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FOREWORD


A formidable student at Trinity


Solved the square root of infinity;


It gave him such fidgets


To count up the digits


He chucked math and took up divinity.


                        —Anonymous


This old limerick, penned by an anonymous wag, encapsulates two fundamental characteristics of mathematics and at least one misconception. The limerick correctly portrays mathematics as addressing big, head-spinning notions like that of infinity, and it gets across the fact that mathematical concepts can be difficult for laymen to comprehend. But the verse wrongly suggests that counting is the essence of mathematics. Counting is for bank tellers, cashiers, and CPAs. As the Times articles in this book make clear, mathematicians do much more than arithmetic. They are on the hunt for eternal universal truths, a quest that a budding theologian at Trinity would appreciate.


Around 300 B.C., Euclid of Alexandria offered a simple proof that there are infinitely many prime numbers (integers like 3, 5, 7, 11, and 13 that are divisible only by themselves and the number 1). His proof is as true today as it was twenty-three hundred years ago, and it will be true twenty-three hundred years from now. This kind of categorical certainty makes mathematics unique among the sciences. No matter how far out we go in the number line (beyond a hundred million, or a hundred million million, or a hundred million million million) there will always be primes. The “truths” of physics are not so universal. The discoveries of Newton and Einstein seem to hold only at certain familiar scales and not at “far out” distances.


More than the other sciences, mathematics seems to pose an abundance of simple questions that are beyond current human ingenuity. To take but one example in number theory, there is the unsolved puzzle of whether the supply of so-called twin primes (pairs of primes that differ by two, such as 3 and 5, 17 and 19, and 3,581 and 3,583) is inexhaustible. Although Euclid proved that the number of primes is infinite, generations of mathematicians have not been able to prove their suspicion that the number of twin primes is also infinite. Euclid’s proof is so simple that it can be written on one side of an index card. This raises the deep meta-mathematical question of why certain seemingly simple mathematical questions are maddeningly intractable compared to other related questions that readily give up their answers.


Contemporary mathematics is still about the search for eternal truths, but mathematicians now have a wider repertoire of techniques for getting at these truths. Chief among these is the computer, which itself is the product of mathematics, the binary language of 0s and 1s. I was in college in the mid 1970s when my professors at Harvard received word that two mathematicians in the Midwest had proved the century-old four-color conjecture, which asserts that any imaginary map of countries can always be colored with at most four colors in such a way that no two bordering countries share the same color. A lot of champagne was poured in the Harvard math department, but jubilation later gave way to consternation when word got out that the proof involved a computer doing much of the heavy lifting. It wasn’t that my professors distrusted the proof; they presumed that the correctness of its numerous steps could be confirmed by running the proof on another machine. They were disquieted by the fact that the proof was so long that no human being would be able to assimilate it and understand why four colors were sufficient. For them a proof had to provide insight, and in this regard Euclid’s half-page proof was the gold standard: they could easily follow it and understand why the number of primes was infinite.


You’ll learn from the Times articles within about the four-color conjecture and other intriguing mathematical conundrums that computers have helped to solve (for example, the party planner’s problem of determining the minimum number of guests that must be invited to guarantee that eight or more guests all know one another and that three or more will be strangers) and the meta issues such computer-aided proofs raise. You’ll also find stories about famous problems such as Fermat’s Last Theorem and the Poincaré conjecture that were recently proved the old-fashioned way, without depending on machines.


The men you’ll meet in these pages (and I say men, because few of these mathematicians are women) include other worldly eccentrics like Grigori Perelman, who solved the century-old Poincaré conjecture only to retreat into the Russian woods, turning down both a $1-million reward and the Fields Medal, the equivalent in mathematics of the Nobel Prize, and Paul Erdos, arguably the world’s most prolific mathematician, a homeless Hungarian who, jacked up on amphetamines and espresso, worked on problems twenty hours a day and published more than 1,500 papers. “Mathematicians are machines for turning coffee into theorems,” Erdos would say. When colleagues asked him to slow down, he’d reply, “They’ll be plenty of time to rest in the grave.” Erdos died at the age of eighty-three, but his mathematics, like all mathematics, is immortal. The discoveries he made, like Euclid’s and Grigori’s, will hold up for eternity.


Paul Hoffman


CEO of Liberty Science Center and author of The Man Who Loved Only Numbers

















INTRODUCTION


A mathematician once dismissed the very idea that people outside his circle could ever understand the true essence of the field. Mathematics is an art form, like music or painting. Translating math into the English language, he said, is harder than translating Chinese poetry. The beauty is lost, the elegance, and a proof that is a thing of ineffable iridescence becomes reduced to a baffling or mundane-sounding bottom line.


Others echoed that sentiment. Fritz John, a mathematician at New York University, said he wanted neither fame nor fortune but merely “the grudging admiration of a few close friends.”


But even if the rest of us cannot appreciate mathematics as an art form, are we really shut out? Articles in The New York Times may not give the details of proofs, but they reveal a rich world that can be exciting, surprising, and can even tug at the heartstrings. They even address the age-old question, What is mathematics? Is it discovered or is it invented? Art or science? If it is art, then why, as George Johnson wrote in one of the articles that opens this book, does the universe appear to follow mathematical laws?


Yet if we put philosophy aside, the variety of mathematical questions, the scope of its inquiries as reported in the Times, can be stunning. There are articles that give mathematical solutions to everyday questions—why do heavy objects rise to the top of a container? The strawberries in your jam are all at the top of the jar so when you get toward the bottom, all you have is thick syrup. Brazil nuts are at the top of the mixed nuts can. A mathematical discovery tells why.


Or what about the woman who won the New Jersey lottery twice in four months? The odds of that happening were widely reported as 1 in 17 trillion. But actually, statisticians calculated, they were more like 1 in 30. A Times article tells how to reason through such questions.


And does arthritis pain really respond to changes in the weather? Statisticians answer that one, too, with an analysis that makes sense but confounds perceptions. Another article tells of a surprising result in controlling traffic jams—mathematicians can prove that sometimes closing streets actually improves traffic flow.


But while those articles can make us look at the world differently, they are not about results that rocked mathematics. If you asked mathematicians which proofs were most important to them, many would cite the surprising, drama-laden tales of the search for solutions to some of their most famous problems. And the story of Fermat’s Last Theorem would be at the top of many lists. Nearly 400 years ago, a French mathematician scrawled the problem in the margins of a book, saying he had a simple proof but no space to write it. Ever since, mathematicians tried to solve it, to no avail. Some famous mathematicians said they would not even take it up—it was a fool’s errand, they would just waste precious years of their lives only to end up empty-handed.


Then, in 1993, a young mathematician, Andrew Wiles, announced that he had solved Fermat. What followed was elation, followed by intense questioning. It was a complicated proof, relying on recently discovered mathematics that few truly understood. And as mathematicians scrutinized Wiles’s work, they found a hole in the proof, which Wiles then desperately tried to fix. He retreated to a barren office in his attic, where he had secretly done his work, attempting to make the proof whole again. It was a year of drama that ended well, but the rollercoaster tale, told in the pages of the Times as it happened, was an unforgettable story of pride and ambition, talent and determination.


Not all mathematics is logical, and researchers have wondered how to describe the unpredictable, like the famous analogy of the Butterfly Effect, described by mathematician Edward Lorenz in a lecture in 1972 titled “Does the Flap of a Butterfly’s Wings in Brazil Set Off a Tornado in Texas?” As mathematicians tried to understand such phenomena, they developed the new fields, or newly named fields, chaos theory and catastrophe theory. And with those fields came debate. Were the results overstated? How predictable were some of these events? And what can the research say about important questions, like global warming, which involve some of the same uncertainties?


Other articles involve discoveries that changed the way we live and work. In the 1980s, a few mathematicians had a brilliant idea for making unbreakable secret codes. There are some problems that are simple to check once you have the answer, but pretty much impossible to solve unless you have centuries or millennia to run your computer. One such problem is factoring—figuring out which prime numbers can be multiplied together to make a particular number. You can easily multiply, say 3 times 5 times 11 times 13 to get 2,145, but it is a bit more work to start with 2,145 and find those factors. The codes, though, use enormous numbers, not simple ones like 2,145. And with huge numbers, there is no easy way to get the factors. So, suppose you made a code that required you to factor a large number if you wanted to break it. You could send a message by doing the equivalent of multiplying a large group of prime numbers together. And no one could illicitly read that message without factoring the resulting huge number.


The idea was so powerful that the federal government got alarmed at mathematicians’ proclivities to publish all of their work, leading to a difficult national debate about how much can or should be revealed. Some said it was important for the codes to be public in order to use them to keep sensitive information, like credit card transactions, private. Others said it was important to keep coding methods secret so enemies could not use them and make codes that the government could not break. In the end, the methods became an integral part of today’s online world, allowing, for example, the secure Web sites we use when we shop online. The Times articles tell the story of the discoveries and the wrenching debate.


Although many fields of science today involve huge teams of researchers, mathematicians often work alone. One brilliant person can change a field. And many of these mathematicians have stories and insights that can be unforgettable. The Times articles include the haunting story of Srinivasa Ramanujan, born in the 19th century in a small town in India, who died at age 32. He left “a strange, raw legacy, about 4,000 formulas written on the pages of three notebooks and some scrap paper.” His extraordinary story—how he was discovered, how inventive he was—is a tale like no other. “He seemed to have functioned in a way unlike anybody else we know of,” one mathematician said. “He had such a feel for things that they just flowed out of his brain. Perhaps he didn’t see them in way that’s translatable. It’s like watching somebody at a feast that you haven’t been invited to.”


Contemporary mathematicians can tell us what it might feel like to be part of their feast. Leonard Adleman, one of the inventors of the new type of secret code, discovered in graduate school that mathematics “is less related to accounting than it is to philosophy.” While many “think of mathematics as some kind of practical art,” he said, “the point when you become a mathematician is when you somehow see through this and see the beauty and power of mathematics.”


Some, not surprisingly, are just odd people, geniuses but eccentric almost beyond belief. That, at least, describes Paul Erdos, a Hungarian mathematician who had no home and no job. Other mathematicians invited him into their homes, feeding and housing him—and collaborating with him—until he moved on to another mathematician’s home. He also took on the question that opens this book. Are mathematical truths discovered or invented? Erdos said they were discovered. As I wrote in an obituary about this unforgettable man, Erdos “spoke of a Great Book in the sky, maintained by God, that contained the most elegant proofs of every mathematical problem. He used to joke about what he might find if he could just have a glimpse of that book.”


Gina Kolata
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CHAPTER 1


What Is Mathematics?


MATHEMATICIANS SOMETIMES ASK THEMSELVES IF THEY are finding truths about the real world or indulging in creative inventions. Is mathematics an art or a science? Often someone will cite an article by the physicist Eugene Wigner, published in 1960 and titled “The Unreasonable Effectiveness of Mathematics in the Natural Sciences.” Mathematics, Wigner wrote, is almost uncannily effective in describing physical phenomena. And so, he wrote, “The miracle of the appropriateness of the language of mathematics for the formulation of the laws of physics is a wonderful gift which we neither understand nor deserve. We should be grateful for it and hope that it will remain valid in future research and that it will extend, for better or for worse, to our pleasure, even though perhaps also to our bafflement, to wide branches of learning.”


In this section, George Johnson takes this issue of the nature of mathematics. He tells of the argument of an eminent mathematician, Reuben Hersh, that mathematics is invented. He quotes Einstein, who said humans invented mathematical tools that allowed us to describe nature but were not, in fact, an essential truth.


Jim Gleick addresses a closely related issue. What is mathematics good for? Is it enough to say that mathematics, discovered or invented, should just be pursued for its own sake, with applications coming later? Is it enough to evoke the Wigner argument—if mathematical truths are found they will turn out to be “unreasonably effective” in describing the natural world?


Or what if a computer, an unthinking computer, could spew out mathematical ideas or even produce proofs that would be considered creative if a human produced them? What does that do to the idea of mathematics as an art form?


There is no consensus in these articles, but they abound with provocative insights and questions.





 





Useful Invention or Absolute Truth: What Is Math?


By GEORGE JOHNSON


At the top of the list of science’s unanswered questions, like what is consciousness and how did life begin, is the deepest mystery of all: Why does the universe appear to follow mathematical laws?


According to the Big Bang theory, matter, energy, space and time were created during the primeval explosion. Instantly, it seems, everything began unfolding according to a mathematical plan. But where did the mathematics come from? What are the origins of numbers and the relationships they obey?


The ancient followers of the Greek mathematician Pythagoras declared that numbers were the basic elements of the universe. Ever since, scientists have embraced a kind of mathematical creationism: God is a great mathematician, who declared, “Let there be numbers!” before getting around to “let there be light!”


Scientists usually use the notion of God metaphorically. But ultimately, most of them at least tacitly embrace the philosophy of Plato, who proposed, rather unscientifically, that numbers and mathematical laws are ethereal ideals, existing outside of space and time in a realm beyond the reach of humankind.


Because the whole point of science is to describe the universe without invoking the supernatural, the failure to explain rationally the “unreasonable effectiveness of mathematics,” as the physicist Eugene Wigner once put it, is something of a scandal, an enormous gap in human understanding.


“We refuse to face this embarrassment,” Reuben Hersh, a mathematician emeritus of the University of New Mexico in Albuquerque, wrote in his recent book, What Is Mathematics Really? (Oxford University Press, 1997). “Ideal entities independent of human consciousness violate the empiricism of modern science.” While science is anchored in observations of the physical world, Dr. Hersh insists that mathematics is more of a human creation, like literature, religion or banking.


Dr. Hersh’s book is one of several recent works contending that mathematics is not an ethereal essence but comes from people who invented, not discovered, it. The sentiments presented in the books are not entirely new and the mathematical puzzle has hardly been solved. But the idea of a human-centered mathematics may be gaining force and respect.


In The Number Sense: How the Mind Creates Mathematics (Oxford University Press, 1997), Stanislas Dehaene, a cognitive scientist at the National Institute of Health and Medical Research in Paris, marshals experimental evidence to show that the brains of humans—and even of chimpanzees and rats—may come equipped at birth with an innate, wired-in aptitude for mathematics. Gregory J. Chaitin, a mathematician at I.B.M.’s Thomas J. Watson Research Center in Yorktown Heights, N.Y., takes an anti-Platonist stance in The Limits of Mathematics (Springer, 1997). Two Berkeley scientists, George Lakoff and Rafael E. Núñez, are working on a book tentatively called The Mathematical Body, contending that even the most abstract mathematical concepts arise from basic human experience—from the way the body interacts with the world. They gave a preview of their ideas in a chapter of another book published last year: Mathematical Reasoning: Analogies, Metaphors and Images, edited by Lyn D. English (Erlbaum).


The authors are all working mathematicians and scientists, not postmodern critics viewing the territory from afar. They emphatically reject those who try to dismiss mathematics and science as arbitrary constructions, or white male Eurocentric folklore. But they are just as adamant in rejecting what most mathematicians and many scientists have come to take for granted: the Platonic creed.


“The normal notion of pure math is that mathematicians have some kind of direct pipeline to God’s thoughts, to absolute truth,” Dr. Chaitin wrote in The Limits of Mathematics. While scientific knowledge is tentative and subject to constant revision, mathematics is usually seen as eternal. But Dr. Chaitin called on his colleagues to abandon mathematical Platonism and adopt a “quasi-empirical” approach that treats mathematics as just another messy experimental science.


“Quasi-empirical,” he said, “means that math ain’t that different from physics.” This view is laid out in detail in a revised edition of New Directions in the Philosophy of Mathematics, edited by Thomas Tymoczco (Princeton University Press, 1998).


Leopold Kronecker, a 19th-century mathematician, once said: “The integers were created by God; all else is the work of man.” Albert Einstein, taking a different view of whole numbers, wrote that “the series of integers is obviously an invention of the human mind, a self-created tool which simplifies the ordering of certain sensory experiences.”


In The Number Sense, Dr. Dehaene went even further. The integers—the smallest ones, anyway—are hard-wired into human nervous systems by evolution, along with a crude ability to add and subtract. Mathematics, he believes, is “engraved in the very architecture of our brains.”


“Because we live in a world full of discrete and movable objects, it is very useful for us to be able to extract number,” he argued in a recent forum published on the Internet (www.edge.org) by the Edge Foundation. “This can help us to track predators or to select the best foraging grounds, to mention only very obvious examples.”


By studying brain-damaged patients who have lost basic number skills, Dr. Dehaene and others have tentatively traced this arithmetical module to an area of the brain called the inferior parietal cortex, a poorly understood location where visual, auditory and tactile signals converge. Scientists are intrigued by clues that this region is also involved in language processing and in distinguishing right from left. Mathematics is, after all, a kind of language intimately involved with using numbers to order space. The inferior parietal cortex also seems to be important for manual dexterity, and arithmetic begins with counting on the hands. Imaging experiments, in which people’s brains are monitored as they calculate, point to the same region as a primitive number processor.


If this neurological calculator has indeed been bequeathed by evolution, then traces of it should be found in other species. In making his argument, Dr. Dehaene draws on experiments over the last few decades suggesting that even rats have a rudimentary number sense. The animals were taught to press lever A four times and then lever B to get food, or to press lever A when they heard a two-tone sequence and lever B when they heard an eight-tone sequence. (To insure that the rats were responding to the number of signals and not just to their duration, the two-tone sequence sometimes lasted longer than the eight-tone one.)


Even more striking were later experiments in which rats were first trained to associate lever A with two tones and lever B with four tones. Then they were taught to associate A with two flashes of light and B with four flashes. If the rats heard two tones and saw two flashes they learned to push B, not A. They seemed to have comprehended the notion that two plus two equals four.


The rats were not precise. Trained to press one lever four times, they often pressed it five or six times, expecting to be rewarded just the same, or they confused a seven-tone sequence with an eight-tone one. But the experiments support the notion of a primitive neurological number processor, even in rodents.


In other experiments, chimpanzees seemed to learn simple arithmetic. Given a choice between one tray with a pile of three chocolate chips and another pile of four and a second tray with piles of two and three chips, they chose the first tray with the most candy. But when the totals on the trays differed by only one chip, the chimps were less likely to make the discrimination. The number sense is approximate, not exact. More recent experiments on infants, using Mickey Mouse toys instead of chocolate chips, found signs of the same kind of rough numerical ability in babies less than 5 months old.


Dr. Dehaene says this instinct is innate, as singing is for songbirds or spinning webs is for spiders. Numbers are not Platonic ideals but neurological creations, artifacts of the way the brain parses the world. In that sense they are like colors. Red apples are not inherently red. They reflect light at wavelengths that the brain, as it was wired by evolution, interprets as red.


While people are born with an understanding of the rudiments of arithmetic, he contends, going beyond that requires learning and creativity. Multiplication, division and the whole superstructure of higher mathematics—from algebra and trigonometry, to calculus, fractal geometry and beyond—are a beautiful improvisation, the work of human culture.


The ability to weave simple ideas, like two plus two equals four, into the tapestries of higher mathematics, he suggests, is not unlike the human skill for language. People take a relatively small collection of words and, using a few simple rules of grammar and syntax, create literature.


At the University of California at Berkeley, Dr. Lakoff, a linguist and cognitive scientist, and Dr. Núñez, a developmental psychologist, contend that the source of mathematics lies not just in the brain but in the human body and the physical world. People favor number systems based on 10 because they have 10 fingers and 10 toes. But that is just the beginning of the story.


Driven by a built-in number sense, the theory goes, primitive people explored the wonders of counting by playing with their fingers or putting rocks in a pile. But they found that counting could also be thought of as taking steps along a line to measure distance. That metaphor eventually allowed for the invention of more abstract concepts. Walk one way and you get the positive integers; walk the other way and you get the negative integers. The starting point is zero.


Multiplication by a positive number can be thought of as stretching; multiplying by a negative number makes something shrink.


Dr. Lakoff and Dr. Núñez call these “grounding metaphors.” In inventing mathematics, they contend, people also used “linking metaphors” to connect two sets of ideas. The sequence of numbers can be mapped onto the notion of a line. Now numbers are not fingers or rocks but points. Put two lines together at right angles and you get what mathematicians call a Cartesian plane, a twodimensional graph that opens up a whole new arena to play in.


And so, floor by floor, the tower of mathematics is built. “Students never learn that mathematics is a creative endeavor,” Dr. Lakoff said in a recent interview. “Mathematics is more glorious because it is humanly constructed.” There is no such thing as pure mathematics or pure thought, he said—they are physical activities.


That does not mean that mathematics is a relativistic free-for-all. The most basic mathematical inventions are rooted in the brain and body. Even mathematicians’ loftier elaborations are tested against the universe. Of the infinite range of mathematical creations, scientists keep those that help them explain and predict reality. Mathematicians savor the others as ends in themselves, like paintings or symphonies.


But many scientists and mathematicians still doubt that evolution—biological or cultural—can adequately explain why mathematics works so well in describing the fundamental laws of the universe.


“Our ability to discover, and describe mathematically, Newton’s equations has no immediate survival value,” said Dr. Paul Davies, professor of mathematical physics at the University of Adelaide in Australia. “This point has even greater force when it comes to, say, quantum mechanics. The reason people find it hard to understand quantum physics is precisely because there is no survival value in being able to do so.”


The reason mathematics is so effective, he says, remains a deep mystery. “No feature of this uncanny ‘tuning’ of the human mind to the workings of nature is more striking than mathematics,” he wrote in The Mind of God: The Scientific Basis for a Rational World (Simon & Schuster, 1992).


Some hold out vague hopes that the mystery might be solved if humans ever encounter an alien civilization. If mathematics is indeed universal and eternal, the theory goes, then the aliens would understand concepts like pi, the ratio of a circle’s circumference to its diameter. The Platonists assume that there is “pi in the sky,” as the British astronomer John D. Barrow said in a book by that name (Oxford University Press, 1992).


The anti-Platonists say there is no reason to believe the aliens would understand mathematical inventions from Earth. “The Platonist claim that every intelligence must produce prime numbers, pi and the continuum hypothesis is an example of simple anthropomorphism,” Dr. Hersh said.


But if earthlings were utterly baffled by extraterrestrial mathematics, would the anti-Platonists have proved their point? Not necessarily.


“Alien intelligences may be so far advanced that their math would simply be too hard for us to grasp,” Dr. Davies said. “The calculus would have baffled Pythagoras, but with suitable tuition he would have accepted it.”


But what if the humans and the aliens could communicate mathematically? Would that decide the issue in favor of the Platonists? Not really.


“If the alien species had evolved in an environment similar to ours—say, a world composed of distinct, movable objects—then most likely its brain would have incorporated, through natural selection, the same regularities about the external world as we have,” Dr. Dehaene said. “Thus, it would have a very similar arithmetic and geometry.


“But now, suppose that the alien species has evolved in a radically different environment, like a fluid world,” he continued. “Then knowledge of movable objects would not be essential to its survival, while knowledge of fluid mechanics, vortices, etc. would be. I believe that this hypothetical species would have internalized in its brain regularities strikingly different from ours. Hence it would have radically different mathematics.”


And so the argument continues to churn.


Several years ago, the French mathematician Alain Connes, arguing for the Platonists, and the French neurobiologist Jean-Pierre Changeux, taking the opposite side, tried to settle the matter with a debate. The result, translated and edited by M. B. DeBevoise, was the book Conversations on Mind, Matter and Mathematics (Princeton University Press, 1995).


Ranging over a vast field of topics including relativity, quantum mechanics, neurobiology, topology, game theory, information theory and non-Euclidean geometry, the two reached the end of their discussion with no resolution.


The best they could do was to agree to disagree.


February 11, 1998





 





But Aren’t Truth and Beauty Supposed to be Enough?


By JAMES GLEICK


Could the mathematicians, winners of the most prestigious awards of their discipline, please tell the audience what their work is good for?


Flush with pleasure, these four young men, carrying home three Fields Medals and a Nevanlinna Prize, were telling a lay audience what their work was about. Two had discovered astonishing facts about shapes in four-dimensional space. One had developed important insights into what makes hard problems hard. One had proved the Mordell conjecture, the idea that a large class of equations can have only a finite number of rational solutions.


To the nearly 4,000 mathematicians who gathered here for the International Congress of Mathematicians, which ended Monday, these were an astonishing set of breakthroughs demonstrating new vitality in the purest of sciences. But a reporter-cameraman for a local television station wanted at least one of the prize winners to address a basic question: How would their achievements improve life for the viewers at home?


Embarrassed silence. The mathematicians suddenly seemed to have remembered pressing engagements elsewhere. They looked at one another. Gerd Faltings, a boyish, blond West German who became one of mathematics’ great men when he proved the Mordell conjecture, gave an awkward smile and flatly refused to speak.


It was Michael Freedman, a topologist in California, who rose in the end to say what all the mathematicians felt: That theirs is a way of thinking that thrives by disdaining the need for practical applications. Let the applications come later by accident—they always do. A weird, curved parody of Euclidean geometry turns out to be just the framework a physicist needs to invent the General Theory of Relativity. Notoriously unpractical techniques of number theory turn out to be just what the National Security Agency needs to make efficient, secure codes.


Usually unspoken, but always present, is the faith that doing mathematics purely, following an internal compass, seeking elegance and beauty in a strange abstract world, is the best way in the long run to serve practical science. As physics or biology progress, they will inevitably find that the way ahead has been cleared by some odd piece of pure mathematics that was thought dead and buried for many decades.


“We’re a part of a gigantic enterprise that has gone on for hundreds of years, and interacts in interesting ways with science, and operates on a very low budget,” Dr. Freedman said, “and we’ve learned that it’s hard to prophesy what piece of mathematics will have what particular applications. Mathematics has to advance as an organic whole, in ways that seem right to the people inside it.”


An older mathematician, Sir Michael Atiyah of Oxford University, who won a Fields Medal himself in 1966, offered one correction. “It’s been thousands of years,” he said. “So we’re in business on a long-term basis.”


Yet the meaning of mathematical purity is changing—has changed, many mathematicians said, even since the last Congress in Warsaw in 1983. Questions about the nature of that change, and what it might mean for the future, hovered in the air through 16 “plenary addresses,” scores of 45-minute lectures and hundreds of 10-minute “short communications” in the nine-day conference.


Mostly unrepresented was the somewhat less exalted discipline known as applied mathematics, the traditional route for mathematical ideas to filter down to engineering and other sciences. A few mathematicians could not help noticing, though, that recently physical scientists have been plucking ideas directly from the heart of pure mathematics, bypassing applied mathematics altogether. Many unexpected connections have arisen—between knot theory and genetic processes in DNA strands, for example—but the most important has been the use of geometric ideas in the theory of cosmic strings, the hottest new game in the physics of fundamental forces and particles.


The suspicion of a few mathematicians here was that biologists and chemists can no longer be relied on to be naive about the arcana of number theory or topology. That will take some getting used to.


And in the case of strings, the physics has begun feeding back into mathematics, meaning that the up-to-date pure mathematician may now have to learn some unpure science. This state of affairs was highlighted by two unusual talks by physicists Edward Witten of Princeton University and Aleksandr Polyakov of the Soviet Union’s Landau Institute for Theoretical Physics.


Dr. Polyakov, an intense man with long sandy hair, paced nervously before his lecture, a red knapsack on his back. He was worried that his mathematician audience would be put off by having to hear a foreign language—physics, not Russian.


“I apologize if you are irritated by the reckless manner of a physicist,” he told his audience. Reckless, because the two disciplines have different standards of proof: A physicist is content to say that the earth orbits the sun; a mathematician will say only that there is convincing evidence.


Dr. Freedman, in the work that won his Fields Medal, proved that certain exotic four-dimensional spaces exist. Another medalist, Simon Donaldson of Oxford, meanwhile, used tools from physics to prove that these same spaces could not exist.


“So the conclusion a mathematician would draw,” Dr. Freedman said, “is that physics doesn’t exist.”


To some mathematicians, purity has always meant a certain degree of inscrutability. That, at least, has not changed.


Sometimes inscrutability comes with the territory—for example, when the territory has four dimensions or more. A mathematician needs to be comfortable with shapes in many dimensions, but not everyone can actually visualize more than the usual three. That is one reason geometry relies, for the sake of purity, on rigorous proofs using numbers and symbols. Visual imagination cannot be trusted.


One dimension is a line. The second dimension comes when you add a second line at right angles to the first, so that now you have east-west and north-south. The third dimension requires a new line at right angles to the others, so you must leave the flat plain and draw one up-down. To imagine a fourth dimension, it is necessary to imagine a fourth line at right angles to all the others, and this most mortals cannot do.


Yet some kind of inner vision led John Milnor of the Institute for Advanced Study in Princeton, in describing the four-dimensional discoveries of Dr. Freedman to an audience of several thousand, to start gesturing with his hands.


“The problem is,” he was saying, “when you try to embed a two-dimensional disk inside a four-dimensional manifold, it will usually intersect itself.” His hands formed loops and handles in the air, as though he were describing some new kind of suitcase.


Sometimes inscrutability is just a matter of style.


It has been said that the ideal mathematics talk has three parts. The first part should be understood by most of your audience. The second part should be understood by four or five specialists in your field. The third part should be understood by no one—because how else will people know you are serious?


Some speakers seemed to follow these guidelines, mathematicians felt. Others, perhaps to save time, skipped directly to part three.


There was one question that the Fields Medalists could not wait to answer, and that was whether they used computers, the unloved child of mathematics and an object whose influence was more in evidence at the Congress than ever before.


“No,” Dr. Freedman said. Dr. Donaldson: “No.” Dr. Faltings said, “Perhaps it could reduce some sorts of tedious work for us, but it doesn’t do the thinking.” Personally he doesn’t use one.


Eyes turned to Leslie G. Valiant of Harvard University, winner of the recently established Nevanlinna Prize for Information Science, whose work centered on computer algorithms. “Maybe I should clarify my own position,” Dr. Valiant said. “I don’t use computers either.”


If the mathematicians were inclined toward parable and metaphor—and they most definitely are not—they might describe a vast wilderness, and in it a small society of men and women whose business it is to lay railroad track. This has become an art, and they have become artists—artists of track, lovers of track, connoisseurs of track.


Almost perversely, they ignore the landscape around them. A network of track may head to the northeast for many years and then be abandoned. An old, nearly forgotten line to the south may sprout new branches, heading toward a horizon that the tracklayers seem unable or unwilling to see.


As long as each new piece of track is carefully joined to the old, so that the progression is never broken, an odd thing happens. People come along hoping to explore this forest or that desert, and they find that a certain stretch of track takes them exactly where they need to go. The tracklayers, for their part, may have long since abandoned that place. But the track remains, and track, of course, is the stuff on which the engines of knowledge roll forward.
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Mathematicians Meet Computerized Ideas


By GINA KOLATA


Suppose a computer program could give artists their ideas for what to paint.


Or what if a computer program churned out possible story ideas for novelists? Would anyone want to use them?


Mathematicians, many of whom consider themselves more artists than scientists, have had to consider exactly this problem. A researcher has devised a program that spews out conjectures in a field of mathematics known as graph theory.


A conjecture is to a mathematician what a hypothesis is to a scientist: an educated guess to be tested for possible canonization into the realm of truth.


“Finding a good conjecture is definitely half of the job,” said Siemion Fajtlowicz, the University of Houston mathematics professor who wrote the program, called Graffiti. The program can easily generate tens of thousands of conjectures, he said. Although some mathematicians have been happy to work on proving the conjectures true or false, others seem to resent the computer, Dr. Fajtlowicz said. “I’ve run into quite a few Luddites,” he said.


Although Dr. Fajtlowicz has been promoting his program at math meetings, throwing out conjectures and hoping that his colleagues or students would become interested in trying to prove them, most mathematicians, even graph theorists, have still not heard of it. It remains a somewhat bizarre source of mathematical inspiration and an irritant to some researchers.


One mathematician told Dr. Fajtlowicz he was furious that the computer had chanced upon a mathematical truth that he himself had discovered. Another mathematician wrote to Dr. Fajtlowicz, only half in jest, that Graffiti was putting him out of a job.


Seeking Truths


Dr. Fajtlowicz said his computer program starts with a collection of graphs, which are groups of points connected by lines. A highway road map is a graph, for example. The program looks for relationships that seem to hold true for the graphs in its collection and then proposes them as more general truths.


In a way, it is like the story of the monkeys banging away at typewriters. Sooner or later, one will type Hamlet. And sooner or later, Graffiti will find important mathematical truths by randomly trying many different relationships. But the challenge, Dr. Fajtlowicz said, is to find that mathematical work of art when it appears. “The difficult thing is to discard everything else but Hamlet,” he said.


So Dr. Fajtlowicz had to decide what made a good conjecture. He said he could not simply ask the program to spit out every conjecture it could find because he would soon be buried in a pile of mostly uninteresting ones. One round of Graffiti results in 3,000 to 8,000 conjectures.


The trick was to find a way to automate a mathematician’s instinctive feeling that some possibilities are more worthy of study than others. But mathematicians describe the act of research as highly creative and say they are guided by an intuitive sense of what is significant and what is not. They often describe a theorem they like as beautiful and a particularly striking proof as elegant.


“I asked everybody in sight, ‘How do you know if a conjecture is interesting?’” Dr. Fajtlowicz said. “Nobody seemed to know.”


He eventually chose four criteria. A conjecture would have to be surprising, judged by how different it was from conjectures the computer had made before. It could not be a logical consequence of another conjecture. It should not be overly specific. And if a conjecture compared two quantities, the quantities should be close in size. Using these standards, he was able to eliminate all but 20 to 50 of the proposals produced by a run of the program.


Dr. Fajtlowicz said that at least 20 mathematicians have worked on proving conjectures generated by the program and that he knows of five papers proving Graffiti conjectures that have either been published or accepted for publication by mathematics journals.


Fan Chung, who directs research in mathematics and communications at Bell Communications Research in Morristown, N.J., has worked on a Graffiti conjecture. She described it as a statement about two properties of a graph. One is the average distance between pairs of points. The other is a quantity called the independence number, which has to do with how many areas of the graph are not adjacent to one another. The conjecture said that if the average distance is large, so is the independence number.


“What attracted me to the conjecture was its simplicity,” Dr. Chung said. “It was a very clean relationship. But it was harder to prove than it first looked.”


Dr. Chung said that given a choice, she would rather work on her own conjectures or on those that have gained a certain fame or notoriety in mathematics because they have been so difficult to verify. But, she added, “It doesn’t bother me” to work on a problem suggested by a machine.


Dr. Fajtlowicz said that the more he has worked with Graffiti, the more he appreciates its abilities. “I think Graffiti is good at generating problems,” he said. “In fact, I think now it is better than me.”


June 18, 1989





 





Mathematicians Finally Log On


By JAMES GLEICK


Computers crunch numbers, make pictures, store data and perform arithmetic, and that is why pure mathematicians have long abhorred them.


Mathematicians do not calculate; they think. University mathematics departments have been pretty much the last holdouts in science against the encroachment of computers, and mathematicians the last holdouts against tools more advanced than pencil and paper.


So, many mathematicians are being surprised, and not always cheerfully, to see computation forcing profound changes in the place where it started, the heart of pure mathematics. The computer is being used for experimentation, itself an alien notion to most mathematicians. It is creating new fields within mathematics. And it may be changing the nature of mathematical proof.


“In the sort of stuff pure mathematicians do, the computer as a research tool is still very much of a novelty, but that’s changing extremely rapidly,” said David A. Hoffman of the University of Massachusetts at Amherst. Dr. Hoffman and his colleagues have used the graphics-producing ability of computers to overthrow some century-old beliefs about abstract geometries with applications to chemistry and physics.


Such discoveries have led program managers at the National Science Foundation and in the military’s research offices to change their attitude toward financing computation in pure mathematics. “Computational mathematics” is becoming a subject in its own right. At the International Congress of Mathematicians this month in Berkeley, Calif., signs of the computer were everywhere. The opening plenary speaker, Stephen Smale of the University of California at Berkeley—a pure mathematician with a record of bringing fellow mathematicians into new areas—focused on the developing theory of complexity, which addresses questions of what sorts of problems can and cannot be solved on computers.


The problem-solving abilities of computers, Dr. Smale said, have created a challenge that is philosophical, logical and mathematical. “This subject is now likely to change mathematics itself,” he said. “Algorithms become an object of study, not just a means of solving problems.” A Laboratory Instrument Complexity theory is bringing computer science and information science into the mainstream of mathematics, but for some mathematicians, still in the minority, the most important effect of computers has been the creation of a new style of working. In effect, the computer is the first laboratory instrument that mathematicians have ever had. Dr. Hoffman of the University of Massachusetts is an example. He was studying an old theoretical problem in differential geometry, that of minimal surfaces. A minimal surface is the smallest possible area that can stretch over a given shape—for example, the surface defined by a soap film stretched on a wire frame.


Mathematicians have long pursued an abstract class of these structures known as infinite, complete minimal surfaces—a class that they thought had only three members, a flat plane, a spiral and an hourglass shape. The study has direct implications for architecture, where it affects the design of strong, light structures, and for the chemistry of polymers, substances with long chains of molecules. At a deeper level, these geometrical surfaces correspond to equations used in problems from the flow of fluids to the theory of relativity.


Since minimal surfaces are described by equations, computers can solve the equations and plot the results as pictures on a screen. Dr. Hoffman, with William H. Meeks 3d of Rice University and James T. Hoffman of the University of Massachusetts, did just that, moving between equations and their visual representations, letting the pictures suggest modifications to the equations.


In doing so, they discovered whole families of new minimal surfaces—weird shapes with holes and handles that had eluded the unaided mathematical imagination.


“The computer has taken the place of soap film experiments and allowed one to bring one’s visual and tactile sense to a problem that was mostly mathematical,” Dr. Hoffman said. “We then use the insight from the pictures to go back and produce a formal proof.”


Dr. Hoffman suggests that the use of computers brings mathematicians closer in spirit to practical scientists. He has been working with chemists who have now observed his surfaces in their experiments.


Whether computers will change the way mathematicians think of formal proof is a troublesome question. Several important proofs of the last few years have been so huge, thousands of pages, that the results could be assembled only with computers. Other kinds of proofs use computers for calculations that could, in theory, be performed by a human—but only in theory. Some calculations are just too complicated. Suppose a proof relies on the fact that 3 times 4 equals 12, asked Jean-Pierre Eckmann, a Swiss mathematician. Suppose further that your calculating ability is so weak that you need a machine for the multiplication. Should that invalidate the proof?


For some, the most irksome problem is that proofs using computation lie beyond the reach of any one mathematician. “Traditionally, you like to think about a problem, and after a while it becomes all clear in your mind,” said David Ruelle of the Institut des Hautes Études Scientifiques in France. “This sort of mathematics might die.”


August 24, 1986





 





With Major Math Proof, Brute Computers Show Flash of Reasoning Power


By GINA KOLATA


Computers are whizzes when it comes to the grunt work of mathematics. But for creative and elegant solutions to hard mathematical problems, nothing has been able to beat the human mind. That is, perhaps, until now.


A computer program written by researchers at Argonne National Laboratory in Illinois has come up with a major mathematical proof that would have been called creative if a human had thought of it. In doing so, the computer has, for the first time, got a toehold into pure mathematics, a field described by its practitioners as more of an art form than a science. And the implications, some say, are profound, showing just how powerful computers can be at reasoning itself, at mimicking the flashes of logical insight or even genius that have characterized the best human minds.


Computers have found proofs of mathematical conjectures before, of course, but those conjectures were easy to prove. The difference this time is that the computer has solved a conjecture that stumped some of the best mathematicians for 60 years. And it did so with a program that was designed to reason, not to solve a specific problem. In that sense, the program is very different from chess-playing computer programs, for example, which are intended to solve just one problem: the moves of a chess game.


“It’s a sign of power, of reasoning power,” said Dr. Larry Wos, the supervisor of the computer reasoning project at Argonne. And with this result, obtained by a colleague, Dr. William McCune, he said, “We’ve taken a quantum leap forward.”


Dr. Wos predicts that the result may mark the beginning of the end for mathematics research as it is now practiced, eventually freeing mathematicians to focus on discovering new conjectures, and leaving the proof to computers.


But the result also may challenge the very notion of creative thinking, raising the possibility that computers could take a parallel path to reach the same conclusions as great human thinkers. Or it may be that since no one has any idea how humans think, the magnificent bursts of creativity that spring apparently full blown from the minds of geniuses are actually a result of hidden, computer-like drudge work in the unconscious recesses of the brain.


Dr. Stanley Burris, a mathematician at the University of Waterloo in Canada, said that the result was “the first sort of real breakthrough in automated theorem proving,” and that it did seem to be different in kind from what went before. It shows, he said, that “it’s a very thin line between the mechanical and the creative and it may disappear.”


Dr. Robert Boyer, a computer scientist at the University of Texas in Austin, hedged. “I think it’s the most remarkable result in automated theorem proving in 30 years,” he said, and “clearly a form of computer thinking.” But, he added, “I don’t want to make too much of that.” It’s best, he said, to think of a computer as “just another colleague, one that is sometimes helpful, but often not.”


Dr. McCune’s proof concerns a conjecture that is the very epitome of pure mathematics. “It has no applications,” Dr. McCune said. His computer program proved that a set of three equations is equivalent to a Boolean algebra, that set of rules, familiar to generations of high school students, that govern unions and complements and intersections among sets.


The problem was first posed in the 1930s by Dr. Herbert Robbins, who is New Jersey Professor of Mathematics at Rutgers University in New Brunswick. Dr. Robbins said that he worked on the problem for some time, and then passed it on to one of the century’s most famous logicians, Dr. Albert Tarski of Stanford University. Dr. Tarski, who is now dead, worked on the problem, included it in a book, and handed it out to graduate students and visitors.


Dr. Burris, for example, said that Dr. Tarski suggested the problem to him in the early 1970s, while he was visiting Stanford for a couple of months. Dr. Tarski, he said, “liked to throw out challenging problems to people passing through.”


While mathematicians were batting around Dr. Robbins’s problem, computer scientists were striving to see if they could get computers to reason. Among them was Dr. Wos, who started working on automated reasoning in the 1960s. It was a time when computers were primitive, clunky and slow, and researchers were divided on how to proceed. Some believed the key was to figure out how humans reasoned and then to create computer programs that mimicked the process. Dr. Wos disagreed.


“Nobody knows how humans reason,” he said. “When you talk to mathematicians and say, ‘I understand you proved a great theorem. How did you do it?’ They’ll say, ‘Well, I walked around my house a lot and I read some papers and I thought.’”


So he and his colleagues followed a different path. “We didn’t ask ourselves what people do when they think,” Dr. Wos said. “That was irrelevant,” he said. Instead, he said: “We asked how can you tell a computer what this problem is about? How can you get it to draw conclusions that follow inevitably and logically from hypotheses and thereby prove theorems?”


He and his colleagues began writing programs in which the computer would assume that the hypothesis in question was false and would then examine the consequences. If it found a contradiction, that would be proof that the hypothesis was true. The computer would also assume that the hypothesis was true and do the same thing, looking for contradictions that would show it was false.


To prevent the computer from getting lost in checking out lengthy chains of extended consequences, the investigators added strategies like ignoring any logical statements that contained more than 100 symbols.


“I got into strategy because I was a poker player and a bridge player,” Dr. Wos said. “A good con man uses strategy. He figures out what your weakness is and plays to that weakness. He doesn’t just randomly try to trick you.”


Dr. Wos’s computer programs were soon able to find proofs for basic mathematical problems. “We could do the problems sometimes better than the students and sometimes, once in a great while, better than the professors could,” Dr. Wos said.


For more than 16 years, Dr. Wos and his colleagues stuck to problems from mathematics textbooks. Dr. Wos explained that when the computer tried to prove something for which a proof existed, and failed, the investigators knew that “there’s a problem with our program.” If they try to solve an unsolved problem, and fail, they have no way of knowing whether they missed something obvious.


“My own mathematician friends would say, ‘Wos, why are you doing what we already know? Why don’t you give us something new?’” Dr. Wos said. In the early 1970s, he said, he told one of his badgering friends that he thought it would be another 30, 40 or even 50 years before computers could solve major problems that had stumped mathematicians.


The first time they tried something new was in 1978, when Dr. Wos said, “a little baby problem” came along. They solved it, and then solved five others like it. Dr. Wos was ecstatic. “We had done more than I thought I could do in my lifetime,” he said.


The group kept adding strategies to its programs. It added one recently that said to try things that worked in previous problems. Dr. Wos said some of his colleagues scoffed at that and that he himself did not know if it would work. But, he said, it turned out to be surprisingly useful.


In 1979, Dr. Wos learned about Dr. Robbins’s problem. Although he and his colleagues tried to solve it from time to time with ever more refined computer programs, they failed. Dr. McCune joined the group in 1984, with a new Ph.D. from Northwestern University and a thirst to see how far he could push computers.


The fact that the Robbins conjecture was certifiably hard—it had, after all, stumped some of the best minds in mathematics and had gone unsolved for decades—appealed to Dr. McCune. But the problem also thwarted his best computer reasoning programs.


Finally, on Oct. 2, Dr. McCune gave the Robbins conjecture to a new automated reasoning program that he had written called EQP, for equational prover. Eight days later, on Oct. 10, the computer spewed out a proof. Dr. McCune, a low-key researcher, said he was “amazed.” Dr. Wos, his exuberant supervisor, said, “Bill was in heaven.”


Encouraged, Dr. McCune tried to get the computer to refine the proof. He started his program searching for a better proof on Nov. 15. It found one on Nov. 25.


Dr. McCune said he had checked his proof by computer and by hand. Dr. Mark Stickel of the Stanford Research Institute in Palo Alto, Calif., independently checked it with his computer program. And Dr. Burris independently checked it by hand.


Dr. Burris said the proof, fresh from the computer, was in the form of statements so long that he had to print them sideways across the page, and he had to specify that the printer use small type. “It was pretty unreadable,” he said. “The machine says, ‘I got that step from two steps before,’ but it doesn’t fill in all the details.” He spent several days rewriting it and now has it down to three normal-looking pages of mathematical statements.


The proof will be published within a few months in The Journal of Automated Reasoning, Dr. Wos said. He will also put it on the Internet and will request more problems as certifiably hard as Dr. Robbins’s problem.


When he saw that he had actually proved Dr. Robbins’s conjecture, Dr. McCune called the 81-year-old mathematician at his office at Rutgers, amazing him with the news. In a telephone interview, Dr. Robbins said he was delighted. “Isn’t that marvelous,” he said. “I’m glad I lived long enough to see it.”


But Dr. McCune certainly had a different experience than a mathematician might have had if he or she had created the proof with pure thought. So was something lost in the process? Did Dr. McCune have anything resembling a eureka moment?


Well, not quite, Dr. McCune said. “I have a good feeling,” he said. “In a sense, I have a feeling that the computer has been creative.”


Dr. McCune, however, said he had little interest in speculating on the philosophical implications of his work. “I just work on the problems and try to solve them,” he said.


Not so Dr. Wos, who loves to ponder the meaning and future of human reasoning. After all, he said, he insisted on calling his computer project “automated reasoning,” rather than “automated theorem proving,” as some suggested, explaining that “it’s not just mathematics that I care about.”


Dr. Wos predicts that in a few decades computers might be as agile at reasoning as they now are at calculating.


Dr. Daniel Dennett, a philosopher who directs Tufts University’s Center for Cognitive Studies, said, “Philosophers have often dreamt of such a device—a thought processor instead of a word processor.


“If you start inferring invalidly because you left out a premise, it will say, ‘Wait a minute,’” he explained.


Dr. Wos said, “I want to tell people the real truth of it,” adding, “If we succeed really big,” giving people handheld thought processors like they now have handheld numerical calculators, “what an incredible improvement we can make to their lives.”


December 10, 1996





 





Computers Still Can’t Do Beautiful Mathematics


By GINA KOLATA


Mathematicians often say that their craft is as much an art as a science. But as more and more researchers are using computers to prove their theorems, some worry that the magic is in danger of fading away.


In the past, mathematicians could count on being able to sit down with a newly published proof and carefully follow the researcher’s logic, determining whether the derivations held true, relishing particularly clean and clever arguments.


But when a computer is used to help prove a conjecture, reasoning is often replaced by calculation. Instead of converging on an answer through a long chain of logical deduction, mathematicians now often use computers to systematically test and discard a vast number of possible answers until they hit on the right one.


Dr. Daniel Kleitman, a mathematician at the Massachusetts Institute of Technology, explained why many mathematicians shrink back from this experimental approach. “One’s motivation for reading a paper is not only to become aware of the results, but also to understand how such a proof is formulated and how it actually works,” he said. “The question is, Do you want to have an experimental mathematics? Do you want to make traditional papers into experimental things?”


Many mathematicians object to being put in the position of having to trust a computer and the assumptions made by its programmer. In a sense, the program itself becomes a part of the proof, and few mathematicians are equipped to check its reliability.


In May Dr. Fan R. K. Chung, the editor of the Journal of Graph Theory, decided that she was getting so many computer-aided proofs that it was time to formulate a policy. She wrote to her 20-member editorial board, providing one newly received paper as a test case. “Is an important result with a computer-assisted proof acceptable?” she asked. If so, “how should the paper be evaluated knowing that it is almost impossible for the referee to verify its correctness?”


The paper that Dr. Chung chose as an example was submitted by Dr. Brendan McKay of the Australian National University and Dr. Stanislaw P. Radziszowski of the Rochester Institute of Technology. It solved a variant of what mathematicians call the party problem: What is the minimum number of people you have to invite to a party to be sure that, among them, there are eight people or more who all know one another or three people or more who are all strangers to one another? The answer, discovered after some marathon computer crunching, is 28.


A classical proof would have demonstrated through an unassailable chain of logic that the answer could only be 28. Instead, Dr. McKay and Dr. Radziszowski took an experimental approach.


Even with a computer, it would be impossible to examine the myriad ways—10 followed by 112 zeros—that 28 party-goers could be acquainted with one another. But using some clever mathematics, Dr. McKay and Dr. Radziszowski cut down the number of calculations to a mere 100 trillion and then automatically sifted through permutation after permutation, ruling out all gatherings smaller than 28.


In the end, the method gave an answer, but did not show why the answer was what it was. And it could not be generalized to solve other party problems.


Computer-aided proofs have been a festering problem in mathematics for 14 years, ever since a famous conjecture, the four-color problem, was solved. The problem asked whether any arbitrary map of real or invented countries could be colored, as was generally believed, with four or fewer different colors. No two adjacent countries could be colored the same.


In 1977, Dr. Kenneth Appel and Dr. Wolfgang Haken of the University of Illinois published a paper proving that four colors were indeed enough. But the 100-page proof relied on extensive computer calculations. The mathematicians argued that all possible maps could be boiled down to 2,000 standard configurations and then proved, by trying different colorings, that each of those 2,000 maps could be colored in four or fewer hues.


“It was a very routine type of calculation that was just repetitive,” Dr. Appel said.


Many mathematicians found the proof difficult to swallow. It revealed no deep mathematical truths and provided no techniques that could help with other problems.


“It is such a nasty situation,” Dr. Chung said. “A lot of people just reject the proof outright. It goes against the instincts of most mathematicians.”


In their replies to Dr. Chung, many members of her editorial board expressed their hesitation about embracing such proofs. Dr. Frank Harary of New Mexico State University wrote that the proof should be “fully verified as correct by an independent computing organization” before the journal considers it. Then, if it accepts the paper, it should publish only the result, he said, while the proof should appear in a computer journal.


Dr. Gary Chartrand of Western Michigan University suggested that the result could be published in a special section, titled something like “Research Announcement,” taking care to mention that the proof had not been verified. Several others, like Dr. Noga Alon of Tel Aviv University, suggested that the journal accept only papers on “important” theorems and then require the authors to submit a copy of their program, so it could be available to others if they wanted to examine it.


In the end Dr. Chung decided to accept the paper. But she decided not to ask for the program. “I don’t think the journal should be held accountable,” she said. “I think computer-aided proofs are a trend we cannot ignore. But we have to weigh them. If it is a computer-assisted proof, it is a minus. If it is a classical problem, it is a plus.”


While computer-aided proofs may be published as mileposts on the way to solving a problem, many mathematicians won’t consider the problem really solved until there is a proof—even if it is a hundred or more pages long—that a lone human sitting in a room can go through line by line and understand.
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100 Quadrillion Calculations Later, Eureka!


By GINA KOLATA


An international effort to crack a tough mathematical problem has succeeded, researchers said yesterday. The problem has stood out as a challenge to computer scientists for 17 years because it was linked to a popular coding system and was said to be proof of the system’s security.


The problem was to factor a 129-digit number, breaking it into its component parts the way a molecule is broken into atoms. This particular number was suggested 17 years ago by the inventors of a coding system that was said to be provably secure because to break it a person would have to factor a very large number.


To show how hard it was, the inventors of the coding system published the 129-digit number, encoded a message with it, and challenged people to break the code and read the message. They predicted that it would take 40 quadrillion years to factor it with the methods of the time and that no one would be able to break the code until well into the next century.


They offered $100 to anyone who could factor the number.


The number was known as R.S.A. 129, for the last names of the coding system’s inventors: Dr. Ronald Rivest of the Massachusetts Institute of Technology, Dr. Adi Shamir of the Weizmann Institute of Science in Rehovoth, Israel, and Dr. Leonard Adleman of the University of Southern California.


System Is Called Secure


Dr. Rivest, who knew that the factoring was imminent, said the solution to the problem did not mean that the coding system is not secure.


People typically use numbers that are 135 or 150 digits long when they use the coding system in banking, in the military and in protecting the security of nuclear power stations.


They could use larger numbers if they wished, although the numbers chosen now are ones that allow the code to fit on a single computer chip. Dr. Rivest said that with improvements in chip technology, those limits are being extended.


In the years since R.S.A. 129 was set out as a challenge, computers have got much faster and have been linked together in networks. In addition, mathematicians have found better ways to factor numbers. So, eight months ago, several computer scientists proposed recruiting volunteers on the Internet, the international electronic mail system, to work together to crack R.S.A. 129.


Dr. Arjen Lenstra, a computer scientist at Bellcore in Morristown, N.J., said it took 100 quadrillion calculations, contributed by more than 600 Internet volunteers, to factor the number. Derek Atkins, a graduate student at the Massachusetts Institute of Technology, collected the calculations, checked them and passed them on to Dr. Lenstra. Dr. Lenstra used a Bellcore computer with 16,000 processors to churn out the factors of R.S.A. 129.


The answer, the group said, is this:


114, 381, 625, 757, 888, 867, 669, 235, 779, 976, 146, 612, 010, 218, 296, 721, 242, 362, 562, 561, 842, 935, 706, 935, 245, 733, 897, 830, 597, 123, 563, 958, 705, 058, 989, 075, 147, 599, 290, 026, 879, 543, 541 = 3, 490, 529, 510, 847, 650, 949, 147, 849, 619, 903, 898, 133, 417, 764, 638, 493, 387, 843, 990, 820, 577 × 32, 769, 132, 993, 266, 709, 549, 961, 988, 190, 834, 461, 413, 177, 642, 967, 992, 942, 539, 798, 288, 533.


The encoded message says: “The magic words are squeamish ossifrage.”


Mr. Atkins said that the group is donating the $100 reward to the Free Software Foundation, a group that distributes free computer programs.


Asked what he could do for an encore, Dr. Lenstra said he planned to factor other numbers much larger than anyone thought possible, using a new method he is developing. But he would not disclose the number he will try to solve next. He said he would leave that as a surprise for Dr. Rivest, whose company sells the coding system.
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Theorist Applies Computer Power to Uncertainty in Statistics


By GINA KOLATA


A new technique that involves powerful computer calculations is greatly enhancing the statistical analysis of problems in virtually all fields of science.


The method, which is now surging into practical use after a decade of refinement, allows statisticians to determine more accurately the reliability of data analysis in subjects ranging from politics to medicine to particle physics.


The technique also enables statisticians to pull more information out of data than any statistical method previously developed, making it possible to solve some problems that had proved intractable, leading statisticians say. The method addresses the key problem in statistics: how to infer the truth from a sample of data that is by no means complete.


“There’s no question but that it’s very, very important,” said Frederick Mosteller, a statistician at Harvard University. Because the method replaces standard, and simplifying, assumptions about data with extensive computer calculations, it can be a powerful tool, Dr. Mosteller said.


“It gives us another way to get empirical information in circumstances that almost defy mathematical analysis,” he said. “It’s a nice way of letting the data speak almost for themselves.”


Jerome H. Friedman, a Stanford statistician who has used the new method, called it “the most important new idea in statistics in the last 20 years, and probably the last 50.” He added, “Eventually, it will take over the field, I think.”


The new method was invented in 1977 by Bradley Efron, a statistician at Stanford University, to take advantage of the high-speed power of computers. Conventional statistical methods were developed for the most part between 1800 and 1930, when computation was slow.


The standard methods were therefore forced to rely on statistical measures that can easily be calculated by mathematical equations. In contrast, the new method uses the number-crunching power of computers to perform statistical analyses that lie beyond the reach of mathematical equations but can be dealt with through millions of numerical calculations.


“If statistics had evolved at a time when computers existed, it wouldn’t be what it is today,” Dr. Efron.


The old and the new methods are both designed to determine how accurately a sample of data, such as people who are asked whom they will vote for, represents the whole array of possible data.


For example, a national survey typically draws a sample of 500 to 1,000 people, Dr. Friedman said. The hope is that the group is representative of the population, but in fact it is only a small sample of 150 million people. The basic question of statistics is, if a different group of voters had been selected, would the survey results come out the same?


The conventional method determines the accuracy of a sample by comparing it, in a theoretical exercise, with additional hypothetical samples that are generated mathematically. These artificial samples are based on the assumption that all the data fall into a “normal distribution” that conforms to a bell-shaped curve, with a few low values, a few high values, and a great mass of middle values.


Dr. Efron’s new method allows statisticians to construct artificial data sets without making any assumptions about bell-shaped curves.


Instead, the computer constructs new data sets by randomly picking data from the original set.


If the data set were 10 measurements of the effect of a new drug on high blood pressure, these 10 measurements would be entered into the computer. The computer would randomly pick a measurement from among the 10 and use that number to start a new data set while leaving it as well in the original data set. In the same way, the computer would pick a second number, a third, and so on until it had picked ten numbers for the first set of artificial data. The computer could repeat this process 100 times, for example, creating 100 new data sets. In each data set, some of the original 10 numbers could, by chance, be chosen more than once and others might not be chosen at all.


Simple but Powerful


By analyzing how these data sets vary from the original one, statisticians can determine the reliability of the inference they drew from the original 10 numbers. The method, conceptually simpler than the conventional methods, requires too many calculations to be done without a computer.


Dr. Efron calls his method “the bootstrap” because the data, in a sense, pull themselves up by their own bootstraps by generating new data sets through which their reliability can be determined. His method is the most prominent of several that rely on the power of computers to generate artificial data sets. Persi Diaconis, a statistician at Harvard University, said Dr. Efron’s technique is “very simple but remarkably powerful.” He added, “You can use it across a broad spectrum of problems.”


The method is now coming into practical use, after having been argued and discussed by theoretical statisticians for several years.


“It was a practical idea, but it went through a big theoretical development with statisticians tearing it in a whole bunch of directions,” Dr. Diaconis said. “Now there has been a synthesis and it boils down to simple recommendations on how to use it in the most sensible way in day-to-day situations.”


Dr. Efron said new users of the method include paleontologists, physicists, economists and psychometricians, who study the results of psychological testing.


Dr. Efron’s idea allows statisticians to use unorthodox methods to see patterns in data because now, for the first time, statisticians can assess how accurate those methods are.


When the Curve Isn’t Correct


In recent studies applying his method to data collected by others, Dr. Efron has found that a cholesterol-lowering drug may be more effective than previously suspected and that a subatomic particle may decay in an unexplained way.


In some cases, the bell-shaped curve assumption of classical statistics is correct, and then the bootstrap method gives the same answer as the standard methods. But Dr. Friedman said, “Data don’t always follow bell-shaped curves, and when they don’t, you make a mistake” with the standard methods. In fact, he added, the data frequently are distributed quite differently than in bell-shaped curves, although “no one knows” how often this occurs.


Using the new method, Dr. Efron recently analyzed data on the decay of tau particles, which are produced in particle accelerators and studied by physicists who want to understand the fundamental nature of matter. The data were supplied to him by Martin L. Perl, a Stanford physicist, who was puzzled by the traditional statistical analysis, which indicated that there might be a mysterious new way that the particles could decay.


The new analysis gave a more precise estimate of the accuracy of the physics data and indicated more firmly that some decay of the tau particles is not explained by the traditional theories, Dr. Efron found. He added that the new analysis gave more definitive, and believable, evidence to the theoretical physicists.


Analyzing Drug Dosage


In another recent study, Dr. Efron obtained data from a study of cholestyramine, a cholesterol-lowering drug, from Dr. John Farquhar and Dr. Daniel Feldman of Stanford Medical School. The data were from a clinical trial sponsored by the National Heart, Lung and Blood Institute more than a decade ago. The data showed that the more cholestyramine the patients took, up to the maximum daily dose, the more their blood cholesterol dropped. The standard method of analysis indicates that there is a straight-line relationship between the amount of cholestyramine a patient takes and the amount the blood cholesterol is lowered.


But a different way of analyzing the data seemed to give a more accurate picture, Dr. Efron found. The reliability of that method could be assessed only by the new method. The new analysis indicated that when patients took more of the drug they did better than what would have been expected by the straight-line relationship.
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CHAPTER 2


Statistics, Coincidences and Surprising Facts


HOW MANY TIMES DO YOU HAVE TO SHUFFLE CARDS, imperfectly, to perfectly mix a deck? The answer turns out to be seven. The cards will be in random order with only seven shuffles. And while that may seem to be an esoteric fact—it turns out that it took sophisticated math to prove it—some card players, instinctively realizing that dealers do not generally shuffle enough, make money on the non-randomness of most shuffles.


Mathematics and statistics sometimes address problems like shuffling, partly for fun and partly because the researchers have particular interests. The statistician who solved the shuffling problem, Persi Diaconis, is also a magician.


Their findings can be startling. It turns out that there actually is no precise way to know such things as the number of people who live in the United States or the number of unemployed. That is why recounts, like the ones in Florida in the 2000 presidential race, could never really settle the issue of who won, Bush or Gore, even though the Supreme Court eventually weighed in and declared George W. Bush the winner.


Others can have practical implications. One way to make traffic flow more freely, it turns out, is to actually close some streets. Mathematicians can prove it, although planners may not believe it. As for evaluating teachers with exact numbers that reveal how successful they are, well, a commentary titled “Metric Mania” tells all you may need to know.





 





1-in-a-Trillion Coincidence, You Say? Not Really, Experts Find


By GINA KOLATA


Coincidences, those surprising and often eerie events that add spice to everyday life, may not be so unusual after all, researchers say.


After spending 10 years collecting thousands of stories of coincidences and analyzing them, two Harvard statisticians report that virtually all coincidences can be explained by some simple rules.


Some of the analyses performed by them or other statisticians showed that events that looked extremely unlikely were almost to be expected. When a woman won the New Jersey Lottery twice in four months, the event was widely reported as an amazing coincidence that beat odds of 1 in 17 trillion. But when carefully analyzed, it turned out that the chance that such an event could happen to someone somewhere in the United States was more like 1 in 30.


It was an example of what the authors, Dr. Persi Diaconis, a professor of mathematics at Harvard University, and Dr. Frederick Mosteller, an emeritus mathematics professor at Harvard, call “the law of very large numbers.” That long-understood law of statistics states, in their formulation: “With a large enough sample, any outrageous thing is apt to happen.”


Some of the findings are published in the December issue of the Journal of the American Statistical Association; others are now appearing in other professional journals. Dr. Diaconis, whose work also led to the recent discovery that seven shuffles are needed to mix a 52-card deck randomly, said the findings on coincidence were meeting mixed reactions. “Some people are enormously relieved, but others are furious,” he said. Not everyone who supplied an amazing coincidence to the researchers wanted to hear that a cherished dramatic story was really nothing special.


“I think the whole subject is fascinating,” said Dr. Erich Lehmann, a statistician at the University of California at Berkeley. Although it can be a difficult statistical problem to decide just how unlikely an event is, Dr. Lehmann said, there is no dispute about the validity of the findings of Dr. Diaconis and Dr. Mosteller, some of which have been discussed at statistical meetings in recent years.


The two Harvard statisticians reviewed a large body of calculations and analyses of coincidences performed by other researchers, and they devised new techniques and approaches for studying the phenomenon in a wide range of circumstances. The research results, Dr. Diaconis said, “are aimed at very basic problems of inference that arise in messy, real statistical problems.”


Dr. Bradley Efron, a statistician at Stanford University, said coincidences arise “all the time” in statistical work. When researchers find clusters of odd cancers or birth defects or other diseases, statisticians are asked “to decide which events are the luck of the draw” and which may reflect some underlying cause, Dr. Efron said. “That’s what Persi and Fred are trying to unravel,” he added. “I think it’s a very interesting enterprise.”


Dr. Diaconis said one application of the new analyses is in scrutinizing data from clinical trials of new drugs. “As you are looking around in that mass of data,” he said, “you find that in a certain subgroup, there are twice as many deaths in people taking drug A as there are in people taking drug B.” Is it a coincidence or an indication that drug A is so dangerous to some patients that the trial must be stopped?


Dr. Diaconis and Dr. Mosteller said they decided to study coincidences because they were fascinated by the role these odd events play in everyone’s lives. “All of us feel that our lives are driven by coincidences,” Dr. Diaconis said. “Who we live with and where we work, why we do the things we do often rest on slim coincidences.” These chance events “touch us very deeply,” he said. The two statisticians defined a coincidence as “a surprising concurrence of events, perceived as meaningfully related, with no apparent causal connection.”


Dr. Diaconis and Dr. Mosteller began with the presumption that there are no extraordinary forces outside the realm of science that are acting to produce coincidences. But they also recognized that seeming coincidences are an important source of insight in science and so should not be dismissed out of hand. What looks like a coincidence may in fact have a hidden cause, which can lead to a new understanding of a phenomenon. A sequence of odd blips on a chart, a clustering of cases of a rare disease can tell researchers that a new event is occurring.


Anthologies of Happenstance


A decade ago, Dr. Diaconis and Dr. Mosteller started asking their colleagues, friends and friends of friends to send them examples of surprising coincidences. The collection quickly mushroomed. Dr. Mosteller said he had 13 notebooks, each three and a half inches thick, full of coincidences. “These notebooks are eating up the shelves in my den,” he said. Dr. Diaconis said he had 200 file folders full of coincidences.


When they began to study these coincidences, they learned that they fell into a several distinct groups. Some coincidences have hidden causes and are thus not really coincidences at all. Others arise from psychological factors, like selective memory or sensitivities, that make people think particular events are unusual whether they are or not. But many coincidences are simply chance events that turn out to be far more likely statistically than most people imagine. The analyses often required the researchers to develop new statistical methods, but in the end almost all coincidences could be analyzed.


The law of truly large numbers, which explains the double winner of the New Jersey Lottery, says that even if there is only a one-in-a-million chance that something will happen, it will happen eventually given enough time or enough people. “It’s the blade-of-grass paradox,” Dr. Diaconis said. “Suppose I’m standing in a large field and I put my finger on a blade of grass. The chance that I would choose that particular blade may be one in a million. But it is certain that I will choose a blade.” So if something happens to only one in a million people per day and the population of the United States is 250 million, “you expect 250 amazing coincidences every day.”


“If a one-in-a-million thing happens to you, you start telling people about it,” Dr. Diaconis went on. “You might say to me, ‘So what do you think of that, wise guy?’ And I say, ‘It’s an example of the law of truly large numbers.’”


Right Answer, Wrong Question


When a New Jersey woman won the lottery twice in a four-month period, it was reported as a 1-in-17-trillion long shot. Narrowly speaking, that is correct. But as Dr. Diaconis and Dr. Mosteller reported, 1 in 17 trillion is the odds that a given person who buys a single ticket for exactly two New Jersey lotteries will win both times. The true question, they say, is, “What is the chance that some person, out of all the millions and millions of people who buy lottery tickets in the United States, hits a lottery twice in a lifetime?”


That event was called “practically a sure thing” by Dr. Stephen Samuels and Dr. George McCabe, two statisticians at Purdue University. Over a seven-year period, they concluded, the odds are better than even that there will be a double lottery winner somewhere in the United States. Even over a four-month period, the odds of a double winner somewhere in the country are better than 1 in 30.


Another principle that demystifies many coincidences is what the researchers call “multiple end points”—occasions when what might qualify as a coincidence is not spelled out ahead of time, and when many chance events would qualify. This could apply, for example, at a party, where two people might discover that they come from the same town. This may seem a surprising coincidence. But the truth is that almost anything two strangers have in common would count as a coincidence—the same first or last name, the same birthday, the same item of clothing.


“Clearly, the chances of getting a match in any of several things is bigger than if you look at just one thing,” Dr. Diaconis said. He and Dr. Mosteller have developed a formula that can evaluate such problems.


Multiple end-point coincidences often sound amazing on the surface. For example, Dr. Diaconis said, “I had a friend who said, ‘Gee, I was watching a James Bond movie and there was a four-digit code on a bomb that was exactly the same as the code on my Israeli bank account.’” It sounded extraordinary, since there are 10,000 possible four-digit numbers. But Dr. Diaconis went on: “If you know 120 numbers—Social Security numbers, bank codes, telephone numbers of friends—there are even odds that four digits of two of them will match,” he said.


A third category of coincidences is those that are close but not exact. The odds of a coincidence then go up enormously. Once again, the two Harvard statisticians have developed a formula to analyze these problems.


Birthdays and Near Birthdays


For example, with 23 people in a room, the chances are even that two of them will have the same birthday. But with only 14, there is an even chance of finding two people born within a day of each other, and if you ask instead that the birthdays match within a week, you need only seven people.


“I have a friend who said, ‘My daughter, myself, and my husband all have a birthday on the 11th of a month,’” Dr. Diaconis recalled. “O.K., there are 30 categories, 30 days of the month. How many birthdays do we have to know so that three are on the same day of the month?” The answer, he calculated, is 18. “So if you know 18 people, it’s even odds that three will be born on the same day of the month,” he explained. So the friend’s birthday coincidence, he said, “is not so unusual.”


By analyzing coincidences with these three principles in mind, Dr. Diaconis and Dr. Mosteller find that what looks unexpected usually turns out to be expected. No strange forces outside the realm of science are needed to explain coincidences.


“Why does an educated person think there might really be something in coincidences?” Dr. Diaconis asked, and answered his own question: “No one story holds up on its own. But taken together, they mean something.” If you put all these near coincidences together, doesn’t it indicate that something strange is going on?


It does not, Dr. Diaconis replied, and quoted another fundamental law of logic: “A lot of flawed arguments don’t produce a sound conclusion.”


February 27, 1990





 





Sometimes Heavier Objects Go to the Top: Here’s Why


By JAMES GLEICK


[image: images]


Physics—the same enterprise that regularly predicts the emergence of bosons and mesons from high-energy particle collisions—has been unable until now to explain why the brazil nuts rise to the top of a jar of mixed nuts. But that barrier seems finally to have fallen.


Scientists have long known that in any mixture of large and small objects, the large ones tend to go up while the small ones go down. Oddly, the effect occurs even when the large objects are heavier and denser.


Using a combination of theory and computer simulation, a team of physicists and engineers at Carnegie Mellon University in Pittsburgh has come up with a model that appears to explain why. Their findings affect metallurgy, concrete, pharmaceuticals and a host of other industries that try to mix powders by shaking them, only to find, all too often, that the powders separate instead.


Beyond the practicalities, the model addresses an ancient fact of nature: one reason, for example, that heavy rocks continue to rise to the surface of soil that farmers have cleared for generations.


“They will keep on doing that as long as the earth exists,” said Friedrich Prinz of Carnegie Mellon. “And if you eat corn flakes, as you know, you eat the big corn flakes for the first few days, and then you eat the junk.”


Dr. Prinz and his colleagues—Anthony Rosato, Katherine J. Strandburg and Robert H. Swendsen—report their brazil-nut theory in Physical Review Letters, just after a paper titled “Electronically Driven Instabilities and Superconductivity in the Layered La2-xBaxCuO4 Perovskites” and before one titled “Electromagnetic Radiation from Superconducting Cosmic Strings.” They are not at all embarrassed to be in such company.


“It’s one of these things that’s obvious after it’s been explained, but there is still some controversy about it,” said Dr. Swendsen, a Carnegie Mellon physicist. “It’s really a very serious engineering problem. This segregation effect occurs all over in applications.”


Their goal was to take a process that many engineers felt they understood in a seat-of-the-pants way and to develop a more scientific understanding, offering a theory that makes specific predictions to be tested with a computer model.


Their solution reflects a growing tendency in physics to simulate seemingly complicated problems by throwing away many physical details. Early attempts to model the size-segregation phenomenon, either with equations or on computers, tried to give a realistic role to effects that included friction, the weight of the particles and their speed of rotation.


Some theorists have tried to think in terms of complicated blendings of centrifugal force and exotic acceleration effects in the equations that would model the millions of collisions of shaken objects.


The Carnegie Mellon group decided to ignore such things, noting that unmixing occurs consistently and universally, from powders to nuts. The process does not seem to care what the particular shape or roughness or weight of the objects are.


In their model, randomness is an essential element: particles just bounce around, colliding with one another and heading off in new directions, but not necessarily following trajectories with the sort of realism that a rocket scientist would expect.


They do not bounce around endlessly, though. As in real problems, each time the simulated container is given a shake, the particles bounce a little, lose energy and settle back down again. The shaking is repeated over and over again.


Shaking Opens Up Gaps


As the particles bounce upward, gaps open up beneath them—some large and some small. Small gaps, it turns out, are much more common than large gaps. As the particles fall, a small particle can move down into either a large or small gap, while a large particle can only move down if many small particles happen to have bounced out of the way.


That happens, but not often. So over time, the small particles tend to head downward and the large particles upward—by default.


Whether that seems childishly self-evident or physically implausible seems to depend on one’s perspective. But it even happens when the large particles weigh considerably more. “It’s kind of counterintuitive,” Dr. Prinz said. “You wouldn’t expect it from an energetic point of view.”


In terms of energy, scientists expect systems to seek an equilibrium in which heavy things are at the bottom. That is the state in which a system’s total potential energy is said to be smallest, and it is no different when the system is a can of nuts or balls.


But there is nothing sacred about thermodynamic equilibrium, as various industries have discovered after transporting mixtures in trucks or trains. Shaking mixes, but it also unmixes.


The industry whose problems most immediately motivated the Carnegie Mellon work is metallurgy. For many kinds of alloys, conventional casting by melting metals into liquid form is being replaced by a technology that starts with powders. The powder technology allows engineers to control the microscopic structure of the final product—a drill bit, say—by freezing in structures that are unstable at high temperatures.


Sometimes metallurgists use ultrasonic waves to turn the powder mixtures into compact solids. That is when they find that the shaking unmixes the powders.


The new theory may help suggest ways of avoiding the problem. For example, the computer simulations show that side-to-side shaking, as opposed to up-and-down shaking, does not cause the unmixing. In the meantime, it is helping the scientists understand a phenomenon that they now see everywhere they look.


Quarters Rise to Top


Dr. Strandburg, for example, noticed a container of different sized paper clips in which the large clips were mostly on top. A friend of hers, even when unapprised of the fundamental physics, has long used shaking to get quarters to the top of the can of change on his dresser.


“If you look in a flour sifter while you sift,” she said, “things are bouncing around and large things tend to come up to the top.”


To Dr. Strandburg, the simplicity of the solution is its beauty. “That’s exactly the kind of thing that physicists look for in a scientific explanation,” she said. “What you want to have is something that, when you hear it, you say, ‘Oh, of course, why didn’t I think of that?’”


March 24, 1987





 





Behind Monty Hall’s Doors: Puzzle, Debate and Answer?


By JOHN TIERNEY


Perhaps it was only an illusion, but for a moment here it seemed that an end might be in sight to the debate raging among mathematicians, readers of Parade magazine and fans of the television game show Let’s Make a Deal.


They began arguing last September after Marilyn vos Savant published a puzzle in Parade. As readers of her “Ask Marilyn” column are reminded each week, Ms. vos Savant is listed in the Guinness Book of World Records Hall of Fame for “Highest I.Q.,” but that credential did not impress the public when she answered this question from a reader:


“Suppose you’re on a game show, and you’re given the choice of three doors: Behind one door is a car; behind the others, goats. You pick a door, say No. 1, and the host, who knows what’s behind the other doors, opens another door, say No. 3, which has a goat. He then says to you, ‘Do you want to pick door No. 2?’ Is it to your advantage to take the switch?”


Since she gave her answer, Ms. vos Savant estimates she has received 10,000 letters, the great majority disagreeing with her. The most vehement criticism has come from mathematicians and scientists, who have alternated between gloating at her (“You are the goat!”) and lamenting the nation’s innumeracy.


Her answer—that the contestant should switch doors—has been debated in the halls of the Central Intelligence Agency and the barracks of fighter pilots in the Persian Gulf. It has been analyzed by mathematicians at the Massachusetts Institute of Technology and computer programmers at Los Alamos National Laboratory in New Mexico. It has been tested in classes from second grade to graduate level at more than 1,000 schools across the country.


But it was not until Thursday afternoon that a truly realistic simulation of the problem was conducted. The experiment took place at the Beverly Hills home of Monty Hall, the host of 4,500 programs of Let’s Make a Deal from 1963 to 1990. In his dining room Mr. Hall put three miniature cardboard doors on a table and represented the car with an ignition key. The goats were played by a package of raisins and a roll of Life Savers.


After Mr. Hall allowed this contestant 30 independent attempts to win the car, two conclusions seemed clear: Ms. vos Savant’s vitriolic critics, including the mathematics professors, are dead wrong. But Ms. vos Savant is not entirely correct either, because there is a small flaw in her wording of the problem that was detected not only by Mr. Hall but also by some of the experts. Despite her impressive analysis and 228-point I.Q., she was not as quick as Mr. Hall in understanding the psychological dimensions of the problem.


“So Easy” to Blunder


A few mathematicians were familiar with the puzzle long before Ms. vos Savant’s column. They called it the Monty Hall Problem—the title of an analysis in the journal American Statistician in 1976—or sometimes Monty’s Dilemma or the Monty Hall Paradox.


An earlier version, the Three Prisoner Problem, was analyzed in 1959 by Martin Gardner in the journal Scientific American. He called it “a wonderfully confusing little problem” and presciently noted that “in no other branch of mathematics is it so easy for experts to blunder as in probability theory.”


The experts responded in force to Ms. vos Savant’s column. Of the critical letters she received, close to 1,000 carried signatures with Ph.D.’s, and many were on letterheads of mathematics and science departments.


“Our math department had a good, self-righteous laugh at your expense,” wrote Mary Jane Still, a professor at Palm Beach Junior College. Robert Sachs, a professor of mathematics at George Mason University in Fairfax, Va., expressed the prevailing view that there was no reason to switch doors.


“You blew it!” he wrote. “Let me explain: If one door is shown to be a loser, that information changes the probability of either remaining choice—neither of which has any reason to be more likely—to 1/2. As a professional mathematician, I’m very concerned with the general public’s lack of mathematical skills. Please help by confessing your error and, in the future, being more careful.”


The criticism has continued despite several more columns by Ms. vos Savant defending her choice. “You are utterly incorrect,” insisted E. Ray Bobo, a professor of mathematics at Georgetown University. “How many irate mathematicians are needed to get you to change your mind?”


“The Henry James Treatment”


Mr. Hall said he was not surprised at the experts’ insistence that the probability was 1 out of 2. “That’s the same assumption contestants would make on the show after I showed them there was nothing behind one door,” he said. “They’d think the odds on their door had now gone up to 1 in 2, so they hated to give up the door no matter how much money I offered. By opening that door we were applying pressure. We called it the Henry James treatment. It was ‘The Turn of the Screw.’”


Mr. Hall said he realized the contestants were wrong, because the odds on Door 1 were still only 1 in 3 even after he opened another door. Since the only other place the car could be was behind Door 2, the odds on that door must now be 2 in 3.


Sitting at the dining room table, Mr. Hall quickly conducted 10 rounds of the game as this contestant tried the non-switching strategy. The result was four cars and six goats. Then for the next 10 rounds the contestant tried switching doors, and there was a dramatic improvement: eight cars and two goats. A pattern was emerging.


“So her answer’s right: you should switch,” Mr. Hall said, reaching the same conclusion as the tens of thousands of students who conducted similar experiments at Ms. vos Savant’s suggestion. That conclusion was also reached eventually by many of her critics in academia, although most did not bother to write letters of retraction. Dr. Sachs, whose letter was published in her column, was one of the few with the grace to concede his mistake.


“I wrote her another letter,” Dr. Sachs said last week, “telling her that after removing my foot from my mouth I’m now eating humble pie. I vowed as penance to answer all the people who wrote to castigate me. It’s been an intense professional embarrassment.”


Manipulating a Choice


Actually, many of Dr. Sachs’s professional colleagues are sympathetic. Persi Diaconis, a former professional magician who is now a Harvard University professor specializing in probability and statistics, said there was no disgrace in getting this one wrong.


“I can’t remember what my first reaction to it was,” he said, “because I’ve known about it for so many years. I’m one of the many people who have written papers about it. But I do know that my first reaction has been wrong time after time on similar problems. Our brains are just not wired to do probability problems very well, so I’m not surprised there were mistakes.”


After the 20 trials at the dining room table, the problem also captured Mr. Hall’s imagination. He picked up a copy of Ms. vos Savant’s original column, read it carefully, saw a loophole and then suggested more trials.


On the first, the contestant picked Door 1.


“That’s too bad,” Mr. Hall said, opening Door 1. “You’ve won a goat.”


“But you didn’t open another door yet or give me a chance to switch.”


“Where does it say I have to let you switch every time? I’m the master of the show. Here, try it again.”


On the second trial, the contestant again picked Door 1. Mr. Hall opened Door 3, revealing a goat. The contestant was about to switch to Door 2 when Mr. Hall pulled out a roll of bills.


“You’re sure you want Door No. 2?” he asked. “Before I show you what’s behind that door, I will give you $3,000 in cash not to switch to it.”


“I’ll switch to it.”


“Three thousand dollars,” Mr. Hall repeated, shifting into his famous cadence. “Cash. Cash money. It could be a car, but it could be a goat. Four thousand.”


“I’ll try the door.”


“Forty-five hundred. Forty-seven. Forty-eight. My last offer: Five thousand dollars.”


“Let’s open the door.”


“You just ended up with a goat,” he said, opening the door.


The Problem with the Problem


Mr. Hall continued: “Now do you see what happened there? The higher I got, the more you thought the car was behind Door 2. I wanted to con you into switching there, because I knew the car was behind 1. That’s the kind of thing I can do when I’m in control of the game. You may think you have probability going for you when you follow the answer in her column, but there’s the psychological factor to consider.”


He proceeded to prove his case by winning the next eight rounds. Whenever the contestant began with the wrong door, Mr. Hall promptly opened it and awarded the goat; whenever the contestant started out with the right door, Mr. Hall allowed him to switch doors and get another goat. The only way to win a car would have been to disregard Ms. vos Savant’s advice and stick with the original door.


Was Mr. Hall cheating? Not according to the rules of the show, because he did have the option of not offering the switch, and he usually did not offer it.


And although Mr. Hall might have been violating the spirit of Ms. vos Savant’s problem, he was not violating its letter. Dr. Diaconis and Mr. Gardner both noticed the same loophole when they compared Ms. vos Savant’s wording of the problem with the versions they had analyzed in their articles.
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