



and 



z 



such that 








w 








x y z 








3 








1 4 








2 1 








9 8 








11 



8 








− 








 








 








 








 








 








 



+ 








− 








 








 








  








 








 








  



= 








− 








− 








 








 








 








 








 








 



. 


















6 








1 








5 



Find the possible values of 



p 



and 



q 



such that 








p 








p 








q 








3 








2 9 








5 








2 








7 








6 1 








9 4 








2 








2 








− 








 








 








 








 








 








 








 








 



− 








− 








− 








 








 








 








 








 








 








 








 








= 








− 








 








 








 








 








 








 



. 








6 



Four local football teams took part in 



a 



competition in which every 








team plays each of the others twice, once 



at 



home and once away. The 








results matrix after half of the games had been played is: 








Stars 








Cougars 








Town 








United 








Win 








2 








0 








2 








1 








Draw 








1 








0 








0 








1 








Lose 








0 








3 








1 








1 








Goals 








for 








6 








2 








4 








5 








Goals 








against 








3 








8 








3 








3 








( 








) 








(i) 



The results of the next three matches are 



as 



follows: 








Stars 



2 








Cougars 



0 








Town 



3 








United 



3 








Stars 



2 








Town 



4 








Find the results matrix for these three matches and hence find the 








complete results matrix for all the matches so far. 








(ii) 



Here 



is 



the complete results matrix for the whole competition. 








 








 








 








 








 








 








 








 








 








 








 








 








4 1 1 



12 



8 








1 1 4 5 



12 








3 1 2 



12 10 








1 3 2 



10 



9 








Find the results matrix for the last three matches (Stars vs United, 








Cougars vs Town and Cougars vs United) and deduce the result of 








each of these three matches. 








7 



A 



mail-order clothing company stocks 



a 



jacket in three different sizes 








and four different colours. 








The matrix 



P 



= 








17 



8 



10 15 








6 



12 19 



3 








24 10 11 



6 








 








 








 








  








 








 








 








  








represents the number of jackets 








in stock 



at 



the start of one week. 








The matrix 



Q 



= 








2 5 3 0 








1 3 4 6 








5 0 2 3 








 








 








 








  








 








 








 








  








represents the number of orders for 








jackets received during the week. 








(i) 



Find the matrix 



P 



− 



Q. 








What does this matrix represent? What does the negative element 








in the matrix mean? 








M 








M 


















7 








1 








Answers 



to 



exercises are available 



at 



www.hoddereducation.com/cambridgeextras 








A 



delivery of jackets 



is 



received from the manufacturers during the week. 








The matrix 



R 



= 








5 



10 10 



5 








10 10 



5 



15 








0 0 5 5 








 








 








 








  








 








 








 








  








shows the number of jackets 








received. 








(ii) 



Find the matrix that represents the number of jackets in stock 



at 








the end of the week after all the orders have been dispatched. 








(iii) 



Assuming that this week 



is 



typical, find the matrix that represents 








sales of jackets over 



a 



six-week period. How realistic 



is 



this 








assumption? 








1.2 



Multiplication 



of 



matrices 








When you multiply two matrices you do not just multiply corresponding 








terms. Instead you follow 



a 



slightly more complicated 



procedure. The 








following example will help you to understand the rationale for the way 



it 








is 



done. 








There are four ways of scoring points in rugby: 



a 



try (five points), 



a 








conversion (two points), 



a 



penalty (three points) and 



a 



drop goal (three 








points). In 



a match, Tonga 



scored three tries, one conversion, two penalties 








and one drop goal. 








So their score was 








3 



× 



5 



+ 



1 



× 



2 



+ 



2 



× 



3 



+ 



1 



× 



3 



= 



26. 








You can write this information using 



matrices. The 



tries, conversions, 








penalties and drop goals that Tonga scored are written 



as 



the 



1 



3 



4 



row 








matrix (3 



1 2 



1) and the points for the different methods of scoring 



as 



the 








4 × 



1 



column matrix 








5 








2 








3 








3 








 








 








 








 








 








 








 








 








 








 








 








 








. 








These are combined to give the 



1 



× 



1 



matrix 








3 5 1 2 2 3 1 3 








26 








( 








) 



( ) 








× + × + × + × = 








. 








Combining matrices in this way 



is 



called 



matrix multiplication 



and this 








example 



is 



written 



as 








× 








 








 








 








 








 








 








 








 








 








 








= 








(3 



1 2 1) 








5 








2 








3 








3 








(26). 


















8 








1 








Find 








10 



3 








2 7 








5 








2 








− 








 








 








 








 








 








 








 








 








 








 








 








 



. 








Solution 








The product will have order 



2 



3 



1. 








(10 × 5) + (3 × 2) = 56 








(−2 × 5) + (7 × 2) = 4 








10 








−2 








3 








7 








5 
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