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National 5 Maths 



Second Edition has been specifically written to meet the latest requirements 








of the SQA Mathematics Course and provides full coverage of the specifications of the 








SQA Mathematics (National 5) Course. 








In preparing the text, full account has been made of the requirements for students to be able to use and 








apply mathematics in written examination papers and be able to solve problems both with and without 








a calculator. 








To provide efficient, yet flexible, coverage of the specifications, the book has been split into sections. 












Chapters 1 - 5 



Number 








Chapters 6 - 14 



Algebra 








Chapters 15 - 20 



Geometry 








Chapters 21 - 24 



Trigonometry 








Chapters 25 - 26 



Statistics 













Sections may be studied sequentially. 








Alternatively, you may wish to study material from 








different chapters across all five sections. 








The chapters within each unit have been organised 








to facilitate either approach. 








You can best decide the approach to use depending 








on the individual needs of the students. 








Each chapter consists of fully worked examples with explanatory notes and commentary, 








carefully graded questions, a summary of key points and a review exercise. 








The review exercises provide the opportunity to consolidate topics introduced in the chapter and an 








efficient method of monitoring progress through the course. 








Some chapters include ideas for investigation. These give students the opportunity to improve and 








practise their skills of using and applying mathematics. 








Twelve revision exercises, organised to provide practice for non-calculator and calculator papers, 








provide opportunities to consolidate skills acquired during the course. 








As final preparation for the exams, a further compilation of exam practice questions has been provided, 








which has been organised for non-calculator paper and calculator paper practice. 
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Approximation 












1 















The numbers 0, 1, 2, 3, 4, 5, 



… 



can be used to count objects. 








Such numbers are called 



whole numbers. 








Our number system is made up of the digits 0, 1, 2, 3, 4, 5, 6, 7, 8 and 9. 








The position a digit has in a number is called its 



place value. 








In the number 5384 the digit 8 is worth 80, but in the number 4853 the digit 8 is worth 800. 








Numbers and quantities are not always whole numbers. 








The number system can be extended to include 



decimal numbers. 








A 



decimal point 



is used to separate the whole number part from the decimal part of the number. 








73.26 








This number is read as seventy-three point two six. 








whole number, 73 








decimal part, 2 tenths 



1 



6 hundredths (which is the same as 26 hundredths) 








Many measurements are recorded using decimals, including money, time, distance, weight, volume, etc. 








Approximation 








In real-life it is not always necessary to use exact numbers. A number can be 



rounded 



to an 








approximate 



number. Numbers are rounded according to how accurately we wish to give details. 








For example, the distance to the Sun can be given as 93 million miles. 








Can you think of other situations where approximations might be used? 








To round a number to a given number of decimal places 








Rounding using decimal places 








What is the cost of 1.75 metres of material costing £3.99 a metre? 








1.75 



3 



3.99 



5 



6.9825 








The cost of the material is £6.9825 or 698.25p. 








As you can only pay in pence, a sensible answer is £6.98, 








correct to two decimal places (nearest penny). 








This means that there are only two decimal places after the decimal point. 








Often it is not necessary to 








use an exact answer. 








Sometimes it is impossible, 








or impractical, to use the 








exact answer. 








When rounding a number to one, two or more decimal places: 








1. Write the number using one more decimal place than asked for. 








2. Look at the last decimal place and 












l 



if the figure is 5 or more round up, 








l 



if the figure is less than 5 round down. 













3. When answering a problem remember to include any units and state the degree of 








approximation used. 








Write 2.76435 to 2 decimal places. 








Look at the third decimal place. 



4 








This is less than 5, so, round down. 








Answer 2.76 








Example 1 








Write 7.104 to 2 decimal places. 








7.104 



5 



7.10 to 2 d.p. 








The zero is written down because it shows 








the accuracy used, 2 decimal places. 








Example 2 








Whole numbers and decimals 








Notation: Often decimal place is shortened to d.p. 

























Consider the calculation 600.02 



3 



7500.97 



5 



4500732.0194 








To 1 d.p. it is 4500732.0, to 2 d.p. it is 4500732.02. 








The answers to either 1 or 2 d.p. are very close to the actual answer and are almost as long. 








There is little advantage in using either of these two roundings. 








The point of a rounding is that it is a more convenient number to use. 








Another kind of rounding uses 



significant figures. 








The 



most 



significant figure in a number is the figure which has the greatest place value. 








Consider the number 237. 








The figure 2 has the greatest place value. It is worth 200. 








So, 2 is the most significant figure. 








In the number 0.00328, the figure 3 has the greatest place value. 








So, 3 is the most significant figure. 
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Number 















Approximation 








Practice 



Exercise 



1.1 








1. 



Write the number 3.9617 correct to 








(a) 



3 decimal places, 








(b) 



2 decimal places, 








(c) 



1 decimal place. 








2. 



The display on a calculator shows the result of 34 



4 



7. 








What is the result correct to two decimal places? 








3. 








The scales show Gary’s weight. 








Write Gary’s weight correct to one decimal place. 








4. 



Copy and complete this table. 








5. 



Carry out these calculations giving the answers correct to 








(a) 



1 d.p. 








(b) 



2 d.p. 








(c) 



3 d.p. 








(i) 



6.12 



3 



7.54 








(ii) 



89.1 



3 



0.67 








(iii) 



90.53 



3 



6.29 








(iv) 



98.6 



4 



5.78 








(v) 



67.2 



4 



101.45 








6. 



In each of these short problems decide upon the most suitable accuracy for the answer. 








Then calculate the answer. Give a reason for your degree of accuracy. 








(a) 



One gallon is 4.54596… litres. How many litres is 9 gallons? 








(b) 



What is the cost of 0.454 kg of cheese at £9.47 per kilogram? 








(c) 



The total length of 7 equal sticks, lying end to end, is 250 cm. How long is each stick? 








(d) 



A packet of 6 bandages costs £7.99. How much does one bandage cost? 








(e) 



Petrol costs 133.9 pence a litre. I buy 15.6 litres. How much will I have to pay? 








Number 








2.367 








0.964 








0.965 








15.2806 








0.056 








4.991 








4.996 








d.p. 








1 








2 








2 








3 








2 








2 








2 








Answer 








2.4 










6 








8. 








84 








7 








kg 










Rounding using significant figures 








To round a number to a given number of significant figures 








When rounding a number to one, two or more significant figures: 








1. Start from the most significant figure and count the required number of figures. 








2. Look at the next figure to the right of this and 












l 



if the figure is 5 or more round up, 








l 



if the figure is less than 5 round down. 













3. Add noughts, as necessary, to locate the decimal point and preserve the place value. 








4. When answering a problem remember to include any units and state the degree of 








approximation used. 








Noughts which are used to 








locate the decimal point and 








preserve the place value of 








other figures are not significant. 































2 













Write 4 500 732.0194 to 2 significant figures. 








The figure after the first 2 significant figures 



45 



is 0. 








This is less than 5, so, round down, leaving 45 unchanged. 








Add noughts to 45 to locate the decimal point and preserve place value. 








So, 4 500 732.0194 



5 



4 500 000 to 2 sig. fig. 








Example 3 








Write 0.000364907 to 1 significant figure. 








The figure after the first significant figure 



3 



is 6. 








This is 5 or more, so, round up, 3 becomes 4. 








So, 0.000364907 



5 



0.0004 to 1 sig. fig. 








Notice that the noughts before the 4 locate the decimal point and preserve place value. 








Example 4 








What is the area of a rectangle measuring 4.6 cm by 7.2 cm? 








4.6 



3 



7.2 



5 



33.12 








Since the measurements used in the calculation (4.6 cm and 7.2 cm) 








are given to 2 significant figures the answer should be as well. 










33 cm 








2 



is a more suitable answer. 










Example 5 








Note: 








To find the area of a rectangle: 








multiply length by breadth. 








Notation: 








Often significant figure 








is shortened to sig. fig. 








Choosing a suitable degree of accuracy 








In some calculations it would be wrong to use the complete answer from the calculator. 








The result of a calculation involving measurement should not be given to a greater degree of accuracy 








than the measurements used in the calculation. 








Practice 



Exercise 



1.2 








1. 



Write these numbers correct to one significant figure. 








(a) 



17 








(b) 



523 








(c) 



350 








(d) 



1900 








(e) 



24.6 








(f) 



0.083 








(g) 



0.086 








(h) 



0.00948 








(i) 



0.0095 








2. 



Copy and complete this table. 








3. 



This display shows the result of 3400 



4 



7. 








What is the result correct to two significant figures? 








4. 



Carry out these calculations giving the answers correct to 








(a) 



1 sig. fig. 








(b) 



2 sig. fig. 








(c) 



3 sig. fig. 








(i) 



672 



3 



123 








(ii) 



6.72 



3 



12.3 








(iii) 



78.2 



3 



12.8 








(iv) 



7.19 



4 



987.5 








(v) 



124 



4 



65300 








5. 



A rectangular field measures 18.6 m by 25.4 m. 








Calculate the area of the field, giving your answer to a suitable degree of accuracy. 








6. 



In each of these short problems decide upon the most suitable accuracy for the answer. 








Then work out the answer, remembering to state the units. 








Give a reason for your degree of accuracy. 








(a) 



The area of a rectangle measuring 13.2 cm by 11.9 cm. 








(b) 



The area of a football pitch measuring 99 m by 62 m. 








(c) 



The total length of 13 tables placed end to end measures 16 m. How long is each table? 








(d) 



The area of carpet needed to cover a rectangular floor measuring 3.65 m by 4.35 m. 








Number 








456 000 








454 000 








7 981 234 0.000567 0.093748 0.093748 








sig. fig. 








2 








2 








3 








2 








2 








3 








Answer 








460 000 































3 













1 












Number 













Approximation 








Key Points 








᭤᭤ 



In real-life it is not always necessary to use exact numbers. A number can be 



rounded 



to an 








approximate 



number. Numbers are rounded according to how accurately we wish to give details. 








For example, the distance to the Sun can be given as 93 million miles. 








᭤᭤ 



You should be able to approximate using 



decimal places. 








᭤᭤ 



You should be able to approximate using 



significant figures. 








᭤᭤ 



You should be able to choose a suitable degree of accuracy. 








Write the number using one more decimal place than asked for. 








Look at the last decimal place and 












l 



if the figure is 5 or more round up, 








l 



if the figure is less than 5 round down. 













Start from the most significant figure and count the required 








number of figures. 








Look at the next figure to the right of this and 












l 



if the figure is 5 or more round up, 








l 



if the figure is less than 5 round down. 













Add noughts, as necessary, to preserve the place value. 








The result of a calculation involving measurement should not be given to a 








greater degree of accuracy than the measurements used in the calculation. 








Review 



Exercise 



1 








1. 



Write these numbers correct to 2 decimal places. 








(a) 



28.714 








(b) 



6.91288 








(c) 



12.397 








(d) 



0.0418 








(e) 



0.00912 








2. 



Write these numbers correct to 3 significant figures. 








(a) 



2313 








(b) 



23.58 








(c) 



36.97 








(d) 



503.89 








(e) 



0.0005646 








3. 



The display shows the result of 179 



4 



7. 








What is the result correct to: 








(a) 



two decimal places, 








(b) 



one decimal place, 








(c) 



one significant figure? 








4. 



Calculate 7.25 



3 



0.79 








(a) 



to 1 decimal place, 








(b) 



to 2 decimal places, 








(c) 



to 3 decimal places. 








5. 



Calculate 107.9 



4 



72.5 








(a) 



to 1 significant figure, 








(b) 



to 2 significant figures. 








6. 



Daniel has a part-time job in a factory. He is paid £36 for each shift he works. 








Last year he worked 108 shifts. 








Calculate Daniel’s total pay for the year. Give your answer to the nearest £100. 








7. 



The floor of a lounge is a rectangle which measures 5.23 m by 3.62 m. 








The floor is to be carpeted. 








(a) 



Calculate the area of carpet needed. 








Give your answer to an appropriate degree of accuracy. 








(b) 



Explain why you chose this degree of accuracy. 








8. 



Flour costs 79p per kilogram from the flour mill. 








Rachel bought 300 kg of flour from the mill. 








She shared the flour equally between 18 people. 








How much should each person pay? 



























Working with Surds 










2 













All real numbers are either 



rational 



or 



irrational. 








Rational numbers 










Numbers which can be written in the form 



ᎏ 








a 








b 








ᎏ, 



where 



a 



and 



b 



are integers (b 





       



0) are 



rational. 








Examples of rational numbers are: 








2 








25 








ᎏ 








2 








5 








ᎏ 








0.6 








. 








3.47 








1ᎏ 








3 








4 








ᎏ 








ᎏ 








a 








b 








ᎏ 



is a 



proper fraction 



if 



a 



Ͻ 



b. 








ᎏ 








a 








b 








ᎏ 



is an 



improper fraction 



(top heavy) if 



a 



Ͼ 



b. 










All fractions can be written as decimals. 










ᎏ 








3 








4 








ᎏ 



can be thought of as 3 



4 



4 and is equal to 0.75. 










Some decimals have recurring digits. 








These are shown by: 








a single dot above a single recurring digit, 








a dot above the first and last digit of a set of recurring digits. 








For example: 










ᎏ 








5 








9 








ᎏ 



5 



0.5555… 



5 



0.5 








. 








ᎏ 








1 








5 








1 








ᎏ 



5 



0.454545… 



5 



0.4 








. 








5 








. 








ᎏ 








1 








9 








2 








9 








3 








9 








ᎏ 



5 



0.123123123… 



5 



0.1 








. 








23 








. 










Irrational numbers 








An 



irrational 



number 



cannot 



be written as a fraction. 








Irrational numbers include: 








square roots of non-square numbers, 








cube roots of non-cube numbers. 










Examples of irrational numbers are: 



͙2ෆ 








͙ 








3 



7ෆ 








␲ 








͙1ෆ3 ෆ 










State whether each of the following are rational or irrational numbers. 










␲ 



5 



3.141592654… irrational 



␲ 



is a non-recurring decimal and has no exact value. 








͙ 








3 



7ෆ 



5 



1.91293118… irrational 



͙ 








3 



7ෆ is a non-recurring decimal and has no exact value. 








͙3ෆ6 ෆ 



5 



6 








rational 








Note: 



͙3ෆ6 ෆ 



means the positive square root of 36. 










Example 1 








Practice 



Exercise 



2.1 








1. 



Which of these numbers are rational and which are irrational? 










(a) 



͙2ෆ 








(b) 



3.14 








(c) 



͙ 








3 



9ෆ 








(d) 



Ί 








ᎏ1 








4 








ᎏ 








๶ 








(e) 



ᎏ͙ 








3 








6 








ෆ4ෆ 








ᎏ 








(f) 



(ᎏ 








͙ 








2 








3ෆ 








ᎏ) 








2 








(g) 



Ί 



ᎏ1 








2 








ᎏ 








๶ 








(h) 



Ί 



1๶ 








ᎏ7 








9 








ᎏ 








๶ 








(i) 



Ί 



6๶ 








ᎏ1 








4 








ᎏ 








๶ 








(j) 



␲ 








2 










2. 



m 



and 



n 



represent two different irrational numbers. 








In each case, write down one example to show 










(a) 



mn 



is rational, 








(b) 



mn 



is irrational, 








(c) 



ᎏm 








n 








ᎏ 



is rational, 








(d) 



ᎏm 








n 








ᎏ 



is irrational. 












4 













␲ 








͙ 








3 



7ෆ 








͙3ෆ6 ෆ 





























Remove the brackets and simplify 



͙3ෆ(͙6 ෆ 



1 



2). 








͙3ෆ(͙6 ෆ 



1 



2) 



5 



͙3ෆ 



3 



͙6ෆ 



1 



2͙3ෆ 








5 



͙1ෆ8 ෆ 



1 



2͙3ෆ 








5 



͙9ෆ 



3 



͙2ෆ 



1 



2͙3ෆ 








5 



3͙2ෆ 



1 



2͙3ෆ 














5 













2 












Number 













Working with Surds 








Surds 








Roots of rational numbers which 



cannot 



be expressed as rational numbers are called 



surds. 








A surd is an irrational number. 








These are examples of surds: 










͙2ෆ 








͙0ෆ.3 ෆ7ෆ 








͙ 








3 



1ෆ0 



ෆ 








3 



1 



͙2ෆ 








͙7ෆ 








Numbers like 



͙6ෆ4 ෆ, ͙0ෆ.2 ෆ5ෆ, ͙ 








3 



2ෆ7 



ෆ 



are not surds because the root of each number is rational. 








(͙6 



ෆ4ෆ 



5 



8, 



͙0ෆ.2 ෆ5ෆ 



5 



0.5, 



͙ 








3 



2ෆ7 



ෆ 



5 



3.) 








͙aෆ 



means the positive square root of 



a. 










Manipulating and simplifying surds 










͙aෆb ෆ 



5 



͙aෆ 



3 



͙bෆ 








m͙aෆ 



1 



n͙aෆ 



5 



(m 



1 



n)͙aෆ 








Ί 



ᎏa 








b 








ᎏ 








๶ 



5 



ᎏ͙ 








͙ 








a 








ෆ 








bෆ 








ᎏ 










To simplify surds, look for factors that are square numbers. 








Example 2 








Example 3 










2͙3ෆ 



ϭ 



2 



ϫ 



͙3ෆ 



ϭ 



͙3ෆ 



ϫ 



2 










Simplify the following leaving the answers in surd form. 










(a) 



͙2ෆ8 ෆ 








(b) 



͙5ෆ0 ෆ 



2 



͙3ෆ2 ෆ 








(c) 



͙4ෆ8 ෆ 



1 



͙7ෆ5 ෆ 








(d) 



Ί 



ᎏ7 








2 








๶ 








2 








0 








ᎏ๶ 








(a) 



͙2ෆ8 ෆ 



5 



͙4ෆ 



3 



͙7ෆ 








5 



2͙7ෆ 








(b) 



͙5ෆ0 ෆ 



2 



͙3ෆ2 ෆ 



5 



͙2ෆ5 ෆ 



3 



͙2ෆ 



2 



͙1ෆ6 ෆ 



3 



͙2ෆ 








5 



5͙2ෆ 



2 



4͙2ෆ 








5 



͙2ෆ 








(c) 



͙4ෆ8 ෆ 



1 



͙7ෆ5 ෆ 



5 



͙1ෆ6 ෆ 



3 



͙3ෆ 



1 



͙2ෆ5 ෆ 



3 



͙3ෆ 








5 



4͙3ෆ 



1 



5͙3ෆ 








5 



9͙3ෆ 








(d) 



Ί 



ᎏ7 








2 








๶ 








2 








0 








ᎏ๶ 



5 



ᎏ͙ 








͙ 








7ෆ 








2ෆ 








2ෆ 








0ෆ 








ᎏ 








5 



ᎏ͙ 








͙ 








3 








ෆ 








4ෆ 








6ෆ 








ϫ 








ϫ 








͙ 








͙ 








5ෆ 








2ෆ 








ᎏ 








5 



ᎏ6 








2 








͙ 








͙ 








2 








ෆ 








5ෆ 








ᎏ 








5 



ᎏ3 








͙ 








͙ 








5ෆ 








2ෆ 








ᎏ 































6 













Practice 



Exercise 



2.2 








1. 



Which of the following are surds? 










(a) 



͙2ෆ 








(b) 



͙4ෆ 








(c) 



͙9ෆ 








(d) 



͙1ෆ0 ෆ 








(e) 



͙4ෆ0 ෆ 








(f) 



͙1ෆ 








(g) 



͙ 








3 



1ෆ 








(h) 



͙ 








3 



8ෆ 








(i) 



͙ 








3 



9ෆ 








(j) 



͙ 








3 



2ෆ7 



ෆ 








(k) 



͙0ෆ.4 ෆ 








(l) 



͙0ෆ.0 ෆ9ෆ 








(m) 



(͙3 



ෆ 



) 








3 








(n) 



(͙0 



ෆ.4ෆ 



) 








2 








(o) 



͙5ෆ4 ෆ 










2. 



Write the following surds in their simplest form. 










(a) 



͙1ෆ2 ෆ 








(b) 



͙2ෆ7 ෆ 








(c) 



͙4ෆ5 ෆ 








(d) 



͙4ෆ8 ෆ 








(e) 



͙3ෆ2 ෆ 








(f) 



͙5ෆ0 ෆ 








(g) 



͙5ෆ4 ෆ 








(h) 



͙2ෆ4 ෆ 








(i) 



͙9ෆ8 ෆ 








(j) 



͙8ෆ0 ෆ 








3. 



Express in the form 



a͙bෆ, 



where 



a͙bෆ 



is in its simplest form. 








(a) 



͙4ෆ4 ෆ 








(b) 



͙7ෆ5 ෆ 








(c) 



͙1ෆ2 ෆ8ෆ 








(d) 



͙7ෆ2 ෆ 








(e) 



͙2ෆ0 ෆ0ෆ 










4. 



Simplify the following. 










(a) 



Ί 



ᎏ 



1 








9 








๶6 



ᎏ๶ 








(b) 



Ί 



ᎏ4 








6 








๶ 








9 








4 








ᎏ๶ 








(c) 



Ί 



ᎏ1 








8 








๶ 








8 



ᎏ๶ 








(d) 



ᎏ͙ 








͙ 








2 








ෆ 








7ෆ 








8ෆ 








ᎏ 








(e) 



ᎏ͙ 








͙ 








4 








ෆ 








3ෆ 








8ෆ 








ᎏ 










5. 



Simplify. 










(a) 



͙2ෆ 



1 



͙2ෆ 








(b) 



2͙5ෆ 



2 



͙5ෆ 








(c) 



5͙3ෆ 



1 



2͙3ෆ 








(d) 



5͙2ෆ 



2 



3͙2ෆ 








(e) 



2͙5ෆ 



1 



3͙5ෆ 








(f) 



7͙3ෆ 



2 



3͙3ෆ 



1 



͙3ෆ 








(g) 



͙1ෆ8 ෆ 



1 



͙8ෆ 








(h) 



͙5ෆ0 ෆ 



2 



͙3ෆ2 ෆ 








(i) 



͙4ෆ5 ෆ 



1 



͙8ෆ0 ෆ 








(j) 



͙7ෆ5 ෆ 



2 



͙1ෆ2 ෆ 








(k) 



͙3ෆ0 ෆ0ෆ 



2 



͙4ෆ8 ෆ 








(l) 



͙5ෆ0 ෆ 



1 



͙1ෆ8 ෆ 



2 



͙8ෆ 








(m) 



3͙2ෆ0 



ෆ 



1 



2͙4ෆ5 



ෆ 








(n) 



2͙4ෆ8 



ෆ 



1 



3͙1ෆ2 



ෆ 








(o) 



3͙4ෆ5 



ෆ 



2 



2͙2ෆ0 



ෆ 








(p) 



͙2ෆ0 ෆ0ෆ 



2 



2͙1ෆ8 



ෆ 



1 



͙7ෆ2 ෆ 








(q) 



͙3ෆ0 ෆ0ෆ 



1 



͙4ෆ8 ෆ 



2 



3͙2ෆ7 



ෆ 








(r) 



3͙1ෆ8 



ෆ 



2 



2͙8ෆ 



1 



͙2ෆ 










6. 



Simplify the following. 










(a) 



͙3ෆ 



3 



͙3ෆ 








(b) 



͙3ෆ 



3 



2͙3ෆ 








(c) 



2͙5ෆ 



3 



3͙5ෆ 








(d) 



͙2ෆ 



3 



͙8ෆ 








(e) 



͙1ෆ2 ෆ 



3 



͙3ෆ 








(f) 



͙5ෆ 



3 



͙1ෆ0 ෆ 








(g) 



2͙6ෆ 



3 



͙3ෆ 








(h) 



2͙5ෆ 



3 



͙1ෆ0 ෆ 








(i) 



͙8ෆ 



3 



͙1ෆ8 ෆ 








(j) 



3͙2ෆ 



3 



2͙3ෆ 








(k) 



4͙3ෆ 



3 



2͙2ෆ 








(l) 



͙2ෆ7 ෆ 



3 



͙3ෆ2 ෆ 










7. 



Remove the brackets and simplify the following. 










(a) 



͙2ෆ(͙2 ෆ 



1 



1) 



(b) 



͙3ෆ(͙6 ෆ 



2 



͙3ෆ 



) 



(c) 



͙2ෆ(͙6 ෆ 



1 



͙2ෆ 



) 



(d) 



͙5ෆ(͙1 ෆ0ෆ 



2 



͙5ෆ 



) 










Rationalising denominators of fractions 








When the denominator of a fraction is a surd it is usual to remove the surd from the denominator. 








This process is called 



rationalising the denominator. 










For fractions of the form 



ᎏ 








͙ 








a 








bෆ 








ᎏ, 



multiply both the numerator (top) and the denominator (bottom) of the 








fraction by 



͙bෆ 



and then simplify where possible. 










Rationalise the denominator and simplify where possible. 










(a) 



ᎏ 








͙ 








1 








2ෆ 








ᎏ 








(b) 



ᎏ3 








͙ 








͙ 








6 








ෆ 








2ෆ 








ᎏ 








(a) 



ᎏ 








͙ 








1 








2ෆ 








ᎏ 



5 



ᎏ 








͙ 








1 








2ෆ 








ᎏ 



3 



ᎏ͙ 








͙ 








2ෆ 








2ෆ 








ᎏ 



5 



ᎏ͙ 








2 








2ෆ 








ᎏ 








(b) 



ᎏ3 








͙ 








͙ 








6 








ෆ 








2ෆ 








ᎏ 



5 



ᎏ3 








͙ 








͙ 








6 








ෆ 








2ෆ 








ᎏ 



ϫ 








ϫ 



ᎏ͙ 








͙ 








6ෆ 








6ෆ 








ᎏ 



5 



ᎏ3͙2 



ෆ 








6 








͙6ෆ 








ᎏ 



5 



ᎏ3͙2 



ෆ ͙ 








6 








2 








ෆ ͙3ෆ 








ᎏ 



5 



ᎏ6͙ 








6 








3 








ෆ 








ᎏ 



5 



͙3ෆ 










Example 4 










ᎏ 








͙ 








a 








bෆ 








ᎏ 



5 



ᎏ 








͙ 








a 








bෆ 








͙ 








͙ 








bෆ 








bෆ 








ᎏ 



5 



ᎏ 








a͙ 








b 








b 








ෆ 








ᎏ 































7 













2 












Number 













Working with Surds 








Practice 



Exercise 



2.3 








1. 



Rationalise the denominator in each of the following and then simplify the fraction. 










(a) 



ᎏ 








͙ 








1 








3ෆ 








ᎏ 








(b) 



ᎏ 








͙ 








1 








5ෆ 








ᎏ 








(c) 



ᎏ 








͙ 








1 








7 








ෆ 








ᎏ 








(d) 



ᎏ 








͙ 








2 








2 








ෆ 








ᎏ 








(e) 



ᎏ 








͙ 








5 








5 








ෆ 








ᎏ 








(f) 



ᎏ 








͙ 








4 








2ෆ 








ᎏ 








(g) 



ᎏ 








͙ 








6 








3ෆ 








ᎏ 








(h) 



ᎏ 








͙ 








14 








7 








ෆ 








ᎏ 








(i) 



ᎏ 








͙ 








3 








6 








ෆ 








ᎏ 








(j) 



ᎏ 








͙ 








15 








5 








ෆ 








ᎏ 








(k) 



ᎏ 








͙ 








9 








3ෆ 








ᎏ 








(l) 



ᎏ 








͙ 








5 








1ෆ5 



ෆ 








ᎏ 








(m) 



ᎏ 








͙ 








18 








6 








ෆ 








ᎏ 








(n) 



ᎏ 








͙ 








35 








5 








ෆ 








ᎏ 








(o) 



ᎏ 








͙ 








7 








2ෆ1 



ෆ 








ᎏ 








(p) 



ᎏ 








͙ 








1 








2ෆ 








1 








2ෆ 








ᎏ 








(q) 



ᎏ 








͙ 








1 








3ෆ 








0 








0ෆ 








ᎏ 








(r) 



ᎏ 








͙ 








2 








1ෆ 








1 








4 








ෆ 








ᎏ 








(s) 



ᎏ 








͙ 








1 








3 








ෆ 








4 








5ෆ 








ᎏ 








(t) 



ᎏ 








͙ 








1 








1ෆ 








5 








0ෆ 








ᎏ 










2. 



Express each of the following in its simplest form with a rational denominator. 










(a) 



ᎏ 








͙ 








6 








8ෆ 








ᎏ 








(b) 



ᎏ 








͙ 








6 








1ෆ2 



ෆ 








ᎏ 








(c) 



ᎏ 








͙ 








6 








2 








ෆ4ෆ 








ᎏ 








(d) 



ᎏ 








͙ 








8 








3 








ෆ2ෆ 








ᎏ 








(e) 



ᎏ 








͙ 








9 








1 








ෆ8ෆ 








ᎏ 








(f) 



ᎏ͙ 








͙ 








3ෆ 








6ෆ 








ᎏ 








(g) 



ᎏ͙ 








͙ 








1ෆ 








5ෆ 








5ෆ 








ᎏ 








(h) 



ᎏ͙ 








͙ 








8ෆ 








2ෆ 








ᎏ 








(i) 



ᎏ͙ 








͙ 








1ෆ 








3ෆ 








2ෆ 








ᎏ 








(j) 



ᎏ͙ 








͙ 








1 








ෆ 








2ෆ 








8ෆ 








ᎏ 








(k) 



ᎏ 








͙ 








͙ 








2ෆ 








5ෆ 








0ෆ 








ᎏ 








(l) 



ᎏ͙ 








͙ 








3ෆ 








2ෆ 








2ෆ 








ᎏ 








(m) 



ᎏ 








͙ 








͙ 








1ෆ 








7ෆ 








0ෆ 








5ෆ 








0ෆ 








ᎏ 








(n) 



ᎏ 








͙ 








2͙ 








1ෆ 








3ෆ 








2ෆ 








ᎏ 








(o) 



ᎏ3 








͙ 








͙ 








1 








ෆ 








5ෆ 








5ෆ 








ᎏ 








(p) 



ᎏ4 








͙ 








͙ 








1ෆ 








6ෆ 








2ෆ 








ᎏ 








(q) 



ᎏ2 








͙ 








͙ 








3ෆ 








8ෆ 








2ෆ 








ᎏ 








(r) 



ᎏ5 








͙ 








͙ 








3 








ෆ 








7ෆ 








5ෆ 








ᎏ 








(s) 



ᎏ͙ 








͙ 








3 








ෆ 








3ෆ 








͙ 








0ෆ 








5ෆ 








ᎏ 








(t) 



ᎏ͙ 








͙ 








2 








ෆ 








1ෆ 








͙ 








8ෆ 








3ෆ 








ᎏ 










Key Points 










͙aෆb ෆ 



5 



͙aෆ 



3 



͙bෆ 








m͙aෆ 



1 



n͙aෆ 



5 



(m 



1 



n)͙aෆ 








Ί 



ᎏa 








b 








ᎏ 








๶ 



5 



ᎏ͙ 








͙ 








a 








ෆ 








bෆ 








ᎏ 








ᎏ 








͙ 








a 








bෆ 








ᎏ 



5 



ᎏ 








͙bෆ 








a͙ 








ϫ 








bෆ 








͙bෆ 








ᎏ 



5 



ᎏa͙b 








b 








ෆ 








ᎏ 








͙aෆ 



means the positive square root of 



a. 








Look for factors that are square numbers. 








To keep an answer eex xaac ctt it is necessary to keep numbers like 



͙3ෆ 



in surd form. 








᭤᭤ 



All real numbers are either 



rational 



or 



irrational. 








᭤᭤ 



Rational numbers 



can be written in the form 



ᎏa 








b 








ᎏ, 



where 



a 



and 



b 



are integers (b 





       



0). 








Examples of rational numbers are: 2, 



25, 



ᎏ 








2 








5 








ᎏ, 



0.6 








. 








, 3.47, 1ᎏ 








3 








4 








ᎏ. 








᭤᭤ 



An 



irrational 



number 



cannot 



be written as a fraction. 








Irrational numbers include: square roots of non-square numbers, 








cube roots of non-cube numbers. 








Examples of irrational numbers are: 



͙2ෆ 








͙ 








3 



7ෆ 








␲ 








͙1ෆ3 ෆ 








᭤᭤ 



Roots of rational numbers which 



cannot 



be expressed as rational numbers are called 



surds. 








A surd is an irrational number. 








These are examples of surds: 



͙2ෆ 








͙0ෆ.3 ෆ7ෆ 








͙ 








3 



1ෆ0 



ෆ 








3 



1 



͙2ෆ 








͙7ෆ 








Numbers like 



͙6ෆ4 ෆ, ͙0ෆ.2 ෆ5ෆ, ͙ 








3 



2ෆ7 



ෆ 



are not surds because the root of each number is rational. 








(͙6 



ෆ4ෆ 



5 



8, 



͙0ෆ.2 ෆ5ෆ 



5 



0.5, 



͙ 








3 



2ෆ7 



ෆ 



5 



3.) 








᭤᭤ 



Rules for manipulating and simplifying surds: 








᭤᭤ 



To 



rationalise 



the denominator of a fraction of the form 



ᎏ 








͙ 








a 








bෆ 








ᎏ 



multiply both the numerator (top) 








and the denominator (bottom) of the fraction by 



͙bෆ. 








᭤᭤ 



You should be able to use surds in calculations. 































8 













Review 



Exercise 



2 










1. 



An integer, 



n, 



is such that 



n 



Ͻ 



͙2ෆ5 ෆ0ෆ 



Ͻ 



n 



1 



1. 








What is the value of 



n? 










2. 



Write these numbers in order of size, smallest first, and say whether they are rational or 








irrational. 










5ᎏ 








1 








7 








ᎏ, 



␲ 



1 



2, 5.1416, 



͙2ෆ7 ෆ, 



2.268 








2. 










3. 



Which of the following are rational and which are irrational? 










(a) 



ᎏ͙ 








2 








5ෆ 








ᎏ 








(b) 



(ᎏ 








͙ 








2 








5ෆ 








ᎏ) 








2 








(c) 



Ί 



2๶ 








ᎏ1 








4 








ᎏ 








๶ 








(d) 



(ᎏ 








1 








3 








ᎏ) 








2 



1 



ᎏ 








2 








3 








ᎏ 










4. 



Which of the following are surds? 










(a) 



͙1ෆ6 ෆ 








(b) 



͙3ෆ 








(c) 



͙ 








3 



6ෆ4 



ෆ 








(d) 



͙0ෆ.0 ෆ9ෆ 








(e) 



Ί 



ᎏ2 








3 








๶ 








5 








6 








ᎏ๶ 










5. 



Write the following surds in their simplest form. 










(a) 



͙2ෆ0 ෆ 








(b) 



͙1ෆ8 ෆ 








(c) 



͙7ෆ5 ෆ 








(d) 



͙2ෆ0 ෆ0ෆ 








(e) 



͙1ෆ1 ෆ2ෆ 










6. 



Simplify. 










(a) 



3͙2ෆ 



1 



5͙2ෆ 








(b) 



4͙3ෆ 



1 



͙2ෆ7 ෆ 








(c) 



͙1ෆ7 ෆ5ෆ 



2 



͙6ෆ3 ෆ 








(d) 



͙5ෆ 



3 



͙4ෆ5 ෆ 








(e) 



͙6ෆ 



3 



͙2ෆ 



3 



͙2ෆ4 ෆ 








(f) 



ᎏ͙ 








͙ 








5ෆ 








2ෆ 








0ෆ 








0ෆ 








0ෆ 








ᎏ 








7. 



Write 



͙1ෆ4 ෆ7ෆ 



in the form 



a͙bෆ, 



where 



a 



and 



b 



are prime numbers. 










8. 



Express each of the following in its simplest form with a rational denominator. 










(a) 



ᎏ 








͙ 








5 








6ෆ 








ᎏ 








(b) 



ᎏ 








͙ 








8 








2 








ෆ 








ᎏ 








(c) 



ᎏ͙ 








͙ 








5ෆ 








8ෆ 








ᎏ 








(d) 



ᎏ 








͙ 








͙ 








1ෆ 








3ෆ 








8ෆ 








ᎏ 








9. 



(a) 



Expand and simplify 



͙3ෆ(4͙3 ෆ 



2 



3) 








(b) 



Given that 



͙1ෆ5 ෆ0ෆ 



5 



k͙sෆ, 



find the value of 



k. 








(c) 



Rationalise the denominator of 



ᎏ 








͙ 








3 








6ෆ 








ᎏ 



and simplify your answer. 








10. 



(a) 



Simplify 



ᎏ 








2͙ 








10 








3ෆ 








ᎏ. 








Express your answer with a rational denominator. 








(b) 



Given that 



͙xෆ 



5 



5͙7ෆ, find the value of 



x. 








11. 



If 



a 



5 



4 and 



b 



5 



50, explain if 



͙aෆb ෆ 



represents a rational number or an irrational number. 










12. 



Simplify the following expressions, leaving your answers, where appropriate, in surd form. 










(a) 



Ί 



ᎏ5 








1 








๶ 








0 








8 








ᎏ๶ 








(b) 



(2 



1 



͙3ෆ 



)(3 



1 



͙2ෆ 



) 








(c) 



ᎏ 








2͙ 








5 








1ෆ0 



ෆ 








ᎏ 








? 








? 








? 








? 








? 








? 








? 








? 








I 








D 








E 








AS 








F 








O 








R 








IN 








VE 








S 








T 








I 








G 








A 








TIO 








N 








P 








Q 








R 








S 








O 








1 








1 








1 








2 










A sequence of triangles, 



OPQ, OQR, ORS, 



…, etc., is formed, as shown. 








Calculate the lengths of 



OQ, OR 



and 



OS 



as surds in their simplest form. 








Write, in terms of 



n, 



the hypotenuse of the 



n 



th triangle. 








Investigate for different lengths of 



PO. 































9 

















Number 













Using Indices 










3 













Powers 








Products of the same number, like 










3 



3 



3, 5 



3 



5 



3 



5, 10 



3 



10 



3 



10 



3 



10 



3 



10, 










can be written in a shorthand form using 



powers. 








For example: 










3 



3 



3 



5 



3 








2 








This is read as ‘3 to the power of 2’. 3 








2 



has the value 9. 








5 



3 



5 



3 



5 



5 



5 








3 








This is read as ‘5 to the power of 3’. 5 








3 



has the value 125. 








10 



3 



10 



3 



10 



3 



10 



3 



10 



5 



10 








5 








This is read as ‘10 to the power of 5’. 10 








5 



has the value 100 000. 








Numbers written in shorthand form like 3 








2, 



5 








3 



and 10 








5 



are said to be in 



index form. 








This is sometimes called 



power 



form. 








An expression of the form 



a 



3 



a 



3 



a 



3 



a 



3 



a 



can be written in index form as 



a 








5. 








a 








5 



is read as ‘a to the 



power 



5’. 



a 



is the 



base 



of the expression. 5 is the 



index 



or 



power. 










Index form 








Multiplying and dividing numbers with powers 










Calculate the value of 6 








5 








3 



6 








4 








in power form. 








6 








5 








5 



6 



3 



6 



3 



6 



3 



6 



3 



6 and 6 








4 








5 



6 



3 



6 



3 



6 



3 



6 








6 








5 








3 



6 








4 








5 



(6 



3 



6 



3 



6 



3 



6 



3 



6) 



3 



(6 



3 



6 



3 



6 



3 



6) 








5 



6 



3 



6 



3 



6 



3 



6 



3 



6 



3 



6 



3 



6 



3 



6 



3 



6 








This gives: 6 








5 








3 



6 








4 








5 



6 








9 








3 



3 



3 



5 



3 








2 








and 5 



3 



5 



3 



5 



5 



5 








3 








Both 3 








2 



and 5 








3 



are examples of numbers with powers. 








These examples introduce methods for multiplying and dividing powers of the same number. 








Example 1 








Calculate the value of 6 








7 








Ϭ 



6 








4 








in power form. 








6 








7 








Ϭ 



6 








4 








5 



ᎏ 








6 








6 








7 








4 








ᎏ 



5 








5 



6 



3 



6 



3 



6 



5 



6 








3 








This gives: 6 








7 








Ϭ 



6 








4 








5 



6 








3 










Can you see a quick way of working out the index (power) for each example? 










6 



ϫ 



6 



ϫ 



6 



ϫ 



6 



ϫ 



6 



ϫ 



6 



ϫ 



6 








ᎏᎏᎏ 








6 



ϫ 



6 



ϫ 



6 



ϫ 



6 










Example 2 










Raising a power to a power 








(a 








m 



) 








n 








5 



a 








mn 








Two special results 








a 








1 








5 



a a 








0 








5 



1 








When 



multiplying: 



powers of the same base are 



added. 








In general: 



a 








m 








3 



a 








n 








5 



a 








m 



1 



n 








When 



dividing: 








powers of the same base are 



subtracted. 



In general: 



a 








m 








4 



a 








n 








5 



a 








m 



2 



n 










Rules of indices 








Simplify. Leave your answers in index form. 










(a) 2 








9 








3 



2 








4 








5 



2 








9 



1 



4 








5 



2 








13 








(b) 2 








9 








Ϭ 



2 








4 








5 



2 








9 



2 



4 








5 



2 








5 








(c) (4 








9) 3 








5 



4 








9 



ϫ 



3 








5 



4 








27 










Add indices 








Subtract indices 








Multiply indices 








Example 3 































10 













Multiplying and dividing algebraic expressions with powers 








Negative powers and reciprocals 










a 








2 



and 



b 








3 



are examples of 



algebraic expressions with powers. 










The rules for multiplying and dividing powers of the same number can be used to simplify algebraic 








expressions involving powers. 








Simplify. 










(a) 



x 








3 








3 



x 








8 








5 



x 








3 



1 



8 








5 



x 








11 








(b) 



x 








8 








Ϭ 



x 








5 








5 



x 








8 



2 



5 








5 



x 








3 








(c) (x 








3 



y 








2) 2 








5 



x 








3 



ϫ 



2 








3 



y 








2 



ϫ 



2 








5 



x 








6 



y 








4 










Add indices 








Subtract indices 








Multiply indices 








Example 4 








Practice 



Exercise 



3.1 








1. 



Simplify. Leave your answers in index form. 










(a) 



2 








3 








3 



2 








2 








(b) 



3 








5 








3 



3 








2 








(c) 



5 








6 








3 



5 








2 








(d) 



7 








3 








3 



7 








(e) 



9 








5 








3 



9 








0 










2. 



Simplify. Leave your answers in index form. 










(a) 



2 








3 








4 



2 








2 








(b) 



3 








5 








4 



3 








2 








(c) 



5 








6 








4 



5 








2 








(d) 



7 








3 








4 



7 








(e) 



9 








5 








4 



9 








0 










3. 



Simplify. 










(a) 



y 








2 








3 



y 








(b) 



t 








3 








3 



t 








2 








(c) 



g 








7 








3 



g 








3 








(d) 



m 



3 



m 








3 








3 



m 








2 








(e) 



y 








3 








4 



y 








(f) 



a 








4 








4 



a 








3 








(g) 



x 








5 








4 



x 








5 








(h) 



g 



4 



g 








2 










4. 



Simplify. Leave your answers in index form. 










(a) 



3 



3 



3 








2 








3 



3 








3 








(b) 



ᎏ10 








1 








ϫ 








0 








2 








10 








3 








ᎏ 








(c) 



ᎏ4 








3 








ϫ 








4 








4 








3 








ᎏ 








(d) 



ᎏ5 








5 








ϫ 








5 








4 








5 








2 








ᎏ 








(e) 



ᎏ2 ϫ 








2 








3 








2 








5 








ᎏ 








(f) 



ᎏ5 ϫ 








5 








3 








5 








2 








ᎏ 








(g) 



ᎏ7 








3 








ϫ 








7 








7 








7 








2 








ᎏ 








(h) 



ᎏ3 








5 








ϫ 








3 








2 








3 








0 








ᎏ 










5. 



Simplify. Leave your answers in index form. 










(a) 



(2 








3 



) 








2 








(b) 



(3 








5 



) 








2 








(c) 



(5 








2 



) 








3 








(d) 



(7 








3 



) 








3 








(e) 



(9 








0 



) 








5 










6. 



Simplify. 










(a) 



(t 








2) 3 








(b) 



(y 








3 








) 








2 








(c) 



(xy) 








2 








(d) 



(mn 








2) 3 










7. 



Find 



x 



in each of the following. 










(a) 



2 








3 








3 



2 








5 








5 



2 








x 








(b) 



3 








5 








3 



3 








2 








5 



3 








x 








(c) 



7 








2 








3 



7 








8 








3 



7 



5 



7 








x 








(d) 



3 








5 








4 



3 








2 








5 



3 








x 








(e) 



8 








7 








4 



8 








6 








5 



8 








x 








(f) 



6 








5 








4 



6 



5 



6 








x 








(g) 



(2 








3) 2 








5 



2 








x 








(h) 



(5 








4) 5 








5 



5 








x 








(i) 



ᎏ 








2 








2 








3 








8 








ϫ 








ϫ 








(2 








2 








2 








3 








) 








5 








ᎏ 



5 



2 








x 








(j) 



ᎏ 








(3 








3 








ϫ 








3 








7 








3 








2) 3 








ᎏ 



5 



3 








x 








(k) 



ᎏ 








5 








x 








( 








ϫ 








5 



ϫ 








5 








3 








ϫ 








5 








3 








) 








5 








3 








4 








ᎏ 



5 



5 



(l) 



ᎏ 








( 








( 








3 








3 








x 








ϫ 








ϫ 








3 








3 








5 








2 








) 








) 








2 








3 








ᎏ 



5 



3 








3 










Using patterns of powers 








This list shows the powers of 








two extended to include 








negative indices. 








2 








3 








5 



2 



3 



2 



3 



2 



5 



8 








2 








2 








5 



2 



3 



2 








5 



4 








2 








1 








5 



2 








5 



2 








2 








0 








5 



1 








5 



1 








2 








21 








5 



ᎏ 








1 








2 








ᎏ 








5 



0.5 



5 



ᎏ 



2 








1 








1 








ᎏ 








2 








22 








5 



ᎏ 








1 








4 








ᎏ 








5 



0.25 



5 



ᎏ 



2 








1 








2 








ᎏ 








2 








23 








5 



ᎏ 








1 








8 








ᎏ 








5 



0.125 



5 



ᎏ 



2 








1 








3 








ᎏ 










All of the examples illustrate 








this general rule for negative 








indices. 










a 








2m 








5 



ᎏ 








a 








1 








m 








ᎏ 








ᎏ 








a 








1 








m 








ᎏ 



and, hence, 



a 








2m 








, 








is called the 



reciprocal 



of 



a 








m 



. 








Using the rules of indices 










ᎏ 








1 








1 








0 








ᎏ 



5 



1 



4 



10 








ᎏ 








1 








1 








0 








ᎏ 



5 



10 








0 








4 



10 








1 








ᎏ 








1 








1 








0 








ᎏ 



5 



10 








0 



2 



1 








ᎏ 








1 








1 








0 








1 








ᎏ 



5 



10 








21 








ᎏ 








3 








1 








2 








ᎏ 



5 



1 



4 



32 








ᎏ 








3 








1 








2 








ᎏ 



5 



2 








0 








4 



2 








5 








ᎏ 








3 








1 








2 








ᎏ 



5 



2 








0 



2 



5 








ᎏ 








2 








1 








5 








ᎏ 



5 



2 








25 








1 



ϭ 



2 








0 








32 



ϭ 



2 








5 








a 








m 








Ϭ 



a 








n 








ϭ 



a 








m 



2 



n 








1 



ϭ 



10 








0 








10 



ϭ 



10 








1 








Do not use a calculator for this exercise. 































11 













3 












Number 













Using Indices 








When multiplying and dividing powers with different bases each base must be dealt with separately. 










Simplify 10 








24 








Ϭ 



10 








22 



. 








10 








24 








Ϭ 



10 








22 








5 



10 








24 2 22 








5 



10 








24 + 



2 








5 



10 








22 










Example 5 










Simplify 3 








4 








3 



2 








3 








3 



3 








25 








3 



2 








5. 








3 








4 








3 



2 








3 








3 



3 








25 








3 



2 








5 








5 



3 








4 








3 



3 








25 








3 



2 








3 








3 



2 








5 








5 



3 








4 



1 25 








3 



2 








3 



1 



5 








5 



3 








21 








3 



2 








8 










Example 6 










Find the reciprocal of 



( 



ᎏ 








1 








6 








ᎏ) 








22 



. 








( 



ᎏ 








1 








6 








ᎏ) 








22 



5 



ᎏ 



6 








1 








22ᎏ 



5 



6 








2 








. 








The reciprocal of 



( 



ᎏ 








1 








6 








ᎏ) 








22 



is 6 








22 



. 








This is equivalent to 



ᎏ 



3 








1 








6 








ᎏ. 










Example 7 










If 2 








x 








Ϭ 



2 








5 








5 



ᎏ 








1 








8 








ᎏ 



find the value of 



x. 








ᎏ 








1 








8 








ᎏ 



5 



ᎏ 



2 








1 








3 








ᎏ 



5 



2 








23 








2 








x 



2 



5 








5 



2 








23 








So, 



x 



2 



5 



ϭ 23 








This gives 



x 



5 



2. 










Example 8 








When multiplying or dividing expressions that include both numbers and powers: 








multiply or divide the numbers, add or subtract the powers. 








Deal with the powers of different bases separately. 








Simplify. 










(a) 2x 








2 








3 



5x 








7 








5 



(2 



3 



5) 



3 



(x 








2 








3 



x 








7) 



5 



10 



3 



x 








2 



1 



7 








5 



10x 








9 








(b) 



x 








3 



y 








2 








3 



xy 








4 








5 



(x 








3 








3 



x) 



3 



(y 








2 








3 



y 








4) 



5 



x 








3 



1 



1 








3 



y 








2 



1 



4 








5 



x 








4 



y 








6 








(c) (3x 








4 








) 








2 








5 



(3 



3 



3) 



3 



(x 








4 



ϫ 



2) 



5 



9x 








8 








(d) 6y 








6 








Ϭ 



2y 








4 








5 



(6 



Ϭ 



2) 



3 



(y 








6 








Ϭ 



y 








4 








) 



5 



3 



3 



y 








6 



2 



4 








5 



3y 








2 










Example 9 










a 








m 








ϫ 



a 








n 








ϭ 



a 








m 



1 



n 








a 








m 








Ϭ 



a 








n 








ϭ 



a 








m 



2 



n 








(a 








m) n 








ϭ 



a 








m 



ϫ 



n 










Practice 



Exercise 



3.2 








1. 



Simplify. Leave your answers in index form. 










(a) 



9 








2 








3 



9 








22 








(b) 



2 








23 








3 



2 








(c) 



5 








5 








3 



5 








27 








(d) 



8 








22 








3 



8 








23 








(e) 



2 








23 








4 



2 








(f) 



5 








5 








4 



5 








27 








(g) 



11 








22 








4 



11 








3 








(h) 



7 








24 








4 



7 








23 










2. 



Simplify. 










(a) 



3d 








2 








3 



2d 








3 








(b) 



4x 








2 








3 



2x 








3 








(c) 



2t 



3 



t 








2 








3 



3t 








2 








(d) 



2r 



3 



3r 








2 








3 



4r 








3 








(e) 



6b 








3 








4 



b 








(f) 



10m 








3 








4 



2m 








2 








(g) 



16t 








3 








4 



4t 








2 








(h) 



9h 








2 








4 



3h 








3 








(i) 



(3a) 








2 








(j) 



(2h) 








3 








(k) 



2 



3 



(m 








3) 2 








(l) 



(2m 








3 








) 








2 










3. 



Simplify. Leave your answers in index form. 










(a) 



8 








23 








3 



8 








5 








(b) 



7 








2 








4 



7 








7 








(c) 



2.5 








22 








4 



2.5 








21 








(d) 



4 








3 








3 



4 








2 








3 



4 








25 








(e) 



10 








23 








4 



10 








22 








(f) 



6 








23 








3 



6 








4 








4 



6 








5 








(g) 



0.1 








27 








4 



0.1 








5 








(h) 



5 








27 








4 



(5 








2 








3 



5 








6) 








(i) 



4 








2 








4 



(4 








21 








3 



4 








22 



) 








(j) 



4 








23 








3 



4 








5 








3 



8 








5 








3 



8 








2 








(k) 



4 








21 








3 



5 








5 








3 



5 








27 








3 



4 








2 








(l) 



2 








25 








3 



5 








3 








3 



2 








3 








3 



5 








2 








(m) 



ᎏ3 








5 








ϫ 








3 








2 








3 








22 








ᎏ 








(n) 



ᎏ5 








23 








5 








ϫ 








22 








5 








4 








ᎏ 








(o) 



ᎏ2 ϫ 








2 








2 








2 








2 








ϫ 








3 








ϫ 








2 








2 








21 








ᎏ 










4. 



Express with positive indices. 










(a) 



3 








22 








(b) 



2 








23 








(c) 



3 



3 



3 








22 








(d) 



5 








22 








3 



5 








21 








(e) 



ᎏ 



3 








1 








22ᎏ 








(f) 



ᎏ 



5 








5 








21ᎏ 








(g) 



2 



4 



2 








23 








(h) 



3 








23 








4 



3 








21 








(i) 



(5 








23 



) 








2 








(j) 



(3 








22 



) 








23 










5. 



Simplify and express with positive indices. 










(a) 



t 








5 








3 



t 








23 








(b) 



x 








3 








3 



x 



3 



x 








22 








(c) 



x 








7 








4 



x 








23 








(d) 



6x 








3 








4 



2x 








21 








(e) 



(a 








22 



) 








3 








(f) 



(3n 








22 



) 








22 








Do not use a calculator for this exercise. 








RRe emme emmb beer r:: 



a 








2m 








ϭ 



ᎏ 



a 








1 








m 








ᎏ 



























6. 



Simplify. 










(a) 



ᎏt 








t 








3 








2 








ᎏ 








(b) 



ᎏ 








g 








g 








2 








3 








ᎏ 








(c) 



ᎏm 








2 








m 








ϫ 



m 








ᎏ 








(d) 



ᎏ 








y 








2 








ϫ 








y 








4 








y 








3 








ᎏ 










7. 



Write down the value of: 








(a) 



5 








0 








(b) 



3 








21 








(c) 



2 








23 








(d) 



ᎏ 



3 








1 








2 








ᎏ 








(e) 



ᎏ 



2 








1 








23ᎏ 








(f) 



ᎏ 



3 








3 








22ᎏ 








8. 



Calculate each of the following. 








(a) 



10 



1 



10 








0 








1 



10 








21 








(b) 



2 



1 



2 








21 








1 



2 








22 








1 



2 








23 








(c) 



5 








0 








1 



5 








21 








1 



5 








22 








(d) 



3 








21 








1 



2 








21 








(e) 



5 








22 








1 



2 








22 








(f) 



5 








22 








3 



2 








22 








(g) 



5 








22 








4 



2 








22 








(h) 



5 



3 



6 








21 








1 



2 



3 



5 








21 








9. 



Find 



x 



in each of the following. 








(a) 



3 








x 








5 



ᎏ 



8 








1 








1 








ᎏ 








(b) 



5 








x 








5 



ᎏ 



2 








1 








5 








ᎏ 








(c) 



( 



ᎏ 








1 








4 








ᎏ) 








x 



5 



16 








(d) 



( 



ᎏ 








1 








6 








ᎏ) 








x 



5 



216 








(e) 



2 








x 








5 



0.5 








(f) 



5 








x 








5 



0.04 








(g) 



3 



3 



10 








x 








5 



0.003 



(h) 



2 



3 



5 








x 








5 



0.4 








10. 



Calculate 



ᎏ 



4 








4 








2 








5 








2 








ᎏ 



giving your answer in the form 2 








n 



. 














12 













Scientific notation 








Scientific notation 



is a shorthand way of writing very large and very small numbers. 








Scientific notation is often called 



standard form 



or 



standard index form. 








Scientists who study the planets and the stars work with very large numbers. 








Approximate distances from the Sun to some planets are: 








Earth 149 000 000 km 








Mars 228 000 000 km Pluto 5 898 000 000 km 








A calculator displays very large numbers in 



scientific notation. 








To represent large numbers in scientific notation you need to use powers of 10. 










For example: 149 000 000 km 



5 



1.49 



3 



100 000 000 km 



5 



1.49 



3 



10 








8 



km 








Therefore 








149 000 000 km 



5 



1.49 



3 



10 








8 



km in 



scientific notation. 










Scientists who study microbiology work with numbers that are very small. 








The smallest living cells are bacteria which have a diameter of 








about 0.000 025 cm. 








Blood cells have a diameter of about 0.000 75 cm. 








A calculator displays small numbers in 



scientific notation. 








It does this in the same sort of way that it does for large numbers. 








To represent very small numbers in scientific notation you need to use powers of 10 for numbers 








less than 1. 










For example: 0.000 75 cm 



5 



7.5 



3 



0.0001 cm 



5 



7.5 



3 



10 








24 



cm 








Therefore 








0.000 75 cm 



5 



7.5 



3 



10 








24 



cm in 



scientific notation. 










Calculator displays 










Work out 



3 000 000 



3 



25 000 000 



on your calculator. 








Write down the display. 








Most calculators will show the answer as: 








In 



scientific notation 



the answer should be written as 7.5 



3 



10 








13. 








Work out 



0.000 007 



3 



0.000 9 



on your calculator. 








Write down the display. 








Most calculators will show the answer as: 








In scientific notation the answer should be written as 6.3 



3 



10 








29 



. 








7.5 








13 








7.5 








13 








6.3 –09 








6.3 –09 








In 



scientific notation 



a number is written as: a number between 1 and 10 



3 



a power of 10 








A 



large 



number has a 



positive power. 








E.g. 160 000 000 



5 



1.6 



3 



10 








8 








A 



small 



number has a 



negative power. 








E.g. 0.000 000 06 



5 



6 



3 



10 








28 





























13 













3 












Number 













Using Indices 










Write 370 000 in scientific notation. 








370 000 



5 



3.7 



3 



100 000 








5 



3.7 



3 



10 








5 








Example 10 








Write 5.6 



3 



10 








7 








as an ordinary number. 








5.6 



3 



10 








7 








5 



5.6 



3 



10 000 000 








5 



56 000 000 








Example 11 








Write 0.000 73 in scientific notation. 








0.000 73 



5 



7.3 



3 



0.000 1 








5 



7.3 



3 



10 








24 








Example 12 








Write 2.9 



3 



10 








26 








as an ordinary number. 








2.9 



3 



10 








26 








5 



2.9 



3 



0.000 001 








5 



0.000 002 9 








Example 13 








Practice 



Exercise 



3.3 








1. 



Write each of these numbers in scientific notation. 








(a) 



300 000 000 000 








(b) 



80 000 000 








(c) 



700 000 000 








(d) 



2 000 000 000 








(e) 



42 000 000 








(f) 



21 000 000 000 








(g) 



3 700 000 000 



(h) 



630 








2. 



Change each of these numbers to an ordinary number. 










(a) 



6 



3 



10 








5 








(b) 



2 



3 



10 








3 








(c) 



5 



3 



10 








7 








(d) 



9 



3 



10 








8 








(e) 



3.7 



3 



10 








9 








(f) 



2.8 



3 



10 








1 








(g) 



9.9 



3 



10 








10 








(h) 



7.1 



3 



10 








4 










3. 



Write these calculator displays: 








(a) 



in scientific notation, 








(b) 



as an ordinary number. 








4. 



Write each of these numbers in scientific notation. 








(a) 



0.007 








(b) 



0.04 








(c) 



0.000 000 005 








(d) 



0.000 8 








(e) 



0.000 000 002 3 








(f) 



0.000 000 045 








(g) 



0.023 4 








(h) 



0.000 000 002 34 








(i) 



0.006 7 








5. 



Change each of these numbers to an ordinary number: 










(a) 



3.5 



3 



10 








21 








(b) 



5 



3 



10 








24 








(c) 



7.2 



3 



10 








25 








(d) 



6.1 



3 



10 








23 








(e) 



1.17 



3 



10 








210 








(f) 



8.135 



3 



10 








27 








(g) 



6.462 



3 



10 








22 








(h) 



4.001 



3 



10 








29 










6. 



Write these calculator displays: 








(a) 



in scientific notation, 








(b) 



as an ordinary number. 








7. 



The table shows the estimated population for some countries in 2020. 








(a) (i) 



Which of these countries is estimated to have the largest population in 2020? 








(ii) 



Write the estimated population as an ordinary number. 








(b) 



In 2020, China is estimated to have a population of 1288 million people. 








Write 1288 million in scientific notation. 










3.25 04 








3.25 04 








(iv) 








4.5 








03 








4.5 








03 








(i) 








5.3 05 








5.3 05 








(iii) 








7.8 07 








7.8 07 








(ii) 








5.65 –05 








5.65 –05 








(ii) 








7.2 –04 








7.2 –04 








(iii) 








9.13 –01 








9.13 –01 








(iv) 








3.4 –03 








3.4 –03 








(i) 










Country Estimated population in 2020 








Albania 








5.3 



3 



10 








6 








Brazil 








2.5 



3 



10 








8 








Fiji 








9.0 



3 



10 








5 








Greece 








1.2 



3 



10 








7 



























The following figures refer to the population of China and the USA in 1993. 








By how much did the population of China exceed that of the USA in 1993? 










1.01 



ϫ 



10 








9 








is greater than 2.32 



ϫ 



10 








8. 








You need to work out 1.01 



3 



10 








9 








2 



2.32 



3 



10 








8 










To do the calculation enter the following sequence into your calculator. 










Giving: 1.01 



3 



10 








9 








2 



2.32 



3 



10 








8 








5 



778 000 000 



5 



7.78 



3 



10 








8 










8. 



The smallest living cells are bacteria cells which have a diameter of 0.000 025 cm. 








Here are some other very small numbers. 








Blood cell: 








diameter 0.000 75 cm. 








Hydrogen atom: 








diameter 0.000 000 2 mm. 








Mumps virus: 








diameter 0.000 225 mm. 








Write each of these very small numbers in scientific notation. 












14 













Calculations involving scientific notation 








Calculations with large and small numbers can be done on a calculator by: 












l 



changing the numbers to scientific notation, 








l 



entering the numbers into the calculator using the 













button. 








If your calculator works in a different way to the example shown, refer to the instruction booklet 








supplied with the calculator or ask someone for help. 










Exp 








Exp 








Exp 










Example 14 










China 1.01 



3 



10 








9 








USA 2.32 



3 



10 








8 










The greater the power 



… 



the bigger the number. 








Practice 



Exercise 



3.4 








1. 



Give the answers to the following calculations as ordinary numbers. 










(a) 



(5.25 



3 



10 








9) 



3 



(5 



3 



10 








25 



) 








(b) 



(5.25 



3 



10 








9) 



4 



(5 



3 



10 








25 



) 








(c) 



(8.5 



3 



10 








6) 2 








(d) 



(5 



3 



10 








23 



) 








3 








(e) 



(7.2 



3 



10 








5) 



4 



(2.4 



3 



10 








25 



) 








(f) 



(9.5 



3 



10 








6 








) 



4 



(1.9 



3 



10 








27 



) 








2 










2. 



Give the answers to the following calculations in scientific notation. 










(a) 



33 500 000 000 



3 



2 800 000 000 








(b) 



0.000 000 000 2 



3 



80 000 000 000 








(c) 



15 000 000 000 000 








2 








(d) 



0.000 000 000 000 5 








3 








(e) 



48 000 000 000 



4 



0.000 000 000 2 








(f) 



25 000 000 000 



4 



500 000 000 000 










3. 



(a) 



In 1992 about 1 400 000 000 steel cans and about 688 000 000 aluminium cans 








were recycled. 








What was the total number of cans that were recycled in 1992? 








Give your answer in scientific notation. 








(b) 



Alpha Centauri is about 40 350 000 000 000 km from the Sun. 








Alpha Cygni is about 15 300 000 000 000 000 km from the Sun. 








How much further is it from the Sun to Alpha Cygni than from the Sun to Alpha Centauri? 








Give your answer in scientific notation. 








4. 



Here are the diameters of some planets. 










Saturn 1.2 



3 



10 








5 



km 








Jupiter 1.42 



3 



10 








5 



km Pluto 2.3 



3 



10 








3 



km 










(a) 



List the planets in order of size starting with the smallest. 








(b) 



What is the difference between the diameters of the largest and smallest planets? 








Give your answer in scientific notation and as an ordinary number. 








Use the 








button on your calculator to answer these questions. 










Exp 































15 













3 












Number 













Using Indices 








5. 



Here are the areas of some of the world’s largest deserts. 








(a) 



What is the total area of the Sahara and Patagonian deserts? 








(b) 



What is the difference in area between the Gobi and the Patagonian deserts? 








Give your answer in scientific notation. 










6. 



Calculate 5.42 



3 



10 








6 








3 



4.65 



3 



10 








5 








giving your answer in scientific notation correct to 3 significant figures. 








7. 



Calculate 1.7 



3 



10 








3 








4 



7.6 



3 



10 








7 








giving your answer in scientific notation correct to 2 significant figures. 








8. 



The area of the surface of the Earth is about 5.095 



3 



10 








9 



square miles. 








Approximately 29.2% of this is land. 








Use these figures to estimate the area of land surface on Earth. 








9. 



James wins a lottery prize of £1.764 



3 



10 








6. 



He pays £5.29 



3 



10 








5 



for a house. 








What percentage of his prize did he spend on the house? 








Give your answer to a suitable degree of accuracy. 








10. 



The mass of an oxygen atom is 2.7 



3 



10 








223 



grams. 








The mass of an electron at rest is approximately 30 000 times smaller than this. 








Estimate the mass of an electron at rest. 








11. 



The modern human appeared on the Earth about 3.5 



3 



10 








4 



years ago. 








The Earth has been in existence for something like 1.3 



3 



10 








5 



times as long as this. 








(a) 



Estimate the age of the Earth. 








Reptiles appeared on the Earth about 2.3 



3 



10 








8 



years ago. 








(b) 



How many times longer than the modern human have reptiles been alive? 








Give your answer in scientific notation. 










Scientific notation calculations without a calculator 










Calculate the value of (3 



3 



10 








2) 



1 



(4 



3 



10 








3). 








Give your answer in scientific notation. 








3 



3 



10 








2 








5 



300 








4 



3 



10 








3 








5 



4000 








(3 



3 



10 








2) 



1 



(4 



3 



10 








3) 



5 



300 



1 



4000 








5 



4300 








5 



4.3 



3 



10 








3 










Example 15 








When adding or subtracting numbers in 








scientific notation without a calculator 








change to ordinary numbers first. 










Calculate the value of 



ab 



where 



a 



5 



8 



3 



10 








3 








and 



b 



5 



4 



3 



10 








5. 








ab 



5 



(8 



3 



10 








3 








) 



3 



(4 



3 



10 








5 








) 








5 



8 



3 



4 



3 



10 








3 








3 



10 








5 








5 



32 



3 



10 








8 








5 



3.2 



3 



10 



3 



10 








8 








5 



3.2 



3 



10 








9 










Example 16 










When mmu ullt tiip plly yiin ngg the powers are aad ddde edd. 








10 








3 








ϫ 



10 








5 








ϭ 



10 








3 



1 



5 








ϭ 



10 








8 








10 



ϫ 



10 








8 








ϭ 



10 








1 



1 



8 








ϭ 



10 








9 










In some scientific notation problems the calculations can be handled without using a calculator. 






g



The Sahara desert in North Africa 








8.6 



3 



10 








6 



km 








2 








The Gobi desert in Mongolia and North East China 1.166 



3 



10 








6 



km 








2 








The Patagonian desert in Argentina 








6.73 



3 



10 








5 



km 








2 































16 















Calculate the value of (1.2 



3 



10 








3) 



Ϭ 



(4 



3 



10 








28 



). 








(1.2 



3 



10 








3) 



Ϭ 



(4 



3 



10 








28 



) 



5 



(1.2 



Ϭ 



4) 



3 



(10 








3 








Ϭ 



10 








28 



) 








5 



0.3 



3 



10 








11 








5 



3 



3 



10 








21 








3 



10 








11 








5 



3 



3 



10 








10 










Example 18 










When ddi ivvi iddi inng g the powers are ssu ubbt trra acct teed d. 








10 








3 








Ϭ 



10 








28 








ϭ 



10 








3 



2 28 








ϭ 



10 








11 








Calculate the value of 



x 








2 



where 



x 



5 



7 



3 



10 








28 



. 








x 








2 








5 



(7 



3 



10 








28 



) 








2 








5 



49 



3 



10 








216 








5 



4.9 



3 



10 



3 



10 








216 








5 



4.9 



3 



10 








215 










Example 17 










RRe emme emmb beer r:: 








(7 



ϫ 



10 








28 








) 








2 








ϭ 



7 








2 








ϫ 



(10 








28 








) 








2 








10 



ϫ 



10 








216 








ϭ 



10 








1 



2 



16 








ϭ 



10 








215 










Practice 



Exercise 



3.5 










1. 



For each of the following calculate the value of 



p 



1 



q. 








(a) 



p 



5 



5 



3 



10 








3 








and 



q 



5 



2 



3 



10 








2 








(b) 



p 



5 



4 



3 



10 








5 








and 



q 



5 



8 



3 



10 








6 








(c) 



p 



5 



3.08 



3 



10 








4 








and 



q 



5 



9.2 



3 



10 








3 








(d) 



p 



5 



4.25 



3 



10 








4 








and 



q 



5 



7.5 



3 



10 








3 








2. 



For each of the following calculate the value of 



p 



2 



q. 








(a) 



p 



5 



3 



3 



10 








3 








and 



q 



5 



2 



3 



10 








2 








(b) 



p 



5 



9.05 



3 



10 








5 








and 



q 



5 



5 



3 



10 








3 








(c) 



p 



5 



3.05 



3 



10 








7 








and 



q 



5 



5 



3 



10 








5 








(d) 



p 



5 



9.545 



3 



10 








8 








and 



q 



5 



4.5 



3 



10 








6 








3. 



For each of the following calculate the value of 



p 



3 



q. 








(a) 



p 



5 



4 



3 



10 








3 








and 



q 



5 



2 



3 



10 








4 








(b) 



p 



5 



2 



3 



10 








4 








and 



q 



5 



3 



3 



10 








3 








(c) 



p 



5 



4 



3 



10 








5 








and 



q 



5 



6 



3 



10 








2 








(d) 



p 



5 



9 



3 



10 








9 








and 



q 



5 



3 



3 



10 








5 








4. 



For each of the following calculate the value of 



p 



4 



q. 








(a) 



p 



5 



6 



3 



10 








5 








and 



q 



5 



2 



3 



10 








2 








(b) 



p 



5 



9 



3 



10 








5 








and 



q 



5 



3 



3 



10 








2 








(c) 



p 



5 



2.5 



3 



10 








5 








and 



q 



5 



5 



3 



10 








3 








(d) 



p 



5 



4 



3 



10 








8 








and 



q 



5 



2 



3 



10 








23 








(e) 



p 



5 



1.2 



3 



10 








3 








and 



q 



5 



3 



3 



10 








23 








(f) 



p 



5 



1.5 



3 



10 








25 








and 



q 



5 



5 



3 



10 








23 








5. 



x 



5 



3 



3 



10 








4 








and 



y 



5 



5 



3 



10 








25 



. Work out the value of each of these expressions. 








(a) 



xy 








(b) 



x 








3 








(c) 



x 








2 



y 








(d) 



y 








3 








(e) 



ᎏx 








y 








ᎏ 










Do not use a calculator. Give your answers in scientific notation. 










Powers and roots 










The inverse (opposite) of raising to a power is finding a 



root. 








The inverse of squaring is finding the 



square root. 








The inverse of cubing is finding the 



cube root. 








The connection between powers and roots 










If 



a 



5 



b 








n 








, 



͙ 








n 



aෆ 



5 



͙ 








n 



b 








n 








ෆ 



5 



b 








Using the rules of powers 








(b 








n 



)ᎏ 



n 








1 








ᎏ 



5 



b 








n 



ϫ 



ᎏ 



n 








1 








ᎏ 



5 



b 








So, (b 








n 



)ᎏ 



n 








1 








ᎏ 



is the same as 



͙ 








n 



b 








n 








ෆ. 








So, 



aᎏ 



n 








1 








ᎏ 



is the same as 



͙ 








n 



aෆ. 








This symbol 



͙ෆෆ 



stands for root. 








͙1ෆ6 ෆ 



means the square root of 16. 








͙ 








3 



2ෆ7 



ෆ 



means the cube root of 27. 








The inverse of “raising to the power 



n” 



is finding the 



n 



th root. 








In general, finding the 



n 



th root of a number, 



a, 



can be written as: 








͙ 








n 



aෆ 



or 



a 



ᎏ 



n 








1 








ᎏ 



. 








Calculate 81ᎏ 








1 








4ᎏ 



. 








81ᎏ 








1 








4ᎏ 



5 



͙ 








4 



8ෆ1 



ෆ 



5 



3 








Because 3 








4 








ϭ 



81. 








Example 19 








Calculate 25 








2 



ᎏ 








1 








2ᎏ 



. 








25 








2 



ᎏ 








1 








2ᎏ 



is the 



reciprocal 



of 25 



ᎏ 








1 








2ᎏ 



. 








25 








2 



ᎏ 








1 








2ᎏ 



5 








ϭᎏ 








͙ 








1 








2ෆ5 



ෆ 








ᎏ 



5 



ᎏ 








1 








5 








ᎏ 



5 



0.2 








1 








ᎏ 








25 



ᎏ 








1 








2ᎏ 








Example 20 































17 













3 












Number 













Using Indices 








The powers and roots of numbers can be worked out on a calculator. 










The 








button can be used to calculate the value of a number 



x 



raised to the power of 



y. 








Square roots can be calculated using the 








button. 








Cube roots can be calculated using the 








button. 








The 



y 



root can be calculated using the 








button. 








x 








y 








x 








1 



y 








/ 








3 








Calculate 512 








2 



ᎏ 








1 








9ᎏ 



. 








Use this key sequence: 








This gives 512 








2 



ᎏ 








1 








9ᎏ 



5 



0.5 










Try examples 19 and 20 using a calculator. 








Example 21 










x 








1 



y 








/ 










Further fractional powers 










This section deals with evaluating expressions of the form 



a 



ᎏ 








m 








nᎏ 



and 



a 








2 



ᎏ 








m 








nᎏ 



. 








To find the value of 



a 



ᎏ 








m 








nᎏ 



: 








1. Find the 



nth 



root of 



a. 








2. Raise the 



nth 



root of 



a 








to the power 



m. 








To find the value of 



a 








22 








ᎏ 








m 








nᎏ 



: 








Carry out the first two steps, 








as before. 








3. Write down the reciprocal of 



a 



ᎏ 








m 








nᎏ. 








In general, using the 








rules of indices: 








aᎏ 








m 








nᎏ 



5 



( 



aᎏ 



n 








1 








ᎏ 



) 








m 



5 



( 



͙ 








n 



aෆ 



) 








m 








a 








2 



ᎏ 








m 








nᎏ 



5 








5 



ᎏ 








(͙ 








n 








1 








aෆ) 








m 








ᎏ 








1 








ᎏ 








aᎏ 








m 








nᎏ 








Find the value of 32 



ᎏ 








4 








5ᎏ 



. 








Find the 5th root of 32. 








32 



ᎏ 








1 








5ᎏ 



5 



2 








Raise to the power of 4. 








2 








4 








5 



16 








32 



ᎏ 








4 








5ᎏ 



5 



16 








Example 22 








Find the value of 27 








2 



ᎏ 








4 








3ᎏ 



. 








27 








2 



ᎏ 








4 








3ᎏ 



is the reciprocal of 27 



ᎏ 








4 








3ᎏ 



. 








So, first work out 27 



ᎏ 








4 








3ᎏ 



. 








27 



ᎏ 








4 








3ᎏ 



5 



( 



27 



ᎏ 








1 








3ᎏ 



) 








4 



5 



3 








4 








5 



81 








The reciprocal of 81 is 



ᎏ 



8 








1 








1ᎏ 



. 








So, 27 








2 



ᎏ 








4 








3ᎏ 



5 



ᎏ 



8 








1 








1ᎏ 



. 








Example 23 








Practice 



Exercise 



3.6 








1. 



Find the value of each of the following. 








(a) 



͙4ෆ0 ෆ0ෆ 








(b) 



͙ 








3 



2ෆ7 



ෆ 








(c) 



͙ 








3 



1ෆ0 



ෆ0ෆ0 ෆ 








(d) 



͙ 








4 



1ෆ6 



ෆ 








(e) 



͙ 








3 



6ෆ4 



ෆ 








(f) 



͙6ෆ.2 ෆ5ෆ 








2. 



Find the value of each of the following. 








(a) 



64 



ᎏ 








1 








2ᎏ 








(b) 



8 



ᎏ 








1 








3ᎏ 








(c) 



81 



ᎏ 








1 








4ᎏ 








(d) 



32 



ᎏ 








1 








5ᎏ 








(e) 



625 



ᎏ 








1 








4ᎏ 








(f) 



36 








0.5 








3. 



Find the value of each of the following. 








(a) 



100 








2 



ᎏ 








1 








2ᎏ 








(b) 



49 








20.5 








(c) 



16 








2 



ᎏ 








1 








4ᎏ 








(d) 



125 








2 



ᎏ 








1 








3ᎏ 








(e) 



256 








2 



ᎏ 








1 








4ᎏ 








(f) 



243 








2 



ᎏ 








1 








5ᎏ 








4. 



Find the value of each of the following. 








(a) 



1000 



ᎏ 








2 








3ᎏ 








(b) 



9 



ᎏ 








3 








2ᎏ 








(c) 



16 



ᎏ 








3 








4ᎏ 








(d) 



32 



ᎏ 








2 








5ᎏ 








(e) 



4 



ᎏ 








5 








2ᎏ 








(f) 



9 








2.5 








(g) 



125 



ᎏ 








2 








3ᎏ 








(h) 



16 



ᎏ 








5 








4ᎏ 








(i) 



243 



ᎏ 








4 








5ᎏ 








(j) 



36 








1.5 








5. 



Find the value of each of the following. 








(a) 



1000 








2 



ᎏ 








2 








3ᎏ 








(b) 



16 








2 



ᎏ 








3 








2ᎏ 








(c) 



8 








2 



ᎏ 








2 








3ᎏ 








(d) 



32 








2 



ᎏ 








3 








5ᎏ 








(e) 



4 








2 



ᎏ 








3 








2ᎏ 








(f) 



100 








2 



ᎏ 








5 








2ᎏ 








(g) 



25 








2 



ᎏ 








3 








2ᎏ 








(h) 



16 








2 



ᎏ 








3 








4ᎏ 








(i) 



128 








2 



ᎏ 








5 








7ᎏ 








(j) 



125 








2 



ᎏ 








2 








3ᎏ 








Do not use a calculator for questions 1 to 9. 








Using a calculator 





























6. 



(a) 



Evaluate. 



(i) 



16 








0.5 








3 



2 








23 








(ii) 



49 








20.5 








3 



81 








0.25 








Give your answers as fractions. 








(b) 



Work out. 



(i) 



(͙5 



ෆ) 








4 








(ii) 



27 



ᎏ 








2 








3ᎏ 








7. 



Find 



x 



in each of the following. 








(a) 



͙ 








x 



2ෆ7 



ෆ 



5 



3 








(b) 



͙ 








x 



1ෆ6 



ෆ 



5 



2 








(c) 



͙ 








x 



3ෆ2 



ෆ 



5 



2 








(d) 



25 








x 








5 



5 








(e) 



27 








x 








5 



9 








(f) 



16 








x 








5 



2 








(g) 



16 








x 








5 



8 








(h) 



x 



ᎏ 








3 








4ᎏ 



5 



64 








(i) 



x 



ᎏ 








2 








3ᎏ 



5 



25 








(j) 



25 








x 








5 



125 








8. 



Calculate each of the following. 








(a) 



2 








21 








1 



( 



ᎏ 



1 








1 








6 








ᎏ) 



ᎏ 








1 








2ᎏ 



(b) 



( 



ᎏ 



3 








1 








2 








ᎏ) 








2 



ᎏ 








1 








5ᎏ 



3 



8 








2 



ᎏ 








2 








3ᎏ 



(c) 



27 



ᎏ 








2 








3ᎏ 



3 



3 








21 








(d) 



49 








2 



ᎏ 








1 








2ᎏ 



1 



16 








2 



ᎏ 








3 








4ᎏ 



(e) 



9 



ᎏ 








3 








2ᎏ 



4 



8 



ᎏ 








2 








3ᎏ 








9. 



Use the rules of powers to show that: 








(a) 



0.25 








2 



ᎏ 








7 








2ᎏ 



5 



16 



ᎏ 








7 








4ᎏ 








(b) 



32 



ᎏ 








3 








5ᎏ 



3 



4 








2 



ᎏ 








3 








2ᎏ 



5 



1 








(c) 



25 



ᎏ 








1 








2ᎏ 



3 



36 








2 



ᎏ 








1 








2ᎏ 



5 



8 








2 



ᎏ 








1 








3ᎏ 



1 



3 








21 








10. 



Use your calculator to find the value of each of the following, writing the full display. 








(a) 



Ί 








ᎏ 








( 








5 








0 








๶ 








9 








.4 








๶ 








.6 








) 








๶ 








2 








ᎏ 








๶ 








(b) 



( 



ᎏ 



͙ 








3. 








0ෆ 








5 








. 








1 








2 








ෆ8ෆ 








ᎏ) 








3 








(c) 



( 



ᎏ2 








5 








. 








. 








9 








4 








6 








1 








ϫ 








1 








8 








3 








. 








. 








7 








9 








ᎏ) 








4 








(d) 



Ί 








3 



ᎏ 








8 








๶.5๶1 








4 








๶ 



2 








7 








๶ 








.6 








๶6๶.7 ๶9 








ᎏ 








๶ 








(e) 



ᎏ 








6.2 



1 








9. 








͙ 








3 








3 








2 








5ෆ9 



ෆ.7ෆ 








ᎏ 








(f) 



ᎏ6 








2 








9 








.9 








.7 








2 








ᎏ 



2 



ᎏ 








͙ 








3. 








5ෆ 








7 








.4 








ෆ 








ᎏ 














18 















Key Points 










᭤᭤ 



An expression such as 3 



3 



3 



3 



3 



3 



3 



3 



3 can be written in a shorthand way as 3 








5 








. 










This is read as ‘3 to the power of 5’. 








The number 3 is the 



base 



of the expression. 5 is the 



power 



(index). 










᭤᭤ 



The opposite of squaring a number is called finding the 



square root. 








To find other roots use the notation 



͙ 








n 



aෆ 



or 



a 



ᎏ 



n 








1 








ᎏ 



. 










᭤᭤ 



Calculations involving powers and roots can be simplified, or evaluated, using the rules of indices. 










᭤᭤ 



a 








2 



and 



b 








3 



are examples of 



algebraic expressions with powers. 




	





The rules for multiplying and dividing powers of the same number can be used to simplify 








algebraic expressions involving powers. 










᭤᭤ 



Powers 








The squares and the cubes of numbers can be worked out on a calculator by using the button. 








The 








button can be used to calculate the value of a number 



x 



raised to the power of 



y. 








᭤᭤ 



Roots 



can be calculated using the 








button. 








᭤᭤ 



Scientific notation 



(or 



standard form) 



is a shorthand way of writing very large and very 








small numbers. 








᭤᭤ 



In 



scientific notation 



a number is written as: 



a number between 1 and 10 



ϫϫ 



a power of 10. 








Large numbers (ten, or more) have a 



positive 



power of 10. 








When multiplying or dividing expressions that include both numbers and powers: 








mmu ullt tiip plly y or ddi ivvi idde e the nnu ummb beer rss, aad ddd or ssu ubbt trra acct t the ppo owwe errs s. 








Deal with the powers of different bases sse eppa arra atte elly y. 








Multiplying powers with the same base 



a 








m 








3 



a 








n 








5 



a 








m 



1 



n 








Dividing powers with the same base 



a 








m 








4 



a 








n 








5 



a 








m 



2 



n 








Raising a power to a power (a 








m 



) 








n 








5 



a 








m n 








Raising any number to the power zero 



a 








0 








5 



1 








(also 



a 








1 








5 



a) 








Negative powers 



a 








2m 








5 



ᎏ 



a 








1 








m 








ᎏ 








a 








2m 



is the 



reciprocal 



of 



a 








m 








Fractional powers and roots 



a 



ᎏ 



n 








1 








ᎏ 



5 



͙ 








n 



aෆ 



and 



a 



ᎏ 








m 








nᎏ 



5 



( 



a 



ᎏ 



n 








1 








ᎏ 



) 








m 



5 



( 



͙ 








n 



aෆ 



) 








m 








x 








y 








x 








1 



y 








/ 








x 








y 
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