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    FOREWORD




  




  

    Writing a new fluid dynamics textbook is a challenging task. In 1895, Sir Horace Lamb established a very high standard with the first edition of Hydrodynamics. This classical presentation was followed by other excellent introductions into the field of fluid mechanics, among them Landau and Lifshitz, 1959, and Batchelor, 1967. The strength of M.Belevich’s book is in its rigorous and systematic approach to developing the mathematical model of fluid dynamics from the first principles. It carefully explains the underlying hypothesis and simplifications used to establish equations that govern motions of a fluid. Extensive use of vector and tensor analysis results in a compact and generalized narrative, without the restrictions of a particular coordinate system.




    This textbook is by no means a comprehensive description of the field of fluid dynamics. Some of important problems (e.g. waves) were deliberately left out of the book’s framework. Since the text is based on a course that is taught to students who specialize in geophysical fluid dynamics, more engineering aspects of fluid mechanics (such as turbomachines and airfoils) are also not covered.




    The book’s content not only provides a general description of fluid dynamics, but also teaches how to apply universal principles to build a mathematical model of a particular problem. The distinctive feature of M. Belevich’s book is a somewhat non-standard approach of describing the dynamics of fluid from the point of view of the observer (chapter 15). It allows to underline some physical aspects of fluid mechanics which are usually not explicitly established in most textbooks.




    The book is complemented by a carefully selected set of exercises. It provides consistent and self-sustained introduction to fluid dynamics, giving enough details to be used either in class or for self-study. It can be used to acquire knowledge in particular aspects of hydromechanics, and also as a source of inspiration for students, researchers and teachers in the field of classical fluid mechanics.
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    PREFACE




  




  

    This book presents the basis of the classical fluid mechanics and its content corresponds to a one-semester course which I am teaching from past several years to the 2nd year students of the Russian State Hydrometeorological University in St. Petersburg.




    The goal of this book is twofold. Firstly, I wanted to provide a reader with a holistic idea of the fluid model and the way it is constructed. To show him, how the model of the fluid is developed, what main hypotheses lie in its basis and what general conclusions based on observations (the so-called laws of nature) make up the model. Secondly, I wished to demonstrate some possible modifications of the initial model which either make the model applicable in some special cases (viscous or turbulent fluid) or simplify it in accordance with peculiarity of a particular problem (hydrostatics, two-dimensional flows, boundary layers, etc.).




    The whole theoretical material of the book naturally falls into two parts. The first part is fully dedicated to development of the model of the fluid in the Cauchy form. Here, the basic notions are introduced, main hypotheses are discussed and necessary postulates, which actually make up the model of continuum, are formulated. Non-coordinate tensor form of equations is actively used. This shortens formulas and makes results more readable. With that end in view, a brief introduction in tensor analysis is given in Ch.4. This part results in derivation of the perfect fluid model which turns out to be the simplest although quite efficient model.




    In the second part of the book the most important modifications of the developed model are considered. First of all this concerns the redefinition of the stress tensor which is needed when viscosity is taken into account. Another important modification is connected with averaging of equations of the model which is necessary in case of turbulent flows. The concept of the boundary layer is also rather fruitful. Both laminar and turbulent boundary layers are discussed in Ch.14.




    It is clear, that all this does not exhaust theoretical fluid mechanics, and that in the study of many important problems, it is necessary to refer to other books, at times rather special. However the basis of all such particular cases of the fluid mechanics is the same, and this book is aimed to discuss this topic.




    Exercises and problems which are solved by students in practical classes are integral part of this book. They are chosen so as to teach students to work with complex systems of differential equations, since different fluid models are just such. We are training skills in writing equations in vector-matrix form, transition to component form of notation, applying of the index summation convention. Special attention is paid to formalizing of a verbal description of a problem (choice of coordinate systems, their orientation, accounting directions and symmetries inherent in the problem, etc.) as well as the mathematical problem posing. The system of fluid mechanics equations is quite complex and does not have analytic solutions in most interesting cases. Therefore, the main goal of these exercises is to elaborate the ability to see a particular problem from different viewpoints and to estimate its possible simplifications.




    Theoretical fluid mechanics is very mathematized discipline, so the reader must meet certain requirements. Knowledge of the following topics of algebra and calculus is assumed: determinants, matrices, eigenvalue problem, vector spaces, calculus, vector analysis, differential equations.




    All required information about tensors is given in Ch.4.
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    A scientific law is a statement … possessing such attributes: 1) it is true only under certain conditions; 2) under these conditions, it is true always and everywhere without any exceptions…; 3) conditions under which this statement is true, are never realized in fact fully, but only partially and approximately. Therefore, it’s impossible to say literally that scientific laws are found in the study of reality (are discovered). They are devised (are invented) based on the study of experimental data in such a way that they then may be used to obtain new judgments of given judgments on the reality (including, for prediction purely logical way). Scientific laws themselves can not be verified and can not be refuted by experience. They can be justified or not, depending on how well or poorly they perform the above-mentioned role.




    

      A. Zinoviev


      Yawning Heights

    


  




  




  




  

    Bodies and Their Characteristics




    


    Michael Belevich




    

      St.Petersburg, Russia


    






    

      Abstract




      This introductory chapter tries to explain what we are going to do, what do notions such as fluid and a model of a physical phenomenon mean, what for, such models are developed, and what features of a phenomenon a model should be necessarily able to describe and so on.
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      1.1. INTRODUCTION




      All natural-science disciplines have one and the same way of development: from gathering of facts, their classification, towards formalization of an object of research and its modeling. Fluid mechanics has attained a considerable progress in this regard. A lot of information has been collected over past centuries about properties and behavior of those objects which we now call gases, liquids and solids. Common features and differences of objects of study have been revealed as a result of systematization of this data. Basic properties of studied phenomena, and laws which these properties obey have been understood and formulated. Mathematical models which allow one to describe observations and predict changes of the form, position in the space and some other properties of simulated objects1 have been constructed. These models essentially are the subject of the present course.




      Our task is to examine hypotheses which define objects of study, axioms2, underlying the described models, and the consequences arising out of these hypotheses and axioms. We emphasize again: the subject of the course are mathematical models of fluid dynamics. It is necessary to understand, that studying models of fluids (as well as models of any other object or phenomenon) is by no means the same thing, that the studying of real fluids themselves. The latter is an area of interests of experimenters and naturalists. In contrast, the work of a theorist consists in modeling of natural phenomena based on study of observational and experimental data.




      Any model contains only what was laid by its creator. As a result, its connection with the initial natural phenomenon terminates, and each new observation may either correspond to it (i.e., be described by this model) or not. At that, a contradiction with observation often does not indicate that the model is unambiguously bad. Probably the border of its region of applicability has been reached. This means that we have reached the border of the range of variation of parameters within which the hypotheses and axioms underlying the model, make sense. If the region of applicability of the model is unsatisfactory, the model should be modified or, at least, a new one should be built. Fortunately, the science is quite conservative and emergence of truly new models happens rather rarely. So, the age of the most widely used hydrodynamic models is about two hundred years.




      Any model is an attempt to give a simple description of a complex phenomenon. If so, then something in this description should be neglected. What characteristics have to be described and what may be omitted? What aspects of a phenomenon the model must necessarily take into account? The answer to this question is far from unambiguous, and the one, that can be considered as adopted for today is the result of centuries of selection of facts, their classification and comprehension. Ultimately one gets something like the following.




      Usually it is regarded, that the most significant features of observed objects are their abilities:




      

        	to exist, i.e., to occupy a place in the three-dimensional space of places;




        	to move, i.e., to change their places over time;




        	to keep the state of uniform motion and prevent its change (this ability is usually described using the concept of mass);




        	to interact with other objects (to describe such interaction the concept of force is introduced).


      




      Certainly, it is far not all properties of real fluids. However the nature is arranged such that, in order to know how and why a fluid flows it does not matter what color, say, or what odour it has. But the four properties indicated above appear to be decisive.




      Thus, the fluid mechanics, as a branch of the theoretical physics, describes abstract concepts, which are called bodies, and are endowed with following traits:




      

        	
place in the three-dimensional space of places;




        	
motion, the ability to change place over time;




        	
mass, the ability to keep the state of the uniform motion;




        	the ability to interact with other bodies via forces.


      


    




    

      1.2. SPACE OF EVENTS AND FRAMES OF REFERENCE




      We shall think of a body B as a set of points {X, Y, …}. Any such point, say X, at each moment of time t occupies a place P(t, X) in the three-dimensional space of places Pt.




      A pair (time, place)  = (t, P(t, ·)) is called an event3, and the set of all such pairs is called the space of events W or the space-time continuum (or just the space-time). The space of events may be imagined as consisting of an infinite (uncountable) set of spaces of places P(t, ·) ≡ Pt numbered by a real parameter t which we identify with time4.




      Over time a point X of the body occupies places Pt(X) in corresponding spaces Pt. A totality of events (t, Pt(X)) ∈ W associated with one and the same point of the body B makes up a curve λ(t, X) which is called the world-line of this point of the body. Each point of the body has its own world-line5.




      If we assume that the body B always consists of the same points (i.e., point of the body do not arise and do not disappear), then one and the same event cannot be associated with different points of the body, and therefore world-lines cannot intersect each other and/or merge. We will adhere to this point of view. Besides, the time is directed only from past to future, and therefore world-lines do not have points of self-intersection. The world-line of each point X of the body is a function of one variable t. We assume that this function is sufficiently smooth and is differentiable with respect to t at least twice.




      Points of the body B occupy one or another totality of places Pt(B) in spaces Pt depending on time t. The totality of world lines of the body points is called the world-tube λ(t, B) of the body. An example of a world-line and a world-tube is shown in Fig. (1.1). Three-dimensional spaces of places are represented here in the form of pieces of planes for descriptive reasons. The space of events W is represented as an infinite set of three-dimensional (two-dimensional in the figure) spaces of places, “strung” on the time axis. Each time moment is associated with its unique space of places. In turn, a time moment is possible to regard as a number of corresponding space of places, each of which is a space of simultaneous events (all events associated with points of a certain space of places Pt occurred in one and the same time t).




      What does it mean to describe a position of a body (or its point) in space of places or time? From the experience, it is known that an unambiguous indication of an event means determination of when and where it had happened, i.e. specification of date and place. Regarding events occurring on the Earth such specification, most often, means the indication of time elapsed since the birth of Christ, and also the direction and distance to any well-known point (to Mecca, for instance). Certainly, other variants are also possible.




      
[image: ]


Fig. (1.1))


      The world-tube of the body B and the world-line of the point X ε B. The spaces of places P1, P2, P3 are spaces of simultaneous events. All events which belong to Pi occur at time ti.



      In any case, certain benchmark events are required, relative to which other events are determined. Ultimately, the events are considered to be described if an ordered set of numbers (say, (time, direction, distance)) is associated with each one, and benchmark events for which this set of numbers has specified meaning (for example, Christmas and some preselected point) are indicated. Such method of description of events is difficult to overestimate, as it opens the way to construction of quantitative (i.e., mathematical) models of phenomena, allowing to replace the manipulations with events by operations with numbers, and this is a well-developed area of knowledge.




      Nowadays, after centuries of doubts and disputes in classical science has prevailed a viewpoint, according to which the space of places is homogeneous and isotropic and time is homogeneous. In other words, the space-time continuum itself is considered to be devoid of benchmarks, relative to which it would be possible to calculate distances and directions6. In a situation when there are no absolute benchmarks, it is necessary to appoint them ourselves. People constantly use a large number of such benchmarks and choose one or another depending on a problem they face. Essentially, this means a choice of the zero time moment (The Creation of the World, New Year, beginning of a lesson, etc.) and the time unit, as well as a system of coordinates in the space of places (usually this is a polar system, but other systems are often used also; the origin of coordinates may be connected with the surface of the Earth, with the “fixed stars”, with a microscope slide, etc.).




      As a result, each event is unambiguously associated with an ordered set of four numbers7 (time t and three coordinates of a place x = (x1, x2, x3)), which make sense of four coordinates in the space-time continuum W if the above-mentioned coordinate systems (in the time axis and in the space of places) are specified.




      The ordered four of numbers (t, x) = (t, x1, x2, x3) is an element of the four-dimensional real space [image: ]4. Mapping ϕ which assigns a point from [image: ]4 to an event from W is called a frame of reference




      

        

          	[image: ]



          	(1.1)

        


      




      The pair (time, place), i.e. an event, is associated with another pair (a real number, an ordered triple of real numbers). A totality of time moments is mapped on the real axis [image: ]1, the zero point of which determines the origin of the frame of reference. A real number t put in correspondence with a certain time instant, is called the time of this instant. Distance |t1-t0 | between two instants of time is called the time interval. If t1 > t0 then t1 is called a later time than t0.




      An ordered triple of real numbers x = (x1, x2, x3) associated with place Pt(·) unambiguously defines it and is called the coordinates of this place, in case the coordinate system in the space of places is specified. Thus, the system of reference, and, in general, any one-to-one mapping, is a rule that associates (one-to-one) elements of one set with elements of another one.




      It should be understood that there is no certain element in the space [image: ]4 specially assigned for the event (t, Pt(·)) from W. A connection between W and [image: ]4 we make ourselves, choosing one or another frame of reference ϕ. Similarly, there is no special element in the space [image: ]3 rigidly associated with any point in the space of places. The choice of coordinate system gives us such an interrelation. But this is a choice! And the numbers x1, x2, x3 will remain only numbers, if a certain coordinate system is not implied along with them. The quantity x = (x1, x2, x3) sometimes is called a radius-vector of corresponding point of the space of places and the three numbers x1, x2, x3 are regarded as its components. At that, all radius-vectors usually start at the origin of the selected coordinate system (if this system is Cartesian), and indicate those points, which they describe.




      Often there is a temptation to merge together the space of places P and the three-dimensional space of real numbers [image: ]3, to think of them as a single whole, to identify them. As a rule such identification is very convenient. Even drawings become clearer if, among other things, they display a coordinate system (usually Cartesian). It is not surprising: after all, coordinates were invented for convenience. However, we should not forget that the space of places doesn’t imply any coordinates, and an image of the space of places P in [image: ]3 strongly depends on the mapping P→[image: ]3. For example, if the mapping is defined by a Cartesian coordinate system, the image of P coincides with the whole [image: ]3, but in case of, say, spherical coordinates the image of P will be already an infinite parallelepiped (Fig. 1.2).




      
[image: ]


Fig. (1.2))


      Mapping of a space of places P (on the left) on [image: ]3 (on the right) in case of spherical coordinates. A semi-infinite parallelepiped in [image: ]3 is an image of P.



      Exercise. Show that it is really so.




      All of the above essentially means that the structure of a vector space is introduced on the set W, i.e. the zero element (zero reference point) is chosen and rules of summation of elements and multiplication of elements by numbers satisfying a number of axioms are defined8. The same structure is induced on the sets of simultaneous events Pt where the zero element is the origin of the coordinate system, and all elements, by agreement, are called radius-vectors.


    




    

      1.3. MOTION




      Each point X of the body is associated with an infinite set of events, its world line λ(t, X), a curve the points of which are numbered by a real parameter t, time. Time is changing, and events associated with the point of the body X at any given time are changing too. Tracking the change of events, we move over time along the world-line. The tangent vector [image: ] = dtλ (Fig. 1.3) defines the speed of this moving. The greater the speed of moving |[image: ]|, the longer the tangent vector dtλ.




      
[image: ]


Fig. (1.3))


      Tangent vector [image: ]is the velocity of displacement along the world-line λ(t, X).



      Using the frame of reference ϕ, we endow all events with coordinates. Points of the world-line λ(t, X) are getting coordinates (t, x(t)) where x(t) = (x1(t), x2(t), x3(t)) are coordinates of the place, occupied at time t by the point X with respect to the chosen frame of reference. In this case, the tangent vector [image: ] may also be associated with a totality of numbers, its components




      

        

          	[image: ]



          	(1.2)

        


      




      Further we shall omit letters above equal signs indicating the selected frame of reference. It should be clearly understood that vectors do not depend on introduction of a frame of reference. They exist regardless to it. However, the components of vectors such, as they are defined here, arise only from the introduction of a frame of reference.




      The vector [image: ] as any other derivative is a limit of the ratio

[image: ]



      After introduction of a frame of reference the vector [image: ] may be written as

[image: ]



      Here the numerator is a difference of elements of [image: ]4 and it is calculated componentwise. This gives

[image: ]



      Using the notation vi = dtxi we have

[image: ]



      It remains to find out, with respect to what basis these numbers (1, {vi}) have meaning of components of the vector [image: ]. In other words, what are the vectors [image: ], a linear combination of which with weights (1, v1, v2, v3) unambiguously determines the velocity vector [image: ]




      

        

          	[image: ]



          	(1.3)

        


      




      Firstly, the basis vectors {[image: ]i} and the vector [image: ] have to be elements of the same vector space (tangent, herein), in order the expression (1.3) makes sense. This means in particular that the point (t, x(t)) of the world-line, is the zero vector of corresponding tangent vector space, and all vectors belonging to it, basic vectors including, begin at this very point. Secondly, the totality of vectors {[image: ]i} should not contain the zero vector. Otherwise, the representation (1.3) is not unique and, therefore, {[image: ]i} is not the basis. Thirdly, the components of the basis vectors with respect to themselves are

[image: ]



      For example, it is easy to see that [image: ]




      Now, we shall try to understand how the basis vectors {[image: ]i} are located. The component vi = dt xi is the rate of change of i-th coordinates of the place when moving along the world-line. If vi = 0 then this change is absent. Thus, if over time the point X of the body occupies places with unchanging coordinates its world-line λ is parallel to the time axis. The tangent vector dt λ = [image: ] is also parallel to the axis t, it has components (1,0, 0,0) and, therefore, [image: ] = 1·[image: ]0. But [image: ] is directed along the axis t. Hence, the basis vector [image: ]0 has the same direction (see, Fig. 1.4).




      
[image: ]


Fig. (1.4))


      The world-line of a point at rest relative to the coordinate system.



      To find out the location of remaining basis vectors we shall study the projection of the world-line onto the space of places P. Projecting sets up a correspondence between the point of the world-line λ(t, X) = (t, x(t)) and a point of the parameterized curve9 x(t) in the space of places. The mapping χ: (t, X) → x(t) or




      

        

          	[image: ]



          	(1.4)

        


      




      is called the motion of the point X and the curve χ(t, X) is the trajectory of the point X in the space of places. At each time t the points of the body correspond to a totality of places χ(t, B) which is called a configuration of the body at this time. Thus, a configuration is a cross-section of the world-tube of the body at the given moment of time. Anyone, who has ever watched a running droplet of mercury or a spreading water puddle, easily will understand, what is a configuration of a fluid body. Bodies in both examples may be considered all the time the same, but their configurations are constantly changing.




      Since we have already decided not to consider intersecting world-lines, the mapping (1.4) is reversible, i.e., there exists a map χ–1:(t, x) → X. In other words, for any given time t and coordinates of the place x, it is always possible to indicate a point X of the body




      

        

          	[image: ]



          	(1.5)

        


      




      which occupied this place at time t.




      Vector [image: ] tangent to the curve χ(t, X) is the projection of the vector [image: ] on the same space of places. Its components with respect to the basis {[image: ]1, [image: ]2, [image: ]3} are numbers (v1, v2, v3), i.e.

[image: ]



      For any basis vector, say [image: ]3, one finds that [image: ]3 = 0·[image: ]1+0·[image: ]2+1·[image: ]3 where dt x1 = dt x2 = 0 and dt x3 = 1. This means that [image: ]3 is the unit vector tangent to the coordinate curve10 x3. The remaining basis vectors [image: ]1 and [image: ]2 are unit vectors, tangent to coordinate curves x1 and x2 respectively (see. Fig. 1.5). Basis composed of vectors tangent to coordinate curves is called the coordinate basis.




      Finally, we obtain the following picture. Each point of the world line is connected with a tangent vector space, whose representative is a vector, tangent to the world line at this point. If the basis in such a vector space is constructed of the unit vectors, tangent to the coordinate curves (see, Fig. 1.6), then the components of the velocity vector [image: ] (the rate of change of displacement along the world-line) will be equal to the time derivatives of corresponding coordinates of the point λ(t, X) = (t, x(t)). At that, the last three components of [image: ] are the components of the vector [image: ], tangent to the projection of the world-line onto the space of places, i.e., to the trajectory of the motion. Certainly, it is possible to change the basis, but then the components of both vectors [image: ] and [image: ] will change too.




      
[image: ]


Fig. (1.5))


      a) The world-line of the point X of the body and the tangent vector [image: ]; b) the trajectory of the motion of the point X is a projection of the same world-line λ onto the space of places Pt; the vector [image: ] tangent to the trajectory is a projection of the vector [image: ] onto Pt: [image: ] = (1, [image: ]) = 1·[image: ]0+[image: ]; c) coordinates in the space of places Pt and the coordinate basis ([image: ]1,...,[image: ]3), with respect to which [image: ] = (v1, v2, v3).



      
[image: ]


Fig. (1.6))


      Bases of tangent spaces at different points of the world line, which correspond to the time instants t1 and t2; vectors [image: ]1 and [image: ]2 are velocity vectors of a point X of the body in the space-time continuum.

    




    

      1.4. MASS OF A BODY




      Numerous observations show that all bodies, which are of interest to fluid mechanics, somehow or other have the ability to preserve the state of uniform motion and hamper its changing. This ability of a body is called its mass. It is so conservative characteristic of a body that it was noticed and formed the basis of all classical physics under the name of the mass conservation law.




      The simplest way to describe any property of a body is to ascribe to a body some numerical value characterizing this property. Exactly so it is possible to do with the mass. Each body B is attributed to a real number M(B) which is called the mass of the body. Thus, we automatically satisfy the mass conservation law, since the number, characterizing mass, is attributed to a body, regardless of time.




      What numbers should be used to characterize mass? Since all bodies only hamper changes in the state of motion and never contribute to this, masses of all bodies must be numbers of the same sign. Traditionally the plus sign is chosen. Besides, since none of the bodies can prevent a change in the state of motion, the mass of a body is considered to be a finite number. Finally, another observed property of mass is associated with the so-called separated bodies (such naming is used to bodies, say B and C, which have no common points: their intersection is empty, B ∩ C = [image: ]). Total mass of any two separated bodies B and C is equal to the sum of both masses




      

        

          	[image: ]



          	(1.6)

        


      




      This property is called additivity.




      Now let’s formalize all the above-said. Let the set of all bodies with mass is denoted by Ω. This means that if any two bodies B and C are elements of Ω then B[image: ]C and B ∩ C also belong to Ω. Since the intersection of two bodies may be empty, we assume that the empty set is also an element of Ω and its mass (and only its) is equal to zero. Now we define a bounded, real, non-negative, additive function M on Ω




      

        

          	[image: ]



          	(1.7)

        


      




      which we call the mass function. Here [image: ]0+ denotes the set of non-negative real numbers. The value of the mass function M on some element B of the set Ω is called the mass M (B) of the body B.




      However, the given definition does not specify the mass function M unambiguously. So, if M is a certain mass function and c = Constant > 0, then another function c · M is also a mass function, since it satisfies the definition (i.e., it is also a finite, positive and additive function). Obviously, it is possible to introduce different mass functions on Ω, choosing this or that value of the constant c. Numerical values of masses of bodies will be different, but their ratios, at that, will not change:

[image: ]



      Generally speaking, we are interested not in the value of mass M (B) which, as we have just seen, may be an arbitrary number, but in the ratio of M (B) to the mass of a standard body ε. In particular, weighting, i.e. measuring of the weight W of the body, is based on the ratio of masses of a body B and a standard (weight) ε.




      Indeed, due to the fact that W (B) = M (B) g, g = Constant > 0, one has

[image: ]



      Thus, it is impossible to distinguish between two, proportional to each other mass functions by weighting. The choice of a particular mass function, in essence, is the choice of a standard, the mass of which is compared to the mass of another body. Recollect that, speaking about weight of a body, we call not only a number but also a unit of measure, i.e., we explicitly specify the standard, which is assigned the mass, equal to unit.


    




    

      1.5. FORCE




      By this time, the observed inhomogeneous space of events we have agreed to interpret in the following way:




      

        	the space-time continuum is homogeneous,




        	inhomogeneities are identified with bodies,




        	bodies tend to move uniformly.


      




      It remains to explain why they do not move this way, i.e., why they are moving non-uniformly, or, in other words, with acceleration?




      Currently, the changing nature of a body motion is usually explained by its interaction with other bodies, and the mechanism of this interaction is described using the concept of force. A system of forces is introduced on the set Ω, and this means that each pair (B, C) of elements of Ω is associated with a quantity fB(C, t) called the force, with which a body C acts on a body B at time t. In turn, the quantity fC(B, t) will be the force with which the body B acts on the body C.




      The numerous observations of mechanical interactions have revealed a number of properties which the forces of interaction of separated bodies possess. For example, the following statements are valid:




      

        	The force of action fB(C, t) is equal in magnitude to the force of action fC(B, t) but is directed into the opposite side;




        	If the body B is affected by two bodies C and D then each of the forces fB(C, t) and fB(D, t) differs from the force fB(C[image: ]D, t).


        Finally, it is possible to assume that




        	Interaction of a body with itself is equivalent to the absence of interaction.


      




      In case of interaction of a body B with a whole totality of bodies{Ci} it is often convenient to consider the interaction of B with one body, which is defined as the union of all bodies of the totality {Ci}, i.e., it is convenient to introduce the so-called resultant force fB([image: ]iCi, t). The resultant force may be determined for each body B of Ω using the notion of the exterior of a body11, which means a body Be such that B ∩ Be = [image: ] and B[image: ]Be = Ω i.e. a body from Ω whose points are not included in B. Then the resultant force acting on B will be called the force fB(Be, t) which will be denoted fB(t).




      All these properties of interactions lead to conclusion that for their correct description it is necessary to be able to sum them (i.e. to describe the combined action of two or more bodies on the third one) and multiply them by numbers (e.g., the force fC(B, t) from the property 1 may be interpreted as the force fB(C, t) multiplied by –1). In other words, we need to come up with such rules of addition of forces and multiplication them by numbers, to be able to describe the action of two separated bodies A and C on the third body B as the sum of corresponding forces:




      

        

          	[image: ]



          	(1.8)

        


      




      and the reaction force (see. property 1 above) as the product of force of action by the number (–1):

[image: ]



      In mathematical arsenal there exists a developed tool for working with such objects. It is called the vector space. So if we want to correctly define the addition of forces and their multiplication by numbers, it would be convenient to endow the system of forces by the structure of the vector space12. The introduction of such a structure on the set Ω means the following.




      

        	An arbitrary element B ϵ Ω is selected and is associated with the zero vector 0, which is interpreted as the force fB(B, t) = 0 (see the above-mentioned property 3).




        	All other elements, e.g., Ci are associated with vectors, which are interpreted as forces of action fB(Ci, t) of bodies Ci on the body B.




        	A rule is specified, according to which every two vectors fB(C1, t) and fB(C2, t) are associated with the third vector fB(C3, t) = fB(C1, t) + fB(C2, t), called their sum.




        	A rule is specified, according to which each vector fB(C, t) and a number α are associated with another vector fB(A, t) = αfB(C, t), called their product.




        	These rules must satisfy the following axioms (see any textbook on linear algebra for details).


      




      

        	The zero vector 0 is such, that


      

fB (C, t) + 0 = fB (C, t).



      

        	Each vector fB (C, t) has an inverse vector (–fB (C, t)) such, that


      
fB (C, t) + (–fB (C, t)) = 0.



      

        	Multiplication by number 1 is the identity operation


      

1 · fB (C, t) = fB (C, t).



      

        	
Commutativity of summation


      

fB (A, t) + fB (C, t) = fB (C, t) + fB (A, t).



      

        	
Associativity of summation


      

(fB (A, t) + fB (C, t)) + fB (D, t) = fB (A, t) + (fB (C, t) + fB (D, t)).



      

        	
Associativity of multiplication


      

(αβ) fB (C, t) = α (βfB (C, t)).



      

        	
Distributivity of summation


      

α (fB (A, t) + fB (C, t)) = αfB (A, t) + αfB (C, t)



      

        	
Distributivity of multiplication


      

(α + β) fB (C, t) = αfB (C, t) + βfB (C, t)



      After removing parentheses in the second term of the left-hand side of the axiom 2, this expression is usually written as a difference of vectors

[image: ]



      Thus, the subtraction of vectors is defined via summation and multiplication by –1.




      Actually all these axioms are quite natural. They make working with such new objects as vectors, simple and easy. If summation and multiplication satisfy these axioms, then it is possible to rearrange terms in sums (axiom 4), not to indicate the order of summation and multiplication (axioms 5 and 6), to remove parentheses or to factor out common factors (axioms 7 and 8) and so on.




      Why does the body B appear everywhere? Only because, being interested in the influence of different bodies from Ω on the body B, we have associated with it the zero vector. From the mathematical standpoint it is possible to take any other body instead of B. At that, another vector space on the same set Ω will be obtained. But it must be kept in mind that addition is defined only for vectors belonging to the same vector space. If, say, two vector spaces are defined on the set Ω, then the sum of two vectors from these two different spaces is undefined, i.e., is simply meaningless13.




      After introduction, of the structure of the vector space on the set Ω the rules of vector addition and multiplication by numbers are at our disposal. The interpretation of these rules (i.e., what particular vector should be regarded as a sum of two others), is defined by the problem14 to be solved. Since a vector is interpreted within the present case, as a force, then, according to observations, the sum of two vectors is a force, which coincides with a diagonal of a parallelogram constructed on both vectors. Another problem may require another interpretation.
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