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Getting the most from this book


Mathematics is not only a beautiful and exciting subject in its own right but also one that underpins many 


other branches of learning. It is consequently fundamental to our national wellbeing. 


This book covers the Discrete Mathematics elements in the OCRA AS and A Level Further Mathematics 


specifications. Students start these courses at a variety of stages. Some embark on AS Further Mathematics 


in Year 12, straight after GCSE, taking it alongside AS Mathematics, and so have no prior experience of 


A Level Mathematics. In contrast, others only begin Further Mathematics when they have completed the 


full A Level Mathematics course. This book requires no prior knowledge of A level Mathematics and so 


can be started at any time. Both AS and A level content is included in each chapter, with the sections on 


the AS content generally coming first. There is more detail on the split in each chapter in the section on 


Prior Knowledge. 


Between 2014 and 2016 A Level Mathematics and Further Mathematics were very substantially revised, 


for first teaching in 2017. Changes that particularly affect Discrete Mathematics include increased 


emphasis on


Q Problem solving



Q Mathematical rigour



Q  Use of ICT



Q Modelling.



This book embraces these ideas. A large number of exercises involve elements of problem solving and 


require the application of the ideas and techniques in a wide variety of real world contexts. This develops 


independent thinking and builds on thorough understanding. Discrete Mathematics often provides 


descriptions of real world situations that make them tractable to calculations, and so modelling is key to 


this branch of mathematics. It pervades much of the book, particularly the chapters on the use of graphs 


to solve real world problems.


Throughout the book the emphasis is on understanding and interpretation rather than mere routine 


calculations, but the various exercises do nonetheless provide plenty of scope for practising basic 


techniques. The exercise questions are split into three bands. Band 1 questions (indicated by a light grey) 


are designed to reinforce basic understanding; Band 2 questions (a darker bar) are broadly typical of what 


might be expected in an examination; Band 3 questions (a darker bar again) explore around the topic 


and some of them are rather more demanding. In addition, extensive online support, including further 


questions, is available by subscription to MEI’s Integral website, http://integralmaths.org.


At the end of each chapter there is a list of key points covered, as well as a summary of the new 


knowledge (learning outcomes) that readers should have gained.


Two common features of the book are Activities and Discussion points. These serve rather different 


purposes. The Activities are designed to help readers get into the thought processes of the new work that 


they are about to meet; having done an Activity, what follows will seem much easier. The Discussion 


points invite readers to talk about particular points with their fellow students and their teacher and so 


enhance their understanding.


Answers to all exercise questions are provided at the back of the book, and also online at  



www.hoddereducation.co.uk/OCRFurtherMathsDiscrete.
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Prior knowledge


No prior knowledge of Discrete Mathematics is needed for this book. It does, however, assume that the 


reader is reasonably fluent in basic algebra and graphs: working with formulae and expressions; solving 


linear simultaneous equations; graphing inequalities.


Matrices are used to store information but manipulation of them is not required.


Chapter 1 Solving problems


This chapter establishes a more formal treatment of a range of problem solving strategies, mainly involving 


counting problems. Sections 1.1, 1.2 and 1.3 cover the material for AS Further Mathematics, including 


arrangements and selections that are also met in A level Mathematics, Year 1, although the work can be 


accessed from GCSE ideas. The fourth section develops these ideas further at A level.


Chapter 2 Graphs and networks


This chapter introduces the language of graphs and networks that is developed in later chapters. The first 


three sections cover the AS material and the last two are required for the A level work.


Chapter 3 Algorithms


This chapter considers the characteristics of algorithms and how they work, in preparation for later work 


on specic examples of algorithms. Sections 3.1, 3.2, 3.3 and 3.4 cover the AS material and this is required 


for the A level work in section 3.5. The AS material can all be accessed from GCSE. Knowledge of the 


logarithmic function and factorials is required for the A level work.


Chapter 4 Network algorithms


This builds on the work in Chapter 2 but otherwise can be accessed from GCSE. Matrices are used, but 


only for storing information so no prior knowledge is needed. Sections 4.1, 4.2 and 4.3 contain the AS 


material and sections 4.4 and 4.5 contain the A level material.


Chapter 5 Critical path analysis


The work here depends only on GCSE work. Sections 5.1 and 5.2 cover the AS work and the nal 


section on cascade charts is for A level only.


Chapter 6 Linear programming


The first section covers the AS material and requires the use of linear graphs and inequalities. The other 


two sections are A level work and rely on the use of ideas related to solving simultaneous equations.  


The idea of a matrix is useful for understanding the simplex algorithm.


Chapter 7 Game theory


This uses work on linear equations from GCSE and work on linear programming from Chapter 6. 


Sections 7.1 and 7.2 cover the AS material and the rest of the chapter is A level.
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1 Solving problems


The ideas in this first section permeate the whole of the book. In each chapter you 


will be able to see how they apply in that context.


The first step is to classify problems according to their nature.


If I had an hour to solve  


a problem, I’d spend  


55 minutes thinking about 


the problem and 5 minutes 


thinking about solutions.


Albert Einstein (1879–1955)


Solving problems


➜  Place the digits 1 to 9 in the cells of the ﬁgure below so that each row and 



column add to the same amount.


The same context can generate examples of each type of problem. The context 


of selecting a drink and something to eat for breakfast provides examples of the 


differences between these types of problems.


Suppose breakfast consists of a drink and something to eat. You can choose either tea 


or coffee to drink and porridge, toast or pancakes to eat.


The existence problem asks if there is a possible breakfast, to which the answer is 


yes, there is, because it is possible to select a drink and something to eat. No further 


justification is necessary.


The construction problem asks if a breakfast can be identified. Yes, by choosing one 


of the drinks, tea say, and one of the items to eat, porridge for example, you can 


identify a breakfast consisting of a drink of tea and some porridge.


The enumeration problem asks how many different breakfasts are possible.  


Since there are two possibilities for the drink and three for the food item, the 


product rule for counting gives a total of six different breakfasts.



The product rule for 


counting that you met 


at GCSE is also known 


as the multiplicative 



principle. It means 



that you multiply the 


numbers of options at 


each stage to work out 


the total number of ways 


something can be done.


1


An existence problem is about determining whether there is a solution.


A construction problem involves ﬁnding a solution.


An enumeration problem involves ﬁnding how many solutions there are.



An optimisation problem is about ﬁnding the best solution, according to some 


measure, perhaps the shortest or cheapest or most proﬁtable.
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Solving problems


The optimisation problem could take several forms in this context. You may wish to 


have the healthiest breakfast, or the one that provides the most energy, or the one 


that is quickest to prepare, depending on what aspect you wish to optimise.


Most of the time you would simply choose your breakfast, but there may be 


occasions when there are other considerations such as those described.


ACTIVITY 1.1


Figure 1.1 shows the roads connecting four towns, A, B, C and D. The lengths of the 


roads are shown by numbers on the lines.


Write:


(i)  an existence problem


(ii)  a construction problem


(iii)  an enumeration problem 


(iv)  an optimisation problem 


for the context shown.


You will meet more route problems  


in Chapter 4.


Figure 1.1


Solution


(i)  This is a construction problem as Ian is seeking a route by rail between 



Dorchester and Birmingham.


(ii)  This is an optimisation problem as Ali wants the fastest route to Manchester.



(iii)  This is an existence problem as Heather wishes to know whether such a 



route exists.


For each of the following problems, decide whether it is an existence, 


construction, enumeration or optimisation problem, and justify your answer.


(i)  How can Ian travel from Dorchester to Birmingham by train?


(ii)  What is the quickest way for Ali to get to Manchester?


(iii)  Can Heather fly directly from Newquay to Norwich?


Example 1.1


Existence problems are explored further below and in Chapters 2, 3, 4, 6 and 7.


Construction problems are explored further in Chapters 2, 3, 4, 5, 6 and 7.


Enumeration problems are explored further in Sections 1.3 and 1.4 and Chapter 3.


Optimisation problems are explored further in Chapters 3, 4, 5, 6 and 7.


The pigeonhole principle


Some problems can be solved using the pigeonhole principle, which states:


If there are m pigeonholes and n pigeons, where m , n, then there will be at least 


one pigeonhole with more than one pigeon.


Note


Many problems will 


be in more than one 


category. For example, 


an optimisation problem 


is likely also to involve 


constructing the solution. 


An existence problem 


may be solved by 


constructing a solution.


Note


The pigeonhole principle 


can be stated in other 


ways, such as: If m 


pigeons are placed in m 


pigeonholes then there is 


an empty hole if, and only 


if, there is a hole with 


more than one pigeon.


B


A


C


D


6


4


4


4


5
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Chapter 1  Solving problems



This seems an obvious idea but it is a powerful technique for solving problems.


You may have met the sock problem before. 


A drawer contains red socks and blue socks. They are identical except for their 


colour. How many socks must you draw, at random, to be certain of a matching 


pair?


The answer is three socks. The ‘pigeonholes’ are ‘blue’ and ‘red’ and the ‘pigeons’ are 



the socks. Since there are two colours (pigeonholes), and three socks (pigeons), and 


3 > 2 there must be more than one sock in at least one of the colours.


The key to using the pigeonhole principle to solve a problem is identifying the 


‘pigeonholes’ and the ‘pigeons’. This can be quite difficult! It requires creative 


thinking.


ACTIVITY 1.2


How many socks would 


you need to draw if 


there were ﬁve different 


colours of sock?


Example 1.2


Example 1.3


On every square of a 7 by 7 board there is a flea. The fleas simultaneously all jump 


to an adjacent square (that is, a square with an edge in common with the original 


one). Is there now one flea on every square?


Seven numbers are selected from the numbers 1 to 12. Show that at least two of 


them add to 13.


Solution


Colour the board black and white as for a chess board, with the corners being 


white squares. The fleas on white squares will jump onto black squares. The fleas 


on black squares will jump onto white squares. 


The number of black squares is one less than the number of white squares.  


By the pigeonhole principle there will be at least one white square with no flea 


after they have jumped. Similarly, there will be at least one black square with 


more than one flea after they have jumped.


So, there will not be one flea on every square after they have jumped.


Note


This is an existence 


problem.


Solution


Pair the numbers from 1 to 12 so that each pair adds to 13.


Label some imaginary boxes using those pairs.


1, 12


2, 11


3, 10


4, 9


5, 8


6, 7


Place each of the seven numbers into the box that is labelled with that number.


Since there are seven numbers and six boxes, at least one of the boxes will contain 


two numbers and hence two of the seven numbers must add to 13.


These are the pigeonholes.


The seven numbers are 


the pigeons.
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①  Sehrish is researching to see if it is possible to get 



from Newcastle to London in less than 2 hours. 


(i)  What type of problem is this?



(ii)  Rewrite this as an optimisation problem.



②  Show that for any group of 11 PIN numbers 



(a PIN number consists of four digits, that may 


be repeated), two of the PIN numbers must end 


with the same digit.


③  Figure 1.2 shows a mystic rose with seven points. 



Each point is joined by a straight line to every 


other point.


A


B


C


D


E


F


G


Figure 1.2


(i)  Write an existence problem based on 



Figure 1.2.


(ii)  Write a construction problem based on 



Figure 1.2.


(iii)  Write an enumeration problem based on 



Figure 1.2.


(iv)  Write an optimisation problem based on 



Figure 1.2.


④  Show that for any five integers selected from the 



numbers 1 to 8, there is a pair with an odd sum.


⑤   An extension of the pigeonhole principle 



states that: ‘For any non-empty, finite set of real 


numbers, the maximum value is at least the mean 


value.’ (Dijkstra)


  Hence show that, if the integers 1 to 10 are 



written in a circle, there are three adjacent 


numbers whose sum is > 17.


Exercise 1.1


2 Set theory


Set theory can be used to represent problems. 


Figure 1.3 shows a Venn diagram.


A


7


1


6


2


3


5


11


4


12


9810



B


Figure 1.3


The universal set in this case, ξ 



=


 {1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12} and contains 


all of the elements, in this case integers, that are being considered.


Set A 


=


 {2, 3, 5, 7, 11} or the set of prime numbers, 3 ∈ A (3 is a member of set A) 


and 4 ∉ A (4 is not a member of set A).


A′ 



= 


{1, 4, 6, 8, 9, 10, 12} is the complement of A and consists of the elements 


that are not in set A.


n(A) 



=


 5, the number of elements in set A.


The empty set, or null set, can be written as { } or 


ϕ


 and contains no elements,  


so n(


ϕ


) = 0.


Set theory
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Chapter 1  Solving problems



{1, 2} ⊆ B means that {1, 2} is a subset of B, {1, 2} ⊂ B means that {1, 2} is a 


proper subset of B. 



So, B ⊆ B but B ⊄ B.



{2, 3} = A ∩ B and is the intersection of A and B.


{1, 2, 3, 4, 5, 6, 7, 11, 12} = A ∪ B and is the union of A and B.


ACTIVITY 1.3


(i) Write down 


(a)  the elements of set B


(b) B′



(c) 


n(B).



(ii)  How could you describe the elements of set B?


A proper subset is part of 


a set that is smaller than 


that set.


Solution


(i) (A ∩ B) = 2, n(A ∪ B) = 9



(ii)  n(A) + n(B)− n(A ∩ B) = 5 + 6 – 2 = 9 = n(A ∪ B) so the result is true. 



Solution


Let A = set of those who have read ‘Les Miserables’, and B = set of those who 


have read ‘War and Peace’.


By the inclusion-exclusion principle, 


n(A ∪ B) = n(A) + n(B) – n(A ∩ B)



n(A ∪ B) = 60



n(A) = 42



n(B) = 31



n(A ∩ B) represents the people who have read both.



60 = 42 + 31 − n(A ∩ B) ⇒ n(A ∩ B) = 13


So 13 people have read both.


(i) Write down n(A ∩ B) and n(A ∪ B).



(ii) Verify that n(A ∪ B) = n(A) + n(B) − n(A ∩ B).



A group of 60 people in a Book Club have either read ‘War and Peace’ or ‘Les 


Miserables’ or both. 42 people have read ‘Les Miserables’ and 31 people have read 


‘War and Peace’. How many have read both?


Example 1.4


Example 1.5


It can be used to solve problems.


n(A ∪ B) = n(A) + n(B) − n(A ∩ B) is the inclusion-exclusion principle.



Discussion point


➜   Is the inclusion-



exclusion principle 


true for any pair of 


sets?


A ∪ B contains all of 


the people.


A contains those who have 


read ‘Les Miserables’. 


B contains the people who 


have read ‘War and Peace’.
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The people in Example 1.5 could be separated into 3 subsets:


■  People who have read only ‘War and Peace’.



■  People who have read only ‘Les Miserables’.



■  People who have read both.



These sets are mutually exclusive and exhaustive so each one of the original 


60 people is in exactly one of the subsets.


The three subsets, together, represent a partition of the original set:


{people who have read only ‘War and Peace’  people who have read only 


‘LesMiserables’  people who have read both books}.


Solution


{1  2  3}, {1  2, 3}, {2  1, 3}, {3  1, 2}, {1, 2, 3}


There are five partitions altogether.


Note


Finding how many 


partitions there are of 


a set is an enumeration 


problem.


Note


The order of the subsets 


does not matter, so e.g. 


{1|2, 3} is the same as  


{2, 3|1}, {1|3, 2} and  


{3, 2|1}.


Write down all the partitions of {1, 2, 3}.


Example 1.6


ACTIVITY 1.4


How many partitions are there of the set {1, 2, 3, 4, 5}?


The problem of finding all of the possible partitions of a set is a substantial 


enumeration problem. Section 1.3, on arrangements and selections, deals with ways 


of counting that do not require listing all the possibilities.


You should be familiar with the following sets.


ƽ


the set of natural numbers {1, 2, 3, …}


ǌ


the set of integers {… −2, −1, 0, 1, 2, 3, …}


ǂ


the set of rational numbers (that can be written in the form 


a


b


, where a  


and b are integers)


ǅ


the set of real numbers (any number along the x axis, for example)


ƪ


the set of complex numbers (any number with a real and imaginary part) 


ǌ


+


the set of positive integers {1, 2, 3, …}


ǌ


0


+


the set of non-negative integers {0, 1, 2, 3, …}


Table 1.1


{ǌ



+


  {0}  ǌ



−


} forms a partition of ǌ.


Set theory
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Chapter 1  Solving problems



Exercise 1.2


①  For each of the Venn diagrams, select the descriptions that apply to it. 



(i)  


AB


Figure 1.4


(ii)  


AB


Figure 1.5


(iii)  


AB


Figure 1.6


(a)  (A ∪ B)′   (b) A ∩ B      (c) (A ∪ B)∩ B′   (d) (A′ ∪ B′)′   (e) A′ ∩ B′   (f  ) A ∩ B′



②  How many numbers between 1 and 50 are not 



divisible by 2 or 5?


③  Is {ǌ ⎮ǂ} a partition of ǅ? Justify your answer.



④  A group of 80 members of a sports club are 



asked which sports they like. There are 35 who 


like tennis and 64 who like badminton and all 


80 like at least one of the sports. How many like 


both sports?


⑤  Two sets contain 23 and 34 items respectively. 



The intersection of the two sets contains  


19 items. How many items are contained in  


the union of the two sets?


3 Arrangements and selections


This section is concerned with enumeration problems, counting the number of 


ways of arranging items or selecting groups of items.


A password, consisting of the four letters A, B, C, D is needed for a lock. These 


letters can be ordered in several different ways: for example, ACDB, CADB and 


so on, but the letters may not be repeated. To determine how many different ways 


there are, consider each position as a place holder. 


4


3


2


1


The ﬁrst place can be 


ﬁlled in four different ways 


as there are four letters.


There are then three 


letters left to choose from 


to ﬁll the next place.


There are two ways  


of ﬁlling the third 


place.


There is only one way for 


the ﬁnal place as there is 


only one letter remaining.


So 4 × 3 × 2 × 1 = 24 is the number of ways of arranging the four letters.


4 × 3 × 2 × 1 is denoted by 4!, and is called 4 factorial.


In general, n! = n × (n − 1) × (n − 2)…× 3 × 2 × 1


Note


This uses the 


multiplicative principle, 


also known as the product 


rule for counting.


ACTIVITY 1.5


Verify that there are 24 different arrangements of A, B, C and D.
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Arrangements and selections


Only 24 different arrangements does not make for a secure lock. A better way 


would be to choose from a greater number of letters. Suppose the letters can be 


chosen from A, B, C, D, E, F, G, H, I, J. The lock still requires each letter to be 


different. 


10


9


8


7 


The ﬁrst place can be 


ﬁlled in ten different ways. 


There are then nine 


different ways of ﬁlling  


the next place. 


There are eight 


ways for the third 


place. 


There are seven ways 


of ﬁlling the ﬁnal 


place. 


So 10 × 9 × 8 × 7 = 5040 is the number of ways of arranging the four letters, 


giving a more secure code.


Now, 10 × 9 × 8 × 7 = 


10 × 9 × 8 × 7 × 6 × 5 × 4 × 3 × 2 × 1


6 × 5 × 4 × 3 × 2 × 1


 = 


10!


6!


 = 


10!


(10−4)!


In general, the numbers of ways of arranging r objects, chosen from n objects is:


n × (n − 1) × (n − 2) × …× (n − r +1) = 



n!



(n−r)


!


 and is denoted 


n


P


r


 or 


n


P


r


.


It is the number of permutations of r objects selected from n objects.


In this case the number of different codes is 


10


P


4


.


Note


Find out how your 


calculator works this out.


ACTIVITY 1.6


Find the number of different combinations if the letters A to J may be repeated in 


the code.


Example 1.7


Example 1.8


Find the number of distinct arrangements of the letters of the word BOOKS.


How many distinct arrangements are there of the letters in the word 


MATHEMATICAL?


Solution


There are five letters in the word and so there are 5! ways of arranging them.


However, two of the letters are the same and so some of  


those 5! ways will be indistinguishable from each other.


There are two ways of arranging the two Os and so every  


arrangement of the letters appears twice.


The number of distinct arrangements = 5! ÷ 2 = 60.


Solution


There are twelve letters, including two Ms, two Ts and three As.


Total number = 12! ÷ (2!) ÷ (2!) ÷ (3!) = 19 958 400.


OO looks the same 


as OO.


In general, for each group of k items that are indistinguishable from each other, 


divide the total number of arrangements by k!.
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Chapter 1  Solving problems



Selections


The problems that have been considered so far concern situations where the order 


of the items matters. When you choose some students to work in a group together 


the order is unimportant. Suppose you require five students and you choose from a 


class of twelve.


The number of arrangements = 


12


P


 


= 


12!


7!


.


However, for each group of five students there are 5! ways in which they can be 


arranged. The number of arrangements is 5! times too large.


The number of groups = 


12!


7!


 ÷ 5! = 


12!


7!5!


.


This may be written as 


12


C


5


.


In general, the number of combinations, or selections, of r objects, chosen from 


n objects is:



n


C


r


 = 


݊!



(݊ − r)!r!


Example 1.9


Charlie has six mathematics books and four books on gardening. He wants to 


keep the same type of books together on his shelf. In how many ways can he 


arrange them?


Solution


The six mathematics books can be arranged in 6! ways.


The four gardening books can be arranged in 4! ways.


He can either have the mathematics books first, or the gardening books.


So, the total number of arrangements = 6! × 4! × 2 = 34 560.


Note


You will often have to 


think very carefully 


about the structure of a 


problem.


Example 1.10


A football team consisting of one goalkeeper, four defenders, three midelders and 


three forwards is to be selected from a squad of two goalkeepers, five defenders, 


ve midelders and six forwards. How many different teams can be chosen?


Solution


The goalkeeper can be selected in 


2


C


1


 ways.


The defenders can be selected in 


5


C


4


 ways.


The midelders can be selected in 


5


C


3


 ways.


The forwards can be selected in 


6


C


3


 ways.


The total number of teams = 


2


C


1


 × 


5


C


4


 × 


5


C


3


 × 


6


C


3


  = 2 × 5 × 10 × 20


 = 2000


Note


If there had been only 


one goalkeeper in the 


squad the calculation 


would have involved 0!. 


0! is deﬁned as 1 for 


consistency.
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Further problems


①  Find the number of different arrangements of 



the letters of the word NUMERICAL.


②  There are eight horses in a race. How many 



ways are there for the horses to ll the first three 


places in the race?


③  How many different six-digit numbers can be 



made using the digits of 233123?


④  Find how many ways a team of four can be 



chosen from a group of nine players.


⑤  In how many ways can three boys and four girls 



seat themselves in a straight line if:


(i)  the boys all sit together and the girls all sit 



together?


(ii)  boys and girls seat themselves alternately?



⑥  Four friends go out for a meal together. The 



table is arranged so that two can be seated on 


one side and two opposite them. Two of the 


friends don’t want to sit opposite each other. 


How many ways can the friends be seated?


⑦  How many five-digit numbers greater than 



30 000 can be made from the digits 0, 1, 2, 3 and 


4 if no digits may be used twice?


⑧  How many ‘words’ of three of the letters of the 



word PHONES are there that contain at least 


one vowel?


⑨  A bracelet is made of ten coloured beads. All of 



the beads are different colours.


  How many different bracelets are possible if:



(i)  there is no restriction on the design?



(ii)  the red bead and the pink bead may not be 



next to each other?


⑩  A rugby team of 15 people is to be selected from 



a squad of 25 players.


(i)  How many different teams are possible? 



  In fact, the team has to consist of 8 forwards and 



7 backs.


(ii)  If 13 of the squad are forwards and the other 



12 are backs, how many different teams are 


now possible?  [MEI]



Exercise 1.3


4 Further problems


Venn diagrams with three sets


The inclusion-exclusion principle extends to three sets.


8


4


10


5


7


3


6


1


2


9


AB


C


Figure 1.7


A = {x ∈ ƽ, x < 10 and x is even}.



B = {x ∈ ƽ, x < 10 and x is prime}.



C = {x ∈ ƽ, x < 10 and x is a factor of 18}.



n(A ∪ B ∪ C) = n(A) + n(B) + n(C) − n(A ∩ B) − n(B ∩ C) − n(C ∩ A)  



+ n(A ∩ B ∩ C)
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Chapter 1  Solving problems



ACTIVITY 1.7


Verify that the inclusion-exclusion principle works for the Venn diagram in Figure 1.7.


Example 1.11


Example 1.12


Example 1.13


50 students are asked what flavour of ice cream they like. 20 like vanilla, 17 like 


strawberry and 33 like chocolate. 12 like both vanilla and chocolate, 11 like 


strawberry and vanilla and 7 like strawberry and chocolate. How many like all 


three avours?


A group of eight people are seated around a circular table. There are four men and 


four women. How many arrangements are there in which the men and women 


alternate?


In how many ways can 1234 be rearranged so that no digit is in its original 


position?


Solution


Let V = {those who like vanilla ice cream}, S = {those who like strawberry ice 


cream} and C = {those who like chocolate ice cream}.


n(V ∪ S ∪ C) = n(V) + n(S) + n(C) − n(V ∩ S) − n(S ∩ C) − n(C ∩ V)  



+ n(V ∩ S ∩ C)



Substituting gives:


50 = 20 + 17 + 33 − 11 − 7 − 12 + n(V ∩ S ∩ C)



So, the number who like all three is 10.


Solution


The four men can be arranged in 4! ways and so can the four women. Since 


they have to alternate there are 4! × 4! ways of arranging them if the first person 


is, say, a man and they are in a straight line. They are, however, in a circle, and so 


there are four positions that appear identical in terms of the arrangement.


Number of ways = 4! × 4! ÷ 4 = 144


Solution


Clearly 1 cannot be in the first position.


Suppose 2 is in the first position: 


2 _ _ _ , place 1 next ⇒ 2 1 _ _ ⇒ 2143 as 3 may not be in the third position.


2 _ _ _ , place 3 next ⇒ 2 3 _ _ ⇒ 2341 as 4 may not be in the fourth position.


Note


It can be shown that the 


number of derangements 


is approximately 37% 


of the number of 


arrangements, rounded 


to the nearest integer. 


This is because 0.37 ≈ 


1


e


. 


You may wish to research 


further!


➜


Derangements


A derangement is a permutation such that no object is in its original position.
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Further problems


2 _ _ _ , place 4 next ⇒ 2 4 _ _ ⇒ 2413 as 3 may not be in the third position.


Suppose 3 is in the first position:


3 _ _ _ , place 1 next ⇒ 3 1 _ _ ⇒ 3142 as 4 may not be in the fourth position.


2 cannot be placed in the second position.


3 _ _ _ , place 4 next ⇒ 3 4 _ _ ⇒ 3412 


3 _ _ _ , place 4 next ⇒ 3 4 _ _ ⇒ 3421 


Suppose 4 is in the first position:


4 _ _ _ , place 1 next ⇒ 4 1 _ _ ⇒ 4123 as 3 may not be in the third position.


2 cannot be placed in the second position.


4 _ _ _ , place 3 next ⇒ 4 3 _ _ ⇒ 4312 


4 _ _ _ , place 3 next ⇒ 4 3 _ _ ⇒ 4321


This gives 9 derangements of the digits 1234 and so 9 arrangements where no 
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