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To all the staff and children, past and present, at Eleanor Palmer Primary School, with whom I shared so much maths fun.
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FOREWORD





For those mathematicians who enjoy their history as much as their maths, it’s worth dipping into the past for a little perspective on how we got to where we are today in schools.


The Board of Education’s Handbook of Suggestions for Teachers, published in 1937 and written in a language of the era, advised teachers to teach maths through practical experiences and discussion:


First, by way of introduction, should come practical and oral work designed to give meaning to, and create interest in, the new arithmetical conception – through deriving it from the child’s own experience – and to give him confidence in dealing with it by first establishing in his mind correct notations of the numerical and quantitative relations involved in the operation.


Forty-five years later, the influential Cockcroft report (1982) explored these ideas further in recommending that:


The primary mathematics curriculum should enrich children’s aesthetic and linguistic experience, provide them with the means of exploring their environment and develop their powers of logical thought, in addition to equipping them with the numerical skills which will be a powerful tool for later work and study.1


The philosophy promoted here is that pupils at all levels develop the language of mathematics: they think through their maths problems, articulate their ideas, make connections, and thus mathematical relationships are developed through active problem-solving.


One might observe that this is a fair recipe for all learning.


And fast forward to the national curriculum in England today, with its three core aims to ensure that all pupils:




	Become fluent in the fundamentals of mathematics.



	Reason mathematically by following a line of enquiry.



	Solve problems by applying their mathematics.






As a teacher of maths, what first interested and excited you? Was it the beauty of numbers and patterns? Was it the challenge of searching for a proof through logic and deduction? Was it an enjoyment of shape in art and everyday life? We all have areas of maths we are drawn to.


Our challenge is to provide a breadth of experience in maths from the moment pupils enter our schools. What we begin with excitement and colour in the early years needs relentless focus, fun and ambition as children move through primary school.


One experienced primary leader I know insists that maths should give children a deep understanding of the mystery of numbers and an appreciation of its beauty; he asserts further that, importantly, maths helps young people to become reasoned arguers.


Another primary leader I have worked with over many years insists that teachers everywhere should display in their classrooms the wise words of Professor Stan Gudder (University of Denver), from his 1976 book A Mathematical Journey:


The essence of mathematics is not to make simple things complicated, but to make complicated things simple.


In this book, Kate Frood draws on her rich experience as a teacher and leader to realise the above ambition.


In common with all titles in this series, Section One is ordered under the A-Z alphabetical headings. Section Two presents further material for professional practice. From Chat to Games to OWLing and Pattern, rounding off with Venn and Zero, Kate’s chapters bring alive the fun and fundamentals of the teaching and learning of mathematics in the primary years.


This will prove a popular addition to the A-Z series. Enjoy!


Roy Blatchford, series editor


 


1       Cockcroft, W.H. (1982) Mathematics Counts: report of the Committee of Inquiry into the Teaching of Mathematics in Schools under the chairmanship of Dr W.H. Cockcroft, Her Majesty’s Stationery Office























SECTION ONE


























ASSESSMENT





If you want to improve maths outcomes for your pupils then you need a strong sense of what’s working and what’s not in your classroom; what the children can and can’t do and if it’s right to move on. But it is a worry that, with the wealth of pre-made materials and schemes now available to teachers, it’s too easy to focus on the map (the curriculum) and not the terrain (the children and what they can/can’t do). Effective assessment is at the heart of impactful teaching and learning. But assessment is only valuable if it changes the way we teach and the way pupils learn.


Assessment comes in layers, all of which have validity if used well. At the top sit externally set and marked tests: Year 6 SATs. SATs are heavily laden with negative connotations associated with accountability and performance. Unsurprisingly, many teachers and children hear the word ‘assessment’, fear it and treat it as a synonym of ‘test’. Tests are not inherently bad but they have certainly been contorted out of shape, especially when used purely as high-stakes accountability measures.


A good test isn’t just a summative experience, but is also packed with rich formative opportunities. Summative tests all have a formative backbone and, when used intelligently, they can act as genuine stepping stones towards fuller understanding. To use summative tests well, it’s key not only for teachers to act on the outcomes, but also for the children to see their scores as a route to improvement. Tests are not an end point and children must not believe that their maths ability is fixed and unchangeable.


Endless practice papers from the start of Year 6, with scores recorded on a computer, serve little purpose. But in the revision period leading up to SATs, it’s essential to integrate past SATs questions into lessons, unpicking them, discussing possible misconceptions and building children’s confidence to tackle them. This can be really good fun!


The next layer of assessment is published tests used at year or term end. In 2014, national curriculum levels were removed from the primary curriculum. In a speech in early 2015, the schools minister Nick Gibb said, ‘Levels have been a distracting, over-generalised label, giving misleading signals about the genuine attainment of pupils.’2 Agreed! Gibb told schools to develop their own assessment schemes ‘matched to the timing and content of their school curriculum’ that ‘provide clear evidence of attainment and progression’.


But after 26 years of using national curriculum levels, the majority of teachers had never used an assessment system without levels. Schools inevitably turned to external assessment systems to help. And although these can be used effectively, they can also make the same demands that were previously placed on teachers when it comes to data collection.


An end-of-term test should be used to confirm your own assessment, rather than becoming a piece of evidence to complete a spreadsheet. At my school, we used them to triangulate teacher assessment, leading to a simple end-of-term mathematics RAG (red, amber, green) rating, essentially a binary ‘can do/can’t do, yet’. The key was that these RAG ratings formed the starting point for a conversation with the teacher, primarily about the ambers and reds: what are you going to do differently so this child makes progress? How can I help? The greens need scrutiny too: can the child do it consistently? Independently? In a range of contexts? In a quiz? Is your judgement based on the full breadth of the curriculum? In short, is this a secure judgement?


The next layer of assessment is the frequent use of low-stakes tests or ‘quizzes’, ideally put together by the teacher. Children need to understand that tests have a purpose and are important to support their learning. If they make a mistake, they need to know how to correct it. Allow children to mark their own tests so they can see where they have gone wrong. Use partners, intervention and follow-up whole-class teaching to help fill any gaps in understanding. The quizzes then become an integral part of your teaching, providing rich and meaningful assessment information about what pupils know, understand and can do.


Discussion, debate and the sharing of ideas and strategies will then add to the quality of the assessment information gained, as well as to the richness of the teaching and learning situation. Make sure you weave some spaced practice into your quizzing, recalling learning from a previous unit so that forgetting is interrupted. At my school, we placed a clear emphasis on personal bests, encouraging children to improve on their own performance and not compare themselves with others.


Beneath all this is the day job: teaching. Those well-structured classroom activities involving interaction and dialogue, between teacher and pupils and between pupils themselves. So, in that day-to-day practice, how can we ensure that our assessment is purposeful? Which children need intervention before the topic to catch them up? Are there any areas where all pupils have gaps in understanding? Listening to children’s answers and explanations can give you a clear insight into their knowledge. Once a child has answered a question, ask others in the class to elaborate or explain what has been said, in order to delve deeper into levels of understanding.


The art of teaching is in working the room, questioning, noticing (see OWLing on page 107). This is the key assessment. You must be as close as possible to the child for assessment and feedback to have the greatest impact. You will have much less impact sitting at home feeling frustrated as you mark a maths book full of error and misconception than you will have being over the shoulder of that child in class as they work through a question. You’ll be there to catch the bug in their thinking. We call these ‘teachable moments’.


The psychologist Lev Vygotsky wrote: ‘What a child can do with assistance today she will be able to do by herself tomorrow.’3 This captures so beautifully the idea of working with the child, then gradually stepping back and delighting together when they succeed without you.


Think about any adult classes you’ve attended. I confess to being a serial starter and leaver of various exercise classes. Aside from my innate lack of motivation, I tire of the teacher at the front, who never comes close to us ‘low attainers’ to offer encouragement and personal feedback to raise our performance even a tiny bit. Rather, she motors on, interacting only with the talented few at the front. And so it can be in a classroom: if we simply teach from the front, or persist in only ‘working with a group’ and thus fail to work the room, we are not teaching constructively or inclusively.


When children are doing independent practice, work the room with a pen in hand. Notice. Interact. Act. Capture what is said; correct and teach on the go; stop the class for mini plenaries and to make a teaching point. Be close to the children to grasp those teachable moments and give impactful feedback. If you do all this, there will be far less ‘marking’ to do after school and you will have a far greater sense of how to plan for tomorrow.


And then there’s self-assessment. What’s the point of asking children to rate their achievement against lesson objectives with green, yellow or red highlighters, or by ticking the requisite face? I’ve seen maths books with sad faces ticked day after day, yet no evidence that the teaching and practice have been adapted to this child’s level in response. What about the child who always ticks the smiley face, yet you know that, in reality, their confidence and attainment are fragile?


Nor does asking for thumbs-up/thumbs-down as a class tell you anything secure. But if the child is confident that you will visit them to see how they are doing, or that they will be supported if things are tricky, they will be far more likely to be honest about their sense of achievement.


In our upper key stage 2 classes, we had a well-established routine of children writing a ‘message’ at the end of a maths lesson. The children were asked to let their teacher know how things were going. A message might read, ‘Dear Miss Frood, I am getting this but I’d like more practice please’ or ‘I don’t really get it when there are empty boxes’ or ‘I’m confident and ready to move on please’. The images on the following pages are real examples of this. It took some work to achieve honesty and genuine reflection but, once established, this pupil self-assessment became a critical part of our assessment and helped us to adapt our teaching.


It’s vital that all these layers of assessment are used with purpose and are followed by an appropriate next step, be that an intervention, a recap or an adaptation to the next piece of learning.






[image: An image of a notebook’s page with some mathematical calculations on it and a comment in text.]
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With thanks to Year 6 at Eleanor Palmer Primary School, 2023.







ASIDE


Interaction check


As an exercise, just for a week, draw up a class list with five columns, Monday to Friday. Keep a daily tally for each child, ticking if you have had a meaningful one-to-one exchange focused on their maths learning. Be honest. Act on the outcomes.





 


2       www.gov.uk/government/speeches/assessment-after-levels



3       Vygotsky, L.S. (1978) Mind in Society: the development of higher psychological processes, Harvard University Press
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… ideas


With teachers facing huge time and content pressures, there often isn’t a chance to take a step back before embarking on a new unit and ask, ‘What’s the big idea here?’, ‘What is the essential underlying mathematical concept?’, ‘Why am I teaching this?’ or ‘What is the “need to know” in this block?’


If I’m working with a teacher to support their planning, these are the first questions I ask them. The answers can help you to plan the simplest route through the unit and give you clarity on how to share the ‘why’ with the children. Don’t skip support materials in your core scheme. Materials from the National Centre for Excellence in the Teaching of Mathematics4 detail key teaching points for each unit (read the teacher guides or the introduction to the NCETM assessment materials), while Derek Haylock’s Mathematics Explained for Primary Teachers5 remains a bible.


Ask any key stage 1 teacher what they want children to understand and be able to do and ‘place value’ will be rightly named as a key foundation, yet few teachers can confidently articulate why. Place value is absolutely the big idea in primary maths. It’s usually the first teaching unit in every year, but there can be a pressure to move on even before really getting to grips with it. So, what are the big ideas within place value?


Once children have developed a secure sense of the numbers up to 10, they need to develop a strong sense of 10 as the foundation for place value and mental calculations. Ten is the building block of our base 10 number system; it’s useful to emphasise the simplicity of the link with our 10 fingers.


Young children can usually read two-digit numbers long before they understand the effect of the placement of each digit on its numerical value. This is not to imply that they can’t be exposed to and explore much bigger numbers right from the start, but ultimately they need to understand different mental images of numbers and different mental strategies for manipulating these numbers, supported by their knowledge of each number’s relationship to 10.


Key manipulatives and visual supports can aid this understanding. As well as the blue Numicon 10 pieces, 10 frames are an excellent concrete and visual resource. Ten frames are two-by-five rectangular frames into which counters are placed to illustrate numbers less than or equal to 10; they are very useful devices for developing number sense within the context of 10.




[image: Image of a rectangle inside which 10 squares are connected to each other.]




Ten frames can provide a first step into understanding two-digit numbers simply by the introduction of a second frame. Placing a full frame of 10 to the left of the empty frame as you build it supports children’s understanding of place value 11-20. Lots of children come unstuck with teen numbers and I think that is the fault of our language.


In many Asian languages, and even Welsh, oral counting begins ‘one’ to ‘ten’, then moves into ‘tenty-one’, tenty-two’, ‘tenty-three’ for 11, 12, 13 and so on. This presents the base 10 structure more clearly and is much more logical. In English, children have to learn sequences of seemingly illogical words that conceal the place value and are inconsistent: ‘eleven’, ‘twelve’, ‘thirteen’. And we don’t say ‘two-ty’ for 20, yet we say ‘six-ty’ for 60. As well as making effective use of all the manipulatives for teen number place value, it can help to share this comparison with the class and agree that our language is unhelpful. Chanting ‘nine, ten, tenty-one, tenty-two’ can ease confusion and build a sense of fun.


Part of developing fluency in calculation processes is the ability to engage with ‘one lot of 10’ as an entity in its own right, operating with it as though it’s one object, not one object comprised of 10 other objects. This capacity is referred to as ‘unitising’. Adding Numicon 10s, or completely filled 10 frames, and counting ‘13, 23, 33’ as you go, visually shows the adding of a 10 unit.


Dienes (Base 10) apparatus, albeit now plastic, is thankfully back in our classrooms and is a crucial resource for place value. The strength of Dienes is in helping children to understand the big ideas of unitising and exchange. Exchange is a powerful notion in mathematics. It’s evident in the early stages of the development of number sense and calculation using all four operations, but is also used in much more sophisticated contexts such as algebraic substitution.


We don’t have to worry about these more complex notions in early mathematical education, but it’s satisfying to think that by helping children to work with the idea of exchange at a simple level, we lay the foundations for their future mathematical work. Exchange can be practised in simple dice games such as ‘Race to 50’, where children gather ones and exchange 10 ones for one Dienes 10 rod as they go. If children securely understand that 10 ones equal 1 ten and 10 tens equal 1 hundred, columnar subtraction makes more sense.


A key part of place value is becoming fluent with and using multiples of 10. My school called the multiples of 10 ‘café numbers’. On a walk, you might stop at a café to rest and revive. And so it is with multiples of 10. If you calculate 53 – 7, you’re likely to mentally take away 3 to 50, rest there, and then take away 4 more to 46. Or, if you’re asked to calculate 38 + 67 + 42, I’d hazard that you would add the 38 and 42 first and rest at 80 before adding the 67. Knowing the nearest multiple of 10 leads into rounding. To be playful and to reinforce these key number landmarks, we would always celebrate staff ‘café number’ birthdays with a bouquet in assembly.


What other resources support a deep and secure understanding of place value? It’s essential in KS1 to keep a square containing the numbers to 100 permanently in view. Visually, this exposes the pattern of adding 1 and adding 10. Lots of chanting sequences of ‘adding 10’ reinforce what’s happening. We called this ‘spider counting’: spiders only move vertically without their webs, so spider counting goes ‘32, 42, 52, 62’ and so on.




[image: Image of a notebook’s page on which some numbers are written, along with a drawing of a spider hanging from the top.]




Just as we teachers create the misconception that multiples end at the 12 times table, so we fail to support children’s understanding of place value past 100. Be sure to introduce a 200 grid (not a square!) that shows how the place value patterns continue.


Using a 100 square, a key assessment question I would ask in Year 1 is, ‘What is underneath 100?’ The most common misconceptions are 200 or 101. Good mistakes! Equally, ‘What’s underneath 91?’ will reveal all sorts of interesting emergent understanding. When you’re doing spider counting, don’t stop in the 90s: carry on and notice who’s still with you.


Place value cards are another wonderful visual support for showing how we say numbers. For example, we say ‘twenty five’ but squash the two parts together to ‘twenty-five’. A key assessment is to give children a number, asking them to select the parts and then show you the number with the cards. Try 65 (children pick up 60 and 5), 73 (pick up 70 and 3), 84 (80 and 4) and so on, building to 17. Notice if children pick up 7 first and then search for ‘teen’. This reveals a lack of secure understanding and revives our frustration with our number names. A prompt of ‘tenty-seven’ helps.






[image: Image of two triangular arrowheads. Numbers 6 and 0 are written on the first one, and number 5 on the second one.]




So, the first big idea about place value is that the position of the digit gives it its value. But the other important idea, one that’s often missed, is that children need to understand the relative size of numbers: where they sit in relation to each other. Number lines are a critical visual support and assessment tool for this: from 0-10 or 0-100, but also empty lines, or simple demarcated lines. On an empty line with ends marked 0 and 100, can the children place 50? Can they place 50 if the ends are marked 0 and 60? 40 and 60? 0 and 200? Activities such as these reveal children’s understanding.


Understanding number lines also supports mental calculation strategies. If you know that 998 is close to 1,002, you will count up rather than take away. At my school, we ask the children to identify whether mental calculations are ‘mind the gap’ calculations (close numbers, so count up) such as 62 – 58, or ‘robbers’ (a take away) such as 62 – 6. A variety of strategies is needed.


One of the most elegant subtraction strategies introduced in the mastery approach is the adjustment method. A calculation like 10,002 – 5673 is going to be hard: lots of exchanging! But if you ‘pick up’ both numbers and move them three places down the number line, you have 9999 – 5670, new numbers with the same difference between them. This calculation is much easier and the strategy reinforces the idea of subtraction as finding the difference. If a child smiles with delight when you model this strategy, their secure understanding of place value has been affirmed. If the strategy was a revelation for you, share this delight with the children.




ASIDE


Going Down


Try this game to build fluency in counting up and down in multiples of 10.


Playing in pairs, pupils take turns to choose a start number between 100 and 200 that is a multiple of 10 (you can adapt this range according to age and stage).


Note this number on a piece of paper. Then take turns to subtract 10, 20 or 30 and note the new reduced number.


The winner is the person who takes the total to exactly zero. Is there a winning strategy?





 


4       www.ncetm.org.uk



5       Haylock, D. & Manning, R. (2018) Mathematics Explained for Primary Teachers (sixth edition), Sage Publications























CHAT





If we want to support our pupils to engage with maths then oracy is a key tool. The full effects of lockdown and reduced social contact during the Covid-19 pandemic are yet to be fully understood, but most teachers report lower levels of oracy among children. It’s more important than ever to model the talk we want to see and to give pupils multiple opportunities to reflect, explain and justify, using vocabulary linked to the concepts we’re teaching.


Mathematical talk is not something that can be expected of children occasionally or suddenly; it takes practice, and the expectation needs to be built up over time. Younger children need more scaffolding and support with mathematical talk. Pupils are likely to talk more spontaneously in their classrooms if they have become accustomed to mathematical talk over a number of years.


Stem sentence starters help to provide children with a structure for expressing their ideas. An example is: ‘This is the number 67. The “6” shows that we have six groups of 10. The “7” shows that we have seven extra ones’ (see Sentence on page 137).


A powerful way to demonstrate expectations is for the teacher to model a full spoken response to a question. ‘My turn, your turn’ is one method for doing this: first you model the answer to a question, then you ask the children to answer a question with a very similar structure, gradually building up the complexity of questions.


Each subject that we teach has its own language and maths is no exception. The key vocabulary must be practised. This is essential in order to support children who speak English as an additional language to participate on equal terms with their English-speaking peers.


But this chapter is not T for Talk or V for Vocabulary. It’s C for Chat! We should be committed to more casual maths chat: laughing about maths and numbers; chatting about patterns and oddities. We therefore need to provide opportunities for children to engage in dialogue and discuss their ideas. I once heard the education adviser Marc Rowland say at a conference that the key to language development isn’t exposure to word walls, it’s conversation. It’s about a classroom culture where it’s safe to try, to ask a silly question, to make a mistake. So, how can we build up maths chat?


One of the most subtle things we can do as teachers is to be mindful of the underlying assumptions of maths learning, some cultural, some caused by prior experience. We must create a culture where children feel more confident and more able to take part. Opportunities to chat about something other than ‘the answer’ can build a discursive atmosphere and reduce inhibitions, removing anxiety about having to search for ‘the answer’ in the teacher’s head, or about being wrong.


Start to collect images that can stimulate mathematical discussion. This is a lovely low-stakes start to a maths lesson, particularly in the early years. The maths teacher Berkeley Everett offers a wonderful treasure trove of number images on his website.6 Sesame Street on YouTube has a wealth of short videos about numbers that provoke chat among classes; the ‘Rocks number 12’ video is a great example.7 Steve Wyborney’s Esti-Mysteries and Splat! are fantastic provocation routines that generate so much chat and wondering.8 And Gareth Metcalfe’s ‘I see reasoning’ routines provide rich visual prompts.9


Questions such as ‘What do you notice?’, ‘What do you wonder?’, ‘What do you think would happen if…?’ and ‘What mathematical questions can you make up using this picture?’ are great starting points as you share these images or sequences of numbers.






[image: A drawing of a leaf on which drawings of three ladybirds are drawn with some differences in spots on their backs.]

Reproduced with permission of NRICH, University of Cambridge.





Above is an image from Cambridge University’s NRICH maths project.10 How many spots do you see? What do you notice about the ladybirds with grey spots? What about the ladybird with black spots? How would you make 16 and 14 spots with the seven-spot and four-spot ladybirds? What other numbers can you make? Are there some numbers you can’t get?


‘Think, pair, share’ activities, where children first get a chance to try out their ideas by chatting them through with a partner, can boost their confidence in sharing with the class. When the idea is shared more publicly, as ‘our idea’ rather than ‘my idea’, pupils can feel less exposed. Listening in to children’s mathematical conversations will give you essential insight into their conceptual understanding and allow you to spot misconceptions that may be causing more widespread problems. You can share the great insights you overhear with the whole class.


I’m a fan of pick sticks, when used well: a pot of lolly sticks bearing each child’s name (and, for inclusion, the teacher’s name, the names of all adults in the room, and even ‘visitor’). If there are three or four key words for the lesson ahead, list them on the board, allow pupils to chat with a partner about the words, then select a name and allow that child to choose which word they would like to explain.


You can make learning mathematical vocabulary fun, and also provide an opportunity for a bit of historical or etymological exploration and chat. Key words that are worthy of chat include ‘vinculum’, ‘isosceles’, the French word for pie chart (it’s camembert!), ‘addend’, ‘subtrahend’, ‘algebra’, ‘subitise’ and ‘calculate’. Explore the ambiguity in terms such as ‘take away’, ‘mean’ and ‘difference’.


This move towards a positive and inclusive maths culture where children chat, and away from a search for a single ‘right answer’, is rooted in language. Try using ‘soft words’ to open up answers and to reframe questioning; this very simple shift really changed engagement in my classes. For example:




	A number is a lot more than five 42s. What might it be?



	A number is just a little more than 6. What might it be?



	
Fill in the blanks to make this true:


________is four times as much as________.


________is 118 more than________.




	I’m thinking of two numbers that add up to 9. What might they be?



	A number is a lot more than 20. What could it be?



	I put a Numicon piece of less than 6 in this bag. What might it be?






Another simple idea is to ask for a ‘silly suggestion’, a wrong answer to a question. This is far more inclusive as there are infinite wrong answers. In thinking through and offering a ‘silly’ answer, the child will have to have a sense of a reasonable suggestion. For example, if you show a number line with ends marked 0.7 and 0.8 and ask ‘Give me a silly suggestion for a number on this number line’, the responses might include 2000, 23, 0.9 and 0.69. All correctly ‘silly’ but revealing different levels of understanding.


You could also share a solution and ask the children to chat about why this answer is wrong. Or ask, ‘What mistake might someone say in response to this question and why?’ This can give children the confidence to express an idea they are unsure about, or to identify potential misconceptions.


Another simple language shift is to use statements rather than questions to stimulate paired and class chat. This removes the pressure to find the answer, but agreement or disagreement can lead to important principles of proof. Example statements include:




	All numbers that end with the digit 1 are odd.



	The highest number in counting is 100.



	All numbers containing a 5 digit are multiples of 5.



	All squares are rectangles.



	Multiplication makes numbers bigger.






Drawing other children into a discussion that has been started by a more vocal child can help to create a climate of chat and allows the less confident child to comment on a previous response. Use prompts such as ‘Do you agree/disagree?’, ‘Could anyone explain it a different way?’ and ‘Did anyone get the answer another way? How? Which is easier?’
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