

[image: background image]

[image: background image]


M

at

h

e

m

at

i

c

s

F

u

r

th

e

r

D

is

c

r

et

e

AuthorNickGeereSerieseditorHeatherDavisAQ

A

A

-

l

e

v

e

l







This page intentionally left blank.





[image: background image]

[image: background image]


AQ

A

A-

l

e

v

e

l

Mat

h

e

m

at

ic

s

Fu

r

t

h

e

r

AuthorNick GeereSeries editorHeatherDavisApproval message from AQAThis textbook has been approved by AQA for use with our qualiﬁcation. This means that we have checked that it broadly covers the speciﬁcation and we are satisﬁed with the overall quality. Full details of our approval process can be found on our website. We approve textbooks because we know how important it is for teachers and students to havetherightresourcestosupporttheirteachingandlearning.However,thepublisherisultimately responsible for the editorial control and quality of this book.Please note that when teaching the AQAA-levelFurtherMathematics course, you must refer to AQA’s speciﬁcation as your deﬁnitive source of information. While this book has been written to match the speciﬁcation, it cannot provide complete coverage of every aspect of the course. Please also note that mark allocations given in assessment questions are to be used as guidelinesonly:AQAhavenotreviewedorapprovedthesemarks.A wide range of other useful resources can be found on the relevant subject pages of our website:www.aqa.org.uk.D

is

c

r

et

e












Although every eﬀort has been made to ensure that website addresses are correct at time of going to press, Hodder Education cannot be held responsible for the content of any website mentioned in this book. It is sometimes possible to ﬁnd a relocated web page by typing in the address of the home page for a website in the URL window of your browser.Hachette UK’s policy is to use papers that are natural, renewable and recyclable products and made from wood grown in sustainable forests. The logging and manufacturing processes are expected to conform to the environmental regulations of the country of origin.Orders: please contact Bookpoint Ltd, 130 Milton Park, Abingdon, Oxon OX14 4SB. Telephone: (44) 01235 827720. Fax: (44) 01235 400454. Lines are open from 9.00–5.00, Monday to Saturday, with a 24 hour message answering service. You can also order through our website www.hoddereducation.com© Nick Geere 2018Published by Hodder EducationAn Hachette UK CompanyCarmelite House, 50 Victoria Embankment, London EC4Y 0DZImpression number 5 4 3 2 1Year   2022 2021 2020 2019 2018 All rights reserved. Apart from any use permitted under UK copyright law, no part of this publication may be reproduced or transmitted in any form or by any means, electronic or mechanical, including photocopying and recording, or held within any information storage and retrieval system, without permission in writing from the publisher or under licence from the Copyright Licensing Agency Limited. Further details of such licences (for reprographic reproduction) may be obtained from the Copyright Licensing Agency Limited, Saﬀron House, 6–10 Kirby Street, London EC1N 8TS.Cover photo © Rachael Arnott/stock.adobe.comIllustrations by Aptara Inc.Typeset in bemboStd 11/13 pts. by Aptara Inc.Printed in ItalyA catalogue record for this title is available from the British LibraryISBN 9781510433342










[image: background image]

[image: background image]


iiiContents

Getting the most from this book  ivPrior knowledge v1Graphs1.1Thelanguageofgraphs11.2Eulerian,Hamiltonianandplanargraphs51.3Furthergraphtheory91.4Isomorphisms131.5Kuratowski’stheorem162Networks2.1Thelanguageofnetworks222.2Theminimumconnectorproblem232.3Therouteinspectionproblem272.4Thetravellingsalespersonproblem333Linearprogramming3.1Formulatingconstrainedoptimisationproblems433.2Solvingconstrainedoptimisationproblems443.3TheSimplexalgorithm484Criticalpathanalysis4.1Constructinganetworkusingactivity-on-node584.2Determiningearlieststarttimesandlatestﬁnishtimes594.3Identifyingcriticalpaths624.4Ganttchartsandresourcehistograms674.5Resourceproblems685Networkﬂows5.1Thelanguageofnetworkﬂows755.2Maximumﬂow–minimumcuttheorem775.3Multiplesourcesandsinks795.4Flowaugmenting805.5Reﬁnements856Gametheory6.1Pay-offmatrices906.2Play-safestrategies916.3Dominatedstrategies946.4Optimalmixedstrategies956.5Convertinggamestolinearprogrammingproblems1007Binaryoperationsandgrouptheory7.1Binaryoperations1067.2Thelanguageofgroups1107.3Cyclicgroups1127.4Non-cyclicgroups1147.5Subgroups1167.6Isomorphisms118Answers122













































[image: background image]

[image: background image]


ivGetting the most from this book

Mathematics is not only a beautiful and exciting subject in its own right but also one that underpins many other branches of learning. It is consequently fundamental to our national wellbeing.This book covers the Discrete Mathematics elements in the AQA AS and A Level Further Mathematics speciﬁcations. Students start these courses at a variety of stages. Some embark on AS Further Mathematics in Year 12, straight after GCSE, taking it alongside AS Mathematics, and so have no prior experience of A Level Mathematics. In contrast, others only begin Further Mathematics when they have completed the full A Level Mathematics course. This book requires no prior knowledge of A level Mathematics and so can be started at any time. The last chapter requires the manipulation of matrices, covered in AQA A Level Further Mathematics Core Year 1 (AS) but earlier work using matrices is accessible from GCSE. The last chapter also refers brieﬂy to the multiplication of imaginary numbers, but again, this can be accessed before covering them in depth.Between 2014 and 2016 A Level Mathematics and Further Mathematics were very substantially revised, for ﬁrst teaching in 2017. Changes that particularly aﬀect Discrete Mathematics include increased emphasis on■Problem solving■ Mathematical rigour■ Use of ICT■ Modelling.This book embraces these ideas. A large number of exercise questions involve elements of problem solving and require the application of the ideas and techniques in a wide variety of real world contexts. This develops independent thinking and builds on thorough understanding. Discrete Mathematics often provides descriptions of real world situations that make them tractable to calculations, and so modelling is key to this branch of mathematics. It pervades much of the book, particularly the chapters on the use of graphs to solve real world problems.Throughoutthe book the emphasis is on understanding and interpretation rather than mere routine calculations, but the various exercises do nonetheless provide plenty of scope for practising basic techniques. The exercise questions are split into three bands. Band 1 questions (indicated by a light grey) are designed to reinforce basic understanding; Band 2 questions (a darker bar) extend the diﬃculty level for more  in-depth understanding; Band 3 questions (a darker bar again) explore around the topic and some of them are rather more demanding. Where appropriate, there is a fuller exercise included at the end of the Year 1 material or at the end of the chapter after the Year 2 material. The ﬁnal exercise in each chapter starts with questions on the content of the last section and then may include some more demanding synoptic questions. In addition, extensive online support, including further questions, is available by subscription to MEI’s Integral website, http://integralmaths.org.At the end of each chapter there is a list of key points covered as well as a summary of the new knowledge (learning outcomes) that readers should have gained.Two common features of the book are Activities and Discussion points. These serve rather diﬀerent purposes. The Activities are designed to help readers get into the thought processes of the new work that they are about to meet; having done an Activity, what follows will seem much easier. The Discussion points invite readers to talk about particular points with their fellow students and their teacher and so enhance their understanding. Answers to all exercise questions are provided at the back of the book, and also online  at www.hoddereducation.co.uk/AQAFurtherMathsDiscrete.*Please note that mark allocations given in assessment questions are to be used as guidelines only:  AQA have not reviewed or approved these marks.
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vPrior knowledge

No prior knowledge of discrete mathematics is needed for this book. It does, however, assume that the reader is reasonably ﬂuent in basic algebra and graphs: working with formulae and expressions; solving linear simultaneous equations; graphing inequalities.Matrices are used to store information and later, 2 by 2 matrices are multiplied as members of a group. Familiarity with the scalar product of vectors and working with imaginary numbers are also helpful for the work on group theory. Chapter 1 Graphs This chapter introduces the basic ideas and vocabulary associated with graphs in discrete mathematics. Matrices are mentioned but no prior knowledge is needed to access the work involving them. The Year 2 work in Sections 1.4 and 1.5 requires knowledge of the earlier sections. Chapter 2 Networks Chapter 2 builds on the work in Chapter 1, adding weights to the edges, now referred to as arcs. More vocabulary is introduced.Chapter 3 Linear programming This builds on the work at GCSE on linear graphs and graphing linear inequalities in two variables. Solving linear simultaneous equations is also required from GCSE. Work on the Simplex algorithm requires knowledge of the Year 1 work in the ﬁrst two sections. Chapter 4 Critical path analysis This builds on the work in Chapters 1 and 2 but does not depend on it. The Year 2 work in Sections 4.4 and 4.5 depends on the work in the earlier sections.Chapter 5 Network ﬂows This builds on the work in Chapters 1 and 2. The Year 2 work in Sections 5.4 and 5.5 depends on the work in the earlier sections. Chapter 6 Game theory This uses work on linear equations from GCSE and uses work on the Simplex algorithm from Chapter 3. The Year 2 work on converting to linear programming problems also requires knowledge of the earlier sections in this chapter. Chapter 7 Binary operations and group theory This uses work from Further Pure Mathematics on the scalar product of vectors and multiplication of  2 by 2 matrices and imaginary numbers. The Year 1 work on binary operations is required for the remainder of the chapter.
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1

1 The language of gr

aphs

The types of graph that are considered here are diﬀerent from the graphs of functions that you will be familiar with. For example, the graph in Figure 1.1 shows connections between pairs of members of a discrete set (of towns and cities in south-west England). The connections could, for example, represent the existence of a direct bus route.BarnstapleMineheadTauntonExeterTorquayOkehamptonPlymouthBudeBodminTruroPenzanceFigure 1.1This chapter introduces the main terminology that is used in graph theory. It will be needed in subsequent chapters, where some of the applications of the theory are explored.In Figure 1.1, the towns (and cities) are referred to as vertices, whilst the connections between them are described as edges. An edge must have a vertex at each end.In Chapter 2 you will meet networks. These are graphs with numbers associated with the edges, called weights (e.g. distances, travel times, costs). In Chapter 5 (Network ﬂows), you will work with directed graphs (or digraphs), where an edge may have a direction associated with it.A picture is worth a thousand words.Frederick R. BarnardGraphs

➜Can you draw this diagram without lifting your pen from the paper or repeating any line?
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2The language of graphsSolution(i) It is at least a walk, as each edge follows the previous one. It is at least a trail, as no edge is repeated. It is a closed trail, as it returns to its starting point at Okehampton. It is not a path, as the vertex Okehampton is repeated. So it is a closed trail.(ii) It is at least a walk, as each edge follows the previous one. It is at least a trail, as no edge is repeated. It is not closed, as it does not return to its starting point at Okehampton. It is at least a path, as no vertex is repeated. So it is a path.Another example of a graph is shown in Figure 1.2. It represents the relationship ‘share a common factor other than 1’.65234Figure 1.2■  Within a particular graph, a walk is a sequence of edges in which the end of one edge is the start of the next (except for the last edge). ■A trail is a walk in which no edge is repeated (but you are allowed to pass through a particular vertex more than once). ■ A trail that starts and ends at the same vertex is a closed trail. ■A path is a trail with the further restriction that no vertex is repeated. ■ A closed path is called a cycle.Look at Figure 1.1. What description would you give to the following routes?(i)Okehampton–Exeter–Barnstaple–Okehampton–Plymouth–Bodmin–Okehampton(ii)Okehampton–Bodmin–Truro–Plymouth–TorquayExample 1.1■  A graph is said to be connected if there exists a path between every pair of vertices; i.e. if no vertices are isolated. This means that the graph in Figure 1.2 is not connected.
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1

3Chapter 1  GraphsDiscussion point➜  What is the smallest number of edges that a simple connected graph with n vertices can have?■  It is possible for two vertices to be connected by multiple edges, or for a vertex to be connected to itself (forming a loop). These situations are shown in Figure 1.3.BAFigure 1.3■ A graph that has no multiple edges or loops is referred to as a simple graph.■A tree is a simple connected graph with no cycles. Figure 1.4 shows an example.Figure 1.4■A subgraph is a graph that is formed from some of the vertices and edges of another graph. Note that whilst this may result in an isolated vertex, any edge has to have a vertex at each end. ■A subgraph H, of a connected graph G, is said to be a spanning tree of G if H is a tree and it contains all the vertices of G. One particular spanning tree for the graph in Figure 1.1 is shown in Figure 1.5. In general, there may be many possible spanning trees.BarnstapleMineheadTauntonExeterTorquayOkehamptonPlymouthBudeBodminTruroPenzanceFigure 1.5
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4This concept will be of use in Chapter 2, where you will consider the minimum connector problem.■The degree (or sometimes order) of a vertex is the number of edges that join it. (A loop contributes two to the degree of its vertex.) A vertex that has an odd degree, for example, can be referred to as an odd vertex.ACTIVITY 1.1Prove that, in a graph, the number of odd vertices is always even. ①(i)  List all the cycles in the graph below that can start and ﬁnish at A. Note that, for example, ABCA and ACBA represent the same cycle.ACEDBFigure 1.6(ii) Why is ABCEDCA not a cycle?(iii) What could ABCEDCA best be described as? ② Draw three diﬀerent trees, each containing ﬁve vertices and four edges. [MEI]③ Vertices of the graph shown in Figure 1.7 represent objects. Some edges have been drawn to connect vertices representing objects which are the same colour.AHGBCDEFFigure 1.7(i) Copy the diagram and draw in whichever edges you can be sure should be added.(ii) How many edges would be needed in total if you were also told that the objects represented by B and F were the same colour? [MEI]④ Draw a graph that is not connected and not simple, and has six vertices, all of degree 3.⑤ Table 1.1 shows the numbers of vertices of degrees 1, 2, 3 and 4 in four diﬀerent graphs. Draw an example of each of these graphs.Degree of vertex1234Graph 14001Graph 20041Graph 30101Graph 42001Table 1.1[MEI]⑥ A particular simple connected graph has ﬁve vertices and seven edges, and the degree of each vertex is either 2, 3 or 4.(i) Explain why the sum of the degrees of the vertices is 14.(ii) Copy and complete Table 1.2 to show two of the possibilities for the numbers of vertices of each degree.Numberof verticesNumberof degree 2Numberof degree 3Numberof degree 4Sum of degrees514514Table 1.2(iii) Draw a diagram for each of your possibilities from part (ii). [MEI]Exercise 1.1The language of graphs
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1

5Chapter 1  Graphs⑦  (i)A simple connected graph has seven vertices,all having the same degree d. Give the possible values of d, and for each value of d give the number of edges of the graph.(ii) Another simple connected graph has eight vertices, all having the same degree d. Draw such a graph with d = 3, and give the other possible values of d.(iii) Explain why there are no odd values for d  in (i) and why it is possible for d to be odd in (ii).If such a trail ends at its starting point, it is called Eulerian. If it ends somewhere else, it is called semi-Eulerian.2 

 

Eul

erian, Hamilt

onian and planar 

gr

aphs

Eul

erian gr

aphs

An interesting problem is whether it is possible to travel round a graph without repeating any edges (in other words, along a trail), so that all the edges in the graph are covered. A graph that possesses an Eulerian or semi-Eulerian trail is called an Eulerian or semi-Eulerian graph, as appropriate.A practical example of this would be a gritting lorry that needs to travel down all the roads in a particular area, without repeating any roads if it can. (It is assumed that the roads are narrow, so the lorry need travel in one direction only.) In the case of an Eulerian graph, the lorry would be able to return to its depot, whereas in the case of a semi-Eulerian graph it would not. This is an example of the ‘route inspection problem’ that you will meet in Chapter 2.Historical noteLeonhard Euler (1707–1783) was a very distinguished and versatile Swiss mathematician. His name is pronounced ‘oiler’.If a graph has no odd vertices, then it can be shown to be Eulerian.You saw earlier in Activity 1.1 that the number of odd vertices of a graph is always even.For every edge leading into a vertex, there will be another edge leading out, and it will be possible to move round the graph, covering each edge exactly once, without getting stranded at any vertex. If just two of the vertices are odd, then the graph can be shown to be semi-Eulerian. You can start at one of these odd vertices, cover all of the edges exactly once, and end up at the other odd vertex. Hamilt

onian gr

aphs

Another interesting problem is ﬁnding a route around a graph that visits all of the vertices exactly once. Note that edges cannot be repeated, as this would mean the repetition of a vertex (however, not all edges need to be traversed). You also need to be able to return to the starting point. If such a route exists, then it is called a Hamiltonian cycle (also known as a tour), and a graph that possesses a Hamiltonian cycle is called a Hamiltonian graph. This idea is employed in the ‘Travelling salesperson’ problem that you will meet in Chapter 2.NoteFor the start vertex, the number of outgoing edges is one greater than the number of incoming edges (and the other way round for the end vertex).






[image: background image]

[image: background image]


6Eulerian, Hamiltonian and planar graphsPlanar gr

aphs

A graph is said to be planar if it can be distorted in such a way that its edges do not cross. Figure 1.8 is planar, because it can be redrawn as Figure 1.9.EDBACFigure 1.8BCDAEFigure 1.9ACTIVITY 1.2Look back at Figure 1.1 again. Which town or city should be removed, in order to make the graph Hamiltonian?ACTIVITY 1.3Verify Euler’s formula for the graph in Figure 1.1.If a graph is both connected and planar, and if you consider a representation of the graph where the edges don’t cross, then the plane containing the graph can be divided up into faces (or regions), which are bounded by the edges. You also include the inﬁnite face with no boundary. ABCDFigure 1.10So the graph in Figure 1.10 has 4 faces, while Figure 1.9 has 2 faces.Euler found that the following result holds for all connected planar graphs.F + V = E + 2where F, V and E are the numbers of faces, vertices and edges, respectively.  This result is known as Euler’s formula.
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1

7Chapter 1  GraphsExample 1.2Example 1.3Use Euler’s formula to show that if the number of vertices in a connected planar graph is one greater than the number of edges, then the graph is a tree.SolutionFrom Euler’s formula, F + V = E + 2.Then, if V = E + 1, F = 1.If there is only one face, then there are no cycles, multiple edges or loops, and so the graph is a simple connected graph with no cycles; i.e. a tree.Solution(i) A Hamiltonian cycle is shown in Figure 1.12.(ii)  For example, you can start with the cycle shown in Figure 1.12, and manoeuvre vertices B and C, in order to remove crossing edges (giving Figure 1.13). You then add in the necessary (non-crossing) edges to give Figure 1.14, which is a distorted version of the original graph, showing that the original graph is planar.EFABCD EFACBDFigure 1.12 Figure 1.13(i) Find a Hamiltonian cycle for the graph below.EFABCD Figure 1.11(ii)  Starting with your cycle, add in edges to show that the original  graph is planar. 
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8EFACBDFigure 1.14Exercise 1.2① Determine whether the graphs below are(i)  Eulerian(ii)  semi-Eulerian or(iii) Hamiltonian.Graph 1Graph 2Graph 3Graph 4Figure 1.15② Verify that the graphs in Figure 1.15 satisfy Euler’s formula.③ Show that the graph in Figure 1.16 is planar, and that Euler’s formula is satisﬁed.ABC123Figure 1.16④In the 18th century, the inhabitants of KÖnigsberg(now Kaliningrad) enjoyed promenading across the town’s seven bridges - shown in the diagram below. It was known not to be possible to cross each bridge once and once only.RiverPregelKneipkofIslandNewPregel RiverOldPregel RiverFigure 1.17(i) Create a graph to model this situation.(ii) How is it possible to tell that the bridges could not be crossed once and once only?Eulerian, Hamiltonian and planar graphs
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1

9Chapter 1  Graphs⑤ The diagram below shows a printed circuit board with two points for external connections and three internal points. Each of the connection points is to be wired to each of the internal points.Internal pointKeyConnection pointFigure 1.18(i) Show that the two connection points can each be wired directly to each of the three internal points without any wires crossing.(ii) Show that two connection points can be wired to four internal points without any wires crossing.(iii) Give the smallest numbers of connection points and internal points for which at least one crossing will be required.[MEI]⑥ (i) Find a Hamiltonian cycle for this graph.(ii)  Hence show that the graph is planar.BCAFEDFigure 1.19⑦  Regarding ABCDEA as diﬀerent from AEDCBA, how many diﬀerent Hamiltonian cycles are there in the graph in Figure 1.20?AEBCDFigure 1.20 3 F

urther gr

aph theory

Computers are often used to tackle problems involving graphs. The diagram representing a graph is not very convenient for a computer, but it is possible to completely deﬁne the essential features of a graph in a way that is usable by a computer.An adjacency matrix (also known as an incidence matrix) shows the number of edges connecting any two vertices. Table 1.3 shows the adjacency matrix for the graph in Figure 1.10.ABCDA0121B1010C2101D1010Table 1.3The 2 in row C and column A indicates that there are 2 edges leading from vertex C to vertex A. Notice the symmetry of the matrix about the leading diagonal (from top left to bottom right). This symmetry only applies to a non-directed graph.
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10Further graph theoryA complete graph is one where every two vertices share exactly one edge (and where there are no loops). A complete graph with n vertices is denoted by Kn. One representation of the K4 graph is shown in Figure 1.22.ABDCFigure 1.22ABCA201B002C122Table 1.4Example 1.4SolutionCBAFigure 1.21The 2 in row A and column A (for example) indicates that there are 2 edges leading from vertex A to vertex A. This counts as a single loop, as it is possible to travel either way round the loop.How many edges does Kn have?SolutionLabelling the vertices 1 to n, there are n – 1 vertices joined by an edge to vertex 1. Excluding vertex 1, there are n – 2 vertices joined by an edge to vertex 2, and so on until you reach vertex n – 1, which has 1 edge joined to the remaining vertex. So the total number of edges is (n – 1) + (n – 2) + … + 1 = 12(n – 1)n.Example 1.5The adjacency matrix for a graph is shown in Table 1.4. Draw the graph it represents.
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1

11Chapter 1  GraphsThe complement (or inverse) of a simple graph is obtained by adding in the edges necessary to make a complete graph, and then removing the original edges.Figure 1.23 has been obtained from Figure 1.8 by adding in the necessary edges (shown dotted), in order to obtain K5. Figure 1.24 has then been obtained by removing the edges contained in the original graph, to give the complement of Figure 1.8.ACBDEABDECFigure 1.23              Figure 1.24A subdivision of a graph is obtained by inserting a new vertex into an edge (one or more times; zero times also counts as a subdivision). Figure 1.25 shows the eﬀect of making two subdivisions of  K4 in Figure 1.22. AEFBDCFigure 1.25Example 1.6SolutionThere will be 12 (n – 1)! possible Hamiltonian cycles: you can choose to start at any vertex, and there will be n – 1 ways of choosing the next vertex to proceed to (and so on). You divide by 2 because reversing the order gives the same cycle.How many diﬀerent Hamiltonian cycles does Kn have?NoteNote that whilst a subgraph involves stripping out edges and (isolated) vertices, a subdivision involves adding in vertices and dividing edges into two.Discussion point➜  Is K4 a subgraph of a subdivision of K4?
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12Figure 1.26 shows an example of a bipartite graph. The special feature of this type of graph is the division of the vertices into two sets, with edges only joining a vertex in one set to a vertex in the other.A typical application of a bipartite graph is in allocating tasks to workers. Each edge might indicate a task that a particular worker has been trained to perform.ABCD1234Figure 1.26 In a complete bipartite graph (denoted by Km,n ), each of the m vertices on one side is connected exactly once to each of the n vertices on the other. Figure 1.27 shows the complete bipartite graph K4,4.ABCD1234Figure 1.27Discussion point➜  How many edges does Km,n have?Discussion point➜  Explain why a complete bipartite graph is not a complete graph.Exercise 1.3Further graph theory① Draw the graph represented by the adjacency matrix in Table 1.5. ABCDA0120B1001C2021D0110Table 1.5 ② Create an adjacency matrix for the graph in Figure 1.28.DEBCAFigure 1.28






[image: background image]

[image: background image]


1

13Chapter 1  Graphs③Write the adjacency matrix for the complement of the graph given by Table 1.6.ABCDEA00101B00000C10011D00101E10110Table 1.6④(i)When is a complete graph Eulerian or semi-Eulerian?(ii) When is a complete bipartite graph Eulerian or semi-Eulerian?⑤ Can you ﬁnd another proof of the fact that Kn has 12(n – 1)n edges?⑥ Six tasks, A, B, C, D, E and F, are to be carried out by six people, 1, 2, 3, 4, 5 and 6. Each task requires a diﬀerent combination of people to carry it out. The table shows for which tasks each person is required.Person123456TasksACFCDFAEFDEFBEFBCFTable 1.7Each person can work on only one task at a time.(i) The situation is to be represented by a graph in which vertices represent tasks. Two vertices are to be joined if the tasks they represent require a person in common. Draw the graph.(ii) Draw the complement graph and use it to organise the tasks in an eﬃcient way.(iii) What further information do you need to produce a schedule for the tasks?[MEI adapted]⑦  Table 1.8 shows the ski lifts linking four lift stations in a ski resort. Table 1.9 shows the ski runs linking the stations.ToLiftsMaisonColRosaVillage✓FromMaison✓✓Col✓✓indicates the existence of a liftTable 1.8ToRunsVillageMaisonColMaison✓FromCol✓Rosa✓✓✓indicates the existence of a runTable 1.9A skier wishes to ski all of the runs, starting and ending at Village. Which lift must she repeat? You should justify your answer with appropriate working.[MEI adapted]⑧(i)  A, B, C and D are the vertices of the complete graph, K4. List all the paths from  A to B.(ii)  Show that there are 16 paths from A to B in the complete graph on the vertices {A, B, C, D, E}.4 Isomorphisms
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