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“Mathematics, rightly viewed, possesses not only truth, but supreme beauty—a beauty cold and austere, like that of sculpture.”




—Bertrand Russell, Mysticism and Logic, 1918


“Mathematics is a wonderful, mad subject, full of imagination, fantasy, and creativity that is not limited by the petty details of the physical world, but only by the strength of our inner light.”


—Gregory Chaitin, “Less Proof, More Truth,” New Scientist, July 28, 2007


“Perhaps an angel of the Lord surveyed an endless sea of chaos, then troubled it gently with his finger. In this tiny and temporary swirl of equations, our cosmos took shape.”


—Martin Gardner, Order and Surprise, 1950


“The great equations of modern physics are a permanent part of scientific knowledge, which may outlast even the beautiful cathedrals of earlier ages.”


—Steven Weinberg, in Graham Farmelo’s It Must Be Beautiful, 2002
















INTRODUCTION







The Beauty and Utility of Mathematics




“An intelligent observer seeing mathematicians at work might conclude that they are devotees of exotic sects, pursuers of esoteric keys to the universe.”


—Philip Davis and Reuben Hersh, The Mathematical Experience





Mathematics has permeated every field of scientific endeavor and plays an invaluable role in biology, physics, chemistry, economics, sociology, and engineering. Mathematics can be used to help explain the colors of a sunset or the architecture of our brains. Mathematics helps us build supersonic aircraft and roller coasters, simulate the flow of Earth’s natural resources, explore subatomic quantum realities, and image faraway galaxies. Mathematics has changed the way we look at the cosmos.


In this book, I hope to give readers a taste for mathematics using few formulas, while stretching and exercising the imagination. However, the topics in this book are not mere curiosities with little value to the average reader. In fact, reports from the US Department of Education suggest that successfully completing a mathematics class in high school results in better performance at college whatever major the student chooses to pursue.


The usefulness of mathematics allows us to build spaceships and investigate the geometry of our universe. Numbers may be our first means of communication with intelligent alien races. Some physicists have even speculated that an understanding of higher dimensions and of topology—the study of shapes and their interrelationships—may someday allow us to escape our universe, when it ends in either great heat or cold, and then we could call all of space-time our home.


Simultaneous discovery has often occurred in the history of mathematics. As I mention in my book The Möbius Strip, in 1858 the German mathematician August Möbius (1790–1868) simultaneously and independently discovered the Möbius strip (a wonderful twisted object with just one side) along with a contemporary scholar, the German mathematician Johann Benedict Listing (1808–1882). This simultaneous discovery of the Möbius band by Möbius and Listing, just like that of calculus by English polymath Isaac Newton (1643–1727) and German mathematician Gottfried Wilhelm Leibniz (1646–1716), makes me wonder why so many discoveries in science were made at the same time by people working independently. For another example, British naturalists Charles Darwin (1809–1882) and Alfred Wallace (1823–1913) both developed the theory of evolution independently and simultaneously. Similarly, Hungarian mathematician János Bolyai (1802–1860) and Russian mathematician Nikolai Lobachevsky (1793–1856) seemed to have developed hyperbolic geometry independently, and at the same time.


Most likely, such simultaneous discoveries have occurred because the time was ripe for such discoveries, given humanity’s accumulated knowledge at the time the discoveries were made. Sometimes, two scientists are stimulated by reading the same preliminary research of one of their contemporaries. On the other hand, mystics have suggested that a deeper meaning exists to such coincidences. Austrian biologist Paul Kammerer (1880–1926) wrote, “We thus arrive at the image of a world-mosaic or cosmic kaleidoscope, which, in spite of constant shuffling and rearrangements, also takes care of bringing like and like together.” He compared events in our world to the tops of ocean waves that seem isolated and unrelated. According to his controversial theory, we notice the tops of the waves, but beneath the surface some kind of synchronistic mechanism may exist that mysteriously connects events in our world and causes them to cluster.


Georges Ifrah in The Universal History of Numbers discusses simultaneity when writing about Mayan mathematics:




We therefore see yet again how people who have been widely separated in time or space have…been led to very similar if not identical results.…In some cases, the explanation for this may be found in contacts and influences between different groups of people.…The true explanation lies in what we have previously referred to as the profound unity of culture: the intelligence of Homo sapiens is universal and its potential is remarkably uniform in all parts of the world.





Ancient people, like the Greeks, had a deep fascination with numbers. Could it be that in difficult times numbers were the only constant thing in an ever-shifting world? To the Pythagoreans, an ancient Greek sect, numbers were tangible, immutable, comfortable, eternal—more reliable than friends, less threatening than Apollo and Zeus.


Many entries in this book deal with whole numbers, or integers. The brilliant mathematician Paul Erdős (1913–1996) was fascinated by number theory—the study of integers—and he had no trouble posing problems, using integers, that were often simple to state but notoriously difficult to solve. Erdős believed that if one can state a problem in mathematics that is unsolved for more than a century, then it is a problem in number theory.


Many aspects of the universe can be expressed by whole numbers. Numerical patterns describe the arrangement of florets in a daisy, the reproduction of rabbits, the orbit of the planets, the harmonies of music, and the relationships between elements in the periodic table. Leopold Kronecker (1823–1891), a German algebraist and number theorist, once said, “The integers came from God and all else was man-made.” His implication was that the primary source of all mathematics is the integers.


Since the time of Pythagoras, the role of integer ratios in musical scales has been widely appreciated. More important, integers have been crucial in the evolution of humanity’s scientific understanding. For example, French chemist Antoine Lavoisier (1743–1794) discovered that chemical compounds are composed of fixed proportions of elements corresponding to the ratios of small integers. This was very strong evidence for the existence of atoms. In 1925, certain integer relations between the wavelengths of spectral lines emitted by excited atoms gave early clues to the structure of atoms. The near-integer ratios of atomic weights were evidence that the atomic nucleus is made up of an integer number of similar nucleons (protons and neutrons). The deviations from integer ratios led to the discovery of elemental isotopes (variants with nearly identical chemical behavior but with different numbers of neutrons).


Small divergences in the atomic masses of pure isotopes from exact integers confirmed Einstein’s famous equation E = mc2 and also the possibility of atomic bombs. Integers are everywhere in atomic physics. Integer relations are fundamental strands in the mathematical weave—or as German mathematician Carl Friedrich Gauss (1777–1855) said, “Mathematics is the queen of sciences—and number theory is the queen of mathematics.”


Our mathematical description of the universe grows forever, but our brains and language skills remain entrenched. New kinds of mathematics are being discovered or created all the time, but we need fresh ways to think and to understand. For example, in the last few years, mathematical proofs have been offered for famous problems in the history of mathematics, but the arguments have been far too long and complicated for experts to be certain they are correct. Mathematician Thomas Hales had to wait five years before expert reviewers of his geometry paper—submitted to the journal Annals of Mathematics—finally decided that they could find no errors and that the journal should publish Hales’s proof, but only with the disclaimer saying they were not certain it was right! Moreover, mathematicians like Keith Devlin have admitted in the New York Times that “the story of mathematics has reached a stage of such abstraction that many of its frontier problems cannot even be understood by the experts.” If experts have such trouble, one can easily see the challenge of conveying this kind of information to a general audience. We do the best we can. Mathematicians can construct theories and perform computations, but they may not be sufficiently able to fully comprehend, explain, or communicate these ideas.


A physics analogy is relevant here. When Werner Heisenberg worried that human beings might never truly understand atoms, Niels Bohr was a bit more optimistic. He replied in the early 1920s, “I think we may yet be able to do so, but in the process we may have to learn what the word understanding really means.” Today, we use computers to help us reason beyond the limitations of our own intuition. In fact, experiments with computers are leading mathematicians to discoveries and insights never dreamed of before the ubiquity of these devices. Computers and computer graphics allow mathematicians to discover results long before they can prove them formally and open entirely new fields of mathematics. Even simple computer tools like spreadsheets give modern mathematicians power that Gauss, Leonhard Euler, and Newton would have lusted after. As just one example, in the late 1990s, computer programs designed by David Bailey and Helaman Ferguson helped produce new formulas that related pi to log 5 and two other constants. As Erica Klarreich reports in Science News, once the computer had produced the formula, proving that it was correct was extremely easy. Often, simply knowing the answer is the largest hurdle to overcome when formulating a proof.


Mathematical theories have sometimes been used to predict phenomena that were not confirmed until years later. For example, Maxwell’s equations, named after physicist James Clerk Maxwell, predicted radio waves. Einstein’s field equations suggested that gravity would bend light and that the universe is expanding. Physicist Paul Dirac once noted that the abstract mathematics we study now gives us a glimpse of physics in the future. In fact, his equations predicted the existence of antimatter, which was subsequently discovered. Similarly, mathematician Nikolai Lobachevsky said that “there is no branch of mathematics, however abstract, which may not someday be applied to the phenomena of the real world.”


In this book, you will encounter various interesting geometries that have been thought to hold the keys to the universe. Galileo Galilei (1564–1642) suggested that “Nature’s great book is written in mathematical symbols.” Johannes Kepler (1571–1630) modeled the solar system with Platonic solids such as the dodecahedron. In the 1960s, physicist Eugene Wigner (1902–1995) was impressed with the “unreasonable effectiveness of mathematics in the natural sciences.” Large Lie groups, like E8—which is discussed in the entry “The Quest for Lie Group E8 (2007)”—may someday help us create a unified theory of physics. In 2007, Swedish American cosmologist Max Tegmark published both scientific and popular articles on the mathematical universe hypothesis, which states that our physical reality is a mathematical structure—in other words, our universe is not just described by mathematics—it is mathematics.







Book Organization and Purpose




“At every major step, physics has required, and frequently stimulated, the introduction of new mathematical tools and concepts. Our present understanding of the laws of physics, with their extreme precision and universality, is only possible in mathematical terms.”


—Sir Michael Atiyah, “Pulling the Strings,” Nature





One common characteristic of mathematicians is a passion for completeness—an urge to return to first principles to explain their works. As a result, readers of mathematical texts must often wade through pages of background before getting to the essential findings. To avoid this problem, each entry in this book is short, at most only a few paragraphs in length. This format allows readers to jump right in to ponder a subject, without having to sort through a lot of verbiage. Want to know about infinity? Turn to the entries “Cantor’s Transfinite Numbers” (1874) or “Hilbert’s Grand Hotel” (1925), and you’ll have a quick mental workout. Interested in the first commercially successful portable mechanical calculator, developed by a prisoner in a Nazi concentration camp? Turn to “Curta Calculator” (1948) for a brief introduction.


Wonder how an amusing-sounding theorem may one day help scientists form nanowires for electronics devices? Then browse through the book and read the “Hairy Ball Theorem” (1912) entry. Why did the Nazis compel the president of the Polish Mathematical Society to feed his own blood to lice? Why was the first female mathematician murdered? Is it really possible to turn a sphere inside out? Who was the “Number Pope”? When did humans tie their first knots? Why don’t we use Roman numerals anymore? Who was the earliest named individual in the history of mathematics? Can a surface have only one side? We’ll tackle these and other thought-provoking questions in the pages that follow.


Of course, my approach has some disadvantages. In just a few paragraphs, I can’t go into any depth on a subject. However, I provide suggestions for further reading in the “Notes and Further Reading” section. While I sometimes list primary sources, I have often explicitly listed excellent secondary references that readers can frequently obtain more easily than older primary sources. Readers interested in pursuing any subject can use the references as a useful starting point.


My goal in writing The Math Book is to provide a wide audience with a brief guide to important mathematical ideas and thinkers, with entries short enough to digest in a few minutes. Most entries are ones that interested me personally. Alas, not all of the great mathematical milestones are included in this book in order to prevent the book from growing too large. Thus, in celebrating the wonders of mathematics in this short volume, I have been forced to omit many important mathematical marvels. Nevertheless, I believe that I have included a majority of those with historical significance and that have had a strong influence on mathematics, society, or human thought. Some entries are eminently practical, involving topics that range from slide rules and other calculating devices to geodesic domes and the invention of zero. Occasionally, I include several lighter moments, which were nonetheless significant, such as the rise of the Rubik’s Cube puzzle or the solving of the Bed Sheet Problem. Sometimes, snippets of information are repeated so that each entry can be read on its own. Occasional text in boldface type points the reader to related entries. Additionally, a small “See also” section at the bottom of each entry helps weave entries together in a web of interconnectedness and may help the reader traverse the book in a playful quest for discovery.


The Math Book reflects my own intellectual shortcomings, and while I try to study as many areas of science and mathematics as I can, it is difficult to become fluent in all aspects, and this book clearly indicates my own personal interests, strengths, and weaknesses. I am responsible for the choice of pivotal entries included in this book and, of course, for any errors and infelicities. This is not a comprehensive or scholarly dissertation, but rather it is intended as recreational reading for students of science and mathematics and interested laypeople. I welcome feedback and suggestions for improvement from readers, as I consider this an ongoing project and a labor of love.


This book is organized chronologically, according to the year of a mathematical milestone or finding. In some cases, the literature may report slightly different dates for the milestone because some sources give the publication date as the discovery date of a finding, while other sources give the actual date that a mathematical principle was discovered, regardless of the fact that the publication date is sometimes a year or more later. If I was uncertain of a precise earlier date of discovery, I often used the publication date.


Dating of entries can also be a question of judgment when more than one individual made a contribution. Often, I have used the earliest date where appropriate, but sometimes I have surveyed colleagues and decided to use the date when a concept gained particular prominence. For example, consider the Gray code, which is used to facilitate error correction in digital communications, such as in TV signal transmission, and to make transmission systems less susceptible to noise. This code was named after Frank Gray, a physicist at Bell Telephone Laboratories in the 1950s and 1960s. During this time, these kinds of codes gained particular prominence, partly due to his patent filed in 1947 and the rise of modern communications. The Gray code entry is thus dated as 1947, although it might also have been dated much earlier, because the roots of the idea go back to Émile Baudot (1845–1903), the French pioneer of the telegraph. In any case, I have attempted to give readers a feel for the span of possible dates in each entry or in the “Notes and Further Reading” section.


Scholars sometimes have disputes with respect to the person to whom a discovery is traditionally attributed. For example, author Heinrich Dörrie cites four scholars who do not believe that a particular version of Archimedes’ cattle problem is due to Archimedes, but he also cites four authors who believe that the problem should be attributed to Archimedes. Scholars also dispute the authorship of Aristotle’s wheel paradox. Where possible, I mention such disputes either in the main text or the “Notes and Further Reading” section.


You will notice that a significant number of milestones have been achieved in just the last few decades. As just one example, in 2007, researchers finally “solved” the game of checkers, proving that if an opponent plays perfectly, the game ends in draw. As already mentioned, part of the rapid recent progress in mathematics is due to the use of the computer as a tool for mathematical experiments. For the checkers solution, the analysis actually began in 1989 and required dozens of computers for the complete solution. The game has roughly 500 billion billion possible positions.


Sometimes, science reporters or famous researchers are quoted in the main entries, but purely for brevity I don’t list the source of the quote or the author’s full credentials in the entry. I apologize in advance for this occasional compact approach; however, references in the back of the book should help to make the author’s identity clearer.


Even the naming of a theorem can be a tricky business. For example, mathematician Keith Devlin writes in his 2005 column for the Mathematical Association of America:




Most mathematicians prove many theorems in their lives, and the process whereby their name gets attached to one of them is very haphazard. For instance, Euler, Gauss, and Fermat each proved hundreds of theorems, many of them important ones, and yet their names are attached to just a few of them. Sometimes theorems acquire names that are incorrect. Most famously, perhaps, Fermat almost certainly did not prove “Fermat’s Last Theorem”; rather, that name was attached by someone else, after his death, to a conjecture the French mathematician had scribbled in the margin of a textbook. And Pythagoras’s theorem was known long before Pythagoras came onto the scene.





In closing, let us note that mathematical discoveries provide a framework in which to explore the nature of reality, and mathematical tools allow scientists to make predictions about the universe; thus, the discoveries in this book are among humanity’s greatest achievements.


At first glance, this book may seem like a long catalogue of isolated concepts and people with little connection between them. But as you read, I think you’ll begin to see many linkages. Obviously, the final goal of scientists and mathematicians is not simply the accumulation of facts and lists of formulas, but rather they seek to understand the patterns, organizing principles, and relationships between these facts to form theorems and entirely new branches of human thought. For me, mathematics cultivates a perpetual state of wonder about the nature of mind, the limits of thoughts, and our place in this vast cosmos.


Our brains, which evolved to make us run from lions on the African savanna, may not be constructed to penetrate the infinite veil of reality. We may need mathematics, science, computers, brain augmentation, and even literature, art, and poetry to help us tear away the veils. For those of you who are about to embark on reading the The Math Book from cover to cover, look for the connections, gaze in awe at the evolution of ideas, and sail on the shoreless sea of imagination.
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Since the publication of the first edition of The Math Book in 2009, breakthroughs in mathematics continue to amaze the world. Examples touch on countless facets of the mathematical landscape—from exotic number sequences to beautiful new tiling patterns and sphere arrangements in higher dimensions.


One important new breakthrough and book entry concerns prime numbers (natural numbers greater than 1, like 7 and 11, that are not a product of two smaller natural numbers). In fact, for many years, mathematicians have wondered about the distribution of twin prime numbers—i.e., prime numbers that are two units apart, like 3 and 5 or 17 and 19. The unproven “twin prime conjecture,” one of the great open questions in mathematics, posits that there are infinitely many such twin primes. In 2013, Chinese-American mathematician Yitang Zhang published his landmark paper that finally established the first-known finite bound on the smallest gap between consecutive primes—which occurs infinitely often. Studies of twin primes, and prime numbers more generally, are important because they serve as starting points for understanding deeper structures and patterns of numbers, which can have applications in various areas of mathematics, computer science, physics, and beyond. For more information, see “Bounded Gaps Between Primes (2013)” on p. 502.


Another new entry, “Erdős Discrepancy Problem Solved (2015)” on p. 504, discusses a solution to a problem unsolved for decades involving infinite sequences of the numbers 1 and –1. As you’ll see in the entry, the Erdős discrepancy problem involves a conjecture that is simple to state but strangely difficult to prove. In 2015, mathematician Terence Tao fully proved the original conjecture, and further exploration of these kinds of sequences may open new avenues of research and application.


In 2016, a major development in the field of geometry involved tight packing of spheres within a space, which might be visualized as oranges packed into a large crate. (See “Sphere Packing in Dimension 8 (2016)” on p. 506.) Ukrainian mathematician Maryna Viazovska proved that there exists an optimal (densest) packing of spheres in dimension 8 when the spheres are arranged in a spectacularly symmetrical arrangement called E8. Viazovska’s work has potential applications for error-correcting codes used in information transmission, and may even lead to additional discoveries when exploring physical reality at small size scales. Her discovery was so notable that, in 2022, she became the second woman to win the Fields Medal, one of the most prestigious awards given in mathematics. (The first woman to have won a Fields Medal was Iranian mathematician Maryam Mirzakhani, in 2014.)


Breakthroughs also continue in the area of tiling patterns (see “Einstein Tiles and Beyond (2023)” on p. 508). In 2023, a single two-dimensional shape, called an einstein tile, was discovered that can cover an infinite plane in a pattern with no gaps or overlaps. Additionally, there is no way these tiles can be arranged to repeat periodically, like square floor tiles. Scientists believe that this new aperiodic tile will spark research in materials science, where they may encounter such tilings in nature or be able to create new materials with this kind of nonrepeating internal structure and learn about their material properties.


The future of mathematics looks bright, with interesting developments continuing to raise profound questions about mathematical proofs and the nature of mathematics itself. For example, in 2012, Japanese mathematician Shinichi Mochizuki claimed he had solved the ABC conjecture, a major open question in number theory discussed in this book. However, his proof was more than 500 pages long, and mathematicians have had difficulty confirming its validity. As discussed earlier in this Introduction, this raises questions as future proofs are developed that only computers can fully “appreciate.”


Of course, software has existed for a number of years to help mathematicians verify proofs. One such example is Lean, launched in 2013, which can be used as an interactive theorem prover. As software usability increases over the coming years, and as these provers become better able to help humans with explanations and discoveries, they will play growing roles in education and explorations. Similarly, artificial intelligence (AI) machine learning experiments are becoming more common to guide mathematicians in new directions. For example, in 2021, mathematicians András Juhász and Marc Lackenby of the University of Oxford collaborated with researchers at the Google DeepMind laboratory to teach machine learning models to look for patterns and similarities in geometric objects, such as knots. Also, in 2021, researchers at the Technion Israel Institute of Technology published an intriguing paper on the Ramanujan machine, a specialized software package that automatically discovers new formulas in mathematics—for example, formulas involving fundamental mathematical constants like e and π. In 2024, Google DeepMind announced that its AlphaGeometry AI system scored at nearly the level of a human gold medalist on geometry questions from the International Mathematical Olympiad.


How can humans overcome cognitive challenges whereby certain mathematical paths might be considered as unimportant or unapproachable, simply because the ideas are not easily expressed, followed, or discussed using a language most mathematicians can understand? One hope is that computers and AI will continue to help humans explore such problems from new practical and mental perspectives while stimulating human creativity.


Futurist Kevin Kelly has pondered the use of AI for problem-solving efforts in a variety of fields, and his thoughts have applicability in mathematics. In an acclaimed 2015 essay, he wrote, “The most important thing about making machines that can think is that they will think differently.” He noted that to solve the biggest mysteries in mathematics and physics, we’ll need to go beyond human intelligence and use a chain of intermediate intelligences that can help us design even newer AI entities. Whatever the future holds, I see many bright and mysterious avenues ahead, as human-AI partnerships explore new directions and regions of an infinite mathematical terrain.
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Ant Odometer





c. 150 Million BC


Ants are social insects that evolved from vespoid wasps in the mid-Cretaceous period, about 150 million years ago. After the rise of flowering plants, about 100 million years ago, ants diversified into numerous species.


The Saharan desert ant, Cataglyphis fortis, travels immense distances over sandy terrain, often completely devoid of landmarks, as it searches for food. These creatures are able to return to their nest using a direct route rather than by retracing their outbound path. Not only do they judge directions, using light from the sky for orientation, but they also appear to have a built-in “computer” that functions like a pedometer that counts their steps and allows them to measure exact distances. An ant may travel as far as 160 feet (about 50 meters) until it encounters a dead insect, whereupon it tears a piece to carry directly back to its nest, accessed via a hole often less than a millimeter in diameter.


By manipulating the leg lengths of ants to give them longer and shorter strides, a research team of German and Swiss scientists discovered that the ants “count” steps to judge distance. For example, after ants had reached their destination, the legs were lengthened by adding stilts or shortened by partial amputation. The researchers then returned the ants so that the ants could start on their journey back to the nest. Ants with the stilts traveled too far and passed the nest entrance, while those with the amputated legs did not reach it. However, if the ants started their journey from their nest with the modified legs, they were able to compute the appropriate distances. This suggests that stride length is the crucial factor. Moreover, the highly sophisticated computer in the ant’s brain enables the ant to compute a quantity related to the horizontal projection of its path so that it does not become lost even if the sandy landscape develops hills and valleys during its journey.


SEE ALSO Primates Count (c. 30 Million BC) and Cicada-Generated Prime Numbers (c. 1 Million BC).
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Primates Count





c. 30 Million BC


Around 60 million years ago, small, lemur-like primates had evolved in many areas of the world, and 30 million years ago, primates with monkey-like characteristics existed. Could such creatures count? The meaning of counting by animals is a highly contentious issue among animal behavior experts. However, many scholars suggest that animals have some sense of number. H. Kalmus writes in his Nature article “Animals as Mathematicians”:




There is now little doubt that some animals such as squirrels or parrots can be trained to count.… Counting faculties have been reported in squirrels, rats, and for pollinating insects. Some of these animals and others can distinguish numbers in otherwise similar visual patterns, while others can be trained to recognize and even to reproduce sequences of acoustic signals. A few can even be trained to tap out the numbers of elements (dots) in a visual pattern.…The lack of the spoken numeral and the written symbol makes many people reluctant to accept animals as mathematicians.





Rats have been shown to “count” by performing an activity the correct number of times in exchange for a reward. Chimpanzees can press numbers on a computer that match numbers of bananas in a box. Testsuro Matsuzawa of the Primate Research Institute at Kyoto University in Japan taught a chimpanzee to identify numbers from 1 to 6 by pressing the appropriate computer key when she was shown a certain number of objects on the computer screen.


Michael Beran, a research scientist at Georgia State University in Atlanta, Georgia, trained chimps to use a computer screen and joystick. The screen flashed a numeral and then a series of dots, and the chimps had to match the two. One chimp learned numerals 1 to 7, while another managed to count to 6. When the chimps were tested again after a gap of three years, both chimps were able to match numbers, but with double the error rate.


SEE ALSO Ant Odometer (c. 150 Million BC) and Ishango Bone (c. 18,000 BC).
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Cicada-Generated Prime Numbers





c. 1 Million BC


Cicadas are winged insects that evolved around 1.8 million years ago during the Pleistocene epoch, when glaciers advanced and retreated across North America. Cicadas of the genus Magicicada spend most of their lives below the ground, feeding on the juices of plant roots, and then emerge, mate, and die quickly. These creatures display a startling behavior: Their emergence is synchronized with periods of years that are usually the prime numbers 13 and 17. (A prime number is an integer such as 11, 13, and 17 that has only two integer divisors: 1 and itself.) During the spring of their 13th or 17th year, these periodical cicadas construct an exit tunnel. Sometimes more than 1.5 million individuals emerge in a single acre; this abundance of bodies may have survival value as they overwhelm predators such as birds that cannot possibly eat them all at once.


Some researchers have speculated that the evolution of prime-number life cycles occurred so that the creatures increased their chances of evading shorter-lived predators and parasites. For example, if these cicadas had 12-year life cycles, all predators with life cycles of 2, 3, 4, or 6 years might more easily find the insects. Mario Markus of the Max Planck Institute for Molecular Physiology in Dortmund, Germany, and his coworkers discovered that these kinds of prime-number cycles arise naturally from evolutionary mathematical models of interactions between predator and prey. In order to experiment, they first assigned random life-cycle durations to their computer-simulated populations. After some time, a sequence of mutations always locked the synthetic cicadas into a stable prime-number cycle.


Of course, this research is still in its infancy and many questions remain. What is special about 13 and 17? What predators or parasites have actually existed to drive the cicadas to these periods? Also, a mystery remains as to why, of the 1,500 cicada species worldwide, only a small number of the genus Magicicada are known to be periodical.


SEE ALSO Ant Odometer (c. 150 Million BC), Ishango Bone (c. 18,000 BC), Sieve of Eratosthenes (c. 240 BC), Goldbach Conjecture (1742), Constructing a Regular Heptadecagon (1796), Gauss’s Disquisitiones Arithmeticae (1801), Proof of the Prime Number Theorem (1896), Brun’s Constant (1919), Gilbreath’s Conjecture (1958), Sierpiński Numbers (1960), Ulam Spiral (1963), Erdős and Extreme Collaboration (1971), and Andrica’s Conjecture (1985).















[image: ]The quintessence of ornamental knots is exemplified by The Book of Kells, an ornately illustrated Gospel Bible, produced by Celtic monks in about AD 800. Various knot-like forms can be seen in the details of this illustration.











Knots





c. 100,000 BC


The use of knots may predate modern humans (Homo sapiens). For example, seashells colored with ocher, pierced with holes, and dated to 82,000 years ago have been discovered in a Moroccan cave. Other archeological evidence suggests much older bead use in humans. The piercing implies the use of cords and the use of a knot to hold the objects to a loop, such as a necklace.


The quintessence of ornamental knots is exemplified by The Book of Kells, an ornately illustrated Gospel Bible, produced by Celtic monks in about AD 800. In modern times, the study of knots, such as the trefoil knot with three crossings, is part of a vast branch of mathematics dealing with closed twisted loops. In 1914, German mathematician Max Dehn (1878–1952) showed that the trefoil knot’s mirror images are not equivalent.


For centuries, mathematicians have tried to develop ways to distinguish tangles that look like knots (called unknots) from true knots and to distinguish true knots from one another. Over the years, mathematicians have created seemingly endless tables of distinct knots. So far, more than 1.7 million nonequivalent knots with pictures containing 16 or fewer crossings have been identified.


Entire conferences are devoted to knots today. Scientists study knots in fields ranging from molecular genetics—to help us understand how to unravel a loop of DNA—to particle physics, in an attempt to represent the fundamental nature of elementary particles.


Knots have been crucial to the development of civilization, where they have been used to tie clothing, to secure weapons to the body, to create shelters, and to permit the sailing of ships and world exploration. Today, knot theory in mathematics has become so advanced that mere mortals find it challenging to understand its most profound applications. In a few millennia, humans have transformed knots from simple necklace ties to models of the very fabric of reality.


SEE ALSO Quipu (c. 3000 BC), Borromean Rings (834), Perko Knots (1974), Jones Polynomial (1984), and Murphy’s Law and Knots (1988).















[image: ]The Ishango baboon bone, with its sequence of notches, was first thought to be a simple tally stick used by a Stone Age African. However, some scientists believe that the marks suggest a mathematical prowess that goes beyond counting of objects.











Ishango Bone





c. 18,000 BC


In 1960, Belgian geologist and explorer Jean de Heinzelin de Braucourt (1920–1998) discovered a baboon bone with markings in what is today the Democratic Republic of the Congo. The Ishango bone, with its sequence of notches, was first thought to be a simple tally stick used by a Stone Age African. However, according to some scientists, the marks suggest a mathematical prowess that goes beyond counting of objects.


The bone was found in Ishango, near the headwaters of the Nile River, the home of a large population of upper Paleolithic people prior to a volcanic eruption that buried the area. One column of marks on the bone begins with three notches that double to six notches. Four notches double to eight. Ten notches halve to five. This may suggest a simple understanding of doubling or halving. Even more striking is the fact that numbers in other columns are all odd (9, 11, 13, 17, 19, and 21). One column contains the prime numbers between 10 and 20, and the numbers in each column sum to 60 or 48, both multiples of 12.


A number of tally sticks have been discovered that predate the Ishango bone. For example, the Swaziland Lebombo bone is a 37,000-year-old baboon fibula with 29 notches. A 32,000-year-old wolf tibia with 57 notches, grouped in fives, was found in Czechoslovakia. Although quite speculative, some have hypothesized that the markings on the Ishango bone form a kind of lunar calendar for a Stone Age woman who kept track of her menstrual cycles, giving rise to the slogan “menstruation created mathematics.” Even if the Ishango was a simple bookkeeping device, these tallies seem to set us apart from the animals and represent the first steps to symbolic mathematics. The full mystery of the Ishango bone can’t be solved until other similar bones are discovered.


SEE ALSO Primates Count (c. 30 Million BC), Cicada-Generated Prime Numbers (c. 1 Million BC), and Sieve of Eratosthenes (c. 240 BC).















[image: ]The ancient Incas used quipus made of knotted strings to store numbers. Knot types and positions, cord directions, cord levels, and colors often represented dates and counts of people and objects.











Quipu





c. 3000 BC


The ancient Incas used quipus (pronounced “key-poos”), memory banks made of strings and knots, for storing numbers. Until recently, the oldest-known quipus dated from about AD 650. However, in 2005, a quipu from the Peruvian coastal city of Caral was dated to about 5,000 years ago.


The Incas of South America had a complex civilization with a common state religion and a common language. Although they did not have writing, they kept extensive records encoded by a logical-numerical system on the quipus, which varied in complexity from three to around a thousand cords. Unfortunately, when the Spanish came to South America, they saw the strange quipus and thought they were the works of the Devil. The Spanish destroyed thousands of them in the name of God, and today only about 600 quipus remain.


Knot types and positions, cord directions, cord levels, and color and spacing represent numbers mapped to real-world objects. Different knot groups were used for different powers of 10. The knots were probably used to record human and material resources and calendar information. The quipus may have contained more information such as construction plans, dance patterns, and even aspects of Inca history. The quipu is significant because it dispels the notion that mathematics flourishes only after a civilization has developed writing; however, societies can reach advanced states without ever having developed written records. Interestingly, today there are computer systems whose file managers are called quipus, in honor of this very useful ancient device.


One sinister application of the quipu by the Incas was as a death calculator. Yearly quotas of adults and children were ritually slaughtered, and this enterprise was planned using a quipu. Some quipus represented the empire, and the cords referred to roads and the knots to sacrificial victims.


SEE ALSO Knots (c. 100,000 BC) and Abacus (c. 1200).















[image: ]Dice were originally made from the anklebones of animals and were among the earliest means for producing random numbers. In ancient civilizations, people used dice to predict the future, believing that the gods influenced dice outcomes.











Dice





c. 3000 BC


Imagine a world without random numbers. In the 1940s, the generation of statistically random numbers was important to physicists simulating thermonuclear explosions, and today, many computer networks employ random numbers to help route Internet traffic to avoid congestion. Political poll-takers use random numbers to select unbiased samples of potential voters.


Dice, originally made from the anklebones of hoofed animals, were one of the earliest means for producing random numbers. In ancient civilizations, the gods were believed to control the outcome of dice tosses; thus, dice were relied upon to make crucial decisions, ranging from the selection of rulers to the division of property in an inheritance. Even today, the metaphor of God controlling dice is common, as evidenced by astrophysicist Stephen Hawking’s quote, “Not only does God play dice, but He sometimes confuses us by throwing them where they can’t be seen.”


The oldest-known dice were excavated together with a 5,000-year-old backgammon set from the legendary Burnt City in southeastern Iran. The city represents four stages of civilization that were destroyed by fires before being abandoned in 2100 BC. At this same site, archeologists also discovered the earliest-known artificial eye, which once stared out hypnotically from the face of an ancient female priestess or soothsayer.


For centuries, dice rolls have been used to teach probability. For a single roll of an n-sided die with a different number on each face, the probability of rolling any value is 1/n. The probability of rolling a particular sequence of i numbers is 1/ni. For example, the chance of rolling a 1 followed by a 4 on a traditional die is 1/62 = 1/36. Using two traditional dice, the probability of throwing any given sum is the number of ways to throw that sum divided by the total number of combinations, which is why a sum of 7 is much more likely than a sum of 2.


SEE ALSO Law of Large Numbers (1713), Buffon’s Needle (1777), Least Squares (1795), Laplace’s Théorie Analytique des Probabilités (1812), Chi-Square (1900), Lost in Hyperspace (1921), The Rise of Randomizing Machines (1938), Pig Game Strategy (1945), and Von Neumann’s Middle-Square Randomizer (1946).















[image: ]The Sagrada Família church in Barcelona, Spain features a 4 × 4 magic square with a magic constant of 33, the age at which Jesus died according to many Biblical interpretations. Note that this is not a traditional magic square because some numbers are repeated.











Magic Squares





c. 2200 BC





Bernard Frénicle de Bessy (1602–1675)



Legends suggest that magic squares originated in China and were first mentioned in a manuscript from the time of Emperor Yu, around 2200 BC. A magic square consists of N2 boxes, called cells, filled with integers that are all different. The sums of the numbers in the horizontal rows, vertical columns, and main diagonals are all equal.


If the integers in a magic square are the consecutive numbers from 1 to N2, the square is said to be of the Nth order, and the magic number, or sum of each row, is a constant equal to N(N2 + 1)/2. Renaissance artist Albrecht Dürer created this wonderful 4 × 4 magic square below in 1514.


Note the two central numbers in the bottom row read “1514,” the year of its construction. The rows, columns, and main diagonals sum to 34. In addition, 34 is the sum of the numbers of the corner squares (16 + 13 + 4 + 1) and of the central 2 × 2 square (10 + 11 + 6 + 7).
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As far back as 1693, the 880 different fourth-order magic squares were published posthumously in Des quassez ou tables magiques by Bernard Frénicle de Bessy, an eminent amateur French mathematician and one of the leading magic square researchers of all time.


We’ve come a long way from the simplest 3 × 3 magic squares venerated by civilizations of almost every period and continent, from the Mayan Indians to the Hasua people of Africa. Today, mathematicians study these magic objects in high dimensions—for example, in the form of four-dimensional hypercubes that have magic sums within all appropriate directions.


SEE ALSO Franklin Magic Square (1769) and Perfect Magic Tesseract (1999).


















[image: ]Plimpton 322 refers to a Babylonian clay tablet featuring numbers in cuneiform script. These whole numbers specify the side lengths of right triangles that are solutions to the Pythagorean theorem a2 + b2 = c2.











Plimpton 322





c. 1800 BC





George Arthur Plimpton (1855–1936)



Plimpton 322 refers to a mysterious Babylonian clay tablet featuring numbers in cuneiform script in a table of 4 columns and 15 rows. Eleanor Robson, a historian of science, refers to it as “one of the world’s most famous mathematical artifacts.” Written around 1800 BC, the table lists Pythagorean triples—that is, whole numbers that specify the side lengths of right triangles that are solutions to the Pythagorean theorem a2 + b2 = c2. For example, the numbers 3, 4, and 5 are a Pythagorean triple. The fourth column in the table simply contains the row number. Interpretations vary as to the precise meaning of the numbers in the table, with some scholars suggesting that the numbers were solutions for students studying algebra or trigonometry-like problems.


Plimpton 322 is named after New York publisher George Plimpton who, in 1922, bought the tablet for $10 from a dealer and then donated the tablet to Columbia University. The tablet can be traced to the Old Babylonian civilization that flourished in Mesopotamia, the fertile valley of the Tigris and Euphrates rivers, which is now located in Iraq. To put the era into perspective, the unknown scribe who generated Plimpton 322 lived within about a century of King Hammurabi, famous for his set of laws that included “an eye for an eye, a tooth for a tooth.” According to biblical history, Abraham, who is said to have led his people west from the city of Ur on the bank of the Euphrates into Canaan, would have been another near contemporary of the scribe.


The Babylonians wrote on wet clay by pressing a stylus or wedge into the clay. In the Babylonian number system, the number 1 was written with a single stroke and the numbers 2 through 9 were written by combining multiples of a single stroke.


SEE ALSO Pythagorean Theorem and Triangles (c. 600 BC).


















[image: ]The Rhind Papyrus is the most important source of information concerning ancient Egyptian mathematics. The scroll, a portion of which is shown here, includes mathematical problems involving fractions, arithmetic progressions, algebra, geometry, and accounting.











Rhind Papyrus





c. 1650 BC





Ahmes (c. 1680 BC–c. 1620 BC), Alexander Henry Rhind (1833–1863)



The Rhind Papyrus is considered to be the most important known source of information concerning ancient Egyptian mathematics. This scroll, about a foot (30 centimeters) high and 18 feet (5.5 meters) long, was found in a tomb in Thebes on the east bank of the river Nile. Ahmes, the scribe, wrote it in hieratic, a script related to the hieroglyphic system. Given that the writing occurred in around 1650 BC, this makes Ahmes the earliest-named individual in the history of mathematics! The scroll also contains the earliest-known symbols for mathematical operations—plus is denoted by a pair of legs walking toward the number to be added.


In 1858, Scottish lawyer and Egyptologist Alexander Henry Rhind had been visiting Egypt for health reasons when he bought the scroll in a market in Luxor. The British Museum in London acquired the scroll in 1864.


Ahmes wrote that the scroll gives an “accurate reckoning for inquiring into things, and the knowledge of all things, mysteries…all secrets.” The content of the scroll concerns mathematical problems involving fractions, arithmetic progressions, algebra, and pyramid geometry, as well as practical mathematics useful for surveying, building, and accounting. The problem that intrigues me the most is Problem 79, the interpretation of which was initially baffling.


Today, many interpret Problem 79 as a puzzle, which may be translated as “Seven houses contain seven cats. Each cat kills seven mice. Each mouse had eaten seven ears of grain. Each ear of grain would have produced seven hekats (measures) of wheat. What is the total of all of these?” Interestingly, this indestructible puzzle meme, involving the number 7 and animals, seems to have persisted through thousands of years! We observe something quite similar in Fibonacci’s Liber Abaci (Book of Calculation), published in 1202, and later in the St. Ives puzzle, an Old English children’s rhyme involving 7 cats.


SEE ALSO Ganita Sara Samgraha (850), Fibonacci’s Liber Abaci (1202), and Treviso Arithmetic (1478).


















[image: ]Philosophers Patrick Grim and Paul St. Denis offer an analytic presentation of all possible Tic-Tac-Toe games. Each cell in the Tic-Tac-Toe board is divided into smaller boards to show various possible choices.











Tic Tac Toe





c. 1300 BC


The game of Tic Tac Toe (TTT) is a among humanity’s best-known and most ancient games. Although the precise date of TTT with its modern rules may be relatively recent, archeologists can trace what appear to be “three-in-a-row games” to ancient Egypt around 1300 BC, and I suspect that similar kinds of games originated at the very dawn of human societies. For TTT, two players, O and X, take turns marking their symbols in the spaces of a 3 × 3 grid. The player who first places three of his own marks in a horizontal, vertical, or diagonal row wins. A draw can always be obtained for the 3 × 3 board.


In ancient Egypt, during the time of the great pharaohs, board games played an important role in everyday life, and TTT-like games are known to have been played during these ancient days. TTT may be considered an “atom” upon which the molecules of more advanced games of position were built through the centuries. With the slightest of variations and extensions, the simple game of TTT becomes a fantastic challenge requiring significant time to master. 	


Mathematicians and puzzle aficionados have extended TTT to larger boards, higher dimensions, and strange playing surfaces such as rectangular or square boards that are connected at their edges to form a torus (doughnut shape) or Klein bottle (a surface with just one side).


Consider some TTT curiosities. Players can place their Xs and Os on the TTT board in 9! = 362,880 ways. There are 255,168 possible games in TTT when considering all possible games that end in 5, 6, 7, 8, and 9 moves. In the early 1980s, computer geniuses Danny Hillis, Brian Silverman, and friends built a Tinkertoy® computer that played TTT. The device was made from 10,000 Tinkertoy parts. In 1998, researchers and students at the University of Toronto created a robot to play three-dimensional (4 × 4 × 4) TTT with a human.


SEE ALSO Go (548 BC), Icosian Game (1857), Solving the Game of Awari (2002), and Checkers Is Solved (2007).















[image: ]Persian mathematician Nasr al-Din al-Tusi (1201–1274) presented a version of Euclid’s proof of the Pythagorean theorem. Al-Tusi was a prolific mathematician, astronomer, biologist, chemist, philosopher, physician, and theologian.











Pythagorean Theorem and Triangles





c. 600 BC





Baudhayana (c. 800 BC), Pythagoras of Samos (c. 580 BC–c. 500 BC)



Today, young children sometimes first hear of the famous Pythagorean theorem from the mouth of the Scarecrow, when he finally gets a brain in MGM’s 1939 film version of The Wizard of Oz. Alas, the Scarecrow’s recitation of the famous theorem is completely wrong!


The Pythagorean theorem states that for any right triangle, the square of the hypotenuse length c is equal to the sum of the squares on the two (shorter) “leg” lengths a and b—which is written as a2 + b2 = c2. The theorem has more published proofs than any other, and Elisha Scott Loomis’s book Pythagorean Proposition contains 367 proofs.


Pythagorean triangles (PTs) are right triangles with integer sides. The “3-4-5” PT—with legs of lengths 3 and 4, and a hypotenuse of length 5—is the only PT with three sides as consecutive numbers and the only triangle with integer sides, the sum of whose sides (12) is equal to double its area (6). After the 3-4-5 PT, the next triangle with consecutive leg lengths is 21-20-29. The tenth such triangle is much larger: 27304197-27304196-38613965.


In 1643, French mathematician Pierre de Fermat (1601–1665) asked for a PT, such that both the hypotenuse c and the sum (a + b) had values that were square numbers. It was startling to find that the smallest three numbers satisfying these conditions are 4,565,486,027,761, 1,061,652,293,520, and 4,687,298,610,289. It turns out that the second such triangle would be so “large” that if its numbers were represented as feet, the triangle’s legs would project from Earth to beyond the sun!


Although Pythagoras is often credited with the formulation of the Pythagorean theorem, evidence suggests that the theorem was developed by the Hindu mathematician Baudhayana centuries earlier around 800 BC in his book Baudhayana Sulba Sutra. Pythagorean triangles were probably known even earlier to the Babylonians.


SEE ALSO Plimpton 322 (c. 1800 BC), Pythagoras Founds Mathematical Brotherhood (c. 530 BC), Quadrature of the Lune (c. 440 BC), Law of Cosines (c. 1427), and Viviani’s Theorem (1659).


















[image: ]The game of Go is complex, due in part to the large game board, complicated strategies, and huge numbers of variations in possible games.











Go





548 BC


Go is a two-player board game that originated in China around 2000 BC. The earliest written references to the game are from the earliest Chinese work of narrative history, Zuo Zhuan (Chronicle of Zuo), which describes a man in 548 BC who played the game. The game spread to Japan, where it became popular in the thirteenth century. Two players alternately place black and white stones on intersections of a 19 × 19 playing board. A stone or a group of stones is captured and removed if it is tightly surrounded by stones of the opposing color. The objective is to control a larger territory than one’s opponent.


Go is complex for many reasons, including its large game board, multifaceted strategies, and huge numbers of variations in possible games. Simply having more stones than an opponent does not ensure victory. After taking symmetry into account, there are 32,940 opening moves, of which 992 are considered to be strong ones. The number of possible board configurations is usually estimated to be on the order of 10172, with about 10768 possible games. Typical games between talented players consist of about 150 moves, with an average of about 250 choices per move.


Go-playing computers find it difficult to “look ahead” in the game to judge outcomes because many more reasonable moves must be considered in Go than in chess. The process of evaluating the favorability of a position is also quite difficult because a difference of a single unoccupied grid point can affect large groups of stones.


Nevertheless, in 2016, the AlphaGo computer program defeated South Korean Lee Sedol, which was the first time a program beat a 9-dan professional player, without handicaps. Technically speaking, AlphaGo used a Monte Carlo tree-search algorithm and artificial neural networks to learn and play the game. In 2017, a newer program version, named AlphaGo Zero, learned Go by playing against itself many millions of times, without relying on data from human matches, and then promptly defeated AlphaGo. In some sense, AlphaGo Zero discovered or derived thousands of years of human insight, creativity, and training—and then invented superior approaches in just a few days.


SEE ALSO Tic Tac Toe (c. 1300 BC), Solving the Game of Awari (2002), and Checkers Is Solved (2007).















[image: ]Pythagoras (the bearded man at bottom left with a book) is teaching music to a youth in The School of Athens by Raphael (1483–1520), the famous Renaissance Italian painter and architect.











Pythagoras Founds Mathematical Brotherhood





c. 530 BC





Pythagoras of Samos (c. 580 BC–c. 500 BC)



Around 530 BC, the Greek mathematician Pythagoras moved to Croton, Italy, to teach mathematics, music, and reincarnation. Although many of Pythagoras’s accomplishments may actually have been due to his disciples, the ideas of his brotherhood influenced both numerology and mathematics for centuries. Pythagoras is usually credited with discovering mathematical relationships relevant to musical harmonies. For example, he observed that vibrating strings produce harmonious sounds when the ratios of the lengths of the strings are whole numbers. He also studied triangular numbers (based on patterns of dots in a triangular shape) and perfect numbers (integers that are the sum of their proper positive divisors). Although the famous theorem that bears his name, a2 + b2 = c2 for a right triangle with legs a and b and hypotenuse c, may have been known to the Indians and Babylonians much earlier, some scholars have suggested that Pythagoras or his students were among the first Greeks to prove it.


To Pythagoras and his followers, numbers were like gods, pure and free from material change. Worship of the numbers 1 through 10 was a kind of polytheism for the Pythagoreans. They believed that numbers were alive, with a telepathic form of consciousness. Humans could relinquish their three-dimensional lives and telepathize with these number beings by using various forms of meditation.


Some of these seemingly odd ideas are not foreign to modern mathematicians who often debate whether mathematics is a creation of the human mind or if it is simply a part of the universe, independent of human thought. To the Pythagoreans, mathematics was an ecstatic revelation. Mathematical and theological blending flourished under the Pythagoreans and eventually affected much of the religious philosophy in Greece, played a role in religion of the Middle Ages, and extended to philosopher Immanuel Kant in modern times. Bertrand Russell mused that if it were not for Pythagoras, theologians would not have so frequently sought logical proofs of God and immortality.


SEE ALSO Plimpton 322 (c. 1800 BC) and Pythagorean Theorem and Triangles (c. 600 BC).


















[image: ]According to Zeno’s most famous paradox, the rabbit can never overtake the tortoise once the tortoise is given a head start. In fact, the paradox seems to imply that neither can ever cross the finish line.











Zeno’s Paradoxes





c. 445 BC





Zeno of Elea (c. 490 BC–c. 430 BC)



For more than a thousand years, philosophers and mathematicians have tried to understand Zeno’s paradoxes, a set of riddles that suggest that motion should be impossible or that it is an illusion. Zeno was a pre-Socratic Greek philosopher from southern Italy. His most famous paradox involves the Greek hero Achilles and a slow tortoise that Achilles can never overtake during a race once the tortoise is given a head start. In fact, the paradox seems to imply that you can never leave the room you are in. In order to reach the door, you must first travel half the distance there. You’ll also need to continue to half the remaining distance, and half again, and so on. You won’t reach the door in a finite number of jumps! Mathematically one can represent this limit of an infinite sequence of actions as the sum of the series (1/2 + 1/4 + 1/8 + …). One modern tendency is to attempt to resolve Zeno’s paradox by insisting that the sum of this infinite series 1/2 + 1/4 + 1/8 is equal to 1. If each step is done in half as much time, the actual time to complete the infinite series is no different than the real time required to leave the room.


However, this approach may not provide a satisfying resolution because it does not explain how one is able to finish going through an infinite number of points, one after the other. Today, mathematicians make use of infinitesimals (unimaginably tiny quantities that are almost but not quite zero) to provide a microscopic analysis of the paradox. Coupled with a branch of mathematics called nonstandard analysis and, in particular, internal set theory, we may have resolved the paradox, but debate continues. Some have also argued that if space and time are discrete, the total number of jumps in going from one point to another must be finite.


SEE ALSO Aristotle’s Wheel Paradox (c. 320 BC), Harmonic Series Diverges (c. 1350), Discovery of Series Formula for π (c. 1500), Discovery of Calculus (c. 1665), St. Petersburg Paradox (1738), Barber Paradox (1901), Banach-Tarski Paradox (1924), Hilbert’s Grand Hotel (1925), Birthday Paradox (1939), Coastline Paradox (c. 1950), Newcomb’s Paradox (1960), and Parrondo’s Paradox (1999).
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		Saharan desert ants may have built-in “pedometers” that count steps and allow the ants to measure exact distances. Ants with stilts glued to their legs (shown in red) travel too far and pass their nest entrance, suggesting that stride length is important for distance determination.



		The Rhind Papyrus is the most important source of information concerning ancient Egyptian mathematics. The scroll, a portion of which is shown here, includes mathematical problems involving fractions, arithmetic progressions, algebra, geometry, and accounting.



		Bessel functions are useful in studying problems of wave propagation, as well as modes of vibration of a thin circular membrane. (This rendering is by Paul Nylander, who uses Bessel functions to study wave phenomena.)



		Working model of a portion of Charles Babbage’s Difference Engine, currently located at the London Science Museum.



		Augustin Louis Cauchy, lithograph by Gregoire et Deneux.



		Barycentric coordinates. Point P is the barycenter of A, B, and C, and we say that the barycentric coordinates of P are [A, B, C]. Triangle ABC would balance on a pin placed beneath the barycenter.



		One form of non-Euclidean geometry is exemplified by Jos Leys’s hyperbolic tiling. Artist M. C. Escher also experimented with non-Euclidean geometries in which the entire universe could be compressed and represented in a finite disk.



		August Ferdinand Möbius, from the frontispiece in Möbius’s Werke.



		The frantic mathematical scribbling Galois made during the night before his fatal duel. On this page, on the left below the center, are the words Une femme, with femme crossed out—a reference to the woman at the center of the duel.



		Given m pigeon homes and n pigeons, at least one home must house more than one pigeon if n > m.



		Physicist Leo Fink rendered this 3-D section of a 4-D quaternion fractal. The intricate surface represents the complicated behavior of Qn++ = Qn2 + c, where Q and c are quaternion numbers, and c =−0.35 + 0.7i + 0.15j + 0.3k.



		French mathematician Charles Hermite, c. 1887. Hermite proved in 1873 that Euler’s number e was transcendental.



		Philosophers Patrick Grim and Paul St. Denis offer an analytic presentation of all possible Tic-Tac-Toe games. Each cell in the Tic-Tac-Toe board is divided into smaller boards to show various possible choices.



		Belgian mathematician Eugène Charles Catalan. In 1844, Catalan conjectured that 8 and 9 are the only powers of integers that are consecutive.



		Portrait of James Joseph Sylvester, the frontispiece to Volume 4 of The Collected Mathematical Papers of James Joseph Sylvester, edited by H. F. Baker (Cambridge University Press, 1912).



		This map of the state of Ohio, scanned from an 1881 original, makes use of four colors. Note that no two distinct regions sharing a common edge are the same color.



		Ukrainian artist and photographer Mikhail Tolstoy illustrates his creative conception of a binary stream composed of ones and zeros. The artwork reminds him of the binary information flowing through digital networks such as the Internet.



		Teja Krašek’s creative rendition of the Icosian Game. The objective is to find a path along the edges of this dodecahedron so that every corner is visited only once. In 1859, a London toy manufacturer bought the rights to the game.



		A harmonograph rendition produced by Ivan Moscovich. In the 1960s, Moscovich created mechanically efficient, large harmonographs by linking pendulums to a vertical surface. Moscovich, a famous puzzle designer, was in the Auschwitz concentration camp, and liberated by British troops in 1945.



		Multiple Möbius strips, an artwork created by Teja Krašek and Cliff Pickover. The Möbius strip is the first one-sided surface discovered and investigated by humans.



		As the stick slides around the outer curve, a point on the stick traces out the inner curve. Holditch’s theorem states that the area between the curves will be πpq and is independent of the shape of the outer curve. (Figure by Brian Mansfield.)



		Tibor Majlath’s rendition of the Riemann zeta function ζ(s) in the complex plane. The four small bulls-eye patterns at top and bottom correspond to zeros at Re(s) = ½. The plot extends from −32 to +32 in the real and imaginary directions.



		A variant of the classic Beltrami pseudosphere, this depiction of a breather pseudosphere, rendered by Paul Nylander, also has a constant negative curvature.



		Persian mathematician Nasr al-Din al-Tusi (1201–1274) presented a version of Euclid’s proof of the Pythagorean theorem. Al-Tusi was a prolific mathematician, astronomer, biologist, chemist, philosopher, physician, and theologian.



		This Weierstrass surface, assembled from numerous related Weierstrass curves, was approximated and rendered by Paul Nylander using fa(x) = Σ[sin(πkax)/πka] (0 < x < 1; 2 < a < 3; and the sum was from k = 1 to 15).



		The ancient Baguenaudier puzzle had led to various US patents from the 1970s that describe similar puzzles. For example, one version can be easily disassembled even if not solved. Another allows the number of rings to be varied to change the difficulty level. (Figures are from US patents 4,000,901 and 3,706,458.)



		Sofia Kovalevskaya was the first woman to earn a doctorate in mathematics in Europe.



		In the 1880s, the Fifteen Puzzle took the world by storm, much like the Rubik’s Cube did in modern times. Mathematicians have since precisely determined which initial arrangements of the tiles can lead to solutions.



		Photo of Georg Cantor and his wife, taken around 1880. Cantor’s startling ideas about infinity initially drew widespread criticism, which may have exacerbated his severe and chronic battles with depression.



		A figure from a 1978 patent (US patent 4,074,778), which describes a drill bit for drilling a square hole based on the Reuleaux triangle.



		LEFT: Tidal record for two weeks (January 1–14, 1884) at Bombay. The tide was recorded on a cylindrical sheet that turned once every 24 hours. RIGHT: The harmonic analyzer of German mathematician Olaus Henrici.



		A 1904 replica of the Ritty Model 1 cash register.



		Symmetric 11-Venn diagram, courtesy of Dr. Peter Hamburger and Edit Hepp.



		Benford’s law can be observed in stock prices and other financial data, as well as in electricity bills and street addresses.



		The game of Go is complex, due in part to the large game board, complicated strategies, and huge numbers of variations in possible games.



		The Klein bottle has a flexible neck that wraps back into the bottle to form a shape with no separate inside and outside. Four dimensions are needed to create a true Klein bottle without self-intersections.



		The Flag Tower of Hanoi, built in 1812, is located in Hanoi, Vietnam. It has a height of about 109.5 feet (33.4 meters), or 134.5 feet (41 meters) with the flag, and, according to some legends, was the likely inspiration for the name of the puzzle.



		The cover of Flatland, 6th Edition, by Edwin Abbott Abbott. Notice that “My Wife” is portrayed as a line within the pentagonal house. In Flatland, women could be particularly dangerous, due to their sharp ends.



		Rendering of a tesseract by Robert Webb using Stella4D software. The tesseract is the four-dimensional analog of the ordinary cube.



		The work of Italian mathematician Giuseppe Peano touches upon philosophy, mathematical logic, and set theory. He taught mathematics at the University of Turin until the day before he died from a heart attack.



		The Hilbert cube is a three-dimensional extension to a traditional two-dimensional Peano curve. This 4-inch (10.2-centimeter) bronze and stainless-steel sculpture was designed by Carlo H. Sequin at the University of California at Berkeley.



		The Alhambra palace and fortress complex. The Islamic Moors used numerous different wallpaper groups in their beautiful decorations of the Alhambra.



		Given a scattering of a finite number of points—not all along a single line (and represented here by colored spheres)—the Sylvester-Gallai theorem tells us that there must exist at least one line containing exactly two points.



		Prime numbers, represented in boldface, “grow like weeds among the natural numbers…and nobody can predict where the next one will sprout.…” Although the number 1 used to be considered a prime, today mathematicians generally consider 2 to be the first prime.



		According to Pick’s theorem, the area of this polygon is i + b/2 − 1, where i is the number of points located within the polygon and b is the number of boundary points located on the boundary of the polygon.



		Pythagoras (the bearded man at bottom left with a book) is teaching music to a youth in The School of Athens by Raphael (1483–1520), the famous Renaissance Italian painter and architect.



		According to Morley’s theorem—also known as Morley’s Miracle—for any triangle, the three points of intersection of adjacent angle trisectors always form an equilateral triangle.



		Photograph of David Hilbert (1912), which appeared on postcards of faculty members at the University of Göttingen. Students often purchased such postcards.



		Chi-square values help us test the hypothesis that a random sample of 100 insects has been drawn from a population in which butterflies and beetles are equal in frequency. For this figure, a value of 64 suggests that our hypothesis is probably incorrect.



		Boy’s surface, rendered by Paul Nylander. This object is a single-sided surface with no edges.



		The Barber paradox involves a town with one male barber who, every day, shaves every man who doesn’t shave himself, and no one else. Does the barber shave himself?



		A flock of birds, no matter how complicated, can be enclosed by a sphere with a radius no greater than if we consider each bird to be a point in space. What can we say about a flock of starlings in a four-dimensional space?



		French mathematician Henri Poincaré, who posed the Poincaré conjecture in 1904. The conjecture remained unproven until 2002 and 2003, when Russian mathematician Grigori Perelman finally offered a valid proof.



		Koch snowflake tiling. To create this pattern, mathematician and artist Robert Fathauer uses different snowflake sizes.



		In theory, even if we have infinitely many goldfish bowls, we can always choose one goldfish from each bowl, even if we have no “rule” for which goldfish to pluck from each bowl, and even if the goldfish are indistinguishable.



		Jordan curves by mathematician and artist Robert Bosch. TOP: Is the red dot inside or outside of the Jordan curve? BOTTOM: The white line is a Jordan curve; the green and blue regions are its interior and exterior, respectively.



		According to Zeno’s most famous paradox, the rabbit can never overtake the tortoise once the tortoise is given a head start. In fact, the paradox seems to imply that neither can ever cross the finish line.



		Mark Dow’s artwork composed of square tiles that contain a set of symmetrical spirals. The 1s and 0s of the Thue-Morse sequence control the two orientations of the tiles as they fill a checkerboard array.



		Randomly tossed crumpled papers help visualize Dutch mathematician Luitzen Brouwer’s fixed-point theorem—“an amazing result in topology and one of the most useful theorems in mathematics.”



		Piece of π, an artwork created by considering a portion of the endless digits of π and representing each digit by a color. The number π is conjectured to be “normal” and to have characteristics of a completely random sequence.



		Mary Everest Boole, author of Philosophy and Fun of Algebra and wife of mathematician George Boole, who invented Boolean algebra.



		After a few hundred pages of Principia, Volume I, the authors note that 1 + 1 = 2. The proof is actually completed in Volume II, accompanied by the comment, “The above proposition is occasionally useful.”



		If we try to smoothly brush the hairs on a hairy sphere to make them all lie flat, we will always leave behind at least one hair standing up straight or a hole (for example, a bald spot).



		According to the infinite monkey theorem, a monkey pressing keys at random on a typewriter keyboard for an infinite amount of time will almost surely type a particular finite text, such as the Bible.



		Bieberbach began working as a Privatdozent (private lecturer) at the University of Königsberg in 1910. Shown here is one of the old buildings of the university, later destroyed in World War II. Königsberg Cathedral is in the background.



		According to Johnson’s theorem, if three identical circles pass through a common point, then their other three intersections must lie on another circle that is of the same size as the original three circles.



		The Hausdorff dimension can be used to measure the fractional dimensions of fractal sets such as represented by this intricate fractal pattern rendered by Paul Nylander.



		The two lunes (the yellow crescent-shaped areas) associated with the sides of a right triangle have a combined area equal to that of the triangle. Ancient Greek mathematicians were enchanted by the elegance of these kinds of geometrical findings.



		A graph of the number of twin primes less than x. The range of the x-axis is from 0 to 800, and the rightmost plateau, at the top of the graph, occurs at a value of 30.



		A little more than a googol different ways exist for arranging the 70 beads in sequence, assuming that each bead is different and that the necklace remains open.



		Rendering of Antoine’s necklace, by computer scientist and mathematician Robert Scharein. In the next stage of construction, each component ring would be replaced with a linked chain of rings. Given an infinite number of stages, what remains is Antoine’s necklace.



		Amalie Emmy Noether, author of Idealtheorie in Ringbereichen (Theory of Ideals in Ring Domains), which was of major importance in the development of modern abstract algebra. Noether also developed some of the mathematics of general relativity but often toiled without pay.



		An insect randomly walks one step forward or one step back in an infinite tube. What is the probability that the random walk will eventually take the insect back to its starting point?



		The United States Pavilion with a geodesic dome, featured at the 1967 World Exhibition (“Expo 67”) in Montreal, Canada. The sphere had a diameter of 250 feet (76 meters).



		A portion of Alexander’s horned sphere, rendered by Cameron Browne. Introduced by mathematician James Waddell Alexander in 1924, Alexander’s horned sphere is a fractal, composed of an infinite number of interlocking pairs of “fingers.”



		The Banach-Tarski paradox shows how it is possible to take a mathematical representation of a ball, break it into several pieces, and then reassemble those pieces to make two identical copies of the ball.



		Polish mathematician Zbigniew Moroń discovered this 65 × 47 rectangle that is tiled with 10 square tiles with side lengths 3, 5, 6, 11, 17, 19, 22, 23, 24, and 25.



		In Hilbert’s Grand Hotel, the hotel is fully occupied, yet the clerk can give you a room. How can this be?



		A traditional dodecahedron is a polyhedron with 12 pentagonal faces. Shown here is Paul Nylander’s graphical approximation of a hyperbolic dodecahedron, which uses a portion of a sphere for each face.



		A child exploring inside a Menger sponge with its infinite number of cavities. This collaborative artwork by fractal enthusiasts Gayla Chandler and Paul Bourke makes use of Bourke’s computer-generated sponge that he merged with an image of a human child.



		A differential analyzer at the Lewis Flight Propulsion Laboratory, in 1951. The analyzer was among the first advanced computing devices to be used for practical applications such as the design of bombs used to destroy German dams during World War II.



		Five points connected to each other with straight lines that are either red or blue. In this depiction, no all-red or all-blue triangle exists between points. Six points are required to ensure that either a blue or red triangle is formed.



		Albert Einstein and Kurt Gödel. Photo by Oskar Morgenstern, Institute of Advanced Study Archives, Princeton, 1950s.



		The first 100,000 binary digits of Champernowne’s number in binary, adapted from the work of Adrian Belshaw and Peter Borwein. The 0s in the sequence are converted to −1s, and then digit pairs (±1, ±1) used to walk (±1, ±1) in the plane. The graph’s x-axis range is (0, 8,400).



		World War I cemetery in France near Verdun. The aftermath of the war presented a difficult challenge for aspiring French mathematicians. Vast numbers of students and young teachers were killed, which was one motivation for several young Parisian math students to create the Bourbaki group.



		The Fields Medal is sometimes referred to as the “Nobel Prize of mathematicians”; however, the Fields Medal is awarded only to mathematicians 40 years of age and younger.



		A replica of a Bombe machine. Alan Turing invented this electromechanical device to help break the Nazi codes produced by their Enigma code machine.



		A spiral Voderberg tiling, rendered by Teja Krašek. This kind of tiling is referred to as monohedral because it is a tessellation in which all tiles are the same.



		Fractal Collatz pattern. Although the behavior of 3n+1 numbers is usually studied for integers, it is possible to extend the mathematical mappings to complex numbers and represent the intricate fractal behavior through coloration in the complex plane.



		Italian Renaissance artist Raphael depicts Aristotle (right), holding his Ethics, next to Plato. This Vatican fresco, The School of Athens, was painted between 1510 and 1511.



		Ford circles, rendered by Jos Leys. The image is rotated 45° so that the x-axis extends from bottom left to upper right. The circles become smaller and smaller, always filling in the cracks and spaces between larger ones.



		The complex and unpredictable motions of wax blobs within lava lamps has been used as a source of random numbers. Such a system for generating random numbers is mentioned in US Patent 5,732,138, issued in 1998.



		How many people must be in the room before the probability that some share a birthday becomes at least 50 percent? Assuming 365 days each year, the counterintuitive answer to the problem is a mere 23 people.



		A central circle is surrounded by alternating polygons and circles, as described in the text (the red lines are thickened in the illustration for artistic effect). Is it possible to make the pattern grow as large as a typical adult bicycle tire?



		Hex board game played on a hexagonal grid. Red’s goal is to form a red path connecting two opposite sides of the board. Blue’s goal is to form a path connecting the other opposite sides. In this example, Red wins.



		The simple game of Pig has surprisingly complicated strategies and analyses. Pig was first described in print in 1945 by American magician and inventor John Scarne.



		US Army photo of ENIAC, the first electronic, reprogrammable, digital computer that could be used to solve a large range of computing problems. Its first important application involved the design of the hydrogen bomb.



		John von Neumann in the 1940s. Von Neumann developed the middle-square method, a famous, early computer-based pseudorandom number generator.



		Diagram from Frank Gray’s US patent 2,632,058, filed in 1947 and issued in 1953. In this patent, Gray introduced his famous code, referring to it as a “reflected binary code.” The code was later named after Gray by other researchers.



		Information theory helps technologists understand the capacity of various systems to store, transmit, and process information. Information theory has applications in fields ranging from computer science to neurobiology.



		Consider a small wheel glued to a large wheel. Describe the motion of the wheel assembly as it moves from right to left along a rod that touches the smaller wheel and a road that touches the bottom wheel.



		The Curta calculator may be the first commercially successful portable mechanical calculator. The handheld device was developed by Curt Herzstark while a prisoner in the Buchenwald concentration camp. The Nazis hoped to give the device to Adolph Hitler as a gift.



		Császár polyhedron. Aside from the tetrahedron, the Császár polyhedron is the only known polyhedron that is considered to have no diagonals, where a diagonal is defined as a line joining any two vertices not connected by an edge.



		LEFT: Nobel Prize–winner John Nash. This photo was taken in 2006 at a game theory symposium at the University of Cologne in Germany. RIGHT: The mathematics of game theory may be used to model real-world scenarios in fields that range from social sciences to international relations and biology. Recent studies have applied the Nash equilibrium to the modeling of honeybee hives that compete for habitat resources.



		As one uses increasingly small measuring sticks to measure the length of the coastline of England, the length of the coastline appears to approach infinity. This “paradox” shows how natural features exhibit fractional dimensions over a range of measurement scales.



		The Prisoner’s Dilemma was first formally identified in 1950 by Melvin Dresher and Merrill M. Flood. The dilemma helps researchers illustrate the difficulty of analyzing non-zero-sum games in which one person’s victory is not necessarily the other person’s defeat.



		Cone snail with cellular-automata patterns on its shell, resulting from that activation and inhibition of neighboring pigment cells. The pattern resembles the output of a one-dimensional cellular automaton, referred to as a Rule 30 automaton.



		LEFT: One logo used for the 2008 Gathering for Gardner conference. This biannual conference is held in honor of Martin Gardner to promote the exposition of new ideas in recreational mathematics, magic, puzzles, art, and philosophy. (The logo is by Teja Krašek.) RIGHT: Martin Gardner stands by all his words: Six shelves contain his publications, dating back to 1931. (The photo was taken in his Oklahoma home in March 2006.)



		Norman Gilbreath, 2007, while at Cambridge University. The great number theorist Paul Erdős said that he thought the Gilbreath conjecture was true, but that it would probably be 200 years before it was proved.



		LEFT: Today, mathematicians know precisely how to turn a sphere inside out. However, for many years, topologists were unable to show how to accomplish this formidable geometrical task. RIGHT: Carlo H. Sequin’s physical model of one mathematical stage of the sphere eversion process. (The sphere had started out as green on the outside and red on the inside.)



		Mathematicians have discovered billiard-ball return shots within five Platonic solids. For example, a closed “bouncing ball” path exists that makes contact with each inner wall of the 20-sided icosahedron, rendered here by Teja Krašek.



		Primates appear to have some sense of number, and the higher primates can be taught to identify numbers from 1 to 6 by pressing the appropriate computer key when shown a certain number of objects.



		This is the frontispiece of Adelard of Bath’s translation of Euclid’s Elements, c. 1310. This translation from Arabic to Latin is the oldest surviving Latin translation of Elements.



		Richard Schwartz demonstrates that the dynamics of outer billiards around a Penrose kite (the orange central polygon) may be visualized by an intricate tiling pattern. The colors of various polygonal regions provide an indication of the behavior of trajectories with endpoints in these regions.



		Newcomb’s paradox, formulated in 1960 by physicist William A. Newcomb. Would you take both boxes, knowing that the angels are super-intelligent predictors and almost certainly correct?



		Logo of “Seventeen Or Bust,” a distributed-computing project once devoted to determining if 78,557 is the smallest Sierpiński number. For years, their system harnessed the computational power of hundreds of computers around the world, working together on the problem. Today, work on the Sierpiński problem continues at the PrimeGrid computing project.



		Chaotic mathematical pattern, created by Roger A. Johnston. Although chaotic behavior may seem “random” and unpredictable, it often obeys mathematical rules derived from equations that can be studied. Very small changes of the initial conditions can lead to very different outcomes.



		A 200 × 200 Ulam spiral plot. Several diagonal patterns are highlighted in yellow. Ulam’s simple plot demonstrates the use of the computer as a kind of microscope that allows mathematicians to visualize structures that may lead to new theorems.



		Various infinitudes, while difficult to contemplate, may be explored using computer graphics, as in this rendition of Gaussian rational numbers. Here, sphere positions represent the complex fraction p/q. The spheres touch the complex plane at location p/q and have radii equal to 1/(2qq).



		Piet Hein’s superegg, sitting across the moat from Egeskov Castle in Kvaerndrup, Fyn Island, Denmark. The castle, built the mid-1550s, is one of the best-preserved Renaissance “water castles.” Originally, the castle could only be accessed via a drawbridge.



		Fuzzy logic has been used in the design of efficient washing machines. For example, US patent 5,897,672, issued in 1999, describes the use of fuzzy logic for detecting the relative proportion of various fabric types present in a clothes load in a clothes washer.



		Frank Armbruster, holding his famous puzzle, Instant Insanity. There are 41,472 different ways for arranging the four cubes in a row, only two of which are solutions. More than 12 million puzzles sold in the late 1960s.



		LEFT: Robert Langlands. RIGHT: The Langlands program links two different branches of mathematics and involves conjectures that are said to be “like a cathedral” because they exhibit such an elegant fit. The Langlands program may be considered a grand unified theory of mathematics, which may take centuries to completely elucidate.



		For Archimedes’ Stomachion puzzle, one goal is to determine in how many ways the 14 pieces shown here can be put together to make a square. In 2003, four mathematicians determined that the number is 17,152. (Rendering by Teja Krašek.)



		Game of Sprouts. In this example, only two starting points (circled) are used, and the game is not yet finished. Despite its apparent simplicity, the game is very difficult to analyze as the number of starting points modestly increases.



		Catastrophe theory is the mathematical theory of abrupt changes, such as the swarming behavior of grasshoppers as population density increases. Research has suggested that the sudden swarming behavior is triggered by increased contacts of the insect’s hind legs over a few-hour period. Large swarms may consist of billions of insects.



		In 1995, mathematician George Tokarsky discovered this unilluminable 26-sided polygonal “room.” The room contains a location at which a match can be held that leaves another point in the room in the dark.



		Schematic representation of Mastermind. The normally hidden code at bottom is green-blue-red-magenta. The player starts with a guess at the board’s top row and converges to a solution in five moves after receiving hints (not shown here) from the opponent.



		Paul Erdős fueled his superhuman work schedule through constant use of coffee, caffeine tablets, and Benzedrine, and he agreed with his collaborator Alfréd Rényi that “a mathematician is a machine for turning coffee into theorems.” He often put in 19-hour days, seven days a week.



		The HP-35 calculator was the world’s first scientific pocket calculator, with trigonometric and exponential functions. Bill Hewlett began to develop the compact calculator despite erroneous market studies that suggested almost no market existed for pocket-size calculators.



		A patch of Penrose tiling with two geometric shapes that can cover a plane in a pattern with no gaps or overlaps and that does not repeat periodically.



		LEFT: Three guards, positioned at the location of the three large spheres, can simultaneously view the interior of this polygonal room with 11 vertices. RIGHT: The art gallery theorem continues to stimulate a wealth of geometrical research using unusual wall arrangements, mobile guards, and higher dimensions.



		LEFT: Zachary Paisley’s handmade speaker enclosure in the form of a Rubik’s Cube. This direct-servo subwoofer weighs 150 pounds (68 kilograms). Paisley says that the sounds are “capable of penetrating concrete—almost making it powerful enough to solve itself!” RIGHT: In 2008, Hans Andersson built a robot with plastic pieces that can solve Rubik’s Cube using a light sensor to detect colors on the cube. The robot does not require a separate connection to a PC to perform calculations and cube manipulations.



		The features of Ω have vast mathematical implications and place fundamental limits on what we can know. The number Ω has infinitely many digits, and its properties show that solvable problems “form a tiny archipelago in a vast ocean of undecidability.”



		Pi is approximately equal to 3.14 and is the ratio of a circle’s circumference to its diameter. Ancient peoples may have noticed that for every revolution of a cart wheel, the cart moves forward about three times the diameter of the wheel.



		LEFT: John H. Conway at the conference on Combinatorial Game Theory at Banff International Research Station in Alberta, Canada, June 2005. RIGHT: The cover of Donald Knuth’s Surreal Numbers, an example of one of the few times that a major mathematical discovery was published first in a work of fiction. Surreal numbers include infinity and infinitesimals, numbers smaller than any imaginable real numbers.



		The two configurations shown here represent two knots that for more than 75 years were thought to represent two distinct knot types. In 1973, mathematicians discovered that the knots were in fact the same. (This graphics rendering is by Jos Leys.)



		Fractal structure by Jos Leys. Fractals often exhibit self-similarity, which suggests that various structural themes are repeated at different size scales.



		Bifurcation diagram (rotated clockwise by 90º), by Steven Whitney. This figure reveals the incredibly rich behavior of a simple formula as a parameter r is varied. Bifurcation “pitchforks” can be seen as small, thin, light branching curves amidst the chaos.



		Enigma machine, used to code and decode messages before the age of modern cryptography. The Nazis used Enigma-produced ciphers, which had several weaknesses, such as the fact that the messages could be decoded if a code book was captured.



		The Szilassi polyhedron forms the basis for this lamp, created by Hans Schepker.



		Dynamical systems are models comprising the rules that describe the way some quantity undergoes a change through time. The Ikeda attractor, shown here, is an example of a strange attractor, which has an irregular, unpredictable behavior.



		LEFT: Spidron, a spiraling triangulated structure that grows increasingly small at its two tips. RIGHT: Spidrons have the ability to form various tiling patterns and space-filling polyhedra, such as this sculpture, courtesy of Dániel Erdély.



		The Mandelbrot set is a fractal and continues to exhibit similar structural details no matter how much the edge of the object is magnified. Computer magnifications of the M-set will easily yield pictures never seen before by human eyes. (This rendering is by Jos Leys.)



		American mathematician Robert Griess (pictured here) constructed the Monster in 1981. The quest to comprehend the Monster has helped mathematicians understand some of the basic building blocks of symmetry. The Monster group involves a space of 196,884 dimensions!



		Polish artist Andreas Guskos creates contemporary art by concatenating thousands of prime numbers and using them as textures on various surfaces. This work is called Eratosthenes, after the Greek mathematician who developed the first-known test for primality.



		Select three points at random in a circle to create a triangle. What is the probability of obtaining a triangle in which each of the three angles is less than 90°?



		Knot with 10 crossings, rendered by Jos Leys. One of the goals of knot theory is to find a mathematical characteristic that is the same for equivalent knots so that it can be used to show that two knots are different.



		This model of a Weeks manifold contains only one galaxy, but we see images of that galaxy repeating in a crystalline pattern, giving the illusion of an infinite space. The effect is similar to a hall of mirrors, which also gives an illusion of infinite space.



		The function An for the first 100 primes. The highest vertical point in this graph (the bar near the left of the plot) is at 0.67087, and the x-axis range is from 1 to 100.



		The ABC conjecture is considered to be one of the most important unsolved problems in number theory. The conjecture was first advanced in 1985 by mathematicians David Masser (pictured here) and Joseph Oesterlé.



		The strange construction method for the audioactive process yields Conway’s constant, 1.3035…, which turns out to be a unique positive real root of a 69-term polynomial equation. This root is at the location of the yellow sphere. Other roots of this polynomial are shown as + symbols.



		Mathematica provides a general computing environment that organizes numerous algorithmic, visualization, and user-interface capabilities. This sample 3-D graphic is produced by Mathematica and is courtesy of Michael Trott, an expert in symbolic computation and computer graphics.



		LEFT: Tangled fishing nets. RIGHT: A single knot in a mountain climber’s rope can significantly reduce the breaking strength of the rope.



		Many algebraic and transcendental curves express beauty in their symmetry, lobes, and asymptotic behaviors. This butterfly curve, developed by Temple Fay, can be expressed in polar coordinates by ρ = ecosθ − 2cos(4θ) + sin5(θ/12).



		The OEIS includes a sequence that characterizes the number of ways to lace a shoe that has n pairs of eyelets such that each eyelet has at least one direct connection to the opposite side: 1, 2, 20, 396, 14976, 907200.…The path must begin and end at the extreme pair of eyelets.



		Slovenian artist Teja Krašek explores the 13 Archimedean semi-regular polyhedra in her artwork titled Harmonices Mundi II, in honor of Johannes Kepler’s presentation of these objects in his 1619 book Harmonices Mundi.



		An example single piece of the Eternity Puzzle, shown here in the yellow triangulated polygon. Every piece is made up of triangles and “half triangles.”



		An order-16 perfect magic tesseract is difficult to visualize, so we display one of John Hendrick’s third-order magic tesseracts, showing a sample row (yellow), column (green), pillar (red), file (light blue), and quadragonal (formed by the three magenta numbers) that sum to 123.



		Physicist Juan Parrondo was inspired by ratchets such as this, the behavior of which can lead to counterintuitive behavior especially when considered for use in microscopic devices. Parrondo extended insights relating to physical devices to games.



		LEFT: An example of thrusting a triangular rod through a cube. RIGHT: The holes and tunnels within an Antarctic ice cave are reminiscent of the gorgeous, porous structures of a holyhedron. Of course, a holyhedron must have tunnels bounded by polygons, and each of the holyhedron’s flat tunnel walls must contain at least one polygon-shaped hole.



		In 2001, Britney Gallivan determined equations that characterize the limit on the number of times we can fold a bed sheet or piece of paper of a given size in a single direction.



		Awari has been of immense attraction to researchers in the field of artificial intelligence. In 2002, computer scientists calculated the outcome for all 889,063,398,406 positions that can occur in the game, and proved that Awari must end in a draw for perfect players.



		In 2002, computer scientists quantified the difficulty of Tetris and showed that it has similarities with the hardest problems in mathematics that do not have simple solutions, but instead require exhaustive analysis to find optimal solutions.



		Scene from NUMB3RS, an American television show featuring a brilliant mathematician who helps the FBI solve crimes using his genius ability in mathematics. The show was the first very popular weekly drama that revolved around mathematics and had a team of mathematician advisors.



		French artist Louis-Léopold Boilly (1761–1845) painted this scene of a family game of checkers around the year 1803. In 2007, computer scientists proved that checkers, when played perfectly, is a no-win game.



		Graph of E8. For more than a century, mathematicians have sought to understand this vast, 248-dimensional entity. In 2007, a supercomputer computed the last entry in the table for E8, which describes the symmetries of a 57-dimensional object.



		The fiddlehead fern exhibits the spiral of Archimedes, a shape discussed by Archimedes in 225 BC in his book On Spirals.



		According to the Mathematical Universe Hypothesis, our physical reality is a mathematical structure. Our universe is not just described by mathematics—it is mathematics.



		Distribution of prime gaps for primes from 2 to 1,600,000,000. (For example, the first two red bars at left correspond to gaps of two and four, with 5,223,983 and 5,224,119 occurrences, respectively.)



		The Erdős discrepancy problem examines sequences of 1s and –1s, represented here by tigers and wolves, respectively. In this finite example, if we start at the center of the spiral and travel outward, counting each animal, the difference never exceeds 1.



		For identical spheres in three dimensions, the densest packing uses about 74 percent of the volume, whereas a random packing has a density of around 63.5 percent. However, the optimal packing arrangements and greatest densities for most higher-dimensional spaces and spheres are a mystery.



		The aperiodic einstein tile can be generated using edge lines of a hexagon (faintly outlined in the figure). Yellow tiles are the reflected versions of the blue tiles.



		Parabolic telecommunication antenna. The Greek mathematician Diocles was fascinated by curves such as these, and in his work On Burning Mirrors, he discussed the focal point of a parabola. Diocles sought to find a mirror surface that focused the maximum amount of heat when illuminated.



		Ptolemy’s Almagest describes a geocentric model of the universe, which places the Earth at the center of the universe, and the Sun and planets orbit around the Earth. This model was accepted for more than a thousand years in Europe and in the Arabic world.



		Title page of the 1621 edition of Diophantus’s Arithmetica, translated into Latin by French mathematician Claude Gaspard Bachet de Méziriac. The European rediscovery of Arithmetica stimulated the renaissance of mathematics in Western Europe.



		If three points A, B, C are located anywhere along one line, and three points D, E, F are located anywhere on a second line, Pappus’s theorem guarantees that the intersections X, Y, Z lie on a straight line.



		Certain cicadas display a startling behavior: Their emergence from the soil is synchronized with periods that are usually the prime numbers 13 and 17. Sometimes more than 1.5 million individuals emerge in a single acre within a short interval of time.



		A fragment of the Bakhshali manuscript, discovered in 1881 in northwest India.



		In 1885, British painter Charles William Mitchell depicted Hypatia moments before her death at the hands of a Christian mob that stripped her and slaughtered her in a church. According to some reports, she was flayed with sharp objects and then burned alive.



		The notion of zero ignited a fire that eventually allowed humanity to more easily work with large numbers and to become efficient in calculations in fields ranging from commerce to physics.



		Alcuin’s mathematical work very likely contributed to the education of the last Pope Mathematician, Gerbert of Aurillac, who was fascinated by mathematics and elected as Pope Sylvester II in 999. Shown here is a statue of the Number Pope, located in Aurillac, Auvergne, France.



		A stamp from the Soviet Union, issued in 1983 in honor of al-Khwarizmi, the Persian mathematician and astronomer whose book on algebra offered a systematic solution to a wide variety of equations.



		This Borromean ring motif was found in a thirteenth-century French manuscript where it symbolized the Christian Trinity. The original contains trinitas (Latin for “Trinity” or “three in one”) broken into its three syllables—tri, ni, and tas—that were written in the three circles.



		The Ganita Sara Samgraha discusses a mathematical problem involving a woman who has a quarrel with her husband and damages her necklace. The pearls scatter according to a particular set of rules, and we must determine how many pearls the necklace originally contained.



		In Genesis, Jacob gives a present of 220 goats to his brother. According to mystics, this was a “hidden secret arrangement” because 220 is one of a pair of amicable numbers, and Jacob sought to secure friendship with Esau.



		In India and the Islamic world during al-Uqlidisi’s time, mathematical calculations were often performed in the sand or in dust, erasing steps with one’s hand as one proceeded. With al-Uqlidisi’s paper-and-pen approach, written arithmetic preserved the calculation process and permitted greater flexibility in calculation.



		Tomb of Omar Khayyam in Neishapur, Iran. The open structure features inscriptions of the poet’s verse.



		The quintessence of ornamental knots is exemplified by The Book of Kells, an ornately illustrated Gospel Bible, produced by Celtic monks in about AD 800. Various knot-like forms can be seen in the details of this illustration.



		Al-Samawal’s The Dazzling is likely to be the first treatise to assert that x0 = 1 (in modern notation). In other words, al-Samawal realized and published the idea that any number raised to the power of 0 is 1.



		The abacus is among the most important tools of all time in terms of its impact on human civilization. For many centuries, this device served as a tool to allow humans to perform fast calculations in commerce and in engineering.



		Sunflower heads contain families of interlaced spirals of seeds—one spiral winding clockwise, the other counterclockwise. The number of spirals in such heads, as well as the number of petals in flowers, is very often a Fibonacci number.



		The famous problem of Sissa’s chessboard demonstrates the nature of geometric progressions. In the smaller version depicted here, how many pieces of candy will the hungry beetle get if the progression 1 + 2 + 4 + 8 + 16 …continues?



		Depiction of Nicole Oresme from his Tractatus de origine, natura, jure et mutationibus monetarum (On the Origin, Nature, Juridical Status, and Variations of Coinage), which was published around the year 1360.



		An Iranian stamp issued in 1979 commemorating al-Kashi. In French, the law of cosines is called Théorème d’Al-Kashi, after al-Kashi’s unification of existing works on the subject.



		Merchants weighing their goods in a marketplace, circa 1400, drawn after a fifteenth-century stained-glass window in Chartres Cathedral, France. Treviso Arithmetic, the earliest-known printed mathematics book in Europe, includes problems involving merchants, investment, and trade.



		The number π, which can be approximated by the digits shown in this illustration, also can be expressed by a remarkably simple formula: π/4 = 1 − 1/3 + 1/5 − 1/7 + .…



		Artistic depiction of golden ratios. Note that the two diagonal lines intersect at a point to which all the baby golden rectangles will converge.



		Engraving of German abbot Johannes Trithemius, by André de Thevet (1502–1590). Trithemius’s Polygraphiae, the first printed book on cryptography, provided various Latin words that may be used to encode secret messages that appear to be ordinary prayers if intercepted.



		The Ishango baboon bone, with its sequence of notches, was first thought to be a simple tally stick used by a Stone Age African. However, some scientists believe that the marks suggest a mathematical prowess that goes beyond counting of objects.



		Computer-graphics artist Paul Nylander created this attractive double spiral by applying a stereographic projection to a loxodrome curve. (A stereographic projection maps a sphere onto a plane.)



		Italian mathematician Gerolamo Cardano, well known for his work on algebra titled Artis magnae, sive de regulis algebraicis, also referred to as Ars Magna (The Great Art).



		The Sumario Compendioso is the first work on mathematics printed in the Americas.



		The Mercator map has been commonly used for nautical voyages. However, the map creates distortions. For example, Greenland appears to be roughly the same as Africa, even though Africa’s area is 14 times that of Greenland.



		Imaginary numbers play a role in the production of Jos Leys’s gorgeous fractal artworks that show a wealth of detail with increasing magnifications. Early mathematicians were so suspicious of the usefulness of imaginary numbers that they insulted those who suggested their existence.



		Fascinated by Kepler’s famous conjecture, Princeton University scientists Paul Chaikin, Salvatore Torquato, and colleagues studied the packing of M&M chocolate candies. They discovered that the candies had a packing density of about 68 percent, or 4 percent greater than for randomly packed spheres.



		John Napier, the discoverer of logarithms, created a calculation device known as Napier’s rods or bones. Napier’s rotatable rods reduced multiplication to a sequence of simple additions.



		The slide rule played a crucial role from the Industrial Revolution until modern times. In the twentieth century, 40 million slide rules were produced and were used by engineers for countless applications.



		The Fermat spiral, or parabolic spiral, can be created using the polar equation r2 = a2θ. For any given positive value of θ, two values for r exist, which leads to a curve that is symmetrical about the origin, which is located at the center of this artistic rendition.



		Pierre de Fermat by French painter Robert Lefèvre (1756–1831).



		The ancient Incas used quipus made of knotted strings to store numbers. Knot types and positions, cord directions, cord levels, and colors often represented dates and counts of people and objects.



		The Ancient of Days (1794), a watercolor etching by William Blake. European medieval scholars often associated geometry and the laws of nature with the divine. Through the centuries, geometry’s focus on compass and straightedge constructions became more abstract and analytical.



		A cardioid form is traced out by straight lines that connect one point of a circle to another, the front end of the line going twice as fast around the circle as the rear end. (This rendering is by Jos Leys.)



		The nautilus seashell exhibits a logarithmic spiral form. The shell is internally divided into chambers, the number of which can grow to 30 or more in adult creatures.



		Drawing by Jan Vredeman de Vries (1527–c. 1607), a Dutch Renaissance architect and engineer who experimented with the principles of perspective in his artwork. Projective geometry grew from the principles of perspective art established during the European Renaissance.



		Torricelli’s trumpet encloses a finite volume but has an infinite surface area. This form is also sometimes called Gabriel’s horn, which conjures visions of Archangel Gabriel blowing his horn to announce Judgment Day. (This rendering is by Jos Leys and rotated by 180°.)



		LEFT: George W. Hart created this nylon model of Pascal’s pyramid using a physical process known as selective laser sintering. RIGHT: The fractal Pascal triangle discussed in the text. The number of cells in the central red triangles is always even (6, 28, 120, 496, 2,016…) and includes all perfect numbers (numbers that are the sum of their proper positive divisors).



		Semicubical parabolas defined by x3 = ay2 for two different values of a. RIGHT: Some curves are non-rectifiable; i.e., they have infinite length. Shown here is a graph of the function defined by f(x) = x·sin(1/x), for 0 < x < 1. The curve has infinite length for any open set with x = 0 as one of its delimiters and f(0) = 0.



		Place a point anywhere inside an equilateral triangle. Draw lines, as shown, to the sides of the triangle. The sum of the perpendicular distances from the point to the sides is always equal to the height of the triangle.



		William Blake’s Newton (1795). Blake, a poet and artist, portrays Isaac Newton as a kind of divine geometer, gazing at technical diagrams drawn on the ground as he ponders mathematics and the cosmos.



		Computer graphics can be useful for revealing the intricate behavior of Newton’s method when applied to finding the complex-number roots of an equation. Paul Nylander generated this image by employing the method in order to find the solutions of z5 − 1 = 0.



		Dice were originally made from the anklebones of animals and were among the earliest means for producing random numbers. In ancient civilizations, people used dice to predict the future, believing that the gods influenced dice outcomes.



		Under the influence of gravity, three balls slide along the tautochrone curve starting from different positions, yet the balls will arrive at the bottom at the same time. (The balls are placed on the ramp, one at a time.)



		Artistic depiction of an astroid as the “envelope” of a family of ellipses. (In geometry, an envelope of a family of curves is a curve that is tangent to each member of the family at some point.)



		Frontispiece for Europe’s first calculus textbook: Analyse des infiniment petits, pour l’intelligence des lignes courbes (Analysis of the Infinitely Small, for the Understanding of Curves).



		A rope or metal band is tightly wrapped around an Earth-size sphere at the equator (or along another great circle). How much longer would the band be if it were enlarged and now one foot off the ground all the way around?



		Swiss commemorative stamp of mathematician Jacob Bernoulli, issued in 1994. The stamp features both a graph and a formula related to his Law of Large Numbers.



		The St. Louis Gateway Arch is in the shape of an upside-down catenary. A catenary can be described by the formula y = (a/2)·(ex/a + e−x/a). The Gateway Arch is the world’s tallest monument, with a height of 630 feet (192 meters).



		Stirling’s formula, surrounded by precisely 4!, or 24, beetles.



		A deutsche mark banknote featuring Carl Friedrich Gauss and a graph and formula of the normal probability function.



		A 1737 portrait of Leonhard Euler by Johann Georg Brucker.



		LEFT: One possible route through four of the seven Königsberg bridges. RIGHT: Matt Britt’s partial map of the Internet. The lengths of the lines are indicative of the delay between two nodes. Colors indicate node type— for example, commercial, government, military, or educational.



		The Sagrada Família church in Barcelona, Spain features a 4 × 4 magic square with a magic constant of 33, the age at which Jesus died according to many Biblical interpretations. Note that this is not a traditional magic square because some numbers are repeated.



		Since the 1730s, philosophers and mathematicians have pondered the St. Petersburg paradox. According to some analyses, a player may be expected to win an unlimited amount of money, but how much would you really pay for joining this game?



		Goldbach’s comet illustrates the number of ways (x-axis) to write an even number n (y-axis) as the sum of two primes (4 ≤ n ≤ 1,000,000). The star at bottom left is at 0,0. The x-axis goes from 0 to approximately 15,000.



		Frontispiece from Instituzioni analitiche (Analytical Institutions), the first comprehensive textbook that covers both differential and integral calculus, and the first surviving mathematical work written by a woman.



		Non-convex polyhedra, such as this small stellated dodecahedron by Teja Krašek, can have Euler characteristics other than 2, where the characteristic is equal to V − E + F. Here, F = 12, E = 30, and V = 12, so that the characteristic is −6.



		A regular pentagon can be divided by diagonals into triangles in five different ways.



		Knight’s Tour path on a 30 × 30 chessboard, discovered by computer scientist Dmitry Brant using a neural network consisting of an interconnected group of artificial neurons that work together to produce the solution.



		Box 1 (upper box) and Box 2 (lower box) are shown here. You select a box at random and withdraw a billiard ball. How probable is it that you choose the upper box?



		Portrait of Benjamin Franklin (1767) by artist David Martin (1737–1797).



		A version of Enneper’s surface, an example of a minimal surface rendered by Paul Nylander. The surface was discovered around 1863 by German mathematician Alfred Enneper (1830–1885).



		Portrait of Georges-Louis Leclerc, Comte de Buffon, by François-Hubert Drouais (1727–1775).



		Plimpton 322 refers to a Babylonian clay tablet featuring numbers in cuneiform script. These whole numbers specify the side lengths of right triangles that are solutions to the Pythagorean theorem a2 + b2 = c2.



		An example of a 6 × 6 Latin square consisting of six colors, arranged in such a way that no row or column contains the same two colors. Today, we know that 812,851,200 order-six Latin squares exist.



		A late Sangaku pattern from 1873, created by an 11-year-old boy.



		A least-squares plane. Here, the least-squares procedure is used to find the “best-fitting” plane for a given set of data points by minimizing the sum of the squares of the lengths of the blue segments parallel to the y-axis.



		A fish swims and explores in a heptadecagonal pool.



		Greg Fowler’s depiction of the three solutions to z3 − 1 = 0. These roots (or zeros) are 1, −0.5 + 0.86603i, and −0.5 − 0.86603i, and are located at the center of the three large bull’s-eyes in this Newton’s method rendition of the solutions.



		Johann Carl Friedrich Gauss, painted by Danish artist Christian Albrecht Jensen (1792–1870).



		Joseph Huddart, English naval captain and inventor of the three-armed protractor, useful for navigation.



		Molecular model of human growth hormone. Fourier series and corresponding Fourier synthesis methods are used to determine molecular structures from X-ray diffraction data.



		Laplace felt it was remarkable that probability, which originated in analysis of games of chance, should become “the most important object of human knowledge…”



		Prince Rupert of the Rhine won a wager that a hole could be made in one of two equal cubes large enough for the other cube to slide through. Many thought this could not be accomplished.
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